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PREFACE. 


Tfim  object  of  this  book  is  to  set  fortb  in  a  compact  form  those 
parts  of  the  Science  of  Mechanics  which  are  practicallj  applical^le 
to  Structures  and  Machines.  Its  phm  is  sufficiently  explained  by 
the  Table  of  Contents,  by  the  Introduction,  and  by  the  initial 
articles  of  the  six  parts  into  which  the  body  of  the  treatise  is 
divided. 

This  work,  like  others  of  the  same  daas,  contains  facts  and 
principles  that  have  been  long  and  widely  known,  mingled  with 
others,  of  which  some  are  the  results  of  the  labours  of  recent 
discoverers,  some  have  been  published  only  in  scientific  Transac- 
tions and  periodicals,  not  generally  circulated,  or  in  oral  lectures, 
and  some  are  now  published  for  the  first  time.  I  have  endea- 
voured, to  the  best  of  my  knowledge,  to  mention  in  their  proper 
places  the  authors  of  recent  discoveries  and  improvements,  and  to 
refer  to  scientific  papers  which  have  furnished  sources  of  infor- 
mation. 

A  branch  of  Mechanics  not  usually  found  in  elementaiy  treatises 

^   is  explained  in  this  work,  viz.,  that  which  'relates  to  the  equili- 

A  brium  of  stress,  or  internal  pressure,  at  a  point  in  a  solid  mass,  and 

^  to  the  general  theory  of  the  elasticity  of  solids.     It  is  the  basis  of 

S(  a  sound  knowledge  of  the  principles  of  the  stability  of  earth,  and 

of  the  strength  and  stiffiiess  of  materials ;  but,  so  far  as  I  know, 

the  only  elementaiy  treatise  on  it  that  has  hitherto  been  published 

is  that  of  M.  Lam6,  entitled  Le^oTis  «wr  la  ThSorie  fruUhemaUqtie  de 

VElasticUe  des  Corps  solides. 

In  treating  of  the  stability  of  arches,  the  lateral  pressure  of  the 
load  is  taken  into  accoimt.  So  far  as  I  know,  the  only  author  who 
has  hitherto  done  so  in  an  exact  manner,  is  M.  Yvon-Yillarceauz, 
in  the  Mimovrea  des  Sa/vana  dangers. 
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PREFACE. 


The  principle  of  the  transformation  of  structures  and  its  appli- 
cations have  hitherto  appeared  in  the  Proceedings  of  the  Eoyal 
Society  alone. 

The  correct  laws  of  the  flow  of  elastic  fluids  (first  investigated 
by  Dr.  Joule  and  Dr.  Thomson),  and  the  true  equations  of  the 
action  of  steam  and  other  vapours  against  pistons,  as  deduced  from 
the  principles  of  thermodynamics,  by  Professor  Clausius  and  myself, 
contemporaneously,  are  now  for  the  first  time  stated  and  applied  in 
an  elementary  manual. 

Other  portions  of  the  work,  which  are  wholly  or  partly  new,  are 
indicated  in  their  places. 

In  the  arrangement  of  this  treatise  an  effort  has  been  made  to 
adhere  as  rigidly  as  possible  to  a  methodical  classification  of  its 
subjects;  and,  in  particular,  care  has  been  taken  to  keep  in  view 
the  distinction  between  the  comparison  of  motions  with  each  other, 
and  the  relations  between  motions  and  forces,  which  was  first 
pointed  out  by  Monge  and  Ampere,  and  which  Mr.  Willis  has 
so  successfully  applied  to  the  subject  of  mechanism.  The  observing 
of  that  distinction  is  highly  conducive  to  the  correct  imderstanding 
apd  ready  application  of  the  principles  of  Mechanics. 

W.  J.  M.  R. 

Glasgow  Univebsitt.  May,  1858. 


ADVERTISEMENT  TO  THE  NINTH  EDITION. 


This  Ninth  Edition  has  been  carefully  revised,  and  contains 
80)iH)  alterations  and  additions. 

K  F.  B. 

London,  October,  1877, 
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Addbnduh  (referred  to  in  Article  634,  page  57d). 

Motion  of  Water  in  WaTee,— I.  Soiling  Waves. — In  waves  which  are  not 
aooompaiiied  by  permanent  translation  of  the  particles  of  water,  it  is  known  bv 
observation  that  those  particles  revolve  in  orbits  situated  in  vertical  planes  which 
tte  perpendicular  to  the  ridges  and  furrows  of  the  waves,  and  paralld  to  their 
direction  of  advance ;  also,  that  each  revolving  particle  moves  forward  while  on 
^  crest  of  a  wave,  downward  when  on  the  back  slope,  backward  when  in  the 
tioQgh,  and  upwaid  when  on  the  front  slope.  The  Ungth  of  a  wave  is  the 
distance^  in  the  direction  of  advance,  from  crest  to  crest ;  the  height  is  equal  to 
i3b$  vertical  diameter  of  the  orbit  of  a  surface  particle.  Each  particle  makes  one 
revolution  while  the  wave  advances  tluvough  a  wave-length :  the  interval  of  time 
thns  occupied  is  called  the  period.    Let  L  denote  the  wave-length,  T  the  period, 

A  the  velocity  of  advance ;  then  a=  m;  and  also,  mean  velocity  of  revolution  o£ 

a  narticle  =  circumference  of  orbit  -?-  T. 

The  orbits  of  the  particles  are  i^prozimately  elliptic,  with  the  longer  axis 
bflrizontal.    In  going  from  the 

snfiuse   towards  the  bottom,  ^ >. 

the  dimensions  of  the  orbits  are 
foond  to  diminish,  the  vertical 
sadi  diminishrng  faster  than  the 
horizontal  axis,  as  shown  at  A, 
B,  C,  in  fig.  A.  At  the  bottom 
the  particles  move  back  and 
forward  in  a  straight  line,  as 
atD. 

The  deeper  the  water  is,  as 
oompared  with  the  length  of 
a  wave,  tiiemore  nearly  equal 
are  the  two  axes  of  the  orbit  of 
s  surface  particle ;  and  in  water 
whoee  depth  is  half  a  wave-len^h  and  upwards,  those  axes  are  sensibly  equal, 
and  the  orbft  of  a  surface  particle  sensibly  circular. 

II.  Relation  between  Figure  of  Surface  and  Velocity  of  Advance. — In  fig.  252, 
pape  578,  let  C  be  the  centre,  and  C  B  the  radius  of  the  circular  orbit  of  a 
purticle.  Lay  off  C  A  vertically  upwards,  of  a  length  equal  to  that  of  the 
equivalent  pendulum  (that  is,  the  pendulum  whose  period  is  T) — viz., 


C  \=^-  =      T«  (seconds) 
^        4  ir^  ~  0-815  foot  nearly 


(1.) 


Then  we  have  gravity  :  centrifugal  force :  :  A  C  :  C  B  ;  and  A  B  represents  (as 
in  Article  634,  page  678)  the  resultant  of  gravity  and  centrifugal  force  ;  so  that 
«  surface  of  uniform  pressure  traversing  B  is  normal  to  A  B.  The  upper  surface 
<>f  the  wave  is  such  a  surface ;  and  in  order  to  fulfil  that  condition  its  profile  must 
\yt  a  trochoid  traced  by  the  point  B  while  a  circle  of  the  radius  C  A  rolls  on  the 
under  side  of  a  horizontal  straight  line  traversing  A.  The  length  of  such  a  wave, 
and  its  velocity  of  advance,  are  given  by  the  following  equations : — 


L  = 


r/Ta 


2  TT  C  A  =  '---  =  (in  feet)  512  T=» ; 

J  IT 


(2.) 


a  =  m  = 


L      n  T 


2  7r 


=  (in  feet  per  second)  512  T. 


(3.) 


When  the  orbits  of  the  surface  particles  are  elliptic,  let  m  be  the  ratio  in  which 
the  vertical  axis  is  less  than  the  horizontal  axis.  Then  it  is  evident  that  in  order 
that  the  surface  of  the  wave  may  still  be  everywhere  normal  to  the  resultant  of 
^jTiivity  and  re-action,  we  must  have 
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L  =  -„^-^  =  (in  feet)  612  m  T«; (4.) 

iiM    /I  T^ 

a  =  -73 —  =  (in  feet  per  second)  512  j»T (5.) 

III.  RdaUon  between  Velocity  of  Advance  and  Depth  of  Uniform  Disturbance, — 
Let  h  be  the  height  of  a  wave ;  that  is.  the  vertical  diameter  of  the  orbit  of  a 
surface  particle.  Then,  in  an  indefinitely  short  interval  of  time,  the  front  slope 
of  the  wave  advances  through  the  distance  adty  and  the  volume  of  water  con- 
tained between  the  original  and  new  positions  of  the  front  slope,  per  unit  of 
breadth.  hAhadt,  In  the  same  interval  of  time  there  passes  into  the  space 
vertically  below  the  front  slope,  per  unit  of  breadth,^  the  volume  of  water 
2  u  c  dtf  where  u  is  the  forward  velocity  of  a  surface  particle  at  the  crest,  —tt  the 
equal  backward  velocitv  of  a  surface  particle  in  the  trough,  and  c  a  depth  which 
may  be  called  the  deptn  of  uniform  disturbance,  because  it  is  equal  to  the  mean 
depth  of  a  canal  in  which  the  volume  of  water  displaced  per  second  would  be 
equal  to  that  displaced  per  second  in  the  actual  wave,  if  the  horizontal  velocity 
of  disturbance  were  the  same  from  surface  to  bottom.  Equating  the  two  volumes 
just  given,  we  have  ha=  2uc;  but  u  can  be  shown  to  oe  =  gh -7-2  a;  there- 
fore c  =  a*  -^  p.  Hence  the  velocity  of  advance  of  a  wave  of  any  figure  in  which 
the  volume  displaced  horizontally  per  second  is  equivalent  to  that  due  to  a  hori- 
zontal velocity  of  disturbance  equal  to  the  surface  velocity  down  to  the  depth  c, 
is  given  by  the  equation 

a  =  Vf/  c (G.) 

For  waves  rolling  in  deep  water,  without  interference  by  external  forces,  it  can 
be  shown  that  the  diameters  of  the  orbits  of  particles  at  different  depths  vary 

g 

proportionally  to  e     «;  where  2  is  the  depth  of  the  centre  of  the  orbit  of  the 
particle  in  question  below  the  centre  of  the  orbit  of  a  suHace  particle. 
In  water  of  the  depth  k,  let  h -^  2  ir  =  b ;  then  it  can  be  shown  that  at  the 

surface,  vi=  \e''  —  e     */  -7-  ve **  -h  e     */;  that  c  =  mb;  and  that  the  hori- 

zontal  and  vertical  diameters  of  an  orbit  vary  respectively  as  c    *•    +  c    ^  ,  and 

as  c    *  —  €    *       In  very  deep  water,  m  sensibly  =  1,  and  c  =  h. 

In  very  shallow  water  the  horizontal  disturbance  is  sensibly  uniform  from  the 
surface  to  the  bottom,  so  that  c  represents  the  actual  deptn ;  and  the  vertical 
disturbance  is  sensibly  proportional  to  the  height  above  the  bottom. 

IV.  Waves  of  Translation  are  those  which  are  accompanied  by  a  permanent 
travelling  of  the  particles  of  water,  and  are  said  to  be  positive  or  negative  accord- 
ing as  that  travelling  is  forward  or  backward.  Their  motions  may  be  expressed 
by  taking  two  different  quantities,  u'  and  —  u\  to  denote  respectively  the  for- 
ward velocity  of  a  particle  at  the  crest  of  a  wave,  and  the  baclcward  velocity  of 
a  partide  in  the  trough;  when  the  velocity  of  advance  will  be  given  by  the 
formula 

a+i(u'  -  u") (7.) 

V.  Authorities  on  Waves. — Weber's  Wellenlehre;  Scott  Russell,  in  Reports  of 
the  British  Association^  1844;  Airy,  On  Tides  and  Waves;  Stokes,  Cambrid{/c 
Transactions,  1842,  1860;  Eamshaw,  /6.,  1845;  Froude,  Trans,  of  the  Institution 
of  Naval  Architects,  18C2;  Rankine,  Philos.  Trans.,  1863;  Do.,  Philos.  Mag., 
Kovember,  18C4;  Do.,  Proceedings  of  the  Hoy al  Society,  18C8;  Watts,  Kankine, 
Napier,  and  Barnes,  On  Shipbuilding;  Thomas  Stevenson,  On  Harbours i 
Caugny,  Liouvillc's  Jowmal,  June  and  July,  1800;  Cialdi,  Sul  Moto  Ondoso  dd 
Mare, 
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UABKONT  OP  THEORY  AND  PRACTICE  IN  MECHANICS/ 


TflE  wordB,  theory  and  practice,  are  of  Greek  origin  :  they  carry 

our  thooglitB  back  to  the  time  of  those  ancient  philosophers  by 

C    whom  they  were  contrived ;  and  by  whom  also  they  were  con- 

'     trasted  and  placed  in  opposition,  as  denoting  two  conflicting  and 

mutually  inconsistent  ideas. 

In  geometry,  in  philosophy,  in  poetry,  in  rhetoric,  and  in  the 
fise  arts,  the  Greeks  are  our  masters ;  and  great  are  our  obligations 
to  the  ideas  and  the  models  which  they  have  transmitted  to  our 
timeflL  But  in  physics  and  in  mechanics  their  notions  were  very 
generally  pervaded  by  a  great  fallacy,  which  attained  its  complete 
and  most  mischievous  development  amongst  the  mediaeval  school- 
men, and  the  remains  of  whose  influence  can  be  traced  even  at  the 
present  day — ^the  fallacy  of  a  double  system  of  noMji/ral  laws;  one 
theoretical,  geometrical,  rational,  discoverable  by  contemplation, 
applicable  to  celestial,  setherial,  indestructible  bodies,  and  being  an 
object  of  the  noble  and  liberal  arts ;  the  other  practical,  mechanical, 
empirical,  discoverable  by  experience,  applicable  to  terrestrial,  gross, 
destructible  bodies,  and  being  an  object  of  what  were  once  called 
the  vulgar  and  sordid  arts. 

The  so-called  physical  theories  of  most  of  those  whose  amder- 
Ktandings  were  under  the  influence  of  that  fallacy,  being  empty 
dreams,  with  but  a  trace  of  truth  here  and  there,  and  at  variance 
with  the  results  of  every-day  observation  on  the  surface  of  the 
planet  we  inhabit,  were  calculated  to  perpetuate  the  fallacy.  The 
stars  were  celestial,  incorruptible  bodies  ;  their  orbits  were  circular 
:iDd  their  motions  perpetual ;  such  orbits  and  motions  being  charac- 
teristic of  perfection.    Objects  on  the  earth's  surface  were  terrestrial 

*  This  DiBserUtion  contains  the  robstance  of  a  disconne,  **  De  Conoordi&  inter 

Sdentiarum  Machinaliom  Contemplationem  et  Usam,'*  read  before  the  Senate  of 

'lie  University  of  Glasgow  on  the  10th  of  December,  1865,  and  of  an  inaagaral  lec- 

ure,  delivered  to  the  Class  of  Civil  Engineerisg  and  BfechanioB  in  that  Universit/  on 

tiM  3d  of  Jaouai;,  1866. 
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and  corruptible ;  their  motions  being  characteristic  of  imperfection, 
were  in  mixed  straight  and  curved  lines,  and  of  limited  duration. 
Bational   and  practical  mechanics   (as    Newton  observes  in  his 
prefieu;e  to  the  Frmcipia)  were  considered  as  in  a  measure  opposed 
to    each   other,   the  latter  being  an  inferior  branch   of    study, 
to  be  cultivated  only  for  the  sake  of  gain  or  some  other  material 
advantage.     Archytas  of  Tarentum  might  illustrate  the  truths  of 
geometry  by  mechanical  contrivances ;  his  methods  were  regarded 
by  his  pupil  Plato  as  a  lowering  of  the  dignity  of  science.     Archi- 
medes, to  the  character  of  the  first  geometer  and  arithmetidan  of 
his  day,  might  add  that  of  the  first  mechanician  and  physicist, — he 
might,  by  his  unaided  strength  acting  through  suitable  machmery, 
move  a  loaded  ship  on  dry  land, — ^he  might  contrive  and  execute 
deadly  engines  of  war,  of  which  even  the  Eoman  soldiers  stood  in 
dread, — he  might,   with  an  art  afterwards  regarded  as  fisLbulous 
till  it  was  revived  by  BufTon,  bum  fleets  with  the  concentrated 
sunbeams ;  but  that  mechanical  knowledge,  and  that  practical  skilly 
which,  in  our  eyes,  render  that  great  man  so  illustrious,  were,  by 
men  of  learning,  his  contemporaries  and  successors,  regarded  as 
accomplishments  of  an  inferior  order,  to  which  the  philosopher, 
from  the  height  of  geometrical  abstraction,  condescended,  with  a 
view  to  the  service  of  the  State.     In  those  days  the  notion  arose 
that  scientific  men  were  unfit  for  the  business  of  life,  and  various 
fjEtcetious  anecdotes  were  contrived  illustrative  of  this  notion,  which 
have  been  handed  down  from  age  to  age,  and  in  each  age  applied, 
with  little  variation,  to  the  eminent  philosophers  of  the  time. 

That  the  Bomans  were  eminently  skilful  in  many  departments 
of  practical  mechanics,  especially  in  masonry,  road-maldng,  and 
hydraulics,  is  clearly  established  by  the  existing  remains  of  their 
magnificent  works  of  engineering  and  architecture,  from  many  of 
which  we  should  do  well  to  take  a  lesson.     But  the  fallacy  of  a 
supposed  discordance  between  rational  and  practical,  celestial  and 
terrestrial  mechanics,  still  continued  in  force,  and  seems  to  have 
gathered  strength,  and  to  have  attained  its  frill  vigour  during  the 
middle  ages.      In  those  ages,  indeed,  were  erected  those  incom- 
parable ecclesiastical  buildings,  whose  beauty,  depending,  as  it  does, 
mainly  on  the  nice  adjustment  of  the  form,  strength,  and  position 
of  each  part,  to  the  forces  which  it  has  to  sustain,  evinces  a  pro- 
found study  of  the  principles  of  equilibrium  on  the  part  of  the 
architects.     But  the  very  names  of  those  architects,  with  few  and 
doubtful  exceptions,  were  sufiered  to  be  forgotten  ;  and  the  piin- 
eiples  which  guided  their  work  remain  unrecorded,  and  were  left  to 
be  re-discovered  in  our  own  day  ;  for  the  scholars  of  those  times, 
de&pising  practice  and  observation,  were  *  occupied  in  developing 
and  ma^iifying  the  numerous  errors^  and  in  perverting  and  obsciir- 
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ing  the  much  more  nunierous  truths,  which  are  to  be  found  in  the 
-writings  of  Aristotle ;  and  those  few  men  who,  like  Boger  Bacon, 
combined  scientific  with  practical  knowledge,  were  objects  of  fear 
and  persecution,  as  supposed  allies  of  the  powers  of  darkness. 

At  length,  during  the  great  revival  of  learning  and  reformatioii 
of  science  in  the  fifteenth,  sixteenth,  and  seventeenth  centuries, 
the  system  falsely  styled  Aristotelian  was  overthrown  :  so  also  was 
the  £BJlacy  of  a  double  system  of  natural  laws ;  and  the  truth  began 
to  be  duly  appreciated,  that  sound  theory  in  physical  science  con- 
sists simply  of  facts,  and  the  deductions  of  common  sense  from 
them,  reduced  to  a  systematic  form.  The  science  of  motion  was 
founded  by  Galileo,  and  perfected  by  Newton.  Then  it  was  estab- 
lished  that  celestial  and  terrestrial  mechanics  are  branches  of  one 
science ;  that  they  depend  on  one  and  the  same  system  of  clear  and 
simple  first  principles;  that  those  very  laws  which  r^ulate  the 
motion  and  the  stability  of  bodies  on  earth,  govern  also  the  revolutions 
of  the  stars,  and  extend  their  dominion  throughout  the  immensity 
of  space.  Then  it  came  to  be  acknowledged,  that  no  material 
object,  however  small, — ^no  force,  however  feeble, — ^no  phenomenoD, 
however  familiar,  is  insignificant,  or  beneath  the  attention  of  the 
philosopher ;  that  the  processes  of  the  workshop,  the  labours  of  the 
artizan,  are  full  of  instructLon  to  the  man  of  science ;  that  the 
scientific  study  of  practical  mechanics  is  well  worthy  of  the  atten- 
tion of  the  most  accomplished  mathematician.  Then  the  notion, 
that  scientific  men  are  unfit  for  business,  began  to  disappear.  It 
was  not  court  &vour,  not  high  connection,  not  Parliamentary  in- 
fluence, which  caused  Newton  to  be  appointed  Waitien,  and  after- 
wards Master,  of  the  Mint ;  it  was  none  of  these ;  but  it  was  the 
knowledge  possessed  by  a  wise  minister  of  the  &ct,  that  Newton's 
skill,  bo^  theoretical  and  practical,  in  those  branches  of  knowledge 
which  that  office  required,  rendered  him  the  fittest  man  in  all 
Britain  to  direct  the  execution  of  a  great  reform  of  the  coinage. 
Of  the  manner  in  which  Newton  performed  the  business  entrusted 
to  him,  we  have  the  following  account  in  the  words  of  Lord 
Macaulay,  an  author  who  cannot  be  accused  of  undue  partialiiy  to 
speculative  science  or  its  cultivators  : — 

"The  abiKtj,  the  industry,  and  the  strict  uprightness  of  the  great  philo- 
sopher, speedily  produced  a  complete  revolution  throughout  the  depart- 
ment which  was  under  his  direction.  He  devoted  himself  to  the  task 
with  an  activity  which  left  him  no  time  to  spare  for  those  pursuits  in  which 
he  had  surpassed  Archimedes  and  Galileo.  TLU  the  great  work  was  com- 
pletely done,  he  resisted  firmly,  and  almost  angrily,  every  attempt  that 
was  made  by  men  of  science,  here  or  on  the  Continent,  to  draw  him  away 
from  his  official  duties.^'* 

•  Vd.  iv.,  p.  708. 
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Then  the  historian  proceeds  to  detail  the  results  of  Newton's 
exertions,  and  shows,  that  within  a  short  time  after  his  appoint- 
ment, the  weekly  amount  of  the  coinage  of  silver  was  increased  to 
tight/did  of  that  which  had  been  looked  upon  as  the  utmost  practi- 
cable amount  by  his  predecessors. 

The  extension  of  experimental  methods  of  investigation,  has 
.caused  even  manual  skill  in  practical  mechanics,  when  scientifically 
exercised,  to  be  duly  honoured,  and  not  (as  in  ancient  times)  to  be 
regarded  as  beneath  the  dignity  of  science. 

As  a  systematically  avowed  doctrine,  there  can  be  no  doubt  that 
the  fallacy  of  a  dis^pancy  between  rational  and  practical  me- 
<^nics  came  long  ago  to  an  end ;  and  that  every  well-informed 
and  sane  man,  expressing  a  deliberate  opinion  upon  the  mutual 
relations  of  those  two  branches  of  science,  would  at  once  adiicdt  that 
they  agree  in  their  principles,  and  assist  each  other's  progress,  and 
that  such  distinction  as  exists  between  them  arises  from  the  differ- 
ence of  the  purposes  to  which  the  same  body  of  principles  is  applied. 

If  this  doctrine  had  as  strong  an  influence  over  the  actions  of 
men  as  it  now  has  over  their  reasonings,  it  would  have  been  unne- 
cessary forme  to  describe,  so  fully  as  I  have  done,  the  great  scienti- 
fic fallacy  of  the  ancients.  I  might,  in  fact,  have  passed  it  over  in 
silence,  as  dead  and  forgotten ;  but,  imfortunately,  that  discrepancy 
between  theory  and  practice,  which  in  sound  physical  and  mechani- 
cal science  is  a  delusion,  has  a  real  existence  in  the  minds  of  men ; 
and  that  fistllacy,  though  rejected  by  their  judgments,  continues  to 
exert  an  influence  over  their  acts.  Therefore  it  is  that  I  have 
endeavoured  to  trace  the  prejudice  as  to  the  discrepancy  of  theory 
and  practice,  especially  in  Mechanics,  to  its  origin ;  and  to  show 
that  it  is  the  ghost  of  a  defunct  fallacy  of  the  ancient  Greeks  and 
of  the  mediaeval  schoolmen. 

This  prejudice,  as  I  have  stated,  is  not  to  be  found,  at  the  present 
day,  in  the  form  of  a  definite  and  avowed  principle :  it  is  to  be 
traced  only  in  its  pernicious  effects  on  the  progress  both  of  specula- 
tive science  and  of  practice,  and  sometimes  in  a  sort  of  tacit  influ- 
ence which  it  exerts  on  the  forms  of  expression  of  writers,  who 
have  assuredly  no  intention  of  perpetuating  a  delusion.  To  exem- 
plify the  kind  of  influence  last  referred  to,  I  shall  cite  a  passage 
from  the  same  historical  work  which  I  recently  quoted  for  a  differ-^ 
ent  purpose.  Lord  Macaulay,  in  treating  of  the  Act  of  Toleration 
of  William  HI.,  compares,  metaphorically,  the  science  of  politics  to 
that  of  mechanics,  and  then  proceeds  as  follows  t — 

^^  The  mathematician  can  easily  demonstrate  that  a  certain  power,  ap- 
plied by  means  of  a  certain  lever,  or  of  a  certain  system  of  pulleys,  will 
suffice  to  raise  a  certain  weight.  But  his  demonstration  proceeds  on  the 
supposition  that  the  machinery  is  such  as  no  load  will  bend  or  break.    If 
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the  engineer  who  has  to  lift  a  great  mass  of  real  sranite  by  the  instm- 
mentality  of  real  timber  and  real  hemp,  should  absomtelv  rely  on  the  pro- 
positions which  he  finds  in  treatises  on  Dynamics,  and  should  make  no 
allowance  for  the  imperfection  of  his  materials,  his  whole  apparatus  of 
beams,  wheels,  and  ropes,  would  soon  come  down  in  ruin,  and  with  all  his 
geometrical  skill,  he  would  be  found  a  far  inferior  builder  to  those  painted 
barbarians  who,  though  they  never  heard  of  the  parallelogram  of  forces, 
managed  to  pile  up  Stonehenge."  * 

It  is  impossible  to  read  this  passage  without  feeling  admiratioii 
for  the  force  and  clearness  (and  I  may  add,  for  the  brilliancy  and 
wit)  of  the  language  in  which  it  is  expressed;  and  those  very 
qualities  of  force  and  clearness,  as  well  as  the  author's  eminence^ 
render  it  one  of  the  best  examples  that  can  be  found  to  illustrate 
the  lurking  influence  of  the  fallacy  of  a  double  set  of  mechanical 
laws,  rational  and  practical 

In  fact,  the  mathematical  theory  of  a  machine, — ^that  is,  the  body 
of  principles  which  enables  the  engineer  to  compute  the  arrange- 
ment and  dimensions  of  the  parts  of  a  machine  intended  to  perform 
given  operations, — ^is  divided  by  mathematicians,  for  the  sake  of 
convenience  of  investigation,  into  two  parts.  The  part  £rst  treated 
of,  as  being  the  more  simple,  relates  to  the  motions  and  mutual 
actions  of  the  solid  pieces  of  a  machine,  and  the  forces  exerted  by 
and'  upon  them,  each  continuous  solid  piece  being  treated  as  a 
whole,  and  of  sensibly  invariable  figure.  The  second  and  more 
intricate  part  relates  to  the  actions  of  the  forces  tending  to  break 
or  to  alter  the  figure  of  each,  such  solid  piece,  and  the  dimensions 
and  form  to  be  given  to  it  in  order  to  enable  it  to  resist  those 
forces :  this  part  of  the  theory  depends,  as  much  as  the  first  part, 
on  the  general  laws  of  mechanics;  and  it  is,  as  truly  as  the  first 
part,  a  subject  for  the  reasonings  of  the  mathematician,  and  equally 
requisite  for  the  completeness  of  the  mathematical  treatise  which 
the  engineer  is  supposed  to  consult.  It  is  true,  that  should  the 
engineer  implicitly  trust  to  a  pretended  mathematician,  or  an 
incomplete  treatise,  his  apparatus  would  come  down  in  ruin,  as 
the  historian  has  stated :  it  is  true  also  that  the  same  result  would 
follow,  if  the  engineer  was  one  who  had  not  qualified  himself,  by 
experience  and  observation,  to  distinguish  between  good  and  bad 
materials  and  workmanship;  but  the  passage  I  have  quoted  conveys 
an  idea  different  from  these;  for  it  proceeds  on  the  erroneous  sup- 
position, that  the  first  part  of  the  theory,  of  a  machine  is  the  whole 
theory,  and  is  at  variance  with  something  else  which  is  independent 
of  mathematics,  and  which  constitutes,  or  is  the  foundation  of, 
practical  mechanics. 

The  evil  influence  of  the  supposed  inconsistency  of  theory  and 

•  Vol.  liL,  p.  84. 
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practice  upon  speculative  science,  although  much  less  conspicaoin 
than  it  was  in  the  ancient  and  middle  ages,  is  still  occasionallj  to 
be  traced.  This  it  is  which  opposes  the  mutual  communication  of 
ideas  between  men  of  science  and  men  of  practice,  and  which  leads 
scientific  men  sometimes  to  employ,  on  problems  that  can  only  be 
regarded  as  ingenious  mathematical  exercises,  much  time  and 
mental  exertion  that  would  be  better  bestowed  on  questions  having 
some  connection  with  the  arts,  and  sometimes  to  state  the  results 
of  really  important  investigations  on  practical  subjects  in  a  form 
too  abstruse  for  ordinary  use;  so  that  the  benefit  which  might  be 
derived  from  their  application  is  for  years  lost  to  the  public;  and 
valuable  practical  principles,  which  might  have  been  anticipated  by 
reasoning,  are  left  to  be  discovered  by  slow  and  costly  experience. 

But  it  is  on  the  practice  of  mechanics  and  engineering  that  the 
infiuence  of  the  great  fallacy  is  most  conspicuous  and  most  &taL 
There  is  assuredly,  in  Britain,  no  deficiency  of  men  distinguished 
by  skill  in  judging  of  the  quality  of  materials  and  work,  and  in 
directing  the  operations  of  workmen, — ^by  that  sort  of  skill,  in 
£BK3t,  which  is  purely  practical,  and  acquired  by  observation  and 
experience  in  business.  But  of  that  scientifically  practical  skill 
which  produces  the  greatest  effect  with  the  least  possible  expendi- 
ture of  material  and  work,  the  instances  are  comparatively  rare. 
In  too  many  cases  we  see  the  strength  and  the  stability,  which 
ought  to  be  given  by  the  skilful  arrangement  of  the  parts  of  a 
structure,  supplied  by  means  of  clumsy  massiveness,  and  of  lavish 
expenditure  of  material,  labour,  and  money ;  and  the  evil  is 
increased  by  a  perversion  of  the  public  taste,  which  causes  works 
to  be  admired,  not  in  proportion  to  their  fitness  for  their  piurposes, 
or  to  the  skill  evinced  in  attaining  thisit  fitness,  but  in  proportion 
to  their  size  and  cost. 

With  respect  to  those  works  which,  from  imscientific  design, 
give  way  during  or  immediately  after  their  erection,  I  shall  say 
little;  for,  with  all  their  evUs,  they  add  to  our  experimental  know- 
ledge, and  convey  a  lesson,  though  a  costly  one.  But  a  class  of 
structures  fraught  with  much  greater  evils  exists  in  great  abundance 
throughout  the  country : — ^namely,  those  in  which  the  faults  of  an 
unscientific  design  have  been  so  far  counteracted  by  massive  strength, 
good  materials,  and  careful  workmanship,  that  a  temporary  stability 
has  been  produced,  but  which  contain  within  themselves  sources  of 
weakness,  obvious  to  a  scientific  examination  only,  that  must  inevi- 
tably cause  their  destruction  within  a  limited  number  of  years. 

Another  evil,  and  one  of  the  worst  which  arises  from  the  separa- 
tion of  theoretical  and  practical  knowledge,  is  the  fact  that  a  large 
number  of  persons,  possessed  of  an  inventive  turn  of  mind  and  of 
considerable  skill  in  the  manual  operations  of  practical  mechanics. 
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are  destitute  of  that  knowledge  of  scientific  principles  wMcli  is 
requisite  to  prevent  their  being  misled  by  their  own  ingentdty. 
Sttch  men  too  often  spend  their  money^  waste  their  liyes,  and  it 
may  be  lose  their  reason^  in  the  vain  pursuit  of  visionary  inventions, 
of  which  a  moderate  amount  of  theoretical  knowledge  would  be 
sufficient  to  demonstrate  the  fallacy;  and  for  want  of  such  know* 
ledge,  many  a  man  who  might  have  been  a  useful  and  happy 
member  of  society,  becomes  a  being  than  whom  it  woxdd  be  hard 
to  find  anything  more  miserable. 

The  number  of  those  unhappy  persons — ^to  judge  from  the  patent- 
lists,  and  from  some  of  the  mechanical  journals — must  be  much 
greater  than  is  generally  believed.  The  most  absurd  of  all  their 
delusions, — ^that  commonly  called  the  perpetual  motion,  or  to  speak 
more  accurately,  the  inexhaustible  source  of  power, — ^is,  in  various 
forms,  the  subject  of  several  patents  in  each  year. 

The  ill  success  of  the  projects  of  misdirected  ingenuity  has  very 
naturally  the  effect  of  driving  those  men  of  practical  skill  who, 
though  without  scientific  knowledge,  possess  prudence  and  common 
.^nse,  to  the  opposite  extreme  of  caution,  and  of  inducing  them  to 
avoid  all  experiments,  and  to  confine  themselves  to  the  careful 
copying  of  successful  existing  structures  and  machines:  a  course 
which,  although  it  avoids  risk,  would,  if  generally  followed,  stop 
the  progress  of  all  improvement.  A  similar  course  has  sometimes, 
indeed,  been  adopted  by  men  possessed  of  scientific  as  weU  as 
practical  skiU:  such  men  havinTin  certain  cases,  from  deference 
to  popular  prejudice,  or  from  a  dread  of  beiQg  reputed  as  theorists, 
considered  it  advisable  to  adopt  the  worse  and  customary  design 
for  a  work  in  preference  to  a  better  but  unusual  design. 

Some  of  the  evils  which  are  caused  by  the  fallacy  of  an  incom- 
patibility between  theory  and  practice  having  been  described,  it 
must  now  be  admitted,  that  at  the  present  time  those  evils  show  a 
decided  tendency  to  decline.  The  extent  of  intercourse,  and  of 
mutual  assistance,  between  men  of  science  and  men  of  practice,  the 
practical  knowledge  of  scientific  men,  and  the  scientific  knowledge  of 
practical  men,  have  been  for  some  time  steadily  increasing ;  and  that 
combination  and  harmony  of  theoretical  and  practical  knowledge-^ 
that  skill  in  the  application  of  scientific  principles  to  practical 
purposes,  which  in  former  times  was  confined  to  a  few  remarkable 
individuals,  now  tends  to  become  more  generally  difiused.  "With 
a  view  to  promote  the  difiusion  of  that  kind  of  skill,  Chairs  were 
instituted  at  periods  of  from  fifteen  to  ten  years  ago,  in  the  two 
Colleges  of  the  University  of  London,  in  the  TJniversity  of  Dublin, 
in  the  three  Queen's  Colleges  of  Belfast,  Cork,  and  Galway,  and  in 
this  TJniversity  of  Glasgow.  ' 

For  the  sake  of  a  parallel,  it  may  here  be  worth  while  to  refisir 
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to  another  branch  of  practical  science — that  of  Medicine.  From  the 
time  of  the  first  establishment  of  Medical  Schools  in  XJniyersitieS) 
there  have  existed^  not  only  Chairs  for  the  teaching  of  the  pnrelj 
scientific  departments  of  Medical  Science^  such  as  Anatomy  and 
Physiology,  but  also  Chairs  for  instruction  in  the  art  of  applying 
scientific  principles  to  practice,  such  as  those  of  Surgery,  the 
Practice  of  Physic,  and  others.  The  institution  of  a  Chair  of 
Mechanics  and  Engineering  in  a  University  where  there  have 
long  existed  Chairs  of  Mathematics  and  Natural  Philosophy,  is  an 
endeavour  to  place  Mechanical  Science  on  the  same  footing  with  that 
of  Medicine. 

Another  parallel  may  be  foimd  in  an  Institution,  which,  though 
not  a  University,  and  though  established  as  much  for  the  advance- 
ment as  for  the  diffusion  of  knowledge,  has  had  a  most  beneficial 
efiect  in  promoting  the  appreciation  of  science  by  the  public, — ^I 
mean  the  British  Association.  When  that  body  was  first  instituted, 
both  the  theoretical  advancement  and  the  practical  application  of 
Mechanics,  and  the  several  branches  of  Physics,  were  allotted  to  a 
single  section,  called  Section  A.  The  business  before  that  Section 
soon  became  so  excessive  in  amount,  and  so  multifarious  in  its 
character,  that  it  was  found  necessary  to  institute  Section  G,  for  the 
purpose  of  considering  the  practical  application  of  those  branches 
of  science  to  whose  flieoretical  advancement  Section  A  was  now 
devoted;  and  notwithstanding  this  separation,  those  two  Sections 
work  harmoniously  together  fbr  the  promotion  of  kindred  objects ; 
and  the  same  men  are,  in  many  instances,  leading  members  of  both. 
What  Section  G  is  to  Section  A  in  the  Britii^  Association,  this 
class  of  Engineering  and  Mechanics  is  to  those  of  Physics  and 
Mathematics  in  the  University. 

It  being  admitted,  that  Theoretical  and  Practical  Mechanics  are 
in  harmony  with  each  other,  and  depend  on  the  same  first  prin- 
ciples, and  that  they  differ  only  in  the  purposes  to  which  those 
principles  are  applied,  it  now  remains  to  be  considered,  in  what 
manner  that  difference  affects  the  mode  of  instruction  to  be  followed 
in  commimicating  those  branches  of  science. 

Mechanical  knowledge  may  obviously  be  distinguished  into  three 
kinds :  purely  scientific  knowledge, — purely  practical  knowledge— 
and  that  intermediate  knowledge  which  relates  to  the  application 
of  scientific  principles  to  practical  purposes,  and  which  arises 
from  understanding  the  harmony  of  theory  and  practice. 

The  objects  of  instruction  in  purely  scientific  mechanics  and 
physics  are,  first,  to  produce  in  the  student  that  improvement  of 
the  understanding  which  results  from  the  cultivation  of  natural 
knowledge,  and  that  elevation  of  mind  which  flows  &om  the  con- 
templation of  the  order  of  the  imiverse;  and  secondly,  if  possible, 
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to  qualify  liim  to  become  a  scientifio  discoyerer.  In  tliis  branch  of 
study  exactness  is  an  essential  feature;  and  mathematical  difficultiea 
must  not  be  shrunk  from  when  the  nature  of  the  subject  leads  to 
theuL  The  ascertainment  and  illustration  of  truth  are  the  objects ; 
and  structures  and  machines  are  looked  upon  merely  as  natural 
bodies  are : — ^namely^  as  furnishing  experimental  data  for  the  ascer- 
taining of  principles,  and  examples  for  their  illustration. 

Instruction  in  purely  practical  knowledge  is  that  which  the 
student  acquires  by  his  own  experience  and  observation  of  the 
transaction  of  business.  It  enables  him  to  judge  of  the  quality  of 
materials  and  workmanship,  and  of  questions  of  conyenience  and 
commercial  profit,  to  direct  the  operations  of  workmen,  to  imitate 
existing  structures  and  machines,  to  follow  establish^  practical 
rules,  and  to  transact  the  commercial  business  which  is  connected 
with  mechanical  pursuits. 

The  third  and  intermediate  kind  of  instruction,  which  connects 
the  first  two,  and  for  the  promotion  of  which  this  Chair  was  estab- 
lished, relat^  to  the  application  of  scientific  principles  to  practical 
purposes.  It  qualifies  the  student  to  plan  a  structure  or  a  machine 
for  a  given  purpose,  without  the  necessity  of  copying  some  existing 
example,  and  to  adapt  his  designs  to  situations  to  which  no  existing 
example  affords  a  psuullel.  It  enables  him  to  compute  the  theo- 
retical limit  of  the  strength  or  stability  of  a  structure,  or  the 
efficiency  of  a  machine  of  a  particular  kind, — ^to  ascertain  how  far 
an  actual  structure  or  machine  fails  to  attain  that  limit, — ^to  dis- 
coyer  the  causes  of  such  shortcomings, — ^and  to  devise  improvements 
for  obviating  such  causes;  and  it  enables  him  to  judge  how  far  an 
established  practical  rule  is  founded  on  reason,  how  far  on  mere 
custom,  and  how  far  on  error. 

There  are  certain  characteristics  in  the  mode  of  treating  the 
subjects,  by  which  this  practical-scientific  instruction  ought  to  be 
distinguished  from  instruction  for  purely  scientific  purposes. 

In  the  first  place  it  will  be  tmiversally  admitted,  that  as  far  as  is 
possible,  mathematical  intricacy  ought  to  be  avoided. 

In  the  original  discovery  of  a  proposition  of  practical  utility,  by 
deduction  from  general  principles  and  from  experimental  data,  a 
complex  algebraical  investigation  is  often  not  merely  useful,  but 
indispensable;  but  in  expounding  such  a  proposition  as  a  part  of 
practical  science,  and  applying  it  to  practic^  purposes,  simplicity  is 
of  the  first  importance : — and,  in  fact,  the  more  thoroughly  a  scien- 
tific man  has  studied  the  higher  mathematics,  the  more  frdly  does 
he  become  aware  of  this  truth, — and,  I  may  add,  the  better  qualified 
does  he  become  to  fr^e  the  exposition  and  application  of  scientific 
principles  from  mathematical  intricacy.  I  cannot  better  support 
this   view  than  by  referring  to  Sir  John  Herschel's  OtiUinea  of 
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A8tr(ynom}f — a  work  in  which  one  of  the  most  profound  mathema- 
ticians in  the  world  has  succeeded  admirably  in  divesting  of  all 
mathematical  intricacy  the  explanation  of  the  principles  of  tiiat 
natural  science  which  employs  the  higher  mathematics  most. 

In  iact^  the  symbols  of  algebra,  when  employed  in  abstruse  and 
oomplez  theoretical  investigations,  constitute  a  sort  of  thou^t- 
saving  machine,  by  whose  aid  a  person  skilled  in  its  use  can  soItb 
problems  respecting  quantities,  and  dispense  with  the  mental  labour 
of  thinking  of  the  quantities  denoted  by  the  symbols,  except  at  the 
beginning  and  end  of  the  operation.  Li  treating  of  the  practical 
application  of  scientific  principles,  an  algebraical  formula  should 
only  be  employed  when  its  shortness  and  simplicity  are  such  as  to 
render  it  a  clearer  expression  of  a  proposition  or  rule  than  common 
language  would  be,  and  when  there  is  no  difficulty  in  keeping  the 
thing  represented  by  each  symbol  constantly  before  the  mind. 

Another  characteristic  by  which  instruction  in  practical  scienoe 
should  be  distinguished  from  purely  scientific  instruction^  is  one 
which  appears  to  me  to  possess  the  advantage  of  calling  into  opera- 
tion a  mental  faculty  distinct  from  those  which  are  exercised  by 
theoretical  science.     It  is  of  the  following  kind : — 

In  theoretical  science,  the  question  is — WJuU  are  toe  to  think  f 
and  when  a  doubtful  point  arises,  for  the  solution  of  which  eith^ 
experimental  data  are  wanting,  or  mathematical  methods  are  not 
sufficiently  advanced,  it  is  the  duty  of  philosophic  minds  not  to  dis- 
pute about  the  probability  of  conflicting  suppositions,  but  to  labour 
for  the  advancement  of  experimental  inquiry  and  of  mathematics, 
and  await  patiently  the  time  when  these  shall  be  adequate  to  solve 
the  question. 

But  in  practical  science  the  question  is — WTuU  a/re  we  to  do? — 
a  question  which  involves  the  necessity  for  the  immediate  adoption 
of  some  rule  of  working.  In  doubtful  cases,  we  cannot  allow  our 
machines  and  our  works  of  improvement  to  wait  for  the  advance- 
ment of  science ;  and  if  existing  data  are  insufficient  to  give  an  exact 
solution  of  the  question,  that  approximate  solution  must  be  acted 
upon  which  the  best  dai^  attainable  show  to  be  the  most  probable. 
A  prompt  and  sound  judgment  in  cases  of  this  kind  is  one  of  the 
characteristics  of  a  practical  man,  in  the  right  sense  of  that  term. 

In  conclusion,  I  will  now  observe,  that  the  cultivation  of  the 
Harmony  between  Theory  and  Practice  in  Mechanics — of  the 
application  of  Science  to  the  Mechanical  Arts — ^besides  all  the 
benefits  which  it  confers  on  us,  by  promoting  the  comfort  and 
prosperity  of  individuals,  and  augmenting  the  wealth  and  power  of 
the  nation— confers  on  us  also  the  more  important  benefit  of  raising 
the  character  of  the  mechanical  arts,  ana  of  those  who  practise 
them.    A  great  mechanical  philosopher,  the  late  Dr.  Bobison  of 
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MmbufgL,  after  fiatiiig  tbat  the  principles  of  Carpentnr  depend 
m  two  IsBiiclies  of  ilie  sdraioe  of  Statieii^  zemaricB — '*It  is  iliis 
vliioli  makes  Oaxpentry  a  Hberal  art" 

So  aleo  18  Haaomy  a  Hberal  art, — ao  ia  the  art  of  woildng  in 
Irony  80  ia  evesiy  art,  wlien  guided  by  scientific  principlea  Eyeiy 
lUucture  or  machine,  irhoae  design  evinces  the  guidance  of  scienoey 
ii  to  be  reguded  not  merely  aa  an  instrument  for  promoting  con- 
nnienoe  and  profit,  but  as  a  monument  and  testimony  that  those 
vho  planned  and  made  it  had  studied  the  laws  of  natiure;  and  this 
icnden  it  an  object  of  interest  and  Talue,  how  small  soever  its 
bulky  how  common  soever  its  material 

For  a  centoiy  there  has  stood,  in  a  room  in  this  College,  a  small, 
rode,  and  plain  model,  of  appearance  so  uncouth,  that  when  an 
tttiit  latelT  introduced  its  lifceness  into  a  historical  painting  those 
vbo  saw  the  liTrflwiflug^  and  knew  nothing  of  the  origmal,  woodered 
lihaX  the  artist  meant  ty  painting  an  o^ect  so  unattractiva 

But  the  artist  was  right;  lor  nineqr-one  years  aco  a  man  took  that 
model,  ^iplied  to  it  his  knowledge  of  natural  mws,  and  made  it 
into  the  first  of  those  steam  engines  that  now  cover  the  land  and 
the  sea;  and  ever  since,  in  B^uKm's  eye,  that  small  and  uncouth 
BttSB  of  wood  and  metal  shines  with  imperishable  beauty,  as  the 
oriieBt  embodiment  of  the  genius  of  James  Watt 

Thus  it  is  that  the  commonest  objects  are  by  science  rendered 
precious;  and  in  like  manner  the  engineer  or  the  mechanic,  who 
plans  and  works  with  understanding  of  the  natural  laws  that  I'egulate 
the  results  of  his  operations,  rises  to  the  dignity  of  a  Sage. 
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DEFINITION  OF  G£N£BAL  TERlfS  AND  DIVISION  OF  THE  SUBJECT. 

Abt.  1.  BEechaiiics  is  the  science  of  rest,  motion,  and  forca 
The  laws,  or  first  prirunples  of  mechanics,  are  the  same  for  all 
bodies,  celestial  and  terrestrial,  natural  and  uidficiaL 

The  methods  qfapptyiTig  the  principles  of  mechanics  to  particular 
cases  are  more  or  less  different,  according  to  the  circumstances  of 
the  case.     Hence  aiise  branches  in  the  science  of  mechanics. 

2.  Applied  Biechaaics. — ^The  branch  to  which  the  term  '^  Applied 
MECHAincs"  has  been  restricted  by  custom,  consists  of  those 
consequences  of  the  laws  of  mechanics  which  relate  to  works  of 
human  art. 

A  treatise  on  applied  mechanics  must  commence  by  setting  forth 
those  first  principles  which  are  common  to  all  branches  of  mechanics ; 
but  it  must  contain  only  such  consequences  of  those  principles  as 
are  applicable  to  purposes  of  art 

3.  Mmumr  (considered  mechanically)  is  that  which  fills  space. 

4.  b««Um  are  limited  portions  of  matter.  Bodies  exist  in  three 
conditions — the  solid,  the  liquid,  and  the  gaseous.  Solid  bodies 
tend  to  preserve  a  definite  size  and  shape.  liquid  bodies  tend  to 
preserve  a  definite  size  only.  Ctaseous  bodies  tend  to  expand  inde- 
finitely. Bodies  also  exist  in  conditions  intermediate  between  the 
solid  and  liquid,  and  possibly  also  between  liquid  and  gaseous. 

5.  A  Material  or  Phjaical  Toiame  is  the  space  occupied  by  a  body 
or  by  a  part  of  a  body. 

6.  A  Material  or  Phjsicai  Snrfiice  is  the  boundary  of  a  body,  or 
between  two  parts  of  a  body. 

7.  IJmet  Paiat,  Phyaieal  Point,  Mcatnre  of  I^cngth. — ^In  mechanics, 

as  in  geometry,  a  Line  is  the  boundary  of  a  surface^  or  between  two 
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parts  of  a  surface ;  and  a  Point  is  the  boundary  of  a  "Hdb,  or  l)e> 
tween  two  parts  of  a  line ;  but  the  term  '^  Fh^siccU  Fomt**  is  some- 
times  used  by  mechanical  writers  to  denote  an  vrnmeaaurdbly  amaU 
body — a  sense  inconsistent  with  the  strict  meaning  of  the  word 
"  point ;"  but  still  not  leading  to  error,  so  long  as  it  is  rightly  uIide^ 
stood. 

In  measuring  the  dimensions  of  bodies,  the  standard  Bntiah  unit 
of  length  is  the  yard,  being  the  length  at  the  temperature  of  63" 
Fahrenheit,  and  at  the  mean  atmospheric  pressure,  between  the 
two  ends  ofa  certain  bar  which  is  kept  in  the  office  of  tiie  Exchequer, 
at  Westminster. 

In  computations  respecting  motion  and  force,  and  in  ezpresamg 
the  dimensions  of  large  structures,  the  unit  of  length  commonly 
employed  in  Britain  is  thej^,  being  one-third  of  the  yard. 

In  expressing  the  dimensions  of  machinery,  the  xmit  of  lengtii 
commonly  employed  in  Britain  is  the  md^,  being  one-thiriy-sixiih 
f  Kirt  of  the  yard.  Fractions  of  an  inch  are  very  commonly  stated 
by  mechanics  and  other  artificers  in  halves,  quarters,  eighths,  six- 
teenths, and  thirty-second  parts ;  but  according  to  a  resolution  of 
the  Institution  of  Mechanical  Engineers,  passed  at  the  meeting  held 
at  Manchester  in  June,  1857,  the  practice  has  been  introduced  of 
expressing  fractions  of  an  inch  in  decimals. 

The  French  unit  of  length  is  the  mStre,  being  about  Aopifeooo  <^ 
the  earth's  circumference,  measured  round  the  poles.  (See  tabb 
at  the  end  of  the  volume.) 

8.  Best  is  the  relation  between  two  points,  when  the  stzaig^ 
line  joining  them  does  not  change  in  length  nor  in  direction. 

A  body  is  at  rest  relatively  to  a  point,  when  every  point  in  ihe 
body  is  at  rest  relatively  to  die  first  mentioned  point. 

9.  Br«itoii  is  the  relation  between  two  points  when  the  straight 

line  joining  them  changes  in  length,  or  in  direction,  or  in  both. 

A  body  moves  relatively  to  a  point  when  any  point  in  the  body 
moves  relatively  to  the  first  mentioned  point. 

• 

10.  Fixed  Point. — ^When  a  single  point  is  spoken  of  as  having 
motion  or  rest,  some  other  point,  either  actual  or  ideal,  is  always 
either  expressed  or  imderstood,  relatively  to  which  the  motion  or 
rest  of  the  first  point  takes  place.  Such  a  point  is  called  a  Jtaced 
point 

So  far  as  the  phenomena  of  motion  alone  indicate,  the  choice  of 
a  fixed  point  with  which  to  compare  the  positions  of  other  points 
appears  to  be  arbitrary,  and  a  matter  of  convenience  alone ;  but 
when  the  laws  of  force,  as  affecting  motion,  come  to  be  considered. 
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it  will  be  seen  that  there  are  reasons  for  calling  certain  points 
fixed^  in  preference  to  other& 

In  the  mechanics  of  the  solar  system,  the  fixed  point  is  what  is 
called  the  common  centre  of  gravity  of  the  bodies  composing  that 
system.  In  applied  mechanics,  tike  fixed  point  is  eil^er  a  point 
which  is  at  rest  relatively  to  the  earth,  or  (if  the  structnre  or 
machine  under  consideration  be  moveable  from  place  to  place  on 
the  earth),  a  point  which  is  at  rest  relatively  to  the  structure^  or  to 
the  frame  of  ihe  machine,  as  the  case  may  be. 

Points,  lines,  surfaces,  and  volumes,  which  are  at  rest  relatively 
to  a  fixed  point,  are  fixed. 

11.  c^iMematic*.— The  comparison  of  motions  with  each  other, 
without  reference  to  their  causes,  is  the  subject  of  a  branch  of 
geometry  called  "  Cinematics,** 

12.  Force  is  an  action  between  two  bodies,  either  causing  or 
tending  to  cause  change  in  their  relative  rest  or  motion. 

The  notion  of  force  is  first  obtained  directly  by  sensation;  for 
the  forces  exerted  by  the  voluntary  muscles  can  be  felt.  The  ex- 
istence of  forces  other  than  muscular  tension  is  inferred  from  their 
effects. 


13.  BqaiiibriaiB  or  Balance  is  the  Condition  of  two  or  more 
forces  which  are  so  opposed  that  their  combined  action  on  a  body 
produces  no  change  in  its  rest  or  motion. 

The  notion  of  balance  is  first  obtained  by  sensation;  for  the 
forces  exerted  by  volimtary  muscles  can  be  felt  to  balance  some- 
times each  other&  and  sometimes  external  pressures. 

14.  siaticc  and  J^jmamiem. — ^Forces  may  take  efiect,  either  by 
balancing  other  forces,  or  by  producing  change  of  motion.  The 
former  of  those  effects  is  the  subject  of  Statics;  the  latter  that  of 
Dynamics;  these,  together  with  Cinematics,  already  defined,  form 
the  three  great  divisions  of  pure,  abstract,  or  general  mechanics. 

15.  strdctnres  and  machinei. — The  works  of  human  art  to  which 
the  science  of  applied  mechanics  relates,  are  divided  into  two 
classes,  according  as  the  parts  of  which  they  consist  are  intended  to 
rest  or  to  move  relatively  to  each  other.  In  the  former  case  they 
are  called  Stiructures;  in  the  latter,  Mackmes,  Structures  are  sub- 
jects of  Statics  alone;  Machines,  when  the  motions  of  their  parts 
are  considered  alone,  are  subjects  of  Cinematics;  when  the  forces 
acting  on  and  between  their  parts  are  also  considered^  machines  are 
subjects  of  Statics  and  Dynamics. 
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16.  OommI  Amuis«m«if  of  the  Salject. — ^Thesobject  of  tho| 

6ont  treatise  "will  be  arranged  as  follows  :^ 

L  FiBST  Pbingifles  of  Statics. 

IL  Theobt  of  Stbuctubes. 
IIL  First  Fbhtciples  of  Cinematics. 
lY.  Theobt  of  Mechanisil 

Y.  EiBST  Pbincifles  of  Dtnahicsl 
YL  Theobt  of  Machh^es. 


PART  I. 

PRINCIPLES  OF  STATICS. 


CHAPTER  L 

BALANCE  AND  MEASUREMENT  OF  FORCES  ACTING  IN  ONE 

STRAIGHT  LINE. 

17.  Forces  how  Determined. — AJtliougli  eveiy  force  (as  has  been 
stated  in  Art  12)  is  an  action  between  two  bodies,  still  it  is  con- 
ducive to  simplicity  to  consider  in  the  first  place  the  condition  of 
one  of  those  two  bodies  alone. 

The  nature  of  a  force,  as  respects  one  of  the  two  bodies  between 
which  it  acts,  is  determined,  or  made  known,  when  the  following 
three  things  are  known  respecting  it : — ^first,  the  place,  or  part  of 
the  body  to  which  it  is  applied;  secondly,  the  direction  of  its 
action;  thirdly,  its  magnUvde, 

18.  Place  of  Application— Point  of  Application. — ^The  place  of  the 

application  of  a  force  to  a  body  may  be  the  whole  or  part  of  its  in- 
ternal mass;  in  which  case  the  force  is  an  attraction  or  a  repulsion, 
according  as  it  tends  to  move  the  bodies  between  which  it  acts 
towards  or  from  each  other;  or  the  place  of  application  may  be  the 
surfiBi,ce  at  which  two  bodies  touch  each  other,  or  the  bounding 
sur&.ce  between  two  parts  of  the  same  body,  in  which  case  the  force 
is  a  tension  or  pull,  a  thrust  or  push,  or  a  lateral  stress,  according 
to  circumstances. 

Thus  every  force  has  its  action  distributed  over  a  certain  space, 
either  a  volimie  or  a  surface ;  and  a  force  concentrated  at  a  single 
point  has  no  real  existence.  Nevertheless  it  is  necessary,  in  treating 
of  the  principles  of  statics,  to  begin  by  demonstrating  the  properties 
of  such  ideal  forces,  conceived  to  be  concentrated  at  single  points. 
It  will  afterwards  be  shown  how  the  conclusions  so  arrived  at  re- 
specting single  forces  (as  they  may  be  called),  are  made  applicable  to 
the  distributed  forces  which  really  act  in  nature. 

In  illustrating  the  principles  of  statics  experimentally,  a  force 
concentrated  at  a  single  point  may  be  represented  with  aoy  required 
degree  of  accuracy  by  a  force  distributed  over  a  very  small  space,  if 
that  space  be  made  small  enough. 

C 
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19.  8«FP««itimi  •£  Periect  Bigiditr. — In  reasoning  respecting 
forces  concentrated  at  single  points,  they  are  assumed  to  be  applied 
to  solid  bodies  which  are  perfectly  rigid,  or  incapable  of  alteration 
of  figure  under  any  forces  which  can  be  applied  to  them.  Thii 
also  is  a  supposition  not  realized  in  nature.  It  will  afterwards  be 
shown  how  its  consequences  are  applied  to  actual  bodies. 

20.  DirecUon— liiiie  •€  Action. — ^The  DiBECTiON  of  a  force  is  that 
of  the  motion  which  it  tends  to  produce.  A  straight  line  drawn 
through  the  point  of  application  of  a  single  force,  and  along  its 
direction,  is  the  line  op  action  of  that  force. 

21.  magnitade— Vntt  of  Force. — The  magnitudes  of  two  forces 
are  equal,  when  being  applied  to  the  same  body  in  opposite  direc- 
tions along  the  same  line  of  action,  they  balance  each  other. 

The  magnitude  of  a  force  is  expressed  arithmetically  by  stating 
in  numbers  its  ratio  to  a  certain  unit  or  standard  of  force,  which  is 
usually  the  weight  (or  attraction  towards  the  earth),  at  a  certain 
latitude,  and  at  a  certain  level,  of  a  known  mass  of  a  certain 
material  Thus  the  British  unit  of  force  is  the  atcmdourd  pound 
{woirdvpois;  which  is  the  weight  in  the  latitude  of  London  of  a 
certain  piece  of  platinum  kept  in  the  Exchequer  office  (See  the  Act 
18  and  19  Vict.,  cap.  72;  also  a  paper  by  Professor  W.  H.  Miller, 
in  the  PhUosophical  Tra/nsactions  for  1856). 

For  the  sake  of  convenience  or  of  compliance  with  custom,  other 
units  of  force  are  occasionally  employed  in  Britain,  bearing  certain 
ratios  to  the  standard  pound;  such  as — 

The  grain  =  riirv  of  a  pound  avoirdupois. 

The  troy  pound  =  5,760  grains  =  0-82285714  pound  avoirdupois. 

The  hundredweight  =  112  pounds  avoirdupois. 

The  ton  =  2,240  pounds  avoirdupois. 

The  French  standard  unit  of  force  is  the  gra/mmSy  which  is  tiie 
weight,  in  the  latitude  of  Paris,  of  a  cubic  centimetre  of  pm^  water, 
measured  at  the  temperature  at  which  the  density  of  water  is 
greatest,  viz.,  4°*1  centigrade,  or  39°-4  Fahrenheit,  and  under  the 
pressure  which  supports  a  barometric  column  of  760  millimetres  of 
mercury. 

A  comparison  of  French  and  British  measures  of  force  and  of 
sLse  is  given  in  a  table  at  the,  end  of  this  volume. 

22.  VUtmlUmt  of  Forres  Acting  in  One  Stralfflif  I<toe. — The   Rx- 

fiULTANT  of  any  number  of  given  forces  applied  to  one  body,  is  a 
single  force  capable  of  balancing  that  single  force  which  balances 
the  given  forces ;  that  is  to  say,  tiie  resultant  of  the  given  forces  is 
equal  and  directly  opposed  to  the  force  which  balances  the  given 
forces ;  and  is  eqmvalmb  to  the  given  forces  so  far  as  the  balance  of 
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the  todj  IB  oonoemed.     The  given  farces  aro  called  etwwpowanto  of 
their  resaltaut. 

The  resultajit  of  any  number  of  forces  acting  on  one  body  in  the 
same  straight  line  of  action,  acts  along  that  line,  and  is  equal  in 
magnitude  to  the  sum  of  the  component  forces ;  it  being  under- 
stood, that  when  some  of  the  component  forces  are  oppos^  to  the 
others,  the  word  "  8wm  "  is  to  be  taken  in  the  aJgebraicfd  sense ;  that 
is  to  say,  that  forces  acting  in  the  same  direction  are  to  be  added  to, 
and  forces  acting  in  opposite  directions  subtracted  from  each  other. 

23.   ReprcsentatioM  oT  F«rce«  by  laaea. — ^A  single  force  may  be 

represented  in  a  drawing  by  a  straight  line ;  an  extremity  of  the 
line  indicating  the  point  of 
application  of  the  force, — ^the  ^^^' 
direction  of  the  line,  the  direc- 
tion of  the  force, — andthelength 
of  the  line,  the  magnitude  of  Ihe 
force,  according  to  an  arbitrary 
scale.  I^g^  1, 

For  example,  in  fig.  1,  the 
fEurt  that  the  body  B  B  B  B  is  acted  upon  at  the  point  Oi  by  a 
given  force,  may  be  expressed  by  drawing  from  Oi  a  straight  line 
Oi  Fi  in  the  direction  of  the  force,  and  of  a  length  representing  the 
magnitude  of  the  force.  

If  the  force  represented  by  OiFi  is  balanced  by  a  force  applied 
either  at  the  same  point,  or  at  another  point  O2  (which  must  be  in 
the  line  of  action  L  L  of  the  force  to  be  balanced),  then  the  second 
force  will  be  represented  by  a  straight  line  O2  Fg,  opposite  in  direc- 
tion, and  equal  in  length  to  Oi  Fj,  and  lying  in  the  same  line  of 
action  L  L. 

If  the  body  B  B  B  B  (fig.  2),  be  balanced  by  several  forces  acting 
in  the  same  straight  line  L  L,  applied  at  points  Oi  O2,  &c.,  and  re- 
presented by  lines  O^Fl,  0%F^  &a ;  then  either  direction  in  the 
line  L  L  (such  as  the  direc- 
tion towards  +  L)  is  to  be  ^ — '"'^^*' n+V- 

considered  as  positive,  and  ^* 

the  opposite  direction  (such 
as  the  direction  towards 
—  L)  as  negative;  and  if  the 
sum  of  all  the  lines  repre- 
senting forces  which  point 
positively  be  equal  to  the  pjg,  2. 

sum  of  all  those  which  point 

negatively,  the  algebraical  sum  of  all  the  forces  is  nothing,  and  the 
body  is  balanced. 
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24.  PrcsMue. — ^Most  writers  on  mechanics,  in  treating  of  the 
first  principles  of  statics,  use  the  word  "pressure**  to  denote  ar^ 
balcmoed  force. 

In  the  popular  sense,  which  is  also  the  sense  generally  employed 
in  applied  mechanics,  the  word  pressu/re  is  used  to  denote  a  force, 
of  the  nature  of  a  thrust,  distributed  over  a  surface;  in  other  worda, 
the  kind  of  force  with  which  a  body  tends  to  expand,  or  resists  an 
effort  to  compress  it. 

In  this  treatise  care  will  be  taken  so  to  employ  the  word  "  pres- 
sure"  that  the  context  shall  show  in  what  sense  it  is  used. 
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CHAPTER  IL 


THEORY  OP  COUPLES  AND  OP  THE  BALANCE  OP  PARALLEL  FORCES. 

Section  1. — On  Couples  with  tJie  Same  Axis, 

25.  Couples. — ^Two  forces  of  equal  magnitude  applied  to  the  same 
\)ody  in  parallel  and  opposite  directions,  but  not  in  the  same  line  of 
'  action,  constitute  what  is  called  a  "  wwpler 

'2i^,  force  of  a  Coople— Armorlierenice. — The^brce  of  a  COUple  is 
the  common  magnitude  of  the  two  equal  forces;  the  arm  or  leverage 
\  of  a  couple  is  the  perpendicular  distance  between  the  lines  of  action 
of  the  two  equal  forces. 

27.   Tendency  of  a  €onple — Plane  of  a  Couple — RlgiiUhanded  and 

l<eA-iianded  Coupler — ^The  tendency  of  a  couple  is  to  turn  the  body 
to  which  it  is  applied  in  the  plane  of  the  couple — that  is,  the  plane 
which  contains  the  lines  of  action  of  the  two  forces.  (The  plane  in 
which  a  body  turns,  is  any  plane  parallel  to  those  planes  in  the 
body  whose  position  is  not  altered  by  the  turning).  The  axis  of  a 
couple  is  any  line  perpendicular  to  its  plane.  .  The  turning  of  a 
body  is  said  to  be  right-handed  when  it  appears  to  a  spectator  to 
take  place  in  the  same  direction 
with  that  of  the  hands  of  a  watch, 
and  left-handed  when  in  the  opposite 
direction;  and  couples  are  desig- 
nated asright-hand^  or  left-handed 
according  to  the  direction  of  the 
taming  which  they  tend  to  pro- 
duce. 

Thus  in  fig.  3,  the  equal  and 


opposite  forcesOi  F„  02F^  whose 

leverage  is  L,  Lj,  form  a  right-  Rg.  8. 

handed  couple;  and  the  equal  and 

opposite  forces  O^Fs,  O4 F4,  form  a  left-handed  couple. 

2S,   KqniTBlent  Couples  of  £qnal  Force  and  liererace.— In   Order 

that  two  couples  similar  in  direction,  and  of  equal  force  and  lever- 
age, may  be  exactly  alike  or  equivalent  in  their  tendency  to  turn  the 
body,  it  is  necessary  and  sufficient  that  their  planes  should  be  either 
identical  or  paralleL 
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^j. 


Two  couples  applied  to  the  same  body  in  the  same  plane,  or  in 
parallel  planes,  of  equal  force  and  leverage,  but  opposite  in  direction, 
balance  each  other;  and  if  for  either  of  the  two  an  equivalent 
couple  be  substituted,  the  equilibrium  will  not  be  disturbed. 

29.  HfomeBt  of  a  Couple. — The  momefU  of  a  couple  means  the 
product  of  the  magnitude  of  its  force  hy  the  length  of  its  amL    If  '< 
the  force  be  a  certain  nimiber  of  poimds,  and  the  arm.  a  certain 
number  of  feet,  the  product  of  those  two  numbers  is  called  the 
moment  in  foot-pounds,  and  similarly  for  other  measures. 

30.  AdditfoB  of  Couples  of  Equal  Force. — TiEMlffA.      Two  COUplei  ijf] 

equal  force  acting  in  the  same  direction,  with  the  same  axis,  are  eqwoor 
lent  to  a  couple  whose  moment  is  the  sum  of  their  moments.  Let  the 
two  couples  be  denoted  by  A  and  B;  let  Fa  =  Fb  be  their  equal 

forces;  let  Lj^  and  Lb  be  zbdt 
respective  arms;  then  F^  L^  and 
^  Fb  Lb  are  their  moments,  whidl^ 
as  their  forces  are  equal,  are  pn>* 
portional  to  the  arms.  In  fi^  ^ 
let  the  forces  F^  constitatii^^  A 
be  applied  in  linespassmgidiroii]^ 
a  and o,  ac  or  L^  being  perpen- 
dicular to  the  lines  of  actson  cf 
Fig*  ^  the  forces;  and  if  the  foroes  con- 

stituting B  be  not  already  applied  as  shown  in  the  figure,  rab- 
stitute  for  B  an  equivalent  couple  of  equal  force  and  ann,  having 
its  forces  Fb  applied  in  lines  parallel  to  the  lines  of  action  of  iha 
forces  F^  and  passing  one  through  the  point  c  and  the  other  thxao^ 
h,  so  that  the  arm  c  &  or  Lq  shall  be  in  the  same  straight  line  "wm 
o  c  or  L^.  Then  the  equal  and  opposite  forces  F^  Fb,  applied  st  e, 
balance  each  other,  and  there  remain  only  the  equal  and  opposite 
forces  Fa,  Fb,  applied  at  a  and  h,  which  form  a  couple  whose  fines 
is  F^  =  Fb,  and  its  arm  a  6  =  L^  +  Lb,  being  the  sum  of  the  aims  cf 
the  couples  A  and  B ;  so  that  its  moment  is  the  sum  of  their 
moments;  and  this  couple  is  equivalent  to  the  two  couples  A  and  B 

31.  KquiTUleiit  Couples  of  Equal  IRIoBieut. — THEOREM.       Ifthemth 

ments  of  two  couples  abating  in  the  same  direction  and  with  the  same  ask 
are  equals  those  couples  are  equivalent  Let  one  of  the  couples  be  called 
A,  and  let  its  force,  arm,  and  moment  be  respectively  F^,  L^,  and 
Fa  La;  let  the  other  couple  be  called  B,  and  let  its  force,  arm,  and 
moment  be  respectively  Fb,  Lb,  and  Fb  Lb.  The  equality  of  tiltf 
moments  of  those  couples  is  expressed  by  the  equation 

FaLj^  =  FbLb. 

If  the  forces  and  arms  of  the  two  couples  be  commensurable^  so 
that 
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F^  :  Fb  :  :  Lb  :  liA  ?  t  m  :  n 
(m  and  n  being  twoVhole  numbers]^ 


let  /^El^I 


B 
f 


Then  the  couple  A  is  equivalent  to  mn  couples  of  the  momenty*  I ; 
and  so  also  is  the  couple  B;  therefore  the  couples  A  and  B  are 
aqxdvalent  to  each  other. 

If  the  forces  and  arms  are  incommensurable^  it  is  al-ways  possible 
to  find  forces  and  arms  which  shall  be  commensurable,  and  shall 
differ  from  the  given  forces  and  arms  by  differences  less  than  any 
given  quantity;  so  that  if  the  theorem  were  in  error  for  incommen- 
surable' forces  and  arms,  it  would  also  be  in  error  for  certain  com- 
niensurable  forces  and  arms ;  but  this  is  impossible ;  therefore  the 
theorem  is  true  for  incommensurable  as  well  as  for  commensurable 
forces  and  arms. 

32.  BcMllaat  of  Cowples  wllli  the  S«me  Axiik — CoBOLLABY.      A 

combination  ofcmy  nwmber  ofcowpUs  hamngthe  same  axis  is  equiva- 
lent  to  a  wwple  whose  rruymeni  is  the  aigebrcdoal  swm,  of  the  momenta 
i^the  combined  eowplea, 

33.  B^iUllbrinm  of  Couples  liarlB^  the  Saiae  Axis. — ^Two  opposite 

couples  of  equal  moment,  having  the  same  axis,  balance  each  other. 
Any  number  of  couples,  having  the  same  axis,  balance  each  other 
when  the  moments  of  the  right-handed  couples  are  together  equal 
to  the  moments  of  the  left-handed  couples ;  in  other  words,  when 
the  resultant  moment  is  nothing. 

34.  BcpreMwtatioii  of  Couples  by  liines. — ^The  nature  and  amount 
of  the  tendency  of  a  couple  to  turn  a  body  are  completely  Jbiown 
whan  the  moment  and  direction  of  the  couple,  and  the  position  of 
its  axis,  are  known.  These  circum- 
stances are  expressed  by  means  of  a 
line  in  the  following  manner. 

In  fig.  5,  fi:om  any  point  O  draw  a     ^ 
straight  line  OM,  parallel  to  the  axis 
(that  is,  perpendicular  to  the  plane)  of 
the  couple  to  be  represented,  and  in  such  '^         Fie  6 

a  direction,  that  to  an  observer  looking 
fix>m  O  towards  M  the  couple  shall  seem  right-handed ;  and  make 

the  length  of  the  line  O  M  represent  the  moment  of  the  couple, 
according  to  any  assigned  scale. 
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Section  2. — On  Cott/ples  wUh  Different  Axes. 

35.  BcndtBHt  of  Two  Couples   with   DUTeroat  Axco. — ^ThEOBEXi 

If  the  tuoo  sides  of  a  paraUdogram  represent  the  positions  of  the  aaoa^ . 
amd  tJie  directions  and  moments,  of  two  couples  acting  on  the  saim 
body,  the  diagonal  of  the  pa/raUelogram  wiU  in  like  mam/ner  represad 
the  j)osition  of  the  axis,  the  direction  and  Hie  moTnent  of  the  resultant 
couple,  which  is  equivalent  to  those  two. 

In  fig.  6,  let  the  plane  of  the  paper  represent  a  plane  which  con- 
tains the  axes  of  the  two  couples,  and  is  therefore  perpendicular  to 
both  their  planes.     Let  a  c,  c  6  be  parts  of  the  lines  in  which  the 

planes  of  the  couples  A,  B,  respectively  intersect 
the  plane  of  the  paper.  If  the  couples  are  not 
already  of  equal  force,  reduce  them  to  equivar 
lent  couples  of  equal  force ;  let  F  denote  the 
common  magnitude  of  their  forces,  and  let  Lj;, 
Lb  denote  the  respective  arms  of  the  couples. 
From  c,  the  intersection  of  the  three  planes 
already  mentioned,  take  ca  =  L^,  c6  =  Lb9 
and  join  ah.  Conceive  the  couple  A  (or  an 
eqidvalent  couple)  to  consist  of  the  force  +  F 
acting  forwards  at  a,  and  the  equal  and  opposite 
force  —  F  acting  backwards  at  c ;  also  conceive 
the  couple  B  (or  an  equivalent  couple)  to  con- 
sist of  the  force  +  F  acting  forwards  at  c,  and 
the  equal  and  opposite  force  —  F  acting  back- 
wards at  h.  The  forces  +  F,  —  F,  at  c  balance  each  other ;  and 
there  are  left  the  equal  and  opposite  forces  +  F  at  a,  and  —  F  at  6, 
forming  the  resultant  couple,  which  is  equivalent  to  the  two  couples 

A  and  B,  and  has  for  its  arm  the  third  side  ab  =  Lq  of  the  triangle 
ahc. 

Now  from  any  point  O  draw  OM^  perpendicular  to  ac,  and 
OMb  perpendicular  to  &  c,  and  representing  the  axes,  directions, 
and  moments  of  the  couples  A  and  B  ;  complete  the  parallelogram 
of  which  those  lines  are  the  sides,  and  draw  its  diagonal  OMq. 
This  diagonal  will  be  perpendicular  to  a  &,  and  will  therefore  re- 
present the  axis  and  direction  of  the  resultant  couple ;  and  because 
of  the  similarity  of  the  triangles  abc,OMo  Mb,  the  following  pro- 
portions will  exist : — 

OH^:OMb:OMc, 

!S  Lij^  I  Jjb  I  Jj(j  f 


and  consequently  O  Mq  will  also  represent  the  moment  of  the  re- 
sultant couples. — Q.  K  D. 
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36.  SqaillbriiiBi  of  Three  €oaples  with  Dlflereal  Axes  in  the  Same 

Plane. — CoBOLLARY.     A  couple  equcd  amd  opposite  to  that  represented 

hff  the  diagonal  O  Mo  bakmces  the  couples  represented  by  tJis  sides 

OMa,  O  Mb.     In  other  words,  three  covples  represented  by  the  three 
sides  of  a  triangle  balance  each  other. 

37.  KqnUibrinm  of  any  Number  of  Couples. —  COBOLLART.       If  a 

number  of  couples  acting  on  the  same  body  be  represented  by  a  series 

of  lines  joined  end  to  end,  so  as 

to  form  sides  of  a  polygon,  amd  if 

the  polygon  is  closed,  these  couples 

balance  each  other.     To  fix  the 

ideas  let  there  be  five  couples, 

whose  moments  are  respectively 

Ml,  M2,  Ms,  M4,  Ms;    and  let 

them,  be  represented  by  the  sides 

of  the  polygon  in  fig.  7  in  such  a 

manner  that 


Mx  is  represented  by  0  A,  and  seems  right-handed  looking  from  A  towards  0. 

Ma  —  A  B,  —  —  from  B  towards  A. 

M3 

M4 

M5 


—  BC, 

—  DO, 


from  C  towards  B. 
from  D  towards  C. 
from  0  towards  D. 


Then  by  the  theorem  of  Article  35,  the  resultant  of  Mi  and  M,  is 
OB;  the  resultant  of  this  and  Ms  is  O  C ;  the  resultant  of  this  and 
M4  is  O  D,  right-handed  in  looking  firom  D  towards  O,  and  con- 
sequently equal  and  opposite  to  M5,  which  last  couple  balances  it, 
and  reduces  the  final  resultant  to  nothing. — Q.  E.  D. 

This  proposition  evidently  holds  for  any  number  of  couples,  and 
whether  the  closed  polygon  be  plane  or  ga/uche  (that  is  to  say,  not 
plane). 

The  resultant  of  the  couples  represented  by  all  the  sides  of  the 
polygon,  except  one,  is  equal  and  opposite  to  the  couple  represented 
by  the  excepted  side. 

Section  3. — On  Parallel  Forces. 

38.   Balanced  Parallel  Forces  in  General. — A  balanced  system  of 

parallel  forces  consists  either  of  pairs  of  directly  opposed  equal 
forces,  or  of  couples  of  equal  forces,  or  of  combinations  of  such 
pairs  and  couples. 

Hence  the  following  propositions  as  to  the  relations  amongst  the 
magnitudes  of  systems  of  parallel  forces  are  obvious  : — 

I.  In  a  balanced  system  of  parallel  forces,  the  sums  of  the  forces 
acting  in  opposite  directions  are  equal ;  in  other  words,  the  alge- 
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braical  sum  of  the  magnitudes  of  all  the  forces  taken  irith  tbeir 
proper  signs  is  nothing. 

II.  The  magnitude  of  the  resultant  of  any  combination  of  par- 
allel forces  is  the  algebraical  sum  of  the  magnitudes  of  the  forceo.     * 

The  relations  amongst  the  posUiona  of  the  lines  of  action  of 
balanced  parallel  forces  remain  to  be  investigated;  and  in  this 
inquiry,  ail  pairs  of  directly  opposed  equal  forces  may  be  left  out  of 
consideration ;  for  each  such  pair  is  independently  balanced  what- 
BOCV4T  its  |)OBition  may  be  ;  so  that  the  question  in  each  case  is  to 
be  solved  by  means  of  the  theory  of  couples. 

39.   Bqaillbrlam  of  Three  Parallel  Forces  in  One  PbuM*      Pil»> 

ciple  of  ihe  i^ercr. — TusoREM.     1/ three  pa^oUd/orces  applied  to  ont 

body  balance  each  other ^  thejf 
must  be  in  one  pUme;  the  tteo 
ext/refme  forces  rmut  act  in  th$ 
ea/me  direction ;  (ke  middle  fartt 
must  act  in  the  oppoaite  duW' 
tion;  a/ndthemagnittideqfeach 
force  must  be  proportional  to 
tlie  distance  between  the  lines  oj 
action  of  the  other  two.  Let 
a  body  (fig.  8)  be  maintained 
in  equilibrio  by  two  opposite 

ootiploH  having  the  same  axis,  and  of  equal  moments, 

F^  L^  =  Fb  Lb, 

lUHHtnliiig  t4>  the  notation  already  used ;  and  let  those  couples  be  so 
iipplitMl  to  the  body  that  the  lines  of  action  of  two  of  these  forces^ 
•  l*\i  •  •  ^^'ui  "which  act  in  the  same  direction,  shall  coincida 
IMion  thoHc^  two  forces  are  equivalent  to  the  single  .middle  force 
|0„  17-  —  (r^  .».  F„),  equal  and  opposite  to  the  sum  of  the  extreme 
fuw»oH  I  l<\,  -»-  Fn,  and  in  the  same  plane  with  them;  and  if  the 
Nt.nufj[lit  liiu^  A  0  n  bo  drawn  perpendicular  to  the  lines  of  action 
(if  th(«  foivc^H,  then 

'M)=1jj,;  CB  =  Lb;  AB  =  L^  +  Lb; 

h\  :  Fb  :  Fo  :  :0  JJ:  A"C  :  AB; 

NO  iliiiti  (Nich  of  the  tliree  forces  is  proportional  to  the  distance 
iM^twtuMi  tlit^  linos  of  action  of  the  other  two ;  and  if  any  three 
|Ninill(>l  foi'cH'H  luilauoo  (jach  other,  they  must  be  equivalent  to  two 
(uiti])loH,  as  shown  in  the  figure. 

do.   Heanllnnl  of  Two  Parallel  Forcetu — The  resultant  of  any  twO 

of  the  tlm»o  forces  F^,  Fb,  F^,  is  equal  and  opposite  to  the  third. 
Ilonco  the  resultant  of  two  parallel  forces  is  parallel  to  them. 


Fiff.  8. 
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and  in  the  same  plane  ;  if  they  act  in  the  same  direction,  then  their 
resultant  is  their  sum,  acts  in  the  same  direction,  and  lies  between 
them ;  if  they  act  in  opposite  directions,  their  resultant  is  their 
difference,  acts  in  the  direction  of,  and  lies  beyond,  the  prepon- 
derating force ;  and  the  distance  between  the  lines  of  action  of  any 
two  of  those  three  forces — ^the  resultant  and  its  two  components 
— is  proportional  to  the  third  forca 

In  order  that  two  opposite  parallel  forces  may  have  a  single 
resultant,  it  is  necessary  tiiat  they  should  be  unequal,  the  resultant 
being  their  difference.  Should  they  be  equal,  they  constitute  a 
couple,  which  has  no  single  resultant 

41.   g^willaat  of  a  €Mipl«  and  a  Siagle  Force  ia  Pavaltel  Plaacs.— 

Let  M  denote  the  moment  of  a  couple  applied  to  a  body  (fig.  9)  ; 

and  at  a  point  O  let  a  single 

force  F  be  applied,  in  a  plaiie 

parallel  to  that  of  the  couple. 

For  the  given  couple  substitute 

an  equiyaient  couple,  consisting 

of  a  force  —  F  equal  and  directly 

opposed  to  F  at  O,  and  a  force 

F  applied  at  A,  the  arm  AO 
M 


being  ==  -=,  and  of  course  par- 
F 


Fig;  9. 


allel  to  the  plane  of  the  couple 

M.  Then  the  forces  at  O  balance  each  other,  and  F  applied  at 
A  is  the  resultant  of  the  single  force  F  applied  at  O,  and  the  couple 
M  ;  that  is  to  say,  that  if  to  a  single  force  F  there  be  added  a  couple 
M  whose  plane  is  parallel  to  the  force,  the  effect  of  that  addition  is 
to  shifb  the  line  of  action  of  the  force  parallel  to  itself  through  a 

distance  O  A  :=  r=-; — ^to  the  left  if  M  is  right- 
handed — to  the  right  if  M  is  lefb-handed. 

42.   BIOBMat  of  a  Force  iirith  respect  to  aa  Axis. 

— ^Let  the  straight  line  F  represent  a  force  ap- 
plied to  a  body.  Let  O  X  be  any  straight  line 
perpendicular  in  dii*ection  to  the  line  of  action 
of  the  force,  and  not  intersecting  it,  and  let  A  B 
be  the  common  perpendicular  of  those  two  lines. 
At  B  conceive  a  pair  of  equal  and  directly  op- 
posed forces  to  be  applied  in  a  line  of  action 
parallel  to  F,  viz.:  F=F,  and -F  =  -F.  The 
supposed  application  of  such  a  pair  of  balanced  pjg  iq^ 

forces  does  not  alter  the  statical  condition  of  the 
U»dy.     Then  the  original  single  force  F,  applied  in  a  line  ta»r 
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versing  A,  is  equivalent  to  the  force  F  applied  in  a  line  traversing  B. 
the  point  in  O  X  which  is  nearest  to  A,  combined  with  the  couple 
composed  of  F  and  —  P,  whose  moment  is  F  •  AB.  This  is 
called  the  wfiomeird  of  the  force  F  reUUivdy  to  the  axis  O  X,  and 
sometimes  also,  the  rruymeirU  of  the  force  F  rdativdy  to  the  pUme 
which  contains  O  X,  and  is  parallel  to  the  line  of  action  of  the 
force. 

If  from  the  point  B  there  be  drawn  two  straight  lines  B  D  and 
B  E,  to  the  extremities  of  the  line  F  representing  the  force,  the 
area  of  the  triangle  BDE  being  =  J  F  •  AB,  represents  one-half  of 
the  moment  of  F  relatively  to  O  X. 

43.  Kqalllbrlam  of  any  Sjsteiii  of  Parallel  Forces  In  One  Plane. 

— ^In  order  that  any  system  of  parallel  forces  whose  lines  of  action  ' 
nix)  in  one  plane  may  balance  each  other,  it  is  necessary  and  suffi- 
cient that  the  following  conditions  should  be  fulfilled  : — 

I.  (As  already  stated  in  Art.  88)  that  the  algebraical  sum  of 
tlio  forces  shall  be  nothing : — 

II.  That  the  algebraical  sum  of  the  moments  of  the  forces  rela- 
tively to  any  axis  perpendicular  to  the  plane  in  which  they  act 
sliall  bo  nothing : — 

two  conditions  which  are  expressed  symbolically  as  follows  : — 
let  F  denote  any  one  of  the  forces,  considered  as  positive  or  nega- 
tive, according  to  the  direction  in  which  it  acts ;  let  y  be  the  per- 
pendicular distance  of  the  line  of  action  of  this  force  from  an 
arbitrarily  assimied  axis  O  X,  ^  also  being  considered  as  positive  or 
negative,  according  to  its  direction ;  then. 

Sum  of  forces,         2  •   F  =  0 ; 
Sum  of  moments,    2  •  y  F  =  0. 

For,  by  the  last  Article,  each  force  F  is  equivalent  to  an  equal  and 
parallel  force  F'  applied  directly  to  O  X,  combined  with  a  couple 
y  F ;  and  the  system  of  forces  F,  and  the  system  of  couples  y  F, 
must  each  be  in  equilibrio,  because  when  combined  they  are  equiva- 
lent to  the  balanced  system  of  forces  F. 

In  summing  moments,  right<handed  couples  are  usually  considered 
as  positive,  and  left-handed  couples  as  negative. 

44.  Resaltant  of  any  Nnmber  of  Parallel  Forces  in  One  Plane. — ^The 

resultant  of  any  number  of  parallel  forces  in  one  plane  is  a  force  in 
the  same  plane,  whose  magnitude  is  the  algebraical  sum  of  the 
magnitudes  of  the  component  forces,  and  whose  position  is  such^ 
that  its  moment  relatively  to  any  axis  perpendicular  to  the  plane  in 
which  it  acts  is  the  algebraical  simi  of  the  moments  of  die  com- 
ponent forces.  Hence  let  F,  denote  the  resultant  of  any  number 
of  parallel  forces  in  one  plane^  and  y^  the  distance  of  the  line  of 


H01IENT8  or  A.  IDROK  S& 

MiHSoa  of  that  reenltuit  from  the  assumed  axis  0  X  to  Thioh  th« 
podtioDS  of  forces  are  referred  :  then 

P,  =  3  ■     F ; 

la  some  cases,  the  forces  may  have  no  single  resultant,  s  *  F 
being  =  0;  and  then,  unless  the  forces  balance  eaoh  other  com- 
pletelf ,  th^  resultant  is  a  couple  of  the  moment  '  .  t/F. 


a  Poll  of  IlMlnaBNiM  A>«» 


— In  fig.  II,  let  F  be  any  single 
force;  O  an  arbitrarily-assumed 
point,caUed  the  "  originof  co-ordin- 
ates;"-X  0  +  X,  -  YO  +  Y, 
a  pair  of  axes  traversing  0,  at 
ri^t  angles  to  each  other  and  to 
the  line  of  action  of  F.  Let 
A  B  =  y,  be  the  common  perpen- 
dicular  of  F  and  OX  j  let  AC  =  x, 
be  the  common  perpendicular  of  F 
andOY,  iEaud^arethe"reataii- 
gular  co-ordinates"  of  the  line  of 
action  of  F  relatively  to  the  axes 

-  X  O  -.-  X,  -  Y'^0  -I-  Y,  r»- 
•pectivcly.  According  to  the  ap- 
nngcment  of  tlio  axes  in  the 
figure,  a:  is  to  bo  eonaidcred  an  Fig.  n. 
H»sitive  to  the  right,  and  nega- 
tive to  the  left,  of  —  YO  +  Y;  and  i/  in  to  bo  considered  ns 
(loaitivo  to  the  left,  and  negative  to  the  right,  of—  X  O  +  X  ;  ri;;lit 
and  left  reforriag  to  the  Bpectator'a  right  and  loft  hauil.  In  tlio 
jnrticular  case  represented,  x  and  y  are  botli  positive.  Forces,  in  tho 
figure,  arc  considered  as  positive  upwai'ds,  and  negative  downwards  ; 
and  in  the  jnrticular  caso  represented,  F  is  positive. 

At  B  conceive  a  pair  of  equal  and  opposite  fiirei's,  F"  and  —  F', 
to  be  applied ;  F'  being  equal  and  parallel  to  F,  and  in  tho  same 
direction.  Then,  as  iu  Article  43,  F  is  equivalent  to  the  singlo  furco 
F"  =  F  a])plied  at  B,  combined  with  tho  couple  constituted  by  F  and 

—  F"  with  tho  arm  i/,  whose  moment  is  y  F  ;  being  positive  in  the 
caae  represented,  because  the  couple  is  right-liandod.  Next,  at  the 
origin  O,  conceive  a  pair  of  equal  and  op])oaito  forces,  F'  and  —  F", 
to  bo  np])lied,  F'  being  ergual  and  parallel  to  F  and  'F',  and  in  tho 
fisme  airectiou.  Then  the  single  force  F'  is  equivalent  to  tho 
single  force  F"  "  F'  =  F  applied  at  O,  combined  with  tho  eouplo 
coustitutcd  bv  F*  and  —  F"  with  the  arm  OB  '^  ic,  whoso  moment  ia 
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—  »  F ;  being  negative  in  the  case  representedy  beoanae  ibe  ooiqib 
18  left-handed. 

Hence  it  appears  finally,  that  a  force  F  acting  in  a  line  'whom 
co-ordinates  with  respect  to  a  pair  of  rectangular  axes  perpendicular 
to  that  line  are  x  and  y,  is  equiyalent  to  an  equal  and  paiaM 
force  acting  through  the  origin,  combined  with  two  couples  whow 
moments  are, 

f/  F  relatively  to  the  axis  O  X,  and  —  xF  relativelj  to  the  axa 
O  Y ;  right-handed  couples  being  considered  positive  ;  and  +  T 
lying  to  the  left  of  +  X,  as  viewed  by  a  spectator  looking  frm 
+  X  towards  O,  with  his  head  in  the  direction  of  poative  foroML 

4G.    Kquilibriam  of  any    Sjatcm    of  Parallel   Forces. In  ordff 

that  any  system  of  parallel  forces,  whether  in  one  plane  or  notySMf 
balance  each  other,  it  is  necessary  and  sufficient  that  the  three 
following  conditions  should  be  fulfilled : — 

I.  (As  already  stated  in  Art.  38),  that  the  algebraical  sum  of  tlM 
forces  shall  be  nothing : — 

II.  and  IIL  That  the  algebraical  sums  of  the  moments  of  the 
forces,  relatively  to  a  pair  of  axes  at  right  angles  to  each  other^  and 
to  the  lines  of  action  of  the  forces,  shall  each  be  nothing  : — 

conditions  which  are  expressed  symbolically  as  follows : — 

^•F  =  0j2-yF  =  0;2-icF  =  0; 

for  by  the  last  Ai*ticlc,  each  force  F  is  equivalent  to  an  equal  and 
jiarallel  force  F"  applied  directly  to  O,  combined  with  two  couplet, 
y  F  with  the  axis  O  X,  and  —  a;  F  with  the  axis  O  Y;  and  the 
system  of  forces  F",  and  the  two  systems  of  couples  y  F  and  —  oj  F, 
must  each  be  in  equilibrio,  because  when  combined  they  are  equi- 
valent to  the  balanced  system  of  forces  F. 

47.   R«MiIlaiit  of  aoj  Number  of  Parallel  Forces. — ^The  resultant  of 

any  number  of  parallel  forces,  whether  in  one  plane  or  not,  ie  a 
force  whose  magnitude  is  the  algebraical  sum  of  the  magnitudes  of 
the  component  forces,  and  whose  moments  relatively  to  a  pair  of 
axes  perpendicular  to  each  other  and  to  the  lines  of  action  of  the 
forces,  are  respectively  equal  to  the  algebraical  sums  of  the  moments 
of  the  component  forces  relatively  to  the  same  axes.  Hence  lefe 
F^  denote  the  resultant,  and  x^  and  y^  the  co-ordinates  of  its  line 
of  action,  then 

F^  =  2  •     F, 

_  S  •a?F 

*'  "  2^~F' 
_  1'  -yF 

^^  ■"  2^~F* 
In  some  cases,  the  forces  may  have  no  single  resultant,  a  •  p 
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being  =  0 ;  juui  then,  unless  the  forces  balanoe  each  other  com- 
pletely, their  resultant  is  a  couple,  whose  axis,  direction,  and 
moment  are  found  as  follows  : — 

Let  M,  =  2.y  Fj  My=  -  3.  aF; 

be  the  moments  of  the  pair  of  partial  resultant  couples  relatively  to 
the  axes  O  X  and  O  Y  respectively.  From  O,  along  those  axes, 
set  off  two  lines  representing  respectively  M,  and  M^  according  to 
the  rule  of  Art.  34 ;  that  is  to  say,  proportional  to  those  moments 
in  length,  and  pointing  in  the  direction  from  which  those  couples 
must  respectively  be  viewed  in  order  that  they  may  appear  right- 
banded.  Complete  the  rectangle  whose  sides  are  those  lines ;  its 
diagonal  (as  shown  in  Art.  35)  will  represent  the  axis,  direction, 
and  moment  of  the  final  resultant  couple.  Let  M,  be  the  moment 
of  this  couple ;  then 


M,=y'  {  m:  +  m:  }i 


and  if  ^  be  the  angle  which  its  axis  makes  with  O  X, 

cos^  =  ^. 

Section  4. — On  CcTUres  ofFa/ralld  Forces. 

48.   Centre  of  a  Pair  of  Parallel  Force*. — In  fig.    12,  let  A  and 

B  represent  a  pair  of  points,  to  which  a  pair  of  parallel  forces.  Fa 
and  Fb,  of  any  given  magnitudes,  are  applied.  Jn  the  straight  line 
joining  A  and  B  take  the  point  C  such, 
that  its  distances  jfrom  A  and  B  respec- 
tively shall  be  inversely  proportional  to  the 
forces  applied  at  those  points.  Then  from 
the  principle  of  Art  40  it  is  obvious  that 
the  resultant  of  F^  and  Fb  traverses  C.  It 
is  also  obvious  that  the  position  of  the  point 
C  depends  solely  on  the  proportionate  mag- 
nitude of  the  parallel  forces  F^  and  Fb,  and 
not  on  their  absolute  magnitude,  nor  on  the  angular  position  of 
their  lines  of  action;  so  that  if  for  those  forces  there  be  substituted 
another  pair  of  parallel  forces,  fafft)  ^  any  other  angular  position, 
and  if  those  new  forces  bear  to  each  other  the  same  proportion  with 
the  original  forces,  viz.  :— 

/.  :/,  ::Fa:Fb::BC:AC; 

^e  point  C  where  the  resultant  cuts  A  B  will  still  be  the  same. 
This  point  is  called  the  Ce/Ure  o/Fa/ralld  Forces,  for  a  pair  of 
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forces  applied  at  A  and  B  respectively,  and  having  the  given 
ratio  BO  :  AC. 

49.    Centre   of  any    Syiitem    of  Parallel 

^1 ^^  Forces — ^Let   parallel  forces,   F©,   Fj,  be 

S2  applied  at  the  points  Ao  Ai  (^.   13.), 

Draw  the  straight  line  Aq  Aj,  in  which 
.A2  take  Cj,  so  that 


Fig.  18. 


Fo  :  Fi  :  :  C,  A,  :  Ci  Aoj 

then  will  Cj  be  the  centre  of  a  pair  of 
'^    parallel  forces  applied  at  Aq  and  Aj,  and 

having  the  proportion  Fq  :  Fj.  At  a  third 
point,  Ag,  let  a  third  parallel  force,  Fg,  be  applied.  Then,  because 
the  forces  Fq,  Fj,  are  together  equivalent  to  a  parallel  force,  Fq  +  Fi, 
applied  at  C^  draw  the  straight  line  Cx  Ag,  in  which  take  C2,  so  that 

Fo+Fi:F2::C^2-^^; 

then  will  Co  be  the  centre  of  three  parallel  forces  applied  at  Aq,  Ai, 
Ag,  and  having  the  proportions  Fq  :  Fj  :  Fg.  At  a  fourth  pointy 
A3,  let  a  fourth  parallel  force,  Fg,  be  applied.  Then,  because  the 
forces  Fq,  Fj,  Fg,  are  together  equivalent  to  a  parallel  force,  Fq  + 
^1  +  Fgf  applied  at  Cg,  draw  the  straight  line  Cg,  A3,  in  which  take 
C3,  so  that 


Fo  +  F»  +  F,  :  F,  :  :  C,  A,  :  C,  C2  j 

then  will  Cj  be  the  centre  of  four  parallel  forces  applied  at  A^  A|, 
A„  As,  and  having  the  proportion  F©  :  Fj :  F2 :  Fj.  By  continuing 
this  process  the  centre  of  any  system  of  parallel  forces,  how  nume- 
rous soever,  may  be  foimd ;  and  hence  results  the  following 

Theorem.  If  there  he  given  a  system  of  points,  amd  the  mvXuoH 
r alios  of  a  system  of pa/raUd  forces  applied  to  those  points,  then  there 
is  one  point,  amd  owe  only,  which  is  traversed  by  the  line  of  action  of 
the  resultant  of  every  system  of  parallel  forces  having  the  given  rmUual 
ratios  and  applied  to  the  given  system  of  points,  whatsoever  may  he 
the  absolute  magnitudes  of  those  forces,  and  tite  angvIcMr  position  of 
tlieir  lines  of  action, 

50.   €o-ardiBates  of  Centre  •!  Parallel  F<»rccs. — The    method    of 

finding  centres  of  parallel  forces  described  in  the  preceding  Article, 
though  suitable  for  the  demonstration  of  the  theorem  just  stated, 
is  tedious  and  inconvenient  when  the  number  of  forces  is  great,  in 
which  case  the  best  method  is  to  find  the  rectangular  co-ordinates  of 
that  point  relatively  to  three  fixed  axes,  as  follows : — 

Let  O  be  any  convenient  point,  taken  as  the  origin  of  co-ordi- 
ztsies,  and  OX,  O  Y,  OZ,  three  axes  of  co-ordinates  at  right  angles 
to  each  other. 
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Let  A  be  any  one  of  the  points  to  which  the  system  of  parallel 
forces  in  question  are  applied.  From  A  draw  x  parallel  to  OX, 
and  perpendicular  to  the  plane  YZ, 
y  paraUel  to  O  Y,  and  perpendicular 
to  the  plane  Z  X,  and  z  parallel  to 
O  Zy  and  perpendicular  to  the  plane 
X  Y.  Xy  y,  and  z  are  the  rectangu- 
lar co-ordinates  of  A,  which,  being 
known,  the  position  of  A  is  deter- 
mined. Let  F  denote  either  the 
magnitude  of  the  force  applied  at  Ay 
or  any  magnitude  proportional  to 
tiiat  magnitude,  x,  y,  z,  and  F  are 
supposed  to  be  known  for  every  point  of  the  given  system  of 
points. 

Then  first,  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  plane  Y  Z.  Then  the  sum  of  their  moments  relatively  to 
an  axis  in  that  plane  is 

3-ajF; 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  (as  in  Articles  44 
and  47),  by  the  equation 

2  -ajF 


Fig.  14. 
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Secondly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  plane  Z  X  31ien  the  sum  of  their  moments  relatively  to  an 
axis  in  that  plane  becomes 

s-yF; 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  by  the  equation 


yr 


2  -y  F 


s-F  * 

Thirdly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel  to 
the  plane  X  Y.  Then  the  simi  of  their  moments  relatively  to  an 
axis  in  that  plane  becomes 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centiB  of  parallel  forces  from  that  plane  is  given  by  the  equation 

2  *gF 

Zm     —  T-i       • 

•^        2  •  F 

Thus  are  found  Xr,  y^,  z,,  the  thre-e  rectangular  co-ordinates  of 

I) 
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the  centre  of  parallel  forces,  for  a  system  of  forces  applied  to  any 
given  system  of  points,  and  having  any  given  mutual  ratios. 

If  the  parallel  forces  applied  to  a  system  of  points  are  all  eqna], 
then  it  is  obvious  that  the  distance  of  the  centre  of  parallel  forces 
from  any  given  plane  is  simply  the  mean  of  the  distances  of  the 
points  of  Ute  system  from  that  plane. 
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CHAPTEfillL 

BAUKCE  OF  niCUXBD  FORCES. 

SEcnoN  1. — Indined  Forcee  appiial  at  One  PowA 

£1.    PuaDelasraBi  af  F«e«K — THEORTar.   If  ttOO  foTceS  wtu)Se  Unit 

(tf  action  traverse  one  point  be  repnaenUd  in  direction  and  magtulude  by 
the  tides  of  a  parallelogram,  their  reauUant  is  rejavsented  bg  the  diagonaL 

ViFM  DBBsiuiniiica. — Through  the  point  O  (fig.  1^,  let  two 
forces  act,  represented  in  direction 

and  roagnitade  by   OA  and  OB.  ^-^ 

The  resultant  or  equivEJent  eingle  ,--'' 

force  of  those  two  forces  mnst  be  a  ,x-?f^ 

force  such,  that  its  moment  relatively  j^/  \  S^>'<:- — '-''\ 

to  any  axis  whatsoerer  perpendicu-     ^  ^(f^--'j'\  J>*i.,^_^  \ 

lar  to  the  plane  of  O  A  and  O  B,  is        V^ — ^^o 
theanm  of  the  moments  of  O  A  and        \    /x^^  X-^;;^^^ 
O  B  relatively  to  the  same  axis.  \  /^^^^^^^^^^ 

Now,  fvr^,  the  force  represented  in        pUfc=^— ^  ~'"^-^y 

direction  and  magnitude  by  the  dia-  Ilg.  IS. 

gonal  O  C  of  the  parallelogram  A  B 

fulfils  this  condition.  For  let  F  be  any  pdnt  in  the  plane  rSO  A 
and  O  B,  and  let  an  axis  perpendicular  to  that  plane  t^verae  F. 
Join  P  A,  P  B,  F  C,  F  0.  Then,  aa  already  shown  in  Art.  42,  the 
moments  of  the  forces  Oa,  OB,  OC,  relatively  to  the  axis  F,  are 
lepreaented  respectively  by  the  doubles  of  the  triangles  POA, 
FOB,  POO.  Draw  AD  ||  BE  ||  OP,  and  join  FD,  PB. 
Then  A  POD  =■  iP^OA,  and  A  FOE  =  A  P  OB;  but  be- 
canseOD  +OE  =  OC, .-.  APOC  =  APOD  +aFOE=> 
A  FO  A  +  A  POB  ;  and  the  moment  of  "5^  relatively  to  P  ia 
eqoal  to  the  smn  of  the  moments  of  OA  and  OB;  and  that 
whatsoever  the  position  of  P  may  be.      

Secondly.  The  force  represented  by  0^  is  the  only  force  which 
fulfils  this  condition.  Pot  let  O  Q  represent  a  force  whose  moment 
relatively  to  Pis  equal  to  the  somof  the  moments  of  O  A  and  OB. 
JoiiiP4     ThenAOPQ-  APOC,and.-.CQ||PO;  so  that 
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O  Q  fulfils  the  required  condition  for  those  axes  only  which  aie 
situated  in  a  line  O  P  ||  C  Q,  and  not  for  any  other  axia 

Therefore  the  diagonal  O  C  of  the  parallelogram  A  B  represeniB 
the  resultant,  and  iSie  only  resultant,  of  the  forces  represented  by 

OA  and  O  R— Q.  R  D. 

SecoMd  DenoaainiaoB. — Suppose  a  perpendicular  to  be  erected  to 
the  plane  O  A  6  at  the  point  O,  of  any  length  whatsoever;  call  the 
other  extremity  of  that  perpendicular  R ;  and  at  R  conoeive  two 
forces  to  be  applied,  respectively  equal,  parallel,  and  opposite  to 

O  A  and  O  B.  Then  O  R  is  the  arm  common  to  two  couples  whoae 
axes  and  moments  are  represented  (in  the  maimer  described  in  Aii 
34)  by  lines  perpendicular  and  proportional  respectively  to  O  A  and 
O  fe.  On  the  Imes  so  representing  the  couples,  construct  a  paral- 
lelogram ;  then,  as  shown  in  Art.  35,  the  diagonal  of  that  paraUdo* 
gram  represents  the  resultant  couple  constituted  by  the  resultant 

of  O  A  and  O  B  acting  at  O,  and  an  equal  and  opposite  force  at  B; 
and  as  the  parallelogram  of  couples  has  its  sides  perpendicular  and 

proportional  to  O  A  and  0  B,  its  diagonal  must  be  perpendicular 

and  proportional  to  O  0,  which  consequently  represents  the  xesnlt- 

ant  of  OA  and  OB.— Q.  E.  D. 

[There  are  various  other  modes  of  demonstrating  the  theorem  of 
the  parallelogram  of  forces,  all  of  which  may  be  studied  with  ad- 
vantage :  especially  those  given  by  Dr.  Whewell  in  his  Blementani 
Treatise  an  Mechanics,  and  by  Mr.  Moseley  in  his  Mechanics  ofEtk- 
gineering  and  Architecture,^ 

52.  Eqnilibriniii  of  Three  Forces  acting  through  One  Point  in  Oae 

Phine. — To  balance  the  forces  CTa  and  OB,  a  force  is  required 
«qual  and  directly  opposed  to  their  resultant  00.  This  may  be 
otherwise  expressed  by  saying,  that  if  the  directions  and  mag- 
nitudes of  three  forces  be  represented  by  the  three  sides  of  a  triangle, 

(such  as  O  A,  A  C,  C  O),  then  those  three  forces,  acting  through 
one  point,  balance  each  other. 

53.  EqnUlbrinm  of  any  System  of  Forces  acting  through  One  Point — 

CoROLLABY.  If  a  number  of  forces  acting  trough  the  samepoint  b$ 
tcpretenied  hy  lines  equal  and  parallel  to  the  sides' of  a  closed  polygon, 

those  forces  balance  each  other.  To  fix 
the  ideas,  let  there  be  five  forces  acting 
through  the  point  O  {^g.  16),  and  re- 
presented in  direction  and  magnitude 
by  the  lines  F^,  F„  F„  F^,  F«,  which 
are  equal  and  parallel  to  the  sides 
of  the  closed  polygon  O  ABC  DO;, 
viz.: — 


Fig.  16. 
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P,  =  and  II  O  A; 

F,=  and||  AB; 

F3==and||BC; 

F4  =  aiid||CD; 

F4=:aiid||D0. 

Then  by  the  theorem  of  Art.  52,  the  resultant  of  Fi  and  Fj  is  O  B ; 
the  resultant  of  Fj,  F ,  and  F,  is  O  C;  the  resultant  of  F„  F^  F,, 
and  F4  is  O  D,  equal  and  opposite  to  F^,  so  that  the  final  resultant 
is  nothing. 

The  closed  polygon  may  be  either  plane  or  gauche. 

54.  Panaiel«piped  •€  Force*. — ^The   simplest  gauche  polygon  L'J 

one  of  four  sides.  Let  O  ABCEFGH(%  17),beapaiallelopiped 
whose  diagonal  is  OH.  Then  any  three 
successive  edges  so  placed  as  to  begin  at  O 
and  end  at  H,  form,  together  with  the  dia- 
gonal H  O,  a  closed  quadrilateral ;  conse* 
quently  if  three  forces  Fi,  F,,  Fs,  acting 
through  O,  be  represented  by  the  three 
edges  OA,  O  B,  0  0,  of  a  pfliallelopiped, 
the  diagonal  O  H  represents  their  resultant, 
and  a  fourth  force  F4  equal  and  opposite  to 
OH  balances  them.  ^fr  17. 

55.  B««olnti«ii  of  a  Force  into  Two  Components. — ^From  the  theo- 
rem of  Art  51,  it  is  evident  that  in  order  that  a  given  single  force 
may  be  resolvable  into  two  components  acting  in  given  lines  inclined 
to  each  other,  it  is  necessary,  first,  that  the  lines  of  action  of  those 
components  shotdd  intersect  the  line  of  action  of  the  given  force  in 
one  point;  and  secondly,  that  those  three  lines  of  action  shotdd  be 
in  one  plane. 

Betuming,  then,  to  fig.  15,  let  O  C  represent  the  given  force, 
which  it  is  required  to  resolve  into  two  component  forces,  acting  in 
the  lines  OX,  O  Y,  which  lie  in  one  plane  with  O  0,  and  intersect 
it  in  one  point  O. 

Through  C  draw  C  A  ||  O  Y,  cutting  O  X  in  A,  and  C  B  ||  0  X, 
cutting  O  Y  in  B.  Then  will  O  A  and  O  B  represent  the  com- 
ponent forces  required.  ^ 

Two  forces  respectively  equal  to  and  directly  opposed  to  O  A 
and  OB  will  balance  O  C. 

56.  Besolntion  of  a  Force  Into  Three  Components. — ^In  Older  that  a 

given  single  force  may  be  resolvable  into  three  components  acting 
in  given  lines  inclined  to  each  other,  it  is  only  necessary  that  the 
lines  of  action  of  the  components  shoiild  intersect  the  line  of  action 
of  the  given  force  in  one  point. 
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Eetuming  to  fig.  17,  let  O  H  represent  the  given  force  which  it 
is  required  to  resolve  into  three  component  forces,  acting  in  the 
lines  O  X,  O  Y,  O  Z,  which  intersect  O  H  in  one  point  O. 

Through  H  draw  three  planes  parallel  respectively  to  the  planes 
YOZ,  ZOX,  X  0  Y,  and  cutting  respectively  O  X  in  A,  OYin 

B,  O  Z  in  C.  Then  will  O  A,  OB,  O  C^  represent  the  component 
forces  required. 

Three  forces  respectively  equal  to,  and  directly  opposed  to  OA, 

O B,  and  OC,  will  balance  O^ 

57.  Bcctaagidar  c«mp«iieiitik — ^The  rectangular  components  of  s 
force  are  those  into  which  it  is  resolved  when  the  directions  d 
their  lines  of  action  are  at  right  angles  to  each  other. 

For  example,  in  fig.  17,  suppose  O  X,  O  Y,  O  Z,  to  be  three  asm 
of  co-ordinates  at  right  angles  to  each  other.  Then  O  H  is  resolved 
into  three  rectangular  components  simply  by  letting  fell  from  H 
perpendiculars  on  OX,  O Y,  O  Z,  cutting  them  at  A,  B,  C, 
respectively. 

To  express  this  case  algebraically,  let  F  =  O  H  denote  the  force 
to  be  resolved.     Let 

«  =  ^-::XOH,  /3  =  ^^Y0H,  y=:.-::ZOH, 

be  the  angles  which  its  line  of  action  makes  with  the  three  rect- 
angular axes.  Then,  as  is  well  known,  those  three  angles  are  con- 
nected by  the  equation 

COS**  +  cos*/8  +  cos'y=l, (1.) 

Let 

Fi=o;a;  Fj=o5  f,=:Oc; 

be  the  three  rectangular  components  of  F ;  then 

Fi  =  F-cos  « 

F,  =  Fcos/3 }{%) 

F,  =  F-oosy , 

Li  order  to  distinguish  properly  the  direction  of  the  resultant  F 
as  compared  with  the  directions  of  the  axes,  it  is  to  be  borne  in 
mind  that 

.  1  .         -        f   acute    )         1    •      f  positive.  ) 

the  ooBme  of  aii|  ^^^^  |  mnjle  i8   |  ^^^^  | 

From  a  well  known  property  of  right-angled  triangles  (also  em- 
bodied in  equation  1),  it  follows  that 

F«=F?  +  El  +  FJ. (3.) 

To  express  algebraically  the  case  in  which  a  force  is  resolved  into 
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two  lectangnlar  componentB  in  one  J^anLe  'with  it,  let  the  plane  in 
oaestion  be  that  of  O  X  and  O  Y.  Then  the  anj^  are  subject  to 
uie  following  equations : — 

y  =  a  right  angle;  «  +  ^  =  a  right  angle; 

cosy  =  0;  cos/3  =  sin«;  co8«=:Bin/9. (4.) 

andconsequentljtheeqiiations  2 and  3are  reduced  to  the  following  :^* 


F,  =  F-  cos  «  =  F-  sin  iS; 

F,  =  Fsin  «  =  F-  cos  iS; }{5.) 

F3  =  0;       F=F?  +  K- 


\{^'] 


In  using  these  equations^  the  rule  respecting  the  positive  and 
ni^ative  signs  of  cosines  is  to  be  observed ;  and  it  is  also  to  be  borne 
in  mind,  that  the  angle  »  is  reckoned  firom  O  X  in  the  direction 
towards  T,  and  the  angle  /3  fix)ni  O  Y  in  the  reverse  direction,  that 
is,  towards  X,  and  that 

the  sines  of  angles  feoin  {  jgJI  J^  J^JI}  axe  |  ^Jm  } 

If  a  cfystem  of  forces  acting  through  one  point  bahince  each  other^ 
their  resultant  is  nothing ;  and  therefore  the  rectangular  components 
of  their  resultant,  which  are  the  resultants  of  their  parallel  systems 
of  rectangular  components,  are  each  equal  to  nothing;  a  case  re- 
presented as  follows : — 

sFjtsO;  2'F,  =  0;  2-F,  =  0. (6.) 

SEcnos  2. — Indmed  Forces  Applied  to  a  System  o/Fomts. 

58.    F«reM  a^ttai;  la  #■«  Vimmm, — Ctarapldc  Brfaitoa. — Let    any 

system  of  forces  whose  lines  of  action  are  in  one  plane,  act  together 
on  a  rigid  body,  and  let  it  be  required  to  fiud  their  resultant. 

Assume  an  axis  perpendicular  to  the  plane  of  action  of  the  forces 
at  any  point,  and  let  it  be  called  O  Z.  According  to  the  principle 
of  Art  42,  let  each  force  be  resolved  into  an  equal  and  parallel 
force  acting  through  0,  and  a  couple  tending  to  produce  rotation 
about  O  Z;  so  that  if  a  force  F  be  applied  along  a  line  whose  per- 
pendicular distance  from  O  is  L,  that  force  shall  be  resolved  into 

F  =  and||F 

acting  through  O,  and  a  couple  whose  moment  is 

M  =  LF, 

and  which  is  right  or  left-handed  according  as  O  lies  to  the  light  or 
left  of  the  direction  of  F, 
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The  magrwhide  and  direction  of  the  resultant  are  to  be  found  hj 
forming  a  polygon  with  lines  equal  and  parallel  to  those  representiDg 
the  forces,  as  in  Art  53,  when,  if  the  polygon  is  closed,  the  faroes 
have  no  single  resultant;  but  if  not,  then  the  resultant  is  equal, 
parallel,  and  opposite  to  that  represented  by  the  line  whidi  is 
required  in  order  to  close  the  polygon.  Let  It  be  its  magnitude 
if  any. 

The  position  of  the  line  of  action  of  the  resultant  is  found  as 
follows : — 

Let  2  *  M  be  the  resultant  of  the  moments  of  all  the  couples  H, 
distinguishing  right-handed  from  lefb-handed,  as  in  Arts.  27  and 
32.  If  2'M  =  0,  and  also  It  =0,  then  the  couples  and  forces 
balance  completely,  and  there  is  no  resultant.  K  2«M  =  0,  while 
It  has  magnitude,  then  the  resultant  acts  through  O.  If  2  *  M 
and  It  both  have  magnitude,  then  the  line  of  action  of  the  resultant 
It  is  at  the  perpendicular  distance  from  O  given  by  the  equation 

and  the  direction  of  that  perpendicular  is  indicated  by  the  sign  of 
2*M.  K  It  =  0,  while  2*M  has  magnitude,  the  only  resultant  of 
the  given  system  of  forces  is  the  couple  s*M. 

59.  Forces  actiag  In  One  Plane. — Solution  by  Beetangnlar  Cm-mh 

dinatea. — ^Through  the  point  0  as  origin  of  co-ordinates,  let  any  two 
axes  be  assumed,  O  X  and  O  Y,  perpendicular  to  each  other  and 
to  O  Z,  and  in  the  plane  of  action  of  the  forces ;  and  in  looking  from 
Z  towards  0,  let  Y  lie  to  the  right  of  X,  so  that  rotation  from  X 
towards  Y  shall  be  right-handed.  Let  F,  as  before,  denote  any  one 
of  the  forces;  let  «  be  the  angle  which  its  line  of  action  makes  to 
the  right  of  0  X;  and  let  x  and  y  be  the  co-ordinates  of  its  point 
of  application,  or  of  any  point  in  its  line  of  action,  relatively  to  the 
assumed  origin  and  axes.  Itesolve  each  force  F  into  its  rectangular 
components  as  in  Art  57, 

Fi  =F  •  cos  «;  Fa  =  F  •  sin  «; 
then  the  rectangular  components  of  the  resultant  are  respectively 

parallel  to  OX,  s(F  cos  «)  =  Itj, )  ,.. 

parallel  to  0  Y,  2  (F- sin  «)  =B„j  ^  '^ 

its  magnitude  is  given  by  the  equation 

It«  =  I^»  +  B|; (2.) 

and  the  angle  «,.  which  it  makes  to  the  right  of  O  X  is  found  by  the 
equations 

Iti       .             xtj  ,_ . 

cos«^  =  ^*;  sm*^  =  -g^ (3.) 
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The  quadrant  in  which  the  direction  of  B  lies  is  indicated  by  the 
alflebraical  signs  of  B]  and  Eg,  as  already  stated  in  Art  67, 

The  perpendicular  distance  from  O  of  the  line  of  action  of  any 
force  F  is 

L  =  fl;  *sin  « — y 'cos  « 

▼hich  is  positive  or  negative  according  as  O  lies  to  the  right  or  to 
the  left  of  that  lino  of  action ;  and  hence  the  resultant  moment  of 
the  system  of  forces  relatively  to  the  axis  O  Z  is 

3'FL  =  3'F  (ajsin  « — y  cos  «) 

=  3(ajF,  — yF,).. (4.) 

whence  it  follows^  that  the  perpendicular  distance  of  the  resultant 
finroe  from  0  is 


^^.(.F.-yF.) ^gj 


Let  av  and  y^  be  the  co-ordinates  of  any  point  in  the  line  of  action 
of  the  resultant;  then  the  equation  of  that  lino  is 

05^  Ba  —  y^  Hi  =:  It  Iv     ) 

which  is  equivalent  to  > (6.) 

Xr  sin  eif  —  y^  cos  m^  =r  L^  j 

As  in  Art  58,  if  s-F  L  =  0,  the  resultant  acts  through  the 
origin  O;  if  2*FL  has  magnitude,  and  K  =:  0  (in  which  case 
R,  =  0,  R2  =  0)  tho  resultant  is  a  couple.  The  conditions  of  equili- 
brium of  tho  systoni  of  forcos  are 

lli  =  0;  R,=:0;  2'FL  =  0;  ) 

or  in  other  By mbols  > . . . .  (7.) 

2-Fi  =  0;  2-F,  =  0;  ^(ajF,  — y  Fi)  =  0.  j 

Tho  moment  of  tho  resultant  relatively  to  tho  axis  O  Z  can  also 
bo  arrived  at  by  connidoring  the  moment  F  L  of  each  force  as  the 
retniltant  of  05  F„  which  is  right-handed  when  x  and  Fj  are  both 
positive,  and  of  —  y  Fj,  which  is  left-handed  when  y  and  Fj  aro 
both  positive. 

GO.  Anj  S7st«m  of  Forres. — ^To  find  the  resultant  and  the  con- 
ditions of  equilibrium  of  any  syistom  of  forces  acting  through 
any  system  of  points,  tlie  forc(»s  and  points  are  to  be  referred  to 
three  rectangular  axes  of  co-onlinates. 

As  in  Art.  57,  lot  O  denote  the  origin  of  co-ordinates,  and 
OX,  OY,  OZ,  the  three  rectangular  axes;  and  let  them  be 
arranged  {as  in  lig.  17),  so  that  in  looking  from 

X  I  [  Y  towards  Z  ] 

Y  >  towards  O,  rotation  from  <  Z  towards  X  > 
Z)  (X  towards  Y  J 

flhiJ]  appear  nght-handocL 
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Let  F  denote  any  one  of  the  forces;  x,  y,  z,  the  co-ordiziftteB  of  a 
point  in  its  line  of  action;  and  »,  fi,  y,  the  angles  which  its  diiectiflB 
makes  with  the  axis  respectively.  Then  the  three  zectangdar 
components  of  F  being  as  in  Ai-t.  57, 

F,  =  F  •  cos  «  along  OX,) 

F,  =  F  •  cos  |8  along  O  Y,  V (L) 

F,  =  F  •  cos  y  along  O  Z,  j 

it  can  be  shown  by  reasoning  similar  to  that  of  Art.  59,  that  ite 
total  moments  of  these  components  relatively  to  the  three  axes  aie 
respectively 

y  Fs  —  «  Fj  =  F  •  (y  cos  y — z  cos  fiS  relatively  to  O  X,  ) 
«  Fi  —  a;  Fs  =  F  (5?  cos  «  —  aj  cos  y)  relatively  to  O  Y,  >(2.) 
jB  F3  —  y  Fi  =  F  (aj  cos  fi  —  y  COB  m)  relatively  to  O  Z;  j 

so  that  the  force  F  is  eqmvalent  to  the  three  forces  of  the  formulv 
1  acting  through  O  along  the  three  axes,  and  the  three  couples  d 
the  formidae  2  acting  round  the  three  axes. 

Taking  the  algebraical  sums  of  all  the  forces  which  act  along  tiie 
same  axes,  and  of  all  the  couples  which  act  round  the  same  azflB^ 
the  six  following  quantities  are  found,  which  compose  the  resultant 
of  the  given  system  of  forces ; — 

F«rce«. 

along  OX;  Bi=  S'Fcos*,  ) 

„     OY;  E,=  sFcos/3,   V (a) 

„    OZ;  E,=  s-Fcosy,  j 

Couples* 

round  O X ;  Mi  =  afF  (y  cos  y  —  «  cos  /3)j> 

„      O  Y;M,=  2[F  (5?  cos*  -  ajcosy):  ,  - (4) 

„      OZ  ;  M,=  2[f  (ajcosiS  ~  ycos«)!;> 

The  three  forces  R^,  R,,  E,,  are  eqmvalent  to  a  single  force 

R=N/(It!  +  It;  +  BJ). 0>') 

acting  through  0  in  a  line  which  makes  with  the  axes  the  andea 
given  by  the  equations 

•"I  ^  Ra  R»  *- » 

^®*''~R"'  ^^^••=X^  ^^  ^'^W (^) 

The  three  couples  M„  M2,  M,,  according  to  Article  37,  are  equi- 
valent to  one  couple,  whose  magnitude  is  given  by  the  equation 

M  =  V  (MJ  +  Mi  +  MJ) (7.) 
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and  'w'hose  axis  makes  vith  the  axes  of  co-ordinates  Hie  angles  given 
by  the  equations 

.     M,                 M,               M, 
cos 31  =  ^;  ooBA«  =  u-;  <»e*=jj? (8.) 

in  which  ill   denote  req)ectively  ttie  a^gl^ 
j  '^  j    made  by  the  axis  of  M  with 

The  ConditioiM  of  Eqaiiibrinin  of  the  system  of  forces  may  be  ex- 
pressed in  either  of  the  two  following  forms  : — 

Ei  =  0;  E,  =  0;  B8=0:  Mi  =  0;  M,  =  0;  M3=:0...(9.) 

or  R  =  03  M  =  0 (10.) 

When  the  system  is  not  balanced,  its  resultant  may  fell  under 
one  or  other  of  the  following  cases  : — 

Cume  I. — When  M  =  0,  the  residtant  is  the  single  force  R  acting 
through  0. 

Case  n. — When  the  aocis  o/M.  is  at  right  cmglea  to  ike  direction  of 
R, — a  case  expressed  by  either  of  the  two  following  equations : — 

cos  etr  cos  X  4  COS  /8,  COS  fA  +  COS  y,  COS  v  ^  0 j  )        (^^  \ 

or  RiM,  +  EaMa  +  B«,M8  =  0;  ]  "\^^') 

bhe  resultant  of  M  and  R  is  a  single  force  equal  and  parallel  to  R, 
acting  in  a  plane  perpendicular  to  the  axis  of  M,  and  at  a  perpen- 
dicular distance  from  O  given  by  the  equation 

M 

Case  m. — When  R  =  0,  there  is  no  single  resultant;  and  the 
only  resultant  is  the  couple  M. 

Case  IV. — When  the  axis  o/M.  is  parallel  to  tJi^  line  of  action  q/*R, 
that  is^  when  either 

A  =  «^;  ^  =  /3,;  p  =  y^, (13). 

or  A  =  —  *^;  A6  =  —  /Jri  '  =  —  yrl (1^)- 

there  is  no  single  resultant;  and  the  system  of  forces  is  equiva- 
lent to  the  force  R  and  the  couple  M,  being  incapable  of  being 
£a<rther  simplified. 

Case  V. — Wlien  the  axis  of  M.  is  oblique  to  the  direction  of  R, 
ina.Ving  with  it  the  angle  given  by  the  equation 

cos  &  =  cos  X  cos  »^  +  cos  (A  cos  /3^  +  cos  *  cos  yrt""(l^)« 

the  couple  M  is  to  be  resolved  into  two  rectangular  components, 
viz.: — 
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M  sin  ^  round  an  axis  perpendicular  to  B,  and  in  1 
the  plane  containing  the  direction  of  It  and  of     (16.) 
the  axis  of  M; 

M  cos  ^  round  an  axis  parallel  to  R 

The  force  It  and  the  couple  M  sin  ^  are  equivalent,  as  in  Case 
II.,  to  a  single  force  equal  and  parallel  to  It,  whose  line  of  action 
is  in  a  plane  perpendicular  to  that  containing  It  and  the  axis  of 
M,  and  whose  perpendicular  distance  from  0  is 

-       M  sin  ^  .-  ^ . 

^  =  -1- <^^-> 

The  couple  M  cos  6,  whose  axis  is  parallel  to  the  line  of  action  of 
It^  is  incapable  of  further  combination. 

Hence  it  appears  finally,  that  every  system  of  forces  which  is  not 
self-balanced,  is  equivalent  either,  (A);  to  a  single  force,  as  in  Cases 
I.  and  II.  (6);  to  a  couple,  as  in  Case  III.  (C);  to  a  force,  com- 
bined with  a  couple  whose  axis  is  parallel  to  the  line  of  action  of 
the  force,  as  in  Cases  IV.  and  V.  This  can  occur  with  inclined 
forces  only,  it  having  been  shown  in  Article  47,  that  the  restdtant 
of  any  number  of  parallel  forces  is  either  a  single  force  or  a  couple^ 
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CHAPTER  IT. 

ON  PARALLEL  PROJECTIONS  IN  STATICS, 

61.  Parallel  Projection  of  a  Figure  defined. — If  two  figures  be  BO 

related^  that  for  each  point  in  one  there  is  a  corresponding  point 
in  the  other^  and  that  to  each  pair  of  equal  and  parallel  lines  in  the 
one  there  corresponds  a  pair  of  equal  and  parallel  lines  in  the  other, 
those  figures  are  said  to  be  parallel  projections  of  each  other. 

The  relation  between  such  a  pair  of  figures  may  be  otherwise 
es^nressed  as  follows : — Let  any  figure  be  referred  to  axes  of  co- 
ordinateS;  whether  rectangular  or  oblique ;  let  a?,  y,  z,  denote  the 
co-ordinates  of  any  point  in  it,  which  may  be  denoted  by  A  :  let  a 
second  figure  be  constructed  from  a  second  set  of  axes  of  co-ordinates, 
either  agreeing  with,  or  differing  from,  the  first  set  as  to  rectan- 
gularity  or  obliquity ;  let  x',  2/,  2^,  be  the  co-ordinates  in  the  second 
figure,  of  the  point  A'  which  corresponds  to  any  point  A  in  the 
first  figure,  and  let  those  co-ordinates  be  so  related  to  the  co-ordi- 
nates of  A,  that  for  each  pair  of  corresponding  points,  A,  A',  in  the 
two  figures,  the  three  pairs  of  corresponding  co-ordinates  shall  bear 
to  each  other  three  constant  ratios,  such  as 

—  =«■  i^  =  6-— =  c- 
X  '    y  ^    z  ' 

then  are  these  two  figures  parallel  projections  of  each  other. 

62.  Oeometrieal  Properties  of  Parallel  Projections. — ^The  following 

are  the  geometrical  properties  of  parallel  projections  which  are  of 
most  importance  in  statics.  Being  purely  geometrical  propositions, 
they  are  not  here  demonstrated. 

I. — ^A  parallel  projection  of  a  system  of  three  points,  lying  in 
one  straight  line  and  dividing  it  in  a  given  proportion,  is  also  a 
system  of  three  points,  lying  in  one  straight  line  and  dividing  it  in 
the  same  proportion. 

n. ^A  parallel  projection  of  a  system  of  parallel  lines  whose 

lengths  bear  given  ratios  to  each  other,  is  also  a  system  of  parallel 
lines  whose  lengths  bear  the  same  ratios  to  each  other. 

ni. — ^A  parallel  projection  of  a  closed  polygon  is  a  closed 
polygon. 
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rV. — ^A  parallel  projection  of  a  parallelogram  is  a  panM 
ogram. 

V. — A  parallel  projection  of  a  parallelopiped  is  a  parallelopipeiL 

VI. — A  parallel  projection  of  a  pair  of  parallel  plane  sor&oei^ 
whose  areas  arc  in  a  given  ratio,  is  also  a  pair  of  parallel  plana 
jiurtaces,  whose  areas  are  in  the  same  ratio. 

VIL — ^A  parallel  projection  of  a  pair  of  volumes  having  a  giyet 
ratio,  is  a  pair  of  volumes  having  the  same  ratio. 

G3.  AnpUcaUon  c«  Parallel  Forces. — ^It  has  been  shown  in  Chi^ 
IL,  JSect.  3,  that  the  equilibrium  of  any  system  of  parallel  forctt 
depends  on  the  mutual  proportions  of  the  forces  and  on  those  of  tk0 
distances  of  their  lines  of  action  from  given  planes.  By  considefiiig 
this  in  connection  with  the  principles  L  and  IL  of  Article  62,  it  ii 
evident)  that  if  a  balanced  system  of  parallel  forces  be  representel 
by  a  system  of  lines,  then  any  system  of  lines  which  is  a  paralld 
pnvjection  of  the  first  system,  will  also  represent  a  balanced  systen 
of  |>arallel  forces  ;  and  also,  that  if  there  be  two  systems  of  paralld 
forces  represented  by  systems  of  lines  which  are  parallel  projectioDS 
of  each  other,  then  are  the  respective  resultants  of  those  systems  o£ 
forces,  whether  single  forces  or  couples,  represented  by  lines  which 
are  parallel  projections  of  each  other  related  in  the  same  manner 
with  the  other  pairs  of  corresponding  lines  in  the  two  systems.  In 
applying  this  principle  to  couples,  it  is  to  be  observed,  that  thej 
are  not  to  be  represented  by  single  lines,  as  in  Art  34,  but  by  pairs 
of  equal  and  opposite  Unes,  as  in  the  previous  articles^  or  by  aieafl^ 
as  in  Articles  42  and  51. 

64.  ApplleariOM  c«  Corttvs  of  PavaUel  Forces. — ^If  twO  Systems  01 

points  be  parallel  projections  of  each  other ;  and  if  to  each  of  those 
systems  there  be  applied  a  system  of  parallel  forces  bearing  to  each 
other  the  same  system  of  ratios,  then,  by  considering  the  principles 
L  and  II.  of  Article  62  in  conjunction  with  those  of  Chap.  IL,  Sectw 
4,  it  is  evident  that  the  centres  of  parallel  forces  for  those  two 
systems  of  points  will  be  parallel  projections  of  each  other,  mutually 
related  in  the  same  manner  with  the  other  pairs  of  CQrresponding 
points  in  the  two  systems. 

65.  Application   to   Inclined  Forces  acting  dwoogk  Omm  Potat. — 

From  principles  III.,  lY.,  and  Y.,  of  Article  62,  taken  in  conjunc- 
tion T^ith  the  principles  of  Chap.  III.,Sect  IjitfoUows,  thatif  agiven 
system  of  lines  represents  a  balanced  system  of  forces  acting  through 
one  point,  then  will  any  parallel  projection  of  that  system  of  lines 
also  represent  a  balanced  system  of  forces  acting  through  one  point ; 
and  also,  that  if  two  systems  of  forces,  each  acting  through  one 
point,  be  represented  by  two  systems  of  lines  which  are  parallel 
projections  of  each  other,  then  will  the  respective  resultants  of  those 
two  systems  of  forces  be  represented  by  a  pair  of  lines  which  are 
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parallel  projectioiis  of  each  other,  mutually  related  in  the  same 
xnanner  with  other  pairs  of  corresponding  lines. 

66.   Applicatioii  f  any  Systein  of   Forces. — ^As  every  system   of 

forces  applied  to  any  system  of  points  can  be  reduced,  as  in  Art.  60, 
to  a  system  of  forces  acting  through  one  point,  and  certain  systems 
of  parallel  forces,  it  follows  that  if  a  balanced  system  of  forces  acting 
through  any  system  of  points  be  represented  by  a  system  of  lines^ 
then  will  any  parallel  projection  of  that  system  of  lines  represent  a 
balanced  system  of  forces ;  and  that  if  any  two  systems  of  forces 
be  represented  by  lines  which  are  parallel  projections  of  each  other, 
the  Imes,  or  sets  of  lines,  representing  their  resultants,  will  be  cor- 
responding parallel  projections  of  each  other : — ^it  being  still  ob- 
BBTvedy  as  in  Article  63,  that  couples  are  to  be  represented  by  pairs 
of  lines,  as  pairs  of  opposite  forces,  or  by  areas,  and  not  by  single 
lines  along  their  axes. 


48 


CHAPTER  V. 

ON  DISTRIBUTED  FORCES. 

67.  BMiiictiMi  •€  the  Sabject. — ^In  Article  18  it  has  already  ben 
explained,  that  the  action  of  every  real  force  is  distributed  throng 
out  some  volume,  or  over  some  surface.  It  is  always  possiUt^ 
however,  to  find  either  a  single  reatdtcmt,  or  a  restdtcmt  cauipUj  or  a 
cambination  of  a  single  force  tvith  a  couple  (like  that  described  in 
Art  60),  to  which  a  given  distributed  force  is  equivalent^  so  &r  as  it 
affects  the  equilibrium  of  the  body,  or  part  of  a  body,  to  which  it  ii 
applied. 

In  the  application  of  Mechanics  to  Asia*onomy,  Mectriciiy,  ami 
Magnetism,  it  is  often  necessary  to  find  the  resultant  of  a  distd- 
buted  attraction  or  repulsion,  whose  direction  is  sensibly  di£EiBKeiife 
at  different  points  of  the  body  to  which  it  is  applied ;  and  problems 
thus  arise  of  great  difficulty  and  complexity.  But  in  the  applioft- 
tion  of  Mechioiics  to  Structures  and  Machines,  the  only  force  dis- 
tributed throughout  the  volume  of  a  body  which  it  is  necessaiy  to 
consider,  is  its  weighty  or  attraction  towards  the  earth ;  and  tiie 
bodies  considered  are  in  eveiy  instance  so  small  as  compared  wxtJi 
the  earth,  that  this  attraction  may,  without  appreciable  error,  be 
held  to  act  in  parallel  directions  at  each  point  in  each  body.  More- 
over, the  forces  distributed  over  sur&ces,  which  have  to  be  consi- 
dered in  applied  mechanics,  are  either  parallel  at  each  point  of 
their  surfaces  of  application,  or  capable  of  being  resolved  into  sets 
of  parallel  forces.  Hence,  in  applied  mechanics,  poAraUd  disMbuiBi 
forces  have  alone  to  be  considered ;  every  such  force  is  statical]^ 
equivalent  either  to  a  single  resultant,  or  to  a  resultant  couple; 
and  the  problem  of  finding  such  resultant  is  comparatively  simple. 

68.   The  latensitT  of  a  ]>lstribiited  Force  is  the  ratio  which  the 

magnitude  of  that  force,  expressed  in  units  of  force,  bears  to  the 
space  over  which  it  is  distributed,  expressed  in  units  of  volume,  or 
in  units  of  surfacp^  as  the  case  may  be.  An  unit  of  Intensity  is  an 
unit  of  force  distributed  over  an  unit  of  volume  or  of  surface,  as  the 
case  may  be ;  so  that  there  are  two  kinds  of  units  of  intensity. 
For  example,  oms  pound  per  cubic  foot  is  an  unit  of  intensity  for  a 
force  distributed  throughout  a  volume,  such  as  weight ;  and  oiM 
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pound  per  square  foot  is  an  unit  of  intensity  for  a  force  distributed 
pver  a  sur&ce,  sucli  as  pressure  or  friction. 

The  intensity  of  a  force  acting  at  a  single  point  wotdd  be  infinite, 
if  such  a  force  were  possible. 

Section  1. — Of  Weighty  amd  Cenhrea  ofGrcmty. 

69.  The  Spccuic  GraHty  of  a  body  is  a  number  proportional  to 
the  weight  of  an  unit  of  its  volume;  for  example,  the  weight  in 
pounds,  of  a  cubic  foot  of  the  volume  of  the  body.  The  pound  per 
cubic  foot  is  the  most  convenient  unit  of  specific  gravity  for  practi- 
cal purposes ;  but  in  tables  of  specific  gravity,  a  special  unit  is  usu- 
ally employed,  viz.,  the  weight,  at  a  fixed  temperature,  of  unity  of 
volume  of  water.  In  Britain,  that  fixed  temperature  is  usually 
62®  Fahrenheit;  in  France,  and  on  the  continent  of  Europe 
generally,  it  is  the  temperature  at  which  water  is  most  dense,  viz., 
3^-95  centigrade,  or  39°1  Fahrenheit. 

In  a  table  at  the  end  of  this  volume  are  given  the  specific 
gravities  of  such  materials  as  most  commonly  occur  in  structures 
and  machines.  So  &x  as  this  and  similar  tables  I'elate  to  solid 
materials,  they  must  be  regarded  as  approximate  only;  for  the 
specific  gravity  of  the  same  solid  substance  varies  not  only  in 
cdfiTerent  specimens,  but  frequently  even  in  dijQTerent  parts  of  the 
same  specimen ;  still  the  approximate  values  are  sufiiciently  near 
the  truth  for  practical  purposes  in  the  art  of  construction. 

70.  The  Centre  •€  GraTity  of  a  body,  or  of  a  system  of  bodies,  is 
the  point  always  traversed  by  the  resultant  of  the  weight  of  the 
body  or  system  of  bodies, — ^in  other  words,  the  centre  of  pwraJIld 
forces  for  the  weight  of  the  body  or  system  of  bodies. 

To  support  a  body,  that  is,  to  balance  its  weight,  the  resultant  of 
the  supporting  force  must  act  through  the  centre  of  gravity. 

71.  CJcnlre  mf  Grarttj  of  a  BEoinoseneoas  Body  harinii;  a  Centre  of 

Vignre. — ^Let  a  body  be  homogeneousy  or  of  equal  specific  gravity 
throughout ;  let  it  also  be  so  &t  symmetrical,  as  to  have  a  centre  of 
figure;  that  is,  a  point  within  the  body,  which  bisects  every 
^amet^  of  the  body  drawn  through  it;  then  it  is  self-evident, 
that  the  centre  of  figure  of  the  body  must  also  be  its  centre  of 
gravity. 

Amongst  the  bodies  which  answer  this  description  are,  the 
sphere,  the  ellipsoid,  the  circular  cylinder,  the  elHptic  cylinder, 
prisms  whose  bases  have  centres  of  figure,  and  parallelopipeds, 
whether  right  or  oblique. 

72.  BodUea  luiTlng  Planes  or  Axes  of  Synunetry. — ^If  a  homogene- 
ous body  be  of  a  figure  which  is  symmetrical  on  either  side  of  a 
given  plane,  the  centre  of  gravity  must  be  in  that  plane.  If  two 
or  more  such  planes  of  symmetry  intersect  in  one  line,  or  axis  of 


BO 
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symmetry,  the  centre  of  gnmty  masst  be  in  that  bsdm.  If  three  « 
more  plcuies  of  Bymmetrj  inteisect  each  other  in  a  pointy  that  pood 
must  be  the  centre  of  gravity. 

The  following  are  examples  : — 

L  In  fi^.  18,  let  A  B  C  be  an  equilateral  triangle^  the  base  of  a 
right  equuateral  triangida^  prism.  This  prism  has  one  plane  of 
STmmetiy  parallel  to  its  bases  at  the  middle  of  its  length.  It  \m 
sJso  three  planes  of  symmetry,  A  a,  B  6,  Qc,  each  traversmg  000 
edge  of  the  prism  and  bisecting  the  opposite  side,  and  those  thm 
planes  intersect  in  an  axis  G,  whose  perpendicular  distance  fiom 
any  edge  is  two-thirds  of  the  distance  from  that  edge  to  the  opposito 

side,  that  is,  

5A       GB       GO        2 


Aa 


B6         TTo 


The  centre  of  gravity  of  the  prism  is  at  the  middle  of  this  axia 

A 


Fig.  18. 


Fig.  19. 


n.  In  fig.  19,  let  A  B  C  D  be  a  reguia/r  tetraedron,  or  triangular 
pyramid,  bounded  by  four  equilateral  triangles.  Bisect  any  edge 
I)  0  in  E ;  then  the  plane  ABE  drawn  through  the  point  or  bisec- 
tion and  the  opposite  edge  is  a  plane  of  symmetry.  There  are  six 
such  planes,  and  they  intersect  each  other  in  one  point  G,  which  is 
therefore  the  centre  of  gravity  of  the  tetraedron. 

It  may  be  shown  by  geometry,  that  the  point  G  can  be  found  in 
the  following  manner.  From  any  summit,  such  as  B,  draw  BE^ 
bisecting  one  of  the  opposite  edges,  such  as  DO.     In  BE  take 

ffP  =  Y  BS     Join  A F,  in  which  take  AG  — -j-  A¥;  then 

is  O  the  c^itre  of  gravity  sought. 

73.  System  •£  Byumettricai  b«41m. — ^Let  a  connected  System  of  • 
bodies  whose  absolute  or  proportional  weights  are .  known,  and 
whose  centres  of  gravity  are  also  known  by  reason  of  the  aymmeticy 


BODY  OF  ANT  HGtJBE.  ffl 

and  bomogen^ty  of  each  body,  be  anunged  in  any  manner;  their 
the  com/num  cent/re  ofgramty  of  the  whole  system  of  bodies  is  the 
same  with  the  cent/re  of  pa/raMd  forces  for  a  system  of  forces  equal  or 
proportional  to  the  weights  of  the  bodies^  and  acting  through  their 
respective  centres  of  gravity. 

Consequently,  applying  to  this  case  the  principles  of  Chap.  IL, 
Section  4,  Article  50,  the  centre  of  gravity  is  found  in  the  following 

manner.  Let  yz  denote  any  fixed  plane,  x  the  perpendicular 
distance  of  the  centre  of  gravity  of  any  one  of  the  bodies  from  that 
plane,  and  "W  the  weight  of  that  body,  so  that  y^fx  is  the  moment 
of  the  weight  of  the  body  in  question  with  respect  to  any  axis  in 

the  plane  yz. 
Let  xa  denote  the  perpendicular  distance  of  the  common  centre 

of  gravity  from  the  plane  y  z.     Then  we  have,  total  moment  of  the 

system  relatively  to  any  axis  in  the  plane  yz, 

and  consequently, 

By  proceeding  in  a  similar  manner,  the  distances  of  the  common 
centre  of  gravity  of  the  system  of  bodies  from  two  other  fixed 
])lanes,  either  perpendicular  or  oblique  to  yz  and  to  each  other,  are 
found  so  as  to  determine  its  position  completely. 

The  same  process  is  applicable  to  any  body  whose  figure  is  capable 
of  being  divided  into  symmetrical  figures. 

74.    Homogeneous  Body  of  any  Figure. — ^LiCt    W  be   the   specific 

gravity  of  a  homogeneous  body  of  any  figure,  V  its  volume,  and 
W  =  i(;V  its  weight.  Conceive  three  fixed  co-ordinate  planes, 
2/2r,  «aj,  and  icy,  perpendicular  to  each  other,  and  let  Xq,  yo,  Zq,  be 
the  co-ordinates  of  tlie  centre  of  gravity,  which  it  is  required  to 
find ;  so  that  wY Xq,  wY yo^  wY Zq,  are  the  moments  of  the  body 
relatively  to  the  three  co-ordinate  planes  respectively.  Conceive  the 
space  in  and  near  the  body  to  be  divided  by  three  series  of  equi- 
distant planes  parallel  to  the  co-ordinate  planes  respectively,  into 
equal  and  similar  small  rectangular  molecules,  whose  dimensions, 
parallel  to  x,  y,  and  z,  respectively,  are 

AX,  Ay,  az. 

Let  X,  y,  z,  be  the  co-ordinates  of  the-  centre  of  one  of  these  mole* 
culea     Then  its  volume  is 

AXAyAZl 

its  y^'cjght  tv AX sy  sz, 
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and  its  moments  relatively  to  the  three  co-ordinate  planes  re- 
spectively, 

xtff  AX  Af/  ^z;  j/w  ^x  Ay  az;  zw  ax  Ay  az. 

Whatsoever  may  be  the  figure  of  the  body  whose  centre  of  gravity 
IS  sought,  a  figure  approodmcUing  to  it  may  be  built  by  putting 
together  a  proper  number  of  suitably  arranged  rectangular  mole- 
cules j  so  that 

Y:=3'Aa5AyA«  neo/rly ; 

'W=:ioY=.w'2'AXAyAZ  nearly; 

wYxQ  =  w'2'XAXAyAZ  nearly; 

therefore  omitting  the  common  and  constant  factor  w, 

2  *  X  AX  Ay  AZ  , 

Xq  = nearly; 

2  '  ax  Ay  az  ^ 

and  similar  approximate  formulae  for  yo  and  z^^. 


,(1.) 


Kow,  it  is  evident,  that  the  smaller  the  dimensions  ax.  Ay,  az^ 
of  each  rectangular  molecule, — or  in  other  words,  the  more  minute 
the  subdivision  of  the  space  in  and  near  the  body  into  small 
rectangles,  the  more  nearly  will  the  approximate  figure,  built  up  of 
rectangular  molecules,  agree  with  the  exact  figure  of  the  body,  and, 
consequently,  the  more  nearly  will  the  results  of  the  approximate 
formulae  (1.)  agree  with  the  true  results ;  which,  therefore,  are  the 
Ivmits  towards  which  the  results  of  these  formulae  continually 
approach  nearer  and  nearer,  as  the  dimensions  Ax,  Ay,  Az,iae 
diminished.  Such  limits  are  found  by  the  process  called  integration,* 
and  are  expressed  in  the  following  manner : — 


volume 
weight 


.(2.) 


V=  /  j  /  dxdydz; 
W=:wY  =  w  j  j  j  dxdydz', 

Wxo=:tD  J  J  Jxdxdydz; 
'Wyo  =  to  J  jjydxdydz} 
Wzo^^to  I  J  I  zdxdydz; 


*  For  fiirtber  eladdation  of  the  meaning  of  symbols  of  integration,  and  for  explana- 
tions of  processes  of  approjdmatelj  computing  the  values  of  integrals,  see  Art  81  in 
the  sequel 


moments 


(3.) 


CENTBE  OF  GBATITTi 


53 


r 


coordinates 

of  the 

centre  of 

gravity 


«b  = 


yo  = 


««  = 


/  /  /  xdxdydz 
I  f  J  dxdydz 

III  y dxdydz 
III  dxdydz 

Iff zdxdydz 
Iff  dxdydz 


(4.) 


Such  are  the  general  formulae  for  finding  the  centre  of  gravity  of 
a  homogeneous  body,  of  any  form  whatsoever. 

75.  Centre  mt  Gntritf  fonnd  by  Addition. — ^When  the  figure  of  a 

body  consists  of  parts,  whose  respective  centres  of  gravity  are  known, 
the  centre  of  gravity  of  the  whole  is  to  be  foimd  as  in  Article  73. 

76.  Centre  of  GraTitr  fonnd  by  Subtraction. — When  the  figure  of 

a  homogeneous  body,  whose  centre  of  gravity  is  sought,  can  be 
made  by  taking  away  a  figure  whose 
centre  of  gravity  is  known  from  a  larger 
figure  whose  centre  of  gravity  is  known 
also,  the  following  method  may  be  used. 
Let  A  C  D  be  the  larger  figure,  Gi  its 
known  centre  of  gravity,  "Wi  its  weight. 
Let  A  B  E  be  the  smaller  figure,  whose 
centre  of  gravity  G,  is  known,  "W,  its 
weight.  Let  E  B  0  D  be  the  figure  whose 
centre  of  gravity  Gs  is  sought,  made  by 
taking  away  ABE  from  A  C  D,  so  that 
its  weight  is 

w,  =  w,  —  W^ 

Join  Gi  Gs ;  Ga  will  be  in  the  prolongation  of  that  straight  line  be- 
yond Gi.  Li  the  same  straight  line  produced,  take  any  point  O  as 
origin  of  co-ordinates,  and  an  axis  at  O  perpendicular  to  O  G^  Gi  as 

axis  of  moments.  Make  OGj  =  Xi ;  OGa  =  a^  O  G^  (the  unknown 
quantity)  =  a^ 

Then  the  moment  of  Ws  relatively  to  the  axis  at  0  is 


Fig.  20. 


and  therefore 


Xs  Wa  =^  rci  W,  —  ajg  Wg, 


x,W,  -  a^W, 

X3=  —^ 


W,  -  W, 


«l 


morOIFLBS  OF  -STATICB. 


77.  CeBira  of  GrmwUj  Altered  br  TrBnmpo»m«m» — ^In  fig.    21,  let 

ABOD  be  a  body  of  the  weight  W^ 
whose  centre  of  gravity  G^  i&  known.  Let 
the  figure  of  this  body  be  altered,  by  trana- 
posing  a  mrt  whose  weight  li  Wi,  icom.  the 
position  E  C  F  to  the  position  F  D  H,  so 
that  the  new  figure  of  the  body  is  A  B  H  £1 
Let  Gi  be  the  original,  and  G^  the  new 
position  of  the  centre  of  gravity  of  the 
transposed  part.  Then  the  moment  of  the 
body  relatively  to  any  axis  in  a  plane  per- 
pendicular to  Gi  Gg  will  be  altered  by  the 


Fig.  21. 


amoimt  W,  •  Gi  G,;  and  the  centre  of  gravity 
of  the  whole  body  will  be  shifted  to  G3,  in  a 

direction  Go  G,  parallel  to  Gi  G^,  and  through  a  distance  givai 

by  the  formula 


GoG,=  aG, 


W. 


78.  CJentres  otGrarUj  of  Primiii  and  Flat  Plates. — ^The  general  foT- 

mulse  of  Article  74  are  intended  not  so  much  for  direct  use  in 
finding  centres  of  gravity,  as  for  the  deduction  of  formulae  of  a  more 
simple  form  adapted  to  particular  classes  of  cases.  Of  such  the  fol- 
lowing  is  an  example. 

The  centre  of  gravity  of  a  right  prism  with  parallel  ends  lies  in 
a  plane  midway  between  its  ends  ;  that  of  a  fiat  plate  of  unifoim 
thickness,  which  in  fact  is  a  short  prism,  in  a  plane  midway  between 
its  faces.     Let  such  middle  plane  be  taken  for  that  of  xy ;  any 

point  in  it  O  {^g.  22),  for  the  origin, 
and  two  rectsLngular  axes  in  it,  OX 
and  O  Y,  for  axes  of  co-ordinates,  to 
which  A  B,  the  transverse  section  of 
the  plate,  is  referred.  Conceive  the 
figure  A  B  to  be  divided  into  narrow 
bands,  by  equi-distant  lines  parallel  to 
one  of  the  axes  of  co-ordinates  O  Y, 
and  at  the  distance  a  x  apart.  Let  x 
be  the  distance  of  the  middle  line  of 
one  of  these  bands  from  O  Y,  and 
yi>  Vii  the  distances  of  the  two  extremities  of  that  middle  line  from 
O  X*  Then  the  band  is  approximately  equal  to  a  rectangular  band 
of  the  length  y^  —  y^,  and  breadth  A  x,  the  co-ordinates  of  whose 

centre  are  x,  and  ^^o"^     Consequently,  if  «  be  the  uniform  thick- 


Fig.  22. 
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ness  of  the  plate^  and  w  its  specific  gravity^  we  have  for  a  singla 
bfuid^ 

area      =    '      ^»-yi)  ^  «  nearly; 

yolume  =      «  &a  —  yi)  ^  «  nearly  ; 

weight  =u)  z  {i/»—y\)^x  nearly; 

moment  relatively  to  O  Y, 

,    =:wzxQ/2— yi)  ^x  nearly; 
moment  relativel  j  to  0  X^ 


wz 


A  X  nearly  ; 


(1.) 


and  for  the  whole  plate 

area  =  2  •  (yj  —  yj)  a  i  nearly;  ' 

volume V  =     «'S  {jy^- y^  ^ x  nearly ; 
weight  W  =  «7«' 3  (;y2— t/i)  ^x  nearly; 

moment  relatively  to  O  Y^ 

XoWz=wz  •  2 X  (s/a^t/i)  ^ ^  nearly; 
moment  relatively  to  O  X^ 

y^=rwz  '3     ^      A  X  nearly; 

consequently,  the  co-ordinates  of  the  centre  of 
gravity  of  the  plate  (omitting  the  common  factors 
wz),  are 

Xo  = 7 z nearly  ; 

I  y^  =  ^  ^    y    ^\  ^     nearly. 

The  more  minutely  the  cross-section  AB  is  subdivided  into 
bands,  the  more  nearly  do  these  approximate  formulae  agree  with 
the  truth;  so  that  the  true  results  are  the  limits  to  which  the 
results  of  the  approximate  formulae  (1.)  approach  continually  as 
Ax  becomes  smaller ;  that  is  to  say,  in  the  notation  of  the  integral 
calculus, 

area  =        j  (ya-^i)  <^«; 

volttme    Y  ^     z  I  {y^—yi)  dx; 
weight  tijY  =^  wz  [{ya—yi)  dx; 


(2) 


se 


moments 


f  BIKaPLES  or  8TATIC8L 


.(a) 


co-ordinates 

of  the 

centre  of  gravity 


«•  = 


y* 


=    f  (2A-yf)dx 

2j(2/a-yi)dx 


.(4) 


The  foregoing  process  is  what  is  usually  called  by  writers  on 
mechanics,  "Ji/nding  the  centre  of  grcmty  of  a  'plamB  swrfaoe;^  but 
this  phrase  ought  always  to  be  understood  to  signify  ^^jmdkng  dn 
ceTUre  ofgramJby  of  a  hcmogeneous  plate  ofimiform  thickness,  thejium 
of  which  a/re  plcme  surfaces  of  a  gwenfgii/re.'* 

79.   Body  with  fllmllar  Cross-MCtioiis. — Let  all  the  CTOSSHSMCtionSCf 

a  body  made  by  planes  parallel  to  a  given  plane  (say  that  of  x^ 
be  similar  figures,  but  of  different  sizes.  The  areas  of  the  differoit 
cross-sections  are  to  each  other  as  the  squares  of  their  corresponding 
linear  dimensions.  Let  e  denote  some  definite  linear  dimeiisioli  w 
a  cross-section  whose  distance  from  the  plane  xy  ia  z,  bo  that  iis 
area  shall  be 


a^ 


(1.) 


a  being  a  constant.  Let  Xi,  y^,  z,  be  the  co-ordinates  of  the  centre  of 
gravity  of  a  flat  plate  having  its  middle  plane  coincident  with  the 
given  cross-section.  Then,  by  reasoning  similar  to  that  of  Artides 
74  and  78,  we  find  the  following  results  for  the  whole  body  :— 


volume 
weight 


V  =       a Jf?  dz ; 
W  =  wafe^,  dz; 


.(2.) 


moments  • 


X^Wrrz 


ajxis^.dz; 

y*  "VV  =  wajyi  f?  dz; 

wafz  Adz; 


Wi 
Wi 


z^W 


(3.) 


CURVED  BOD. 


W 


co-ordinates  of 
centre  of  gravity 


«•  = 


_/ 


0?!  (?  d  z 


je-d 


Vo   = 


_  s± 


9 


dz 


Zo   = 


fz^'dz 


(4.) 


When  the  centres  of  all  the  cross-sections  L*e  in  one  straight  line^ 
as  in  pyramids,  cones,  conoids,  and  solids  of  revolution  generally, 
the  centre  of  gravity  lies  in  that  line,  which  may  be  taken  as  the 
axis  of  z,  making  a;^  =  0,  y^  =  0;  so  that  z^,  is  the  only  co-ordinate 
which  requires  to  be  determined. 

80.  Carred  wud, — ^In  ^g.  23,  let  R  R  represent  a  curved  rod  so 
slender,  that  its  diameter  may,  without  sensible  error,  be  neglected 
in  comparison  with  its  radius  of  curva- 
ture at  any  point ;  let  a  denote  its 
sectional  area,  unifoiTa,  throughout,  and 
w,  as  usual,  its  specific  gravity ;  so  that 
Uie  weight  of  an  unit  of  length  of  the 
rod  is  wa.  Let  OX,  O  Y,  OZ  be  rect- 
angular axes  of  co-ordinates.  Suppose 
the  rod  to  be  divided  into  arcs,  so  short 
as  to  be  nearly  straight ;  let  the  length  of 
any  one  of  these  arcs  be  denoted  by  a  f ; 
let  S  S  represent  it  in  the  figure,  and 
let  M  be  the  middle  of  its  lenffth.    Then 

18  Tieaa-lj/  the  centre  of  gravity  of  a  e.  Let  M  P  ^  a?  be  the 
perpendicular  distance  from  M  to  the  plane  of  y  z.  Then  for  the 
short  arc  S  S  we  have, 

weight  =wa  A  s; 

moment  with  respect  to  an  axis  in  the  plane  yz^ 

=z  w  a  X  A  t  nea/rly; 
and  for  the  entire  rod, 


Fig.  23. 


W  ==  t(7a  2  •  A 


s> 


moment       a:»W  =  i^a2  •  x  a  f  nea/rly; 

co-ordinate  of      )  2  *  a:  A  #        , 

centre  of  gmvity  /  ^'  =  ^T"^  nemly; 


(1.) 
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and  similar  equations  for  y^  and  z^    Proceeding  \r 
limits  as  beforOi  we  obtain  as  the  exact  formnle — 


W  ^=w  a  j  di] 
K^W  =  w a  I  xd t; 

j  X  d  t 


ar,  = 


w 


and  similar  equations  for  y^  and  z^  The  foregoing  process  is  "wbA 
is  often  called  by  writers  on  Mechanics,  ^finding  the  eerUm  tf 
gravity  of  a  curved  line;*'  but  what  ought  more  properly  to  bi 
called,  ** finding  the  centre  of  gravity  of  a  slender  cwirved  rod  ^ 
unifi>rm  thickness." 

81.  AFPMziHftBte  CoBipMmtiom  m€  iBtesnOB. — ^Frequent  referenflB 
liaving  bc^en  made  to  the  process  of  integration,  as  being  essential 
to  the  solution  of  most  problems  connected  with  distributed  foroe^ 
the  present  article  is  intended  to  afford  to  those  who  have  net 
made  that  branch  of  mathematics  a  special  study,  some  elementaay 
information  respecting  it. 

The  meaning  of  the  symbol  of  an  integral,  viz.  :— 


is  of  the  following  kind: — 


I  ud X, 


In  fig.  24r,  let  AC  D  B  be  a  plane  area,  of  which  one  boundary,  A^ 

is  a  portion  of  an  axis  of  absdsBS 
OX,  —  the  opposite  boundaiyi 
C  D,  a  curve  of  any  figure, — and 
the  remaining  boundaries  AC, 
B  D,  ordinates  perpendicular  to 
O  X,  whose  respective  abscissne^ 
or  distances  from  the  origin  O,  sro 


B 


'■X 


Fig.  24. 


O  A  =  a;  OB  =  6. 


Let  WF  =  u  ho  any  ordinate  whatsoever  of  the  curve  C  D,  and 

O  E  =  03  the  corresponding  abscissa.     Then  the  integral  denoted 

by  the  symbol, 

b 
u  dxy 


/: 


means,  the  area  of  Hve  figure  A  C  D  B.      The  abscissae  a  and  h 
which  are  the  least  and  greatest  values  of  Xy  a^d  which  indicate 


I  C»KPUTATIOM  or  INTIQIULa.  Si 

I   tin  longitudmal  oxteat  of  the  area,  arc  oollod  tUo  limita  (^  t'ff 
f   Itgro/Mn;  but  when  the  extent  of  the  area  is  othorwiso  indioatod, 
the  iymbols  of  thou  limita  are  aomutimos  omittud,  as  in  the  pni- 
oding  Articles. 

When  the  relation  botvccn  «  and  a:  in  oxpwMMnI  liy  imy  onliuoiy 
algebraical  equation,  the  value  of  tlio  int^gnil  fur  a  giv«n  [HUr  iif 
TUUM  of  ita  limits  can  gi'iu-nUly  bo  found  by  iuiiidh  of  furiiuilu' 
vhich  are  contained  in  works  ou  thu  Intognil  OulciihiB,  or  by  intnuis 
of  mathematical  tables. 

Cases  may  arise,  however,  in  whioli  u  cannot  bo  so  oxjiniRBod  in 
ttnns  of  a;  and  then  approximate  mothods  must  Imi  (stn])loy(Kl. 
Those  approximato  motlioda,  of  wliioh  two  are  hi'ro  dosoribod,  ani 
ibunded  upon  the  division  of  tho  area  to  bo  tniuiHurtMl  into  bands  by 
parallel  and  equi-distAnt  ordinatos,  tho  apptuxiniiitu  coinputution  of 
the  areas  of  those  bonds,  nnd  tho  oddiu);  »f  t)i«in  t()K«iliur ;  and 
the  more  minnto  that  division  is,  the  luuru  nuar  is  tliu  rusult  to 
tbebuth. 

Fvr^  AjiproJ^nuUion. 

Divide  tlio  area  A  (7  T>  R,  an  iti  %.  ft-'i,  into  any  ciiiivonioub 
nttmbcr  of  bands  by  panilli^  or- 
dinatfs,   whoso  unifonii   diHtunco 
a]ttrt  is  A  x;  no  tliat  if  n  bu  tlie 
iiuiiitN-r  of  biiinlH,  »i  +  1  will  Iw  tlui 
uumber  of  ordiuatoH,  and 
b  —  a  =  n  &  X, 
the  length  of  tlio  llgnru. 

T^^t  u',  h',  <V-ivM  l\w  two  orilitiiLli'K  wlii<^ii  tHiiiiid  u 
liuudij ;  tbcu  Uiu  an>4i  of  Unit  band  in 


nml  cnns(v|upntly,  addiii;;  iri;;i'1.1i('r  ilji'  ii]i|n'o\iiriiilii  iiii'iw  of  nil  tho 

KiIIiIh, duUolillg  tlio  OXlri.'tLIO  (JIiIl11IiI<'S  IIH  f<llIl)\V.-(, 


uid  tho  int<'rmeilifitii  oi'dinaU'H  by  Uj,  wo  find  for  tlin  aii[iroKiiiiiilu 
luluo  of  thii  iiitfgral — 


..y.-, 


/;•""=  (v+i+^":)'^- 


;0  PKIUCIPLEB  or  BTATIOL 

Second  Appr<xdmation. 
Diride  the  area  A  C  D  B,  as  in  fig.  26,  into  an  own  nnmbaril 
bands,  I7  panllel  acdinatea,  "rini 
uniform  distance  Impart  is  A  K  !!■ 
ordinateB  are  mailed  altarnaielf  If 
plun  lines  and  by  dotted  linei,»fl 
to  anange  the  hands  in  paizs.  Cor 

sideringaOT one  p«r  of  1ianda,Rii 

^  as  E  F  H  Q,  and  ftMnmTTig  that  tti 

Fie.  26.  curve  F  H  is  nearlr  a  parabola  it 

appears,  from  the  properties  of  tluit  curve,  that  tie  ares  of  W 

pair  of  bands  if 


("'+*"',+  '0''. — '.jr 


in  'which  v!  and  u"  denote  the  plain  ordinates  EF  and  Q-]^  ml 
u"  the  intermediate  dotted  ordinate  ;  and  conseqoently,  addiiv 
together  the  approximate  areas  of  all  the  pairs  of  band%  -we  fiaa, 
for  the  approximate  value  of  the  int^pral — 


x=  («.  +  Mt  +  2  2  •  «,  (phun) 
+  4  2  ■M<(dotted))-^, 


-W 


It  is  obvious,  that  if  the  values  of  the  ordinates  u  required  in  tbol 
computations  can  be  calculated,  it  is  unnecessary  to  draw  the  figon 
to  a  scale,  although  a  sketch  of  it  maybe  useful  to  assist  tbe  mcnicif- 

When  the  symbol  of  integration  is  repeated,  so  aa  to  mikss 

double  iiUegTol,  such  ~- 


f  j  u-dsedy, 


or  a  triple  iTdegrol,  such  as 


j  j  ju-dxdydZf 


it  is  to  bo  understood  as  follows  :- 


Let 


.  =  /„., 


be  the  value  of  this  single  integral  for  a  given  value  of  y,  Gnt- 
struct  a  curve  vrhose  absdsan  are  the  various  valuesofy  within  A> 
prescribed  limits,  and  its  ordinates  the  corresponding  valoea  </  a 
Then  the  area  of  that  curve  is  denoted  by 


jvdy=j  ju-dxdy. 


I 

.■« 
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Next,l3t  ^=  r^.^y 

I*  J 

1)^  the  yalue  of  this  double  integral  for  a  given  value  of  z.  Con- 
'■Mmct  a  curve  whose  abscissae  are  the  various  values  of  z  within  the 
^bresciibed  limits,  and  its  ordinates  the  corresponding  values  of  t 
%hen  the  area  of  that  curve  is  denoted  hj 

I  t,dz  =  j  Iv'dydz  =  \  I  I  u  'dxdydz; 

4Bid  so  on  for  any  number  of  successive  integrations. 

82.    Centre  of  Grarlty  found  br  Projection.— *  According  to  the  geo- 

metrical  properties  of  parallel  projections,  as  stated  in  Chap.  lY., 
Article  62,  a  parallel  projection  of  a  pair  of  volumes  having  a  given 
satio  is  a  pair  of  volumes  having  the  same  ratio ;  and  hence,  if  a 
body  of  any  figure  be  divided  by  a  system  of  plane  or  other  sur- 
-iaces  into  parts  or  molecules,  either  equal,  or  bearing  any  given 
-ir^stem  of  proportions  to  each  other,  and  if  a  second  body,  whose 
^^re  is  a  parallel  projection  of  that  of  the  first  body,  be  divided 
in  the  same  manner  by  a  system  of  plane  or  other  surfaces  which 
are  the  corresponding  projections  of  the  first  system  of  plane  or 
other  surfaces,  the  parts  or  molecules  of  the  second  body  will  bear 
to  each  other  the  same  system  of  ratios,  of  equality  or  otherwise, 
"which  the  parts  of  the  first  body  do. 

Also,  the  centres  of  gravity  of  the  parts  of  the  second  body  will 
1)6  the  parallel  projections  of  the  centres  of  gravity  of  the  parts  of 
the  first  body. 

And  hence  it  follows  (according  to  Article  64),  that  if  the  figures 
of  two  bodies  are  parallel  projections  of  each  other,  the  centres  of 
gra/inty  of  these  tioo  bodies  a/re  corresponding  points  in  these  parallel 
'^  projections. 

I  To  express  this  symbolically, — ^as  in  Article  61,  let  x,  y,  z,  be  the 
co-ordinates,  rectangular  or  oblique,  of  any  point  in  the  figure  of 
the  first  body ;  a/,  y',  z\  those  of  the  corresponding  point  in  the 
second  body ;  ov,  y„  z^,  the  co-ordinates  of  the  centre  of  gravity  of 
the  first  body ;  i?«^  t/o,  afoj  those  of  the  centre  of  gravity  of  the 
second  body;  then 

QJo ^,      ^ 3/^.     ^ ^ 

»a    ~      «   '        Vo     '^     y  '       Zo     ~     z' 

This  theorem  facilitates  much  the  finding  of  the  centres  of  gravity 
of  figures  which  are  parallel  projections  of  more  simple  cmt  more  sym- 
metrical figures. 

For  example : — it  appears,  from  symmetry,  as  in  Art.  72,  that 
the  centre  of  gravity  of  an  equilateral  triangular  prism  is  at  the 
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point  of  intenectioa  of  the  lines  joining  the  three  an^  of 
middle  section  of  the  prism  vith  the  middle  points  of  th-  ami 
sides  of  that  section.  But  all  tri&ngular  prisnui  are  pdilfu  pn' 
jections  of  each  other ;  hence  the  above  dracribed  pout  cf  '  ' 
section  is  the  centre  of  gravity  of  &aj  triangular  prism. 
Also,  aa  in  Art.  73,  the  centre  of  gravity  of  a  r^ular 
is  at  the  point  of  intersection  of  the  planes  joining  eachofttl 
odges  with  the  middle  point  of  the  opposite  edge.  Bat  all  tetaM- 
drons  are  parallel  projections  of  each  other ;  hence  that  ptnnt  (f 
intersection  is  the  centre  of  gravity  in  any  tetraedron. 

As  a  third  example,  let  it  be  supposed  that  a  formula  is  loan 
(vrhich  will  be  given  in  the  sequel)  for  finding  the  centre  of  gmilf 
^  of  a  sector  of  a  circular  due,  «ri 

let  it  be  required  to  find  the  oesfai 
of  gravity  of  a  sector  of  an  dhplk 
disc.  In  fig.  27,  let  A  B'  A»  1» 
the  ellipse,  A  0  A  =  3  a,  ari 
F  0  F  =  2  6,  its  axes,  and  Cr  0  ff 

-  , ^A   the  sector  whose  centre  of  gntTi^ 

isiequired.    Oneof thepaiallelpn' 

jections  <^  the  ellipse  is  a  amt 

AB  AB>  vhose  ladins  is  the  oem' 

major  a.    The  eUipse  and  Uta 

being  both  referred  to  TectaDguur 

co-ordinates,  with  thcdr  ceirin  M 

^-  37.  origin,  x  and  y  denotiiig  tiie  » 

ordinates  parallel  to  O  A  and  0  B  respectively  <J  a  point  in  tha 

circle,  and  a/  and  i/  those  of  the  corretfionding  point  in  the  dl^ 

those  coKirdinatea  are  thus  related  : — 

^  =  1-   ^=± 
X  '     y  a' 

Through  C  and  TY  respectively  draw  EO'C  and  FIVD,  pualkl 

to  0  B,  and  cutting  the  circle  in  C  and  D  respectively ;  tiie  d^ 
colar  sector  C  O  D  is  the  parallel  projection  of  the  elliptio  Mcto 
COiy.  Let  G  be  thecentreof  gravity  of  the  sector  of  the  cucolti 
disc,  its  co-ordinates  being 

Then  the  co-ordinates  of  the  centre  of  gravity  G'  of  tha  wctor  ef 
the  elliptic  disc  are 

^5H  =  a<.  =  *.; 

HG'=y'.=Ay. 
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Vnrther  examplaiof  the  resolts  of  this  process  will  be  found  in  the 
next  Article. 

83.  Sxampies  •f  Ceatres  •f  chrBTitj. — ^The  following  examples 
consist  of  formnlse  for  the  weight,  the  moment  with  respect  to  some 
flpedfied  axis,  and  the  position  of  the  centre  of  gravity,  of  homo^ 
Ipeneous  bodies  of  those  forms  which  most  commonly  occur  in 
pxactice.  In  each  case,  as  in  the  formulse  of  the  preceding  Articles, 
to  denotes  the  specific  gravity  of  the  body,  W,  its  weight,  and  x^,  &c., 
iihe  co-ordinat^  of  Ss  centre  of  gravity,  which  in  the  diagrams 
is  marked  G,  the  origin  of  co-ordinates  being  marked  O. 

A. — ^Frisks  aitd  Otlindebs  with  Paballel  Bases. 

The  word  cylinder  is  here  to  be  taken  in  its  most  general  meaning, 
as  comprehending  all  solids  traced  by  the  motion  of  a  plane  curvi- 
linear figure  parcel  to  itseIC 

The  examples  here  given  apply,  of  course,  to  flat  plates  of  imi- 
farm  thickness. 

In  the  formulae  for  weights  and  moments,  the  length  or  thickness 
is  supposed  to  be  unity. 

The  centre  of  gravity,  in  each  case,  is  at  the  middle  of  the  length 
(or  thickness) ;  and  the  formulae  give  its  situation  in  the  plane 
figure  which  represents  the  cross-section  of  the  prism  or  cylmder, 
and  which  is  specified  at  the  commencement  of  each  example. 

L  Tricmgle,    (Fig.  28)  O,  any  angle.     Bisect 
opposite  side  B  C  in  D.     Join  O  D. 


0?.  =  0  G  =  g-  O  D. 

W  =  wOD  •B(3sin.^:rODO 

2 

IL  Polygon.  Divide  it  into  triangles;  find 
the  centre  of  gravity  of  each;  then  find  their 
common  centre  of  gravity  as  in  Art.  75. 

IIL  Trapezoid.     (Fig.  29.) 
AB||OE. 

Greatest  breadth,  A  B  =  B. 
Least  „        C  E  =  6. 

Bisect  AB  in  O,  CE  in  D; 
join  O  D. 

^r^    OD/,      1  B  — 6\ 


Fig.  28. 


W  =  wOD 


B-f  6 


*sm 


Fig.  29. 

ODEL 
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lY.  Trapezoid.  (Second  solutioiL)  (Eig.aa) 
O^  point  where  indined  sides  meet  Let  OF 
=  xi,  O  D  =  a^  OTJ  =  Xo, 

2     af  — aj 


a:«  = 


W  =  U7 


3  'ali  —  xi 

«?  —  si 


•  sin«  ^:r  O  F  B. 


W  =  to- 


(cotan  .^  O  A  B  +  cotan  .^  O  B  A), 


sur 


(cotan  ^^  O  A  B  +  cotan  ^^  O  B  A) 


V.  Parabolic  HaHf-SegmeiA, 
(O  A  B,  ^.  31.)  O,  vertexjf 
diameter  OX;  0A=  x^-,  AB 
=  yi^  ordinate  ||  tangent  O  C  Y. 


^o  =  "^  a?i. 


ya  = 


yi- 


2 


Fig.  31. 


W=  -^ W7  •  ajj  yi  •  sin .^^ X OT. 


VL  Parabolic  SpandrU.    (O  B  C,  fig.  31.)    G',  centre  of  gravity, 

3  3 

W  =  -g-  W7  •  a?i  yi  •  sin  .^  X  O  Y. 

YIL  Circular  SecU/r.    (O  AC,  fig.  32.)     Let  O  X  bisect  ^ 

angle  AOC;OY-LOX 

Badius  O  A  =  r 

Half-arc,  to  radius  unity,  ^  .  ^  =:  1 

2       sin^ 
«•  =  -3-  »•  -j-i  Vo  =  0. 


Fig.  82. 


W  =  Wf»^ 


CENTRES  OP  GBAYITY. 
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yi  1 1.  Circular  IlaJ/'SegmerU.     (A  B  X,  fig.  32.) 

2  sin*  ^ 

3  ^  —  sin  ^cos/ 

4  sin*-5  -  sin'  ^  cos  ^ 

^^"^^      3  (^  -  cos  ^  sin  ^)  • 

W  =  -  iw^  (^  —  cos  ^  sin  ^. 

IX.  Cvrculour  Spcmdril.    (A  D  X,  fig.  32.) 

1    ^ sin*  ^ 

3     2sin^  —  sin^cos^  —  ^* 

3  sin*  tf  —  2  sin*  ^cos  I  —  4  sin* -^ 


yo^-o*" 


2sin^  —  sin^cos^  —  / 


Wsstw*  •  f  sin  ^  -  2  sin  ^cos  ^  """o)* 

X.  Sector  of  Ring.    (ACFE,  fig.  32.)  OA  =  r;  5^=/. 

2     r*  -  f^    sin^ 

yo=o. 

W  =  i(;(r*-V*)^. 

XI.  Elliptic  Sector,  Half-Segment,  or  Spa/ndril.  Centre  of  gravity 
to  be  found  by  projection  from  that  of  corresponding  circular 
igure,  as  in  Article  82. 

B. — ^WEDGEa 

A  Wedge  is  a  solid  boiinded  by  two  planes  which  meet  in  an 
ydge,  and  by  a  cylindrical  or  prismatic  surface  {cylindrical,  as 
before,  being  used  in  the  most  general  sense). 

XIL  General  FormuUBfor  Wedges,  ^Fig.  33.)  All  wedges  may 
}e  divided  into  parts  such  as  the  figure  nere  represented.  O  A  x , 
DXY,  planes  meeting  in  the  edge  O  Y;  AXY,  cylindrical  (or  pris- 
natic)  surface  perpendicular  to  the 
)lane  OXYj  OXA,  plane  triangle 
)erpendicidar  to  the  edge  O  Y;  O  Z, 
kxis  perpendicular  to  XO  Y.   Let  OX 

=  a?j ;  X  A  =:  ;eri.     Then  z  =  -^ j 


W  =  w'-^j  wy  da 


Fig.  dd. 


niKOEKXS  OF  8I11IC& 


/  xy  dx 

^=—r ; 

2  /  xydx 


«;o  = 


(This  last  ec[aation  denot: 


tbAt  G  is  in  the  plane  which  traverses  0  Y  and  bisects  A  X.) 

In  a  symmetrical  wedge,  if  0  be  taken  at  the  middle  of  the  ed 
^0  ^  O.  Such  is  the  case  in  the  following  examples,  in  ead 
which,  length  of  edge  =  2  y^. 

XTTT.  Eectcmgular  Wedg^    (c=  Triangular  Prism)    (FigJ 

2 

Fig.  84.  3 

XrV.  THangvlca'  Wedge.     (=  Triangular  Pyramid,) 


Fig.  85. 

XY.  Semicircular  Wedge.    (Fig.  36.) 

Eadius  OX  =  OY  =  r. 


flfio  =      Q"  *A« 


Fig.  86« 


y 

= 

^Z*-- 

-«■• 

w 

= 

2 

—  w ' 

3 

■r*«i. 

«b 

St 
—  16 

r. 

(v  s=  3  - 1416  nearly). 


GEN^BSS  OF  OBAVITT. 


67 


XVX  AnmUar,  or  ffoOaw  SetrndrculcMr  Wedge,    (Fig,  37.) 
Exteinal  radius,  r;  internal,  /. 
2 


3x    f^  —  f^ 


ao  = 


16     f^  —  r^ 
C. — Cones  and  Ptramids. 


Hg.  87. 


Let  0  denote  the  apex  of  the  cone  or  pyramid,  taken  as  the 
CEiffuiy  and  X  the  centre  of  gravity  of  a  supposed  prism  whose 
Biddle  section  coincides  with  the  base  of  the  cone^  or  pyramid. 
Tlie  centre  of  gravity  will  lie  in  the  axis  OX. 

Denote  the  area  of  the  base  by  A,  and  the  angle  which  it  makes 
vith  the  axis  by  ^. 

XVUL  ConvpUie  Cone  or  Pyramid,    Let  the  height  OS  =s  hi 


3  h. 


*^=    4 


W  =   -  w  A&sinA 


Xvill.  TrwncaJted  Cone  or  Pyramid.    Height  of  portion  trun- 
(ited  =  ^'. 

3      h'  -  h!^ 


I 


W=    i-t(?AA-(l-^)sin^, 
D. — PoKTioNS  OP  A  Sphere. 


XIX.  Zone  or  Ring  of  a  Spherical  Shell,  boimded  by  two  conical 
mrfaccs  having  tlieir  common  apex 
at  the  centre  O  of  the  sphere  (fig.  3d). 

OX,  axis  of  cones  and  zone. 

r,  external  radius  )  ^  i  n 
J  .  .  I  J.  >  01  sncll. 
r,  internal  radius  j 

.^  XO  A.  =  «,  half-angle  of  less  ) 

-t-:X0B=/3,         „     greater /^^®- 

Fig.  88. 
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3        7^-7^     COStf  +  OOSiS 

^=  4  -^s^TT^ 2 • 

W  =  ^^(f»-r*)  .(coBi3-cos«). 

XX.  Sector  of  a  ffemispliencdl  SheU.     (C  X  D,  fig.  39.)  ( 
bisects  angle  DOC j  ^  DOC  =  ^. 

*o  —  8   V  -  r^ 
_3*    t^  -  r'*    sin^ 


'=t(--4 


C 

Fig.  89. 

84.  Heterogeneoas  Body. — ^If  a  body  consists  of  parts  of  def 
figure  and  extent^  whose  specific  gravities  are  diSerent,  alt^ 
each  individual  part  is  homogeneous,  the  centres  of  gravity  d 
parts  are  to  be  found  as  in  Article  74  and  the  subsequent  Art 
and  the  common  centre  of  gravity  of  the  whole  as  in  Article  7 

85.  Centre    of  Oraritj    fonnd    Experimentallj. — The    centi 

gravity  of  a  body  of  moderate  size  may  be  found  approximate 
experiment,  by  hanging  it  up  successively  by  a  single  cord  in 
different  positions,  and  finding  the  single  point  in  the  body  *« 
in  both  positions  is  intersected  by  the  axis  of  the  cord.  Fo 
resistance  of  the  cord  is  equivalent  sensibly  to  a  single  force  a 
along  its  axis ;  and  as  that  force  balances  the  weight  of  the 
when  hung  by  the  cord,  its  line  of  action  must,  in  all  positkn 
the  body,  traverse  the  centre  of  gravity  of  the  body. 

Section  2. — OfStresSy  and  its  Resultants  amd  Cenires, 

86.  StreM,  Its  Natnre  and  iBtencftr. — ^The  word  StBESS  has 

adopted  as  a  general  term  to  comprehend  various  forces  whic 
exerted  between  contiguous  bodies,  or  paiis  of  bodies,  and  "^i 
are  distributed  over  the  sur£EU>e  of  contact  of  the  masses  bet 
which  they  act. 

The  Intensity  of  a  stress  is  its  amount  in  units  of  force,  dr 
by  the  extent  of  the  sui*face  over  which  it  acts,  in  units  of 
The  French  and  British  units  of  intensity  of  stress  are  com] 
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III  a  table  annexed  to  this  volume.     The  following  table  shows  a 
comparison  between  different  British  units  of  intensity  of  stress : — 

Fonnda  on  the     Ponnds  on  the 
square  foot.         square  inch. 

One  pound  on  tbe  square  inch, 144                1 

One  pound  on  the  square  foot, 1               ^h 

One  mch  of  mercury  (that  is,  weight  of  a 

column  of  mercury  at  32^  Fahr.,  one 

inch  high), 70-78          0-4912 

One  foot  of  water  (at  39°-4  Fahr.), 62-425        0-4336 

One  inch  of  water, 52021       0-036125 

One   atmosphere,    of  29*922   inches  of 

merciny, 2116*4          14*7 

87.  cianes  of  strcM. — Stress  may  be  classed  as  follows  : — 
I.  Thrust,  or  Pressure,  is  the  force  which  acts  between  two  con- 
tigaous  bodies,  or  parts  of  a  body,  when  each  pushes  the  other  from 
itself  and  which  tends  to  compress  or  shorten  each  body  on  which 
it  acts,  in  the  direction  of  its  action.  It  is  the  kind  of  force  which 
is  exerted  by  a  fluid  tending  to  expand,  against  the  bodies  which 
surround  it. 

Thrust  may  be  either  normal  or  oblique,  relative  to  the  surface 
at  which  it  acts. 

n.  FuU,  or  Tension,  is  the  force  which  acts  between  two  con- 
tigaous  bodies,  or  parts  of  a  body,  when  each  draws  the  other 
towards  itself,  and  which  tends  to  lengthen  each  body  on  which  it 
acts,  in  the  direction  of  its  action. 

Pull,  like  thrust,  may  be  either  nxmnxd  or  oblique,  relatively  to 
the  surfeice  at  which  it  acts. 

IIL  Sliear,  or  Tangential  Stress,  is  the  force  which  acts  between 
two  contiguous  bodies  or  parts  of  a  body,  when  each  draws  the  other 
sideways,  in  a  direction  parallel  to  their  surface  of  contact,  and 
which  tends  to  distort  each  body  on  which  it  acts. 

In  expressing  a  Thrust  and  a  Pull  in  parallel  directions  algebrai- 
cally, if  one  is  treated  as  positive,  the  other  must  be  treated  as 
negative.  The  choice  of  the  positive  or  negative  sign  for  either  is 
a  matter  of  convenience.  In  treating  of  the  general  theory  of 
stress,  the  more  usual  system  is  to  call  a  pull  positive,  and  a  thrust 
negative :  thus,  let  p  denote  the  intensity  of  a  stress,  and  n  a 
certain  number  of  pounds  per  square  foot ;  p  =  r^  will  denote  a 
puU,  and  p  =  —  w  a  thrust  of  the  same  intensity.  But  in  treating 
of  certain  special  applications  of  the  theory,  to  cases  in  which  thrust 
is  the  only  or  the  predominant  stress,  it  becomes  more  convenient 
to  reverse  this  system,  calling  thrust  positive,  and  pull  negative. 

The  word  '*  Fressv/re^*  although,  strictly  speaking,  equivalent  to 
"  thrust"  is  sometimes  applied  to  stress  in  general ;  and  when,  this 
18  the  cas^  it  is  to  be  understood  that  thi-ust  is  treated  aa  ]^Bi\ivN^ 
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88.  RflMdcnrt  •r  mnm  t  Us  JOnvMrnOe, — If  to  a  plane  soi&ce  of 
any  figure^  whose  area  is  &,  there  be  applied  a  stress,  either  norma], 
oblique^  or  tangential,  and  parallel  in  direction  at  all  points  of  the 
sur^Eice  (accorcSng  to  the  restriction  stated  in  Art.  67),  then  if  the 
intensity  of  the  s^ss  be  uniform  over  all  the  surface,  and  denoted 
bj^,  the  amount  or  magnitude  of  its  resultant  will  be    ^ 

T=p  S (1.) 

If  the  intensity  of  the  stress  is  not  uniform,  that  amount  is  to  be 

found  by  integration.     For  example,  in 

fig.  40,  let  A  A  A  be  the  plane  sur&ce,  and 

let  it  be  referred  to  rectangular  axes  of 

co-ordinates  in  its  own  plane,  O  X,  0  Y, 

Conceive  that  plane  to  be   divided  into 

small  rectangles  by  a  network  of  lines 

parallel  to  O  X  and  O  Y  respectively,  and 

let  ^x,  ^  ^,  be  the  dimensions  of  any  one 

Kg.  40.  ^£  these  rectangles,  such  as  that  marked  a 

in  the  figura   Conceive  a  figure  approximating  to  that  of  the  given 

plane  surfiacetobe  composedof  several  of  these  small  rectangles,  so  that 

S  :=  2'Ax^ynecM'ly; (2.) 

let  p  be  the  intenaitjr  of  the  stress  at  the  centre  of  any  particokr 
rectangle,  so  that  the  stress  on  that  rectangle  is 

p  Ax^y  nearly. 

Then  the  amount  of  the  resultant  stress  is  given  approximately  by 
the  equation 

P  =  2  'p  Ax  Ay  7vea/rly , (3.) 

Then  passing,  as  in  previous  examples,  to  the  integrals,  or  limits 
towards  which  the  simis  in  the  equations  2  and  3  approach  as  the 
minuteness  of  the  subdivision  into  rectangles  is  indefinitely  xoe 
creased,  we  find,  for  the  exact  equations, 

a=  j  j  dxdy;     ^ 

T  =:  f  f  p'dxdyA 

The  Tnecm  intenaUy  of  the  stress  is  given  by  the  following  equation :— 


V  _jjpdxdy 
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A  oonvexuesnt  mode  of  representing  to  the  mind  the  foregoing 
process  is  as  follows: — ^In  fig.  41^  let  A  A  be  the  giyen  pliyiffiff 
Bar&ce ;  O  X^  O  Y^  the  two  axes  of  co-ordinates 
ID.  its  plane;  O  Z^  a  third  axis  perpendicular  to 
ihat  plana  Conceive  a  solid  to  exist,  bounded 
at  one  end  by*  the  given  plane  surface  A  A^ 
laterally  by  a  cylindrical  or  prismatic  surface 
generated  by  the  motion  of  a  straight  line  par- 
allel to  O  Z  round  the  outline  of  A  A,  and  at 
the  other  end  by  a  surface  B  B,  of  such  a  figure, 
that  its  ordinate  z  at  any  point  shall  be  proportional  to  the  intensity 
cf  the  stress  at  the  point  of  the  sudace  A  A  from  which  that 
oirdinate  proceeds,  as  ^own  by  the  equation 


Hg.  41. 


=  2. 
to 


.(6.) 


The  Tolume  of  this  ideal  solid  will  be 


= j  J  z  'dxdy. (7.) 


So  that  if  it  be  conceived  to  consist  of  a  material  whose  specific 
gravity  is  w^  the  amount  of  the  stress  will  be  equal  to  the  weight 
of  the  solid,  that  is  to  say, 

P  =  wY (8.) 

If  the  stress  be  of  opposite  signs  at  difierent  points  of  the  plane 
surface  A  A,  the  surface  B  B  and  the  solid  which  it  terminate 
will  be  partly  at  one  side  of  A  A  and 
partly  at  the  opposite  side,  as  in  fig.  42  j 
and  in  this  case,  the  two  parts  into 
which  the  solid  A  B  A  B  is  divided  by 
the  plane  X  O  T,  are  to  be  regarded  as 
having  opposite  signs,  and  Y  is  to  be 
hdd  to  represent  i£e  difference  of  their 
volumes. 

The  meam,  stress  of  equation  5  is  evidently 

Po  =  tvzo (9.) 

in  which  Zq  is  the  height  of  a  parallel-ended  prism  or  cylinder 
standing  on  the  base  AAA,  and  of  volume  equal  to  the  solid 
ABAB. 

S9.    The  Centre  of  Stress,  or  of  Pressure*  in  any  surface,  is  the 

point  traversed  by  the  resultant  of  the  whole  stress,  or  in  other 
words,  the  CcTUre  o/FaraUd  Forces  for  the  whole  stress.  From  the 
principles  already  proved  in  Chap.  IL,  Section  4,  it  follows,  that 


Fig.  42. 
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ihe  position  of  this  point  does  not  depend  upon  the  direotion  of  the 
stress,  nor  upon  its  absolute  magnitude ;  but  solely  on  the  form  of 
the  sur&ce  at  which  the  stress  acts,  and  on  the  proportioiis  between 
the  intensities  of  the  stress  at  different  points. 

As  in  Article  88,  conceive  a  figure  approximating  to  that  of  Ae 
given  plane  surface  AAA  (fig.  40),  to  be  composed  of  several  small 
rectangles ;  let  « /3  denote  the  angles  which  the  direction  of  the  strea 
makes  with  O  X,  O  Y  respectively.  Then  the  moments,  relative  to 
the  co-ordinate  planes,  Z  O  X,  Z  O  Y,  of  the  components  paralld 
to  those  planes  of  the  stress  on  a  a;  Ay,  are  given  by  the  approxh 
mate  equations. 

Moment  relatively  to  Z  OX,    ypAXAy    ^  ^Xnearlfi 
„  „  ZO  Y,-a:jp  Aoj  Ay  •  sin  «J  ^' 

Summing  all  such  moments,  and  passing  to  the  integral  or  limit  of 
the  sum,  as  in  former  examples,  we  find  the  following  expressioiu^ 
in  which  Xq  and  ^q  denote  the  co-ordinates  of  the  centre  of  stress; 

yoP'sin/3=:sin/3  /  /  yp'dxdy) 

Yr  > (1.) 

as^  P'sin«  =  sin«  /  /  xp'dxdyx 
Consequently  the  co-ordinates  of  the  centre  of  stress  are 

/  /  xp'dxdy  ^ 
I  j p'dxdy 

I  I  yp'dxdy 

yo  =  --^/-f ; 

lip  'dxdy 

which  are  evidently  the  same  with  the  co-ordinates,  parallel  to 
OX  and  OY,  of  the  centre  of  gravity  of  the  ideal  solid  of  fig.  41, 
whose  ordinates  z  are  proportional  to  the  intensity  of  the  pressoze 
at  the  points  on  which  they  stand. 

When  the  intensity  of  the  stress  is  positive  and  negative  at 
different  points  of  the  surface  AAA,  cases  occur  in  which  the 
positive  and  negative  parts  of  the  stress  balance  each  other,  so  that 
the  total  stress  is  nothing,  that  is  to  say, 

In  such  cases,  the  resultant  of  the  stress  (if  any)  is  a  couple,  and 
there  is  no  centre  of  stress.  This  case  will  be  further  considered 
in  the  sequeL 


a\)  = 


(2.) 
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90.  Ceatre  of  iJidAnn  8cr«n. — If  the  intensity  of  the  stress  be 
oniform,  the  factor  j9  in  equation  2  of  Article  89  becomes  constant^ 
and  may  be  removed  from  both  numerator  and  denominator  of  the 
expressions  for  ocq  and  y^  which  then  become  simply  the  co« 
ordinates  of  the  centre  of  gravity  of  aflat  pUUe  of  the  figure  AAA. 

This  also  appears  from  the  consideration,  that  the  surface  B  B 
in  fig.  41  becomes  a  plane  parallel  to  A  A,  and  the  solid  A  B  A  B, 
a  parallel-ended  prism  or  cylinder. 

91.  BloBieiit  of  iJiiifoniiiT  Tarjiiig  Sireas. — By  an  unifomdy 
va/rying  stress  is  understood  a  stress  whose  intensity,  at  a  given 
point  of  the  surfeice  to  which  it  is  applied,  is  proportional  to  the 
distance  of  that  point  fh)m  a  given  straight  line.  For  example,  let 
the  given  straight  line  be  taken  as  the  axis  O  Y ;  then  the  following 
equation 


p  =  aa?. 


(1.) 


a  being  a  constant,  represents  the  law  of  variation  of  the  intensity 
of  an  uniformly  varying  stress. 

The  amount  of  an  uniformly  varying  stress  is  given  by  the  equa- 
tion 

P=  r  I  p*dxdy=za  j  j  x'dxdy (2.) 

which,  if  the  axis  O  Y  traverses  the  centre  of  gravity  of  a  plaie  of 
€he  fjgwre  of  the  av/rface  of  action  A.  A  A.,  becomes  equal  to  nothing, 
the  positive  and  negative  values  of  p  balancing  each  other;  In 
this  case,  O  Y  is  called  a  neutral  axis  of  the  sarSsLCe  AAA. 

In  fig.  43,  let  AAA  represent  the  plane  surface  of  action  of  a 
stress;  let  O  be  its  centre  of  gravity  (that  is,  the  centre  of  gravity 
of  a  flat  plate  of  which  AAA 

is  the  figure);  -YOY  the  "  -v 

neutral  axis  of  the  stress 
applied;  —  XOX  perpendi- 
cular to  —YOY,  and  in  the 
plane  of  AAA;  — ZOZ 
perpendicular  to  that  plane. 
Conceive  a  plane  BB  inclined 
to  AAA  to  traverse  the 
neutral  axis,  and  to  form, 
with  the  plane  AAA,  a  pair 
of  wedges  bounded  by  a 
cylindrical  or  prismatic  surface  parallel  to  —  ZOZ.  The  ordinate 
z,  drawn  from  any  point  of  AAA  to  BB,  will  be  proportional  to 
the  intensity  of  the  Eftress  at  that  point  of  AAA,  and  will  indicate 
by  its  upward  or  downward  direction  whether  that  stress  is  positive 
or  n^;ative;  and  the  nullity  of  the  total  stress  will  be  indicated  by 


•iX. 


Fig.  43. 
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the  equality  of  the  positive  wedge  above  AAA,  and  the  n^tnre 
wedge  below  AAA  The  resultant  of  the  whole  stress  is  a  cotipk^ 
whose  moment,  and  the  position  of  its  axis,  are  found  in  tbfl 
following  manner,  hj  the  application  of  the  process  of  Chapi  UL, 
Sect  2,  Article  60. 

Let  «,  /9,  y,  be  the  angles  which  the  direction  of  the  stress  makes 
with  OX,  OY,  OZ,  respectively.  Let  AojAy  denote,  as  befoin^ 
the  area  of  a  small  rectangular  portion  of  the  surface,  x,  y,  the  co- 
ordinates of  its  centre  (for  which  ^  =  0),  and  ps^ax,  the  intemdtf 
of  the  stress  on  it,  so  that 

is  the  force  acting  on  this  rectangle. 

The  moments  of  this  force  relatively  to  the  thi*ee  axes  of  co-ordi- 
nates, are  found  to  be  as  follows,  by  making  the  proper  substitationB 
in  equation  2  of  Article  60 : — 

round  O  X;  a  P  •  y  cos  y ; 
„      OY;  — AP*a;cosy; 
„       OZ;  A  P  (a?  cos  ^  —  y  cos  «). 

Summing  and  integrating  those  moments,  the  following  are  found 
to  be  the  total  moments : — 

round  OX;  Ml  =  a  •  cosy  \  i  xydxdy 

„       0Y;M2  =  —  acoay  f  f  x^'dxdy  }.(3.) 

„       OZ;  Ma  =  a  Jcosi3  f  j  a^'dxdy  — cos »  f  j  xy'dxdyl 
For  the  sake  of  brevity,  let 

j  j x^'dxdy=il^  f  f  x'y'dxdy=zK; (3a.) 

then,  as  in  equation  7  of  Article  60,  we  find,  for  the  moment  of 
the  resultant  couple. 


=  a  •  ^  { (P  +  K»)  cos V  +  T/  cos^  /3  +  K*  •  cos*  • 

—  2  I K  •  cos  »  '  cos  /3. } 

=  a  V  (I*  *  si^^ «  +  K^ '  sin^  /S—  2 1 K  •  cos  tf  cos /3);...(4.) 

and  for  the  angles  a,  ^,  p,  made  by  the  axis  of  that  couple  with  the 
axes  of  co-ordinates,  we  find  the  angles  whose  cosines  are  as  follows:^ 

Ml  Mj  liE, 
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The  following  equation  is  easily  verified : — 

cos  «  cos  A  +  cos  |3  cos  ^  +  cos  y  cos  v  =  0. (^•^)- 

This  indicates  what  is  of  itself  obvious ;  that  the  axis  of  the  resul- 
tant couple  M  is  perpendicular  to  the  direction  of  the  stress. 

The  following  form  is  often  the  most  convenient  for  the  constant 
a.  Let  pi  he  the  intensity  of  the  stress  at  some  fixed  distance^  oci, 
from  the  neutral  axis;  then 

«-| -w 

92.  BEoMent  of  Hemming  streM. — ^If  the  uniformly  varying  stress 
be  normal  to  the  surfexje  at  which  it  acts ;  that  is  to  say  in  symbols, 

"  cos«  =  Oj  cos/3  =  0;  cosy  =  13 (1.) 

then  it  is  evident  that 

M,  =  0;  cos  v  =  0; (2.) 

or  in  words,  that  the  axis  of  the  resultant  couple  is  in  the  plane  of 
the  surface  AAA.  Such  a  stress  as  this  is  called  a  hendmg  stress, 
for  reasons  which  will  be  explained  in  treating  of  the  strength  of 
materials.  The  equations  of  Article  91,  when  applied  to  this  case, 
become  as  follows : — 

Mi  =  aK;  Ms  =  —  al, 
M  =  a-  J(VtK^', 
cos  A  =  sin  f6  =         K 

cos  ^  =  sin  ?^  =      —  I 

K 

.  *.  tan  ficz=.  —  —  ; 


(3.) 


If  the  figure  AAA  is  symmetrical  on  either  side  of  the  axis 
OX,  then  for  every  point  at  which  y  has  a  given  positive  value, 
tliere  is  a  corresponding  point  for  which  y  has  a  negative  value  of 
e([ual  amount ;  so  that  for  such  a  figure 

K=  \   \  xy'dxdy=0, 

and  the  same  equation  may  be  fulfilled  also  for  certain  unsymme- 
trical  figures.     In  this  case  we  have 

Mi=0;  M  =  Mo  =  — al;f^  =  0; (L) 

po  that  the  axis  of  the  couple  coincides  with  the  neutral  a^i^ 
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93.  Moment  of  TwisUng  sorcM. — !£  the  stress  be  tangentia],  iis 
tendency  is  obviously  to  ^t^^is^  the  sur£M;e  AAA  about  the  axis 
O  Z.     In  this  case  we  have 


cos 


7  =  0;  cos  «  =r  sin  3 ;  cos  fi  =  8in« ; 


Mi  =  0;M,  =  0;                                       .  .,v 

M  =  M5  =  a(Isin«-Kcos«);  «" ^^'^ 

cos  A  =  0 ;  cos  ^  =  0  j  cos  v  =  1. 

In  the  cases  referred  to  in  Article  92,  for  which  K  =  0,  we  find 

M  r=al  sin  «; (2.) 

80  that  in  these  cases  it  is  only  the  component  of  the  stress  parallel 
to  the  neutral  axis  which  produces  the  twisting  coupla 

94.    Centre  of  Uniformlf  Tfuring   StreM. — ^When   the   amount  of 

an  uniformly  varying  stress  has  magnitude,  that  stress  may  be  con- 
sidered as  made  up  of  two  parts,  viz. : — 

First,  an  uniform  stress,  whose  intensity  is  the  Tnecm  intensity  of 
the  entire  stress,  and  whose  centre  is  the  centre  of  figure,  0,  ol 
the  surface  of  action.  As  in  Article  88,  equation  5,  this  mean 
intensity  may  be  represented  by 

P         total  stress  „  . 

7^0  =  -Q-  « (1.) 

S  area  ^   ' 

Secondly/,  an  uniformly-varying  stress,  whose  neutral  axis  tra- 
verses O,  whose  amount  is  =  0,  and  whose  intensity,  p',  at  a  given 
point,  is  the  deviation  of  the  intensity  at  that  point  firom  the  mean; 
so  that  the  intensity  of  the  entire  stress  is  given  by  the  equation 

p=Po  +  p'=Po  -h  ax   (2.) 

Let  M  be  the  moment  of  this  second  part  of  the  stress;  its  effect, 
as  has  been  already  shown  in  Article  60,  case  2,  is  to  shift  the 
resultant  P  parallel  to  itself  through  a  distance 

L  =  f (3.) 

to  the  opposite  side  to  that  whose  name  designates  the  tendency  of 
the  couple  M;  and  the  direction  of  the  line  L  is  perpendicular  at 
once  to  that  of  the  stress,  and  to  that  of  the  axis  of  the  couple  M. 

The  co-ordinates  relatively  to  the  point  0  of  the  centre  of  stress 
as  thus  shifted,  being  the  point  where  the  line  of  action  of  the 
shifted  resultant  cuts  the  plane  of  AAA,  are  most  easily  found  by 
adapting  the  equation  2  of  Art  89  to  the  present  case,  as  follows:— 
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along  the 
neutral  axis 


(^.) 


perpendicular  |  f  fxp'-dxdy      af  fa?-  dxdy      al 

to  the        v^-_.«L£ ^   /_s! ^ . 

neutral  axis  ;  ^  P  P  ' 

\  \  {yv^'d^dy     af  j  xi/'dxdy     aK 

|yo=         p  =  p  =-p- 

The  angle  0  which  the  line  joining  0  and  the  centre  of  stress 
makes  with  the  neutral  axis  OT,  is  that  whose  cotangent  is 

cotan  0  =i^=a  ^ (5.) 

Xq  Jl 

This  line  will  he  called  the  axis  conjugate  to  the  neutral  axis 
—  Y  O  Y.     When  K  =  0,  it  is  perpendicidar  to  the  neutral  axis. 

95.    BIoBieiits  of  Inertia  of  a  Sorlace. — ^The  integral  I  =  /    /    «* 

•dxdy  is  sometimes  called  the  moment  of  inertia  of  the  surface 
AAA  relatively  to  the  neutral  axis  —  YOY.  This  is  a  term 
adopted  from  the  science  of  Dynamics  for  reasons  which  will  after- 
wainls  appear.  The  present  Article  is  intended  to  point  out  certain 
relations  which  exist  amongst  the  moments  of  inertia  of  a  plane 
surface  of  a  given  figure  relatively  to  different  neutral  axes ;  a 
knowledge  of  which  relations  is  useful  in  the  determination  of  the 
moment  of  a  bending  or  twisting  stress. 

Let  A  A  in  fig.  44  represent  a  plane  surface  of  any  figure,  O  its 
centre  of  gravity,  YO  Y,  XOX,  a  pair  of  rectangidar  axes  crossing 
each  other  at  O,  in  any  position. 

Taking  YOY  as  a  neutral  axis,  let 
the  moment  of  inertia  relatively  to  it  be 

1  =  j  I  a?  'dxdy; 

let  the  moment  of  inertia  re- 
latively to  XOX  as  a  neutral 
axis  be 

J  =  J  J  y^  'dxdyi 
and  let 


K.  =  I  I  xy  'dxdy. 


(1.) 


Now  let  Y'O  Y',  X'OX',  be  a  new  pair  of  rectangular  axes^  in 
any  position  making  the  angle 

YOY'  =  XOX  =  fi 
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with  the  original  pair  of  axes;  and  lot 

J'  =  f  jt/''dafd7/;       [  (2.) 

K'  =  j  jx'j/'dafdf/. 

The  following  relations  exist  between  the  origioal  co-ordinate8^ 
Xy  y,  of  a  given  point,  and  the  new  co-ordinates  txfy  y',  of  the  same 
point; 


a/  =zxco&fi  —  ysin/3;1 

2/  =  a;sin/3  +  y  cos /3;  > (3.) 

a/*  +  y"  =  x'  +  y'.         j 


(This  last  quantity,  which  is  the  square  of  the  distance  of  the 
given  point  from  O,  is  what  is  called  an  Isotropic  Function  of  the 
co-ordinates ;  being  of  equal  magnitude  in  whatsoever  position  the 
rectangular  co-ordiuates  are  placed.) 

From  the  equations  (3),  the  following  relations  are  easily  deduced 
between  the  original  integrals  I,  J,  K,  and  the  new  integrals 
r,J',K'.— 

r  =  I-cos'/3  +  J-sin»i8—  2K-cosi8sin/3;) 

J*  =  I  •  sin«  /3  +  J  •  cos'  /3  +   2  K  •  cos  /3  sin/8;  >...(4.) 

K'  =  (I  —  J)  cos  /3  •  sin/8  +  K  (cos^/3  —  sin»/3.)  j 

Also,  the  following  functions  of  those  integrals  are  found  to  be 

isotropic; 

I  +  J  =  r+J'=||(«»  +  f)'dwdy (5.) 

(called  the  p6l(Mr  momsnJt,  of  inertia) ; 

IJ  —  K«  =  r  J'  —  K'" (6.) 

Equation  5  may  be  thus  expressed  in  words  : — 

Theorem  I.  The  swm,  of  the  vMrnierds  of  inertia  of  a  swiflace 
rdativdy  to  a  pair  of  rectangular  neutral  axes  is  isotropic 

Equations  5  and  6  in  conjunction  lead  to  the  following  conse- 
quences. Because  the  sum  I'  +  J'  is  constant,  I'  must  be  a 
TYiflYinmiTn  and  J^  a  minimum  for  that  position  of  the  rectangular 
axes  which  makes  the  difference  T  —  J'  a  maximum.     And  because 

(I'_J/)«  =  (I/  +  J')t_4rj/^ 

r  —  J'  must  be  a  maximum  for  that  position  of  tlie  axis  which 
makes  I'  J'  a  mmimnTn,     But  by  equation  6, 1'  J'  —  K'*  is  constant 
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for  all  positions  of  iihe  axes;  therefore  wlien  K'  =  0,  I' J'  is  a 

tniTiiTnTmrij  I'  —  J'  a  Tna.yinmiTn^  I'  a  maxiinuin^  and  J'  a  TniniTmiTn- 

Hence  follows,  in  the  first  place, 

Theobeh  IL  In  every  plcme  surface  there  is  a  pair  of  rect- 
(mgukMT  Tv&ui/ral  a>xes  for  one  of  which  the  mxymjemJb  of  inertia  is 
greater,  cmd  for  the  other  less,  them  for  a/ny  ottier  nefuiraZ  aods. 

These  axes  are  called  Principal  A  xes.  Let  I,,  Ji,  be  the  maximum 
and  minimum  moments  of  inertia  relatively  to  them,  and  let  /3i  be 
ihe  angle  which  their  position  makes  with  the  originally-assumed 
axes ;  then  because  Kj  =  0,  we  have,  from  the  third  of  the  equa- 
tions (4) 

^^  ^      ^^cos^L«E^^-2K 

^^    cos''  /3i  -  sm*  /3i     I  —  J  ^   ' 

and  because  Ii  +  Jj  =  I  +  J,  and  Ii  Jj  =  IJ  —  K",  we  have,  by 
the  solution  of  a  quadratic  equation, 


(8-> 


The  position  of  the  principal  axes,  and  the  vahies  of  I„  J,,  being 
once  known,  the  integrals  P,  J',  K',  for  any  pair  of  axes  which  make 
the  angle  fi  with  the  principal  axes,  are  given  by  the  equations 


r  =  I,  cos*^'  +  Jisin"/3';      ) 

J'  =  Ii  sin^/S'  +  J,  cosV;      \ (9.) 

K'  =  (Ii  —  J,)  cos  /3'  sin  /3'.    j 


If  Ii  =  Ji,  then  r  =  J'  =  I],  and  K'  =  0,  for  all  axes  whatso- 
ever; and  the  given  figure  may  be  said  to  have  its  moment  of 
inertia  completely  isotropic. 

Next,  as  to  Conjugate  Axes.  By  equation  5,  Article  94,  we  have 
for  the  angle  which  the  axis  conjugate  to  O  Y  makes  with  O  Y 

cotan  6  z=  -    -, 

For  the  principal  axes,  K  =  0,  cotan  ^  =  0,  and  ^  is  a  right 
angle ;  from  which  follows — 

Theorem  III.  The  principal  axes  are  conjugate  to  each  otlier:—^ 
that  is,  if  either  of  them  bo  taken  for  neutral  axis,  the  other  will 
be  the  conjugate  axis. 

Returning  to  equation  4  of  the  present  Article,  let  us  suppose, 
tliat  the  axis  conjugate  to  the  onf];inally  assumed  neuti-al  axis  YO  Y, 
has  been  determined,  and  that  its  position  is  Y'O  Y',  so  that 

^  =  ^. 
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Let  this  conjugate  axis  be  assumed  as  a  new  neutral  axis.  Then  ^ 
int^rals  T,  J',  K',  belonging  to  it  are  determined  by  substitatiitf 
^  for  /3  in  the  equation  4;  that  is,  by  substituting  for  cos  fi  and 
sin  fi,  the  values  of  cos  0  and  sin  ^  in  terms  of  K  and  I,  viz. : — 


cos  ^  = 


K 


—  y 


sin  ^  = 


which  substitution  having  been  made,  we  find 

_I(IJ  — K«) 

_K(IJ-KO 

•^•"     r  +  K' 

Now  let  it  be  required  to  find  the  angle  ^,  which  the  new  eomr 
jugate  axis  makes  with  the  neio  Tveatral  axis  Y'O  Y^  This  an|^ 
is  given  by  the  equation 


,(10.) 


cotan  ff  :=  -z^  = 


whence 


-J.,   =  —   y    =  —  cotan  ^, 
^  =  — ^, 


.     ,  ai.) 

or  in  words, 

Theorek  it.  If  the  axis  conjugate  to  a  given  neutral  axu  le 
taken  as  a  new  neutral  axis,  the  original  neutral  axis  vnll  he  the  nsm 
conjugate  axis. 

The  following  mode  of  graphically  representing  the  preceding 

theorems  and  relations   depends  on  well 
known  properties  of  the  ellipse. 

In  fig.  45,  let  O  Xi  O  Y,  perpendicular 
to  each  other,  represent  the  principal  axes 
of  a  surface.     With  the  semi-axes, 


6  =  0Yi=   VJi  j 


Fig.  45. 


describe  an  ellipse,  so  that  the  squaie  of 
each  semi-axis  shall  represent  the  momssA 
of  inertia  round  the  other. 


Let  the  semidiameter  OY'  be  dra^vn  in  the  direction  of  any 
assumed  neutral  axis,  and  let  -^  Y^O  Y'  =  z^.     Draw  O  0  the 
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aemidiaxneter  conjugate  to  OY',  so  that  the  tangent  CT  shall  be 

panllelto  O  Y'.     Let  CT  =  t,  and  let  the  normal  OT  =  it.    Then 
it  is  well  known  that 

n^  =  a^  *  cos'  /S'  +  6'  sin'  fi;    \ 

and  that  I (13.) 

nt  =z  (a'  —  6*)*cos/3'-sini8';  J 

consequentlj^  comparing  this  equation  with  the  equation  9,  we  find, 

r  =  n*; 

K        t 


ootan  ^  =  -=-  =  -  =  cotan  Y'  O  C : 
I         n 


(14) 


80  that  the  square  of  the  normal  O  T  represents  the  moment  of 

inertia  for  the  neutral  axis  O  YV  and  the  semidiameter  OC  con- 
jugate to  O  Y'  is  also  the  conjugate  axis  of  the  neutral  axis  OY*. 
and  vice  versd. 

In  finding  the  moment  of  inertia  of  a  surface  of  complex  figure, 
it  may  sometimes  be  desirable  to  divide  it  into  parts^  each  of  more 
simple  figure,  find  the  moment  of  inertia  of  each,  and  add  the 
results  together. 

In  a  case  of  this  kind,  the  neutral  axis  of  the  whole  surface  will 
not  necessarily  traverse  the  centre  of  gravity  of  each  of  its  parts, 
and  it  becomes  necessary  to  use  formulae  for  finding  the  moment  of 
inertia  of  a  figure  relatively  to  an  axis  not  traversing  its  centre  of 
gravity. 

Let  O  Y  denote  such  an  axis,  x  the  distance  of  any  point  of  the 
given  figure  from  it,  and  Xq  the  distance  of  the  centre  of  gravity  of 
the  given  figure  from  the  axis  O  Y,  Through  that  centre  of  gravity 
conceive  an  axis  O'  Y'  to  be  drawn  parallel  to  O  Y ;  the  point  which 
is  at  the  distance  x  from  O  Y,  is  at  the  distance 

ixf  =^  X  —  Xq 
fromCY'. 
The  required  moment  of  inertia  is 

I  =  J  I  a?dxdyi 

but  aj*  =  a^  +  2a\,aj'  +  a:(''; 

therefore, 

I  =  a5jS  +  2rco  //  xf 'dxdy+  j  \  x'^  'dxdy; 

and  because  O' Y'  traverses  the  centre  of  gravity  of  S, 

/  /  X*  'dxdyz=  0; 

Q 
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flo  that  the  middle  term  of  the  expression  for  I  Tanuhea^  leKfing 

l  =  aiB  +  ffa/''dxdy; (W.) 

or  in  words, — 

Theorem  V:  The  moment  of  inertia  of  a  surface  rdaiivdyfom 
aada  not  traversing  its  cerU/re  of  gravity  is  grecUer  tluin  the  moment  (^ 
inertia  round  a  parallel  axis  traversing  its  centre  qfgramty,  by  the 
prodv/ct  ofUte  area  oftlie  surface  into  Hie  squcvre  of  the  distance  bekoem 
those  tvx)  axes. 

Tho  following  is  a  table  of  the  principal  (or  nia,xiTna  and  minima) 
m/ofnents  of  inertia  of  surfaces-of-action  of  stress  of  those  figures 
which  most  commonly  occur  in  practice  : — 

PiimrA.  Maximum  Ii  Miiiimiim  Jt 

^^«°^  (neutral axis  OY).  (neutral aads02> 

L  Rectangle. — ^Lengtli  along  OX, )  h^h  h  V 

A ;  breadth  along  O  Y,  6 /  12"  12" 

IL  S,.XB._Side  = /. ^;.  ^ 

ITL  Ellipse. — Longer  axis,  h )         vh^h  whV 

Shorter  axis,  6 ]         ~6¥~  g^  " 

IV.  Circle.— Diameter,  h -^  !^ 

64  64 

"V.  Hollow  symmetrical  figures;  sub- 
tract I  or  J  for  inner  figure,  fi'om 
I  or  J  for  outer  figure. 

VI.  Symmetrical  assemblage  of  reo-1  ^sj  im 

tangles ;  dimensions  of  any  one  I       a  •  -jo"  a  •  -To" 

A  II  aj,  6  II  y ;  distance  of  its  centre  [ 
fix)mOY,  a^jfromOX,  yo J      +2'^^^  -^^'hh^^ 

Section  3. — Oflrd&mal  Stress,  its  Composition  and  Resolution, 

96.*  Internal  Stress  in  OeneraL — If  a  body  be  conceived  to  be 
divided  into  two  parts  by  an  ideal  plane  traversing  it  in  ai^ 
direction,  the  force  exerted  between  those  two  parts  at  the  plane  of 
division  is  an  internal  stress.  The  finding  of  the  resultant^  and 
of  the  centre  of  stress,  for  an  internal  stress,  depend  upon  the 
principles  relating  to  stress  in  general,  which  have  been  explained 
in  the  last  section.  The  present  section  refers  to  a  different  clafls 
of  problems,  viz.,  the  relations  between  the  different 
which  can  exist  together  in  one  body  at  one  point. 
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A  body  may  be  divided  into  two  parts  by  a  plane  traversing  a 
given  point;  in  an  indefinite  number  of  ways,  by  varying  the  angulap 
position  of  the  plane ;  and  the  stress  which  acts  between  the  two 
parts  may  vary  in  direction^  or  intensity,  or  in  both,  as  the  position 
of  the  plane  varies.  The  object  of  the  present  section  is  to  show 
ihe  laws  of  such  variation ;  and  also  the  effect  of  appl3ring  different 
stresses  simultaneously  to  one  body. 

The  investigations  in  this  section  relate  strictly  to  stress  of 
wfdform  intensity  ;  but  their  i*esults  are  made  applicable  to  stress  of 
'vaariable  intensiiy  to  any  required  degree  of  accuracy,  by  sufficiently 
contracting  the  space  under  considei*ation,  so  that  the  variations  of 
the  stress  within  its  limits  shall  not  exceed  the  assigned  limits  of 
deviation  from  uniformity 

*     97.   simple  StrcM  and  Its  Normal  Intensitf. — ^A  simple  stresS  is  a 

pull  or  a  thrust     In  the  following  investigations  a  pull  will  be 
treated  as  positive,  and  a  thrust  as  negative. 

In  fig.  46,  let  a  prismatic  solid  body,  or  part  of  a 
solid  body,  whose  sides  are  parallel  to  the  axis  O  X, 
be  kept  in  equilibrio  by  a  pull  applied  in  opposite 
directions  to  its  two  ends^  of  uniform  intensity,  and 
of  the  amount  P. 

Let  an  ideal  plane  A  A,  perpendicular  to  O  X, 
be  conceived  to  divide  the  body  into  two  parts,  and 
let  the  area  of  that  plane  of  section  be  S.  That 
each  of  these  parts  may  be  in  equilibrio,  it  is 
necessary  that  they  should  act  upon  each  other,  at 
the  plane  of  section  A  A,  with  a  pull  in  the  direction 
O  X^  of  the  amount  P,  and  of  the  intensity 


This,  which  is  the  intensiiy  of  the  stress  as  distributed  over  a  plane 
nonnal  to  its  direction,  may  be  called  its  normal  intensity, 

98.   BedacUoB  of  Simple  Stress  to  an  Oblique  Plane. — Kext,  let 

the  plane  of  section  be  conceived  to  have  the  position  B  B,  oblique 
to  OX;  let  ON  be  a  line  normal  to  BB,  and  OT  a  line  at  the 
intersection  of  the  planes  BB  and  XOK  Let  the  obliquity  of 
the  plane  of  section  be  denoted  by 

^=^XON«^TOA 

The  two  parts  into  which  B  B  divides  the  body  must  exert  on 
each  other,  as  in  the  former  case,  a  pull  of  the  amoimt  P,  and  in 
the  direction  O  X  3  but  the  area  over  which  that  pull  is  distributed 
is  now 
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area  BB  = 3: 

consequently,  the  intensity  of  the  stress^  as  reduced  to  the  Migwi 
plane  qfaectiorif  is 

Pcos^ 

Pr  = g =Ps'CO80. 

99.    Rrsolation    of  Oblique    Btrem   iutm    Normal    mad    VwtmgeaM 

Components. — The  oblique  stress  P  on  the  plane  of  section  B  B ID17 
be  resolved  by  the  principles  of  Articles  55,  57,  into  two  compo- 
nents, viz.  : — 

Normal  component  a- )  -p        ^ 

long  ON, /  rcos^Fj 

Tangential  component )  -p    •    4 

along  OT, /  rsine', 

and  the  intensities  of  these  components  are, 

Normal ;       p^  =Pr  cos  ^  =:|?,* cos'  ^ ;       )  ^«  * 

Tangential ;  jp,  =Pr  sin  fi  =p,*  cos  0 sin  ^  j  '  '* 

Suppose  another  oblique  plane  of  section  to  cut  the  body  at  lij^ 
angles  to  B  B,  so  that  its  obliquity  is 

^='90^  —  ^; 

and  let  the  intensity  of  the  stress  on  the  new  plane  be  denoted  hf 
accented  letters ;  then 

P'n  =Pm' cosV=;).  •  sin'  ^ ; )  ,« v 

Pt  =  Vi\P*^P'^=PM\  )  ^  '' 

so  that  we  obtain  the  following 

Theorem.  On  a  pair  of  planes  of  section  wJiose  obliquities  an 
together  eqiud  to  a  rigJvb  angle,  tJie  tangential  compoTients  of  a  nmpfo 
stress  are  of  eqmiL  intensity,  and  the  intensities  oftlte  normal  eomr 
ponents  are  togetJier  equal  to  the  normal  intensity  of  the  stress. 

10().  Compound  Sirem  is  that  internal  condition  of  a  body  whidi 
is  made  by  the  combined  action  of  two  or  more  simple  stresses  in 
dififorent  directions.  A  compoimd  stress  is  known  when  the  dine* 
tions  and  the  intensities,  relatively  to  given  planes,  of  the  aimplA 
stresses  composing  it  are  known.  The  same  compound  stress  mtj 
be  analyzed  (as  the  ensuing  Articles  will  show)  into  groups  of  aimpk 
stresses,  in  different  ways  ;  such  groups  of  simple  stresses  are  nid 
to  be  equivalent  to  each  other.  The  problems  of  finding  of  a  group 
of  stresses  equivalent  to  another,  and  of  determiiiing  the  relations 
which  must  exist  between  co-existing  stresses,  are  solved  by  con- 
sidering the  conditions  of  equilibrium  of  some  internal  part  of  ^ 
solid,  of  prismatic  or  pyramidal  figure,  bounded  by  ideal  planes. 
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101.  Pair  of  CoBjngate  StreMes.— THEOREM.     1/  the  8tre88  on  a 

given  plane  m  a  body  he  in  a  given  direction^  ^is  stress  on  any 
plane  parallel  to  tliat  direction  must  be  in  a  direction  pa/rallel  to 
tlie  first-mentioned  plamje. 

In  ^g,  47,  let  YOY  represent,  in  section,  a  given  plane  tra- 
versing a  body,  and  let  the  stress  on 
that  plane  be  in  the  direction  X  O  X. 
Consider  the  condition  of  a  prismatic 
portion  of  the  body  represented  in  sec- 
tion by  ABCD,  bounded  by  a  pair 
of  planes  A  B,  D  C,  parallel  to  the  given 
pkuae,  and  a  pair  of  planes  A  D,  B  C, 
jjorallel  to  each  other  and  to  the  given 
direction  XOX,  and  having  for  its  ^ 

axis  a  line  in  the  plane  YOY,  cutting  '   Fig,  47. 

XOX  in  O. 

The  equal  resultant  forces  exerted  by  the  other  parts  of  the  body 
on  the  faces  AB  and  D  0  of  this  prism  are  directly  opposed,  their 
common  line  of  action  traversing  the  axis  O  ;  and  they  are  there- 
fore independently  balanced.  Therefore  the  forces  exerted  by  the 
other  parts  of  the  body  on  the  faces  A  D  and  B  0  of  the  prism 
must  be  independently  balanced,  and  have  their  resultants  directly 
opposed;  which  cannot  be  imless  their  direction  is  parallel  to  the 
pLine  YOY.     Therefore,  <fec.— Q.  E.  D. 

A  pair  of  stresses,  each  acting  on  a  plane  parallel  to  the  direction  of 
the  other,  are  said  to  be  conjugate.    In  a  rigid  body,  it  is  evident  that, 
their  intensities  are  independent  of  each  other,  and  that  they  may 
bo  of  the  same,  or  of  opposite  kinds: — a  pair  of  pulls,  a  pair  of" 
thrusts,  or  a  ])ull  and  a  thrust. 

In  those  cases  (of  frequent  occurrence  in  practice)  in  which  the 
planes  of  action  ot  a  pair  of  conjugate  stresses  are  both  j)eri)cn(li- 
cular  to  the  i>Iane  which  contains  their  two  directions,  their  obli- 
quity is  the  same,  being  the  complement  of  the  angle  which  they 
make  with  each  other. 

102.  Three  Conjugate  Stresses  may  act  together  in  one  body,  the 
direction  of  each  being  parallel  to  the  line  of  intersection  of  the 
planes  of  action  of  the  other  two ;  and  in  a  rigid  body,  the  kinds 
and  intensities  of  those  stresses  are  independent  of  each  other. 
Thus,  in  lig.  47,  if  X  O  X  and  YOY  represent  the  directions  of 
two  stnjsses,  each  acting  on  a  plane  which  traverses  the  direction 
of  the  other,  the  intersection  of  those  planes  (which  may  make  any 
anglo  with  XOX  and  Y  O  Y),  will  give  a  third  direction,  being 
that  of  a  third  stress  of  either  kind  and  of  any  intensity,  which 

may  act  on  the  piano  X  O  Y^  and  wUl  be  conjugate  to  each  oi  t\iQ 
o\her  twa 
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Three  is  the  greatest  nmnber  of  a  group  of  conjngate  stresses;  for 
it  is  evidently  impossible  to  introduce  a  fourth  stress  which  shall  be 
conjugate  at  once  to  each  of  the  other  three. 

The  relations  between  the  three  angles  which  the  directions  of 
three  conjugate  stresses  make  with  each  other,  the  three  MiqwiM 
of  those  stresses  (being  the  angles  which  they  make  with  the  per 
pendiculars  to  their  respective  planes  of  action),  and  the  three  ao^ 
which  those  perpendicidars  make  with  each  other,  as  found  by  the 
ordinary  rules  of  spherical  trigonometry,  are  given  by  the  following 
formulse. 

General  Case.  Let  x,  y^  z^  denote  the  directions  of  the  thxee 
conjugate  stresses; 

y  z,  zx,  xyy  their  inclinations  to  each  other; 
Uy  V,  Wy  the  directions  of  the  perpendiculars  to  their  planes  of 
action,  so  that  u  -L  plane  yZjV-J^  plane  zx,  w  -^  plane  xy; 

AAA  _ 

vw,  wu,  uv,  the  inclinations  of  those  perpendiculars  to  eadi 
other  ; 

AAA 

ux,  vyy  wz,  the  respective  obliquities  of  the  stresses. 
Then  those  nine  angles  are  related  as  follows : — 

JLiet  1  —  cos''  y  z  —  cos  zx  —  cos"  xy  •{-2  cos  y z  cos  zx  cos  xy 

_  =0; (1.) 

Then 
.     ^  ,7  0  A       cos«a3 'cosajv  —  cosv^ 

.       A       .       A  >  .       A         .       A  ^ 

amzx'smxy  suizx*snixy 

A  t  rt  A  AAA 

A                J  {J                  A        cosa;yco8v«  —  coazx 
eanwu= -^ ^;  co8wu=z ^ — ^^— ^ -^ ' 

anxy  'miyz  mixy  *miyz 

in  AAA 

'^               J  ^                  ^       cos  V  z  '  COS  ZX  —  COS  xy 
Bmuv  = y^ y^ ;  coauv  = ^ -^ -^ -• 

Bmyz'siazx  smyz^anzx 


(2.) 


^         JC  ^         JC  A  JO        ^. 

coaux=z-^^^—^;  cosvy  =  — ^^-^;  coawzzzz-^^-^....^^^) 

sin  yz  nanzx  sin  xy 

Bestricted  Case  I.  Suppose  two  of  the  stresses,  for  example^ 
those  parallel  to  x  and  ^,  to  be  perpendicular  to  each  other^  snd 
oblique  to  the  third.     Then 

coBx  y  =  0;  BUix  y  =  1;      I  .. 

C  =  1  —  cos^  y  z  -  cos^  z  x;  ) 


im^ 
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Bmvto  = 


A        —  COS  yz 

»  an  — . ^ • 


sin^o; 


sm^o; 


^           J Q              A        .—  cos  zx 
sm  wu  =  -— 5i — __  j  cos  wuz=. 


.        A 

Sin  yz 


.       A 

sm  uv  = 


4^ 

A 


.       A    ' 

smyz'SDi  zx 


.       A      ' 

A  A 

A         COS  y  z  •  cos  z  X 

.      A        .      A    ' 

smyz'smzx 


cos  i*  V  =: 


(&) 


A             JC                 A                /O 
f.  fK  ^—  — !3 •    ofta  01  -»/ 3l • 


cos  UX  = 


;  COS  vy  =: 


f^myz 


;  COS«£7«=:^C...(6.) 


sm  zx 


Kestbicted  Case  II.  Suppose  one  of  the  stresses  (such  as  z) 
to  be  perpendicular  to  the  ol^er  two^  which  are  oblique  to  each 
other.     Then 


cos  yz  =  0;  cos  zx  =zO; 
.A         T      .      A 
Baiiyz=z  1;  sui  zx  =1; 

C  =  sin'  ic  y. 
sin  -w t(?  =  1;  coBvw  =0;  (orvw  =  90^): 

A  A  A 

Bmwu  =  1;  cos  tt?w  =  0;  (or  wu  =  90^): 
A  .      A  A  a' 

sin  uv=:  sin  xy;  cos  uv  =  —  cos  x y; 

(or,  uv  +  xy  =  180°). 


.(7.) 


.(8.) 


A  .       A  A  .       A  A 

COS  tt  a?  =  smxy;  cos  v y  =  sin  a; y ;  cos  w z 

A  A  ^^.  A         A  ^ 

ort^o;  =  vy  =  90°  —  xy;  wz  =  0; 


=  1 


I. ...(9.) 


results  identical  with  those  given  at  the  end  of  Article  101. 

Hestricted  Case  III.  All  three  stresses  perpendicular  to  each 
other.  In  this  case  the  normals  to  the  three  planes  of  action  are 
perpendicular  to  each  other,  and  coincide  with  the  directions  of 
the  stresses. 

103.  Planes  of  Eqaal  Shear,  or  Tangential  StreM. — ThEORE])iL   If 

the  stresses  on  a  given  pair  qfplcmes  be  tangential  to  tJiose  planes,  and 
paraUd  to  a  third  pla/ne  which  is  perpendimlar  to  the  pair  ofpiamjes, 
those  stresses  must  he  of  equal  intensity. 

Let  the  third  plane  be  represented  by  the  plane  of  the  paper  in 
fig.  48y  and  let  the  pair  of  planes  on  which  the  stresses  are  iangem- 
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tiol,  and  i>amllol  to  the  plane  of  the  paper,  be  parallel  respectiyely 
to  AB  and  AD.     Consider  the  condition  of  a  right  prism  of  any 

length,  represented  in  section  by  ABCD,  and 

bounded  by  a  pair  of  parallel  planes,  AB,  CD, 

and  a  pair  of  parallel  planes,  AD,  CB.     Let  |^ 

denote  the  intensity  of  the  shear  or  tangential 

stress  on  AB,  CD,  and  planes  parallel  to  them, 

and  p\  the  intensity  of  the  shear,  or  tangential 

stress  on  AD,  CB,  and  planes  parallel  to  theiB. 

Fig.  48.  rj^^  forces  exerted  by  the  other  parts  of  the  body 

on  the  pair  of  faces  AB,  CD,  form  a  couple  (right-handed  in  tiw 

figure),  of  which  the  arm  is  the  perpendicular  distance  EF,  between 

AB  and  CD,  and  the  moment, — 

p, -areaAB-EF. 

The  forcos  exerted  by  the  other  parts  of  the  body  on  the  pair  o 
facias  AD,  CB,  form  a  couple  (left-handed  in  the  drawing),  of  whidi 

tlio  ana  is  the  i)erpendicular  distance  GH  between  AD  and  C^ 
and  the  moment 

p'.-areaAD-GH. 

The  equilibrium  of  the  prism  requires  that  these  opposite  moments 

shall  bo  equaL     But  the  products,  area  AB  *  EF,  and  area  AD  * 

GH  ai-e  equal,  each  of  them  being  the  volume  of  the  prism;  there- 
fore the  intensities  of  the  tangential  stresses 

are  equal. — Q.  E.  D, 

The  above  demonstration  shows  that  a  shear  upon,  a  given  plane 
cannot  exist  alone  as  a  solitary  or  simple  stress,  but  must  be  com- 
bined with  a  shear  of  equal  intensity  on  a  different  plane.  The 
tendency  of  the  action  of  the  pair  of  shearing  stresses  represented 
in  the  figure  on  the  prism  A  B  C  D  is  obviously  to  distort  itj  by 
lengthening  the  diagonal  DB,  and  shortening  the  diagonal  AO,  bo 
as  to  sliarpcn  the  angles  D  and  B,  and  flatten  the  angles  A  and  C 

104.  MireM  on  Three  Rectangular  Planes. — ThEOREIL  If  there  h( 

oblique  stress  on  three  planes  at  right  angles  to  each  other,  the  tamgential 
components  of  Hie  stress  on  any  two  of  tlu)se  planes  in  dtreeHaiU 
p(irallel  to  t?ie  third  plane  mvM  J^  of  eqtuxl  intensity, 

^  Let  yz,  zxy  xy,  denote  the  three  rectangular  planes  whose  intersec- 
tions are  the  rectangular  axes  of  x,  y,  and  z.  Consider  the  condition 
of  a  rectangular  portion  of  the  body,  having  its  three  pairs  of  fiuses 
parallel  respectively  to  the  three  planes,  and  its  centre  at  the  point 
of  intersection  of  the  three  axes.     Let  ABCD  (fig.  49),  represent 

the  section  of  that  rectangular  solid  by  the  plane  of  xy^  the  fitees 
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AB^  CD  being  parallel  to  the  plane  yz^  and  the  fJEices  AD^  CB^ 

to  the  plane  z  x.  Let  the  equal  and  parallel  lines  XB  represent 
the  intensities  of  the  forces  exerted  by  the  other  paiis  of  the  body 
on  the  pair  of  faces  AB,  CD;  resolve  each  of 

these  forces  into  a  component  "KN,  parallel  to 

the  plane  z  x,  and  a  tangential  component,  XT, 
parallel  to  the  axis  of  y;  the  resultants  of  the 
components  X  N  will  act  through  the  axis  of  z,  and 
will  produce  no  couple  round  that  axis;  the  com- 
ponents XT  will  form  a  couple  acting  round  that 
axis.  In  the  same  manner  the  intensities  of  the 
forces  exerted  on  the  faces  AD,  CB,  being  re- 
presented by  the  equal  and  parallel  lines,  Yr, 

are  resolved  into  the  components,  Yn,  whose  resul- 
tants act  through  the  axis  of  z,  and  the  compo- 
nents Yt,  which  form  a  couple  acting  round  that 
axis,  which,  by  the  conditions  of  equilibrium  of  the  rectangular 
so]id  ABCD,  must  be  equal  and  opposite  to  the  former  couple; 
and  by  reasoning  similar  to  that  of  Article  103,  it  is  shown  that 
the  intensities  of  the  tangential  stresses  constituting  these  couples, 

XT  =  yij, 

must  be  equal;  and  similar  demonstrations  apply  to  the  other 
planes  and  stresses. 

To  represent  this  symbolically: — ^let  p,  as  before,  denote  the 
intensity  of  a  stress;  and  let  small  letters  affixed  below  j9  be  used, 
the  first  small  letter  to  denote  the  direction  perpendicular  to  the 
plane  on  which  the  stress  acts,  and  the  second  to  denote  the  direc- 
tion of  the  stress  itself: — ^for  example,  let  p^,  denote  the  intensity 

of  the  stress  on  the  plane  normal  to  y  (that  is,  the  plane  zx),  in  the 
direction  of  z.  Then  resolving  the  stress  on  each  of  the  three 
rectangular  planes  into  three  rectangular  components,  we  have  the 
following  notation : — 

Plane.  Direction. 

X  y  z 

y± i>«  Pxp  ^^  \   . 

zx  p,,  py,  ;?„    y  intensities. 

«y     ' PSM     Pz,      PZM       J 

Then,  in  virtue  of  the  Theorems  of  Articles  101  and  102,  we 
have  the  normal  stresses,  PxjoPny  P*z9  conjugate  and  independent;  and 
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in  virtue  of  the  theorem  of  this  Article,  thsre  axe  lino  pmt  (f 
tangential  presses  o/equal  vntemity, 

Pr=P'.'>  P'=P'-''  P-=P^ 

[The  reader  who  'wiahes  to  cooiLse  his  attention  to  tlie  mm 

eimplo  class  of  problems  may  pass  at  once  to  Article  108,  page  95.] 

105.   VetnedroK  sf  Sifcm. —  Phoblem  I.     Ths  intertaUUs  of  ma 

amjugaie  stresses  on  three  plwnea  traversing  a  body  bang  given,  it  w 

required  to  Jind  i/ie  direction  and  intensity  ojtlie  B^resa  on  a  JhmA 

ptaate,  traversing  t/ie  same  body  in  any  direetioTt. 

^  In  fig.  50,  let  YOZ,  ZOX,  XOT,  befl» 

'  ~      three  planes,  on  which  act  coDJugate  Btranes  in 

the  directions  OX,  0  Y,  0  Z,  of  the  intenrntics 

p„  p^  pf    Draw  a  plane  parallel  to  the  fbnrtli 

plane,  cutting  the  three  conjugate  planes  in  1^ 

triangle  ABC,  so  as  to  form  with  them  the  tzi- 

angular  pyramid  or  tetraedron  O  A  B  C.    Thes 

-  must  the  Btresaea  on  the  four  triangular  &ces  di 

Fia  fiO  ^i»Bk   tetraedron  balance    each  other;  and  tlu 

total  stresH  on  A  B  C  will  be  equal  and  of^nsite 

to  tlie  resultant  of  the  total  stresses  on  OBC,  OCA,  and  OAK 

On  0  X,  O  Y,  O  Z,  respectively  take 

OD  =  total  stress  on  OBC  =y.  -  area  OBC, 

OE  =  total  stress  on  O  C  A  =  p,  ■  area  OCA, 

OF  =  total  stress  on  OAB=y.  ■  areaOAB. 

Complete  the  parallelopiped   O  D  E  F  B ;   then  will  its  diagonil 

OB  represent  the  direction  and  amount  of  the  total  stress  on  an 

area  of  the  foorth  plane  equal  to  that  of  A  B  C ;  and  the  intensi^ 

of  that  stress  will  be ^Wtt      Q-  E.  L 

Hence  it  appears,  that  if  the  stresses  on  three  conjugate  plane* 
in  a  body  be  given,  the  stress  on  any  other  plane  may  be  deter- 
mined; irom  which  it  follows,  Thai,  every  possible  system,  of  stresses 
u-kich  can  co-exist  in  a  body,  w  capable  ofhelny  resolved  into,  or  ex- 
pressed by  means  of,  a  system  ofUiree  conjugate  stresses. 

Problem  II.  The  directions  and  intensities  of  tlie  stresses  on  tKrM 
vectangvlar  co-ordinate  planes  being  given,  it  is  required  to  find  tit 
direction  and  intensity  of  t/te  stress  on  a  fourt/t  plane  in  any  pari- 

Let  the  plajies  YOZ,  ZOX,  X  0  Y,  in  fig.  60,  represent  the 
rectangular  co-ordinate  planes,  so  that  OX,  0  Y,  0 Z,  are  noto at 
right  angles  to  each  other  (instead  of  being,  as  in  Problem  L,  in 
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any  directions).  Beduce  the  three  given  stresses,  as  in  Article  104, 
to  rectangular  components,  with  the  notation  already  explained. 

Let  A  £  C,  as  in  Problem  L,  be  a  triangle  parallel  to  the  fourth 
plane,  enclosing,  -with  three  triangles  in  the  co-ordinate  planes,  the 
tetraedron  O  A  B  C.  The  total  stress  on  A  B  C  will  be  equal  and 
opposite  to  the  resultant  of  all  the  rectangular  components  of  the 
total  stresses  on  O  B  C,  O  C  A,  and  O  A  B. 

Therefore,  on  O  X,  O  Y,  O  Z,  respectively,  take 

OD=p^'axeaL  OBC  +  jo^'area  OCA  +  ;?,, 'area  OAB, 
0'E=p^'  area  OBC  +  p„'  area  OCA  +  ^y,  *  area  OAB, 
OF  =^Ps^  '  area  OBC  +  p,^'  area  OCA  +  p„'  area  OAB; 

Complete  the  rectangle  O  D  E  F  R ;  then  will  its  diagonal  O  R  re- 
present the  direction  and  amount  of  the  total  stress  on  an  area  of 
the  fourth  plane  equal  to  A  B  C,  and  the  intensity  of  that  stress 

mQ  be .  t>^.     Q.  E.  L 

areaABO  AAA 

To  express  this  algebraically,  let  xn,  yn,  zn,  denote  the  angles 

which  a  normal  to  the  fourth  plane  makes  with  the  three  rectangu- 

AAA 

lar  axes  respectively ;  xr,  yr,  zr,  the  angles  which  the  direction 
of  the  stress  on  that  plane  makes  with  the  three  rectangular  axes 
respectively;  and  Pr  the  intensity  of  that  stress.  Then,  it  is  well 
known  that  ^ 

area  O  B  C  =  area  ABC*  cos  x  w, 

area  O  C  A  =  area  ABC*  cos  y  n, 

area  O  A  B  =:  area  ABC*  cos  z  n^ 

80  that  the  rectangular  components  of  the  intensity  p^  are 

AAA 

p^  =:p„'cosxn  -h  p^g'cosyn  +  p^^g' cos  zn 

AAA 

Pn,=PM9  'COBxn  -h  p„'C08yn  +  jOy,  *  cos  zn 

AAA 

p^  =  pg^*cosxn  +  Pj^g '  cosyn  +  p^g ' cos  zn 

The  resultant  intensity  of  the  stress  required  is  given  by  the 
equation 

Pr=  jipz  +p:,  +pZ) (2.) 

and  its  direction  by  the  equation 

cos a?r  =  —  ;   cosyr=— ;    cos«r=— \^*y 


(1.) 
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Hence  it  appears,  that  if  tlie  rectangular  components  of  the  atres 
on  three  rectangular  planes  in  a  body  be  given,  the  stress  on  any 
fourth  plane  may  be  detormined;  from  which  it  follows,  Thalecenj 
possible  system  of  stresses  which  can  co-exist  in  a  body,  is  capable  of 
being  reeved  into,  or  expressed  by  means  of.  Hie  three  normal  streue^ 
and  the  six  pairs  o/tanyential  stresses,  on  tliree  rectangiUar  co-ordxnaU 
planes, 

106.  TransformaUoB  of  sircM. — For  the  direction  of  the  nonnal 
to  the  new  plane  of  action,  ABO,  which  direction  is  denoted  bj  n 
in  Problem  IL  of  Article  105,  let  there  be  successively  assumed 
the  directions  of  three  new  rectangular  axes  a/,  f/,  s^,  and  let  it  be 
required  to  express  the  rectangular  components,  pjj,  &c,  of  a 
given  comiwund  stress  relatively  to  those  new  axes,  in  terms  of  the 
rectangular  components,  p,^  «kc.,  of  the  same  compound  streas 
relatively  to  the  original  rectangular  axes,  x,  y,  z. 

To  solve  this  question,  let  n  be  taken  to  denote  any  one  of  the 
three  new  axes.  The  three  components,  parallel  to  the  original 
axes,  uf  the  sti-css  on  the  plane  normal  to  n,  are  given  by  equation 
1  of  Article  105.  Each  of  these  components  being  fiuther  resolved 
into  its  components  parallel  to  the  new  axes,  and  the  nine  com- 
ponents so  found  collected  into  three  sums  of  intensities  parallel  te 
the  new  axes,  the  following  results  are  obtained : — 

AAA, 
pj  =p„'COBXixf  +  p^'cosyx^  +  p„'CQ6zx  ; 

AAA, 

P^'=PnM'Cosxy'  -t-p^'cosyy'  +2?«.-cos«y'; 

A  A,  A, 

/>„'  =PnM  cosxsf  +  p^'cosyz  +  p„' cos zz. 

For  n  are  now  to  be  substituted  successively,  both  in  p^J,  &c,,  and 
in  the  values  of  jp„,  «kc.,  according  to  equation  1  of  Article  105,  the 
symbols  od,  y',  z' ;   and  thus  are  obtained  finally  the  following 
equations  of  transformation : — 
Normal  Stresses. — 

p,V  =Psm  <^Oii*  xx+p„  cos'  yo(f+p„  cos*  z  af 

-f"  J  p,,cosyx COS z X  +  2 p^^coszaf  COS  XX  +  2p^co6xx  coayx ; 

P99=PrM  cos^  xy'+p^  cos*  yy'+p,,  cos*zy 

-T  ^PfsCosyycoszy'  +  2jp„  cos  « y' cos  a?  y  +  2jp^ cos  ajy  cosy y'; 

,  A  o  A     ,  ,  A 

p/J  =  p„  cos^  ^  ^  +  Pn  ^^  y  ^  "tPsb  co»  «  ^ 

+  2pgg  cos  yz  cos  zz+  2p„  cos  ««  cos  a; «  +  2p^  oosxJoosyi^i 
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Tangential  Stresses. — 

'^  A  A  A  A  A 

ftV=/^«  cosojy'cosaj^f-fj^^cosyy  cosy :?! -^p^^  cos  zi/' cos  zsf 

,        A  A  A^        A^  ,         A  A,  A  A^ 

+  Ppz  y^oszyrcosysf  +  cosyy'coszuf)  +p„{cosxy'coszz  +  cos^^/'cosajc;^ 

,         A  A  A  A^ 

+  |?^(cosyy'co8a;«'  +  cosxy'cosyZ'); 

A  A  A  A  A  A, 

jt)//=j[?^cosa:«  COS  ajar +1?^  cosy  «' cosy  ic'  +  /?„  COS  «5^  cos  zx 

,        A,  A^  A,         A^  ^         A,        A,  A  A 

+  Py,(cos«5?cosya5'  +  cosyafcos«aj^  +^,,(cosa3«  cos«c  +  cos«2;'cosa»/) 

A  A  A  A  ^ 

+P;^(cosy«'cosa;a5'+  cosa;«'cosya3'); 

,  A  A  A  A  ,  A  A 

^,'y  =i?„  COS  a;  a'  COS  a;  y*  +  j9^  COS  y  aj'  COS  y  y  +  /?„  cos  5?  aj'  cos  ^y^ 

,    A     A       A     A  ^      ,    A     A,      A,    A , 

+^y,(cos«arcosyy  4-cosya:'cos5?y')  +  jo„(cosa3a;'cos2y  +  cos;2a;  cosary') 

^,        '^  ,  A,        A  ^ 

+/?^  (cos  yar  cos  a? y  +  cos  a? a;  cosy  y). 

The  two  systems  of  component  stresses,  p„,  &c.,  relative  to  the 
axes  aj,  y,  sr,  and  jp,V,  &c.,  relative  to  the  axes  a/,  y',  ;2^,  which  con- 
stitute the  saTm  compound  stress,  are  said  to  be  equivalent  to  each 
other. 

107.  Principal  Axes  of  StreM. — THEOREM.  For  every  state  of 
stress  in  a  body,  there  is  a  system  of  three  planes  perpendicuta/r  to  each 
other,  on  each  of  which  the  stress  is  wholly  norm>at. 

Referring  to  the  equation  3  of  Article  105,  it  is  evident  that  the 
condition,  that  the  direction  of  stress  on  a  plane  shall  coincide  with 
the  normal  to  that  plane,  is  expressed  by  the  equations 

A       Pna  A  A       p^  A 

cosasr  =  —  =  cosa;n:  cosyr  =  —  =  cosyw: 

A        5?„,  A 

cos«r  =  —  =  cos«w (1.; 


P^ 


r 


Introducing  these  values  into  the  equation  1  of  Article  105,  we 
obtain  the  following  : — 


A  A  '^       A 

(Pw-Pr)cosa;7j  +jt?^cosy7j  +  p„coszn=:\) ; 

A        ,  X         A  ^       A 

p^ cosxn-\-  {p„  -pr)  cos y  7j H-^y, cos« w  =  U  ; 

A  A     ,  ,  V  '^        /v 

p„  cosxn  +p„  cos  y  n +(/?,,  —  p,)  cos  «  n  =  0. 


' C^v 
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From  these  equations,  by  elimination  of  the  thzee  ixmnsB,  u 
obtained  the  following  cubic  equation  ; — 

Py.PMM-^P'.P*.  +Pr,P„  -pI  -P^m  -l>i  =  B  ;         1(3.) 
PsMPnP,.  +  ^Pf.P,.P.9  -P"P^'  '-P«,P!»-P»Pi  =  Gf  J 
Then  p;- Ai>J  +  B;>,-C  =  0 (4) 

The  solution  of  tliis  cubic  equation  gives  three  roots,  or  values  of 
the  stress  j)^,  which  satisfy  the  condition  of  being  normal  to  their 
planes  uf  action;  and  according  to  the  properties  of  conjugate 
stresses  stated  in  Article  102,  the  directions  of  those  three  normal 
stresses  must  bo  perpendicular  to  each  other. — Q.  E.  D. 

The  three  conjugate  normal  stresses  are  called ^p^mct^TO^  strma, 
and  tlicir  directions,  principal  axes  of  stress. 

li  Pr  denote  the  intensity  of  one  of  those  principal  stresses,  the 
angles  which  it  makes  with  the  originally  assumed  axes  of  a?,  y,  z,  are 
found  by  means  of  the  following  equations,  deduced  by  elinunation 
from  the  equation  2  of  this  Article  : — 

cos  a; n {r„Psf  +  (Pr  - P«)jP,4  =  cos  y  n  {p^jp,,  +  {Pr-p„)Ps^ 

=  cos5?njp^5?„+(p,-j9„)2?^] (5.) 

Letpi,ps,p9,  denote  the  three  values  of  p,,  which  satisfy  equation 
4.  Then,  from  tlie  well  known  properties  of  equations,  it  follows 
that  the  co-eiEcients  of  that  equation  have  the  following  values : — 

^=Pi+P^+Pz\       1 
^^PtPi+PzPl+PlP2\  \ (6.) 

^^PiPiPy  J 

Hence  it  appeal's,  that  for  a  given  state  of  stress,  the  three  fdnctions 
denoted  by  A,  B,  C,  in  the  equations  3  and  6,  are  the  same  for  all 
positions  of  the  set  of  rectangular  axes  of  x,  y,  z,  or  are  isotropic,  in 
the  sense  already  explained  in  Article  95. 

Let  the  principal  axes  of  stress  now  be  taken  for  axes  of  rectan- 
gular co-ordinates,  and  denoted  by  x,y,z;  and  let  it  be  required  to 
lind  the  direction  and  the  intensity  p,  of  the  stress  on  a  plane  whose 

normal  makes  the  angles  xn,  yn,  zn,  with  those  axea  For  this 
purpose  the  equations  1, 2,  and  3,  of  Article  105,  are  to  be  modified 
by  making 

Pmm=Pi;  p„=p»  lP»=Ps;  P,.=PMM=Pn='^' 
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Ilmwa  obtain 

A  AAA 

p  COB  xp  =^j00s  xn;  p  cos  yp  =pg  coByn; 

n  A 

p  COS  zp  =  ^5  COS  zn (7.) 

p=z  J  Ifi^i'coB^  xn  +pi'  cos'  yn+pl'  cos'zn>  ...(8.) 
The  equations  7  are  easily  transformed  into  the  following  :— 

A  A  A  A  A  A 

cosajn_cosa3j»  .  cosyn    cosyp  ^  coBzn_coszp     .^^ 

V  Pi  P  P2  P  P^ 

Which  equations  being  squared  and  added,  and  the  square  root  of 
the  sum  ejctracted,  give  the  following  value  for  the  reciprocal  of  the 
intensity  required  : — 

■1=  yj  co^xp    cos-y^     cos^^;?  ( qO.) 

^'         \      f^  f^  Pi     ) 

the  well  known  equation  of  an  ellipsoid,  in  which  jp„  p^,  p^,  denote 

the  three  semi-axes,  and  p  the  semidiameter  in  any  given  direction. 

The  cosine  of  the  obliquiti/  of  the  stress  p  is  given  by  the  equation 

A  A  A  A  A     ,  A  A 

cos  np  =:  cos  x  n  cos  x  p  ■\'  cos  y  n  cos  yp  +  cos  z  n  cos  zp 

C        ^    A  A  A 

_.  P  J  COS* 03/?  ,  cos^ yp.co^zp 
\  ~Pi~'     '~P»'         Pz 

=  -  {pi cos" X  n  +;?« cos' yn+  Pi  cos' zn) ; (11.) 

P 

and  this  cosine,  by  being 

positive  ]  indicates  ( a  pull 
notliiiif^  V  that  tho  <  a  shear 
negative  j  stress p  ia  [a,  thrust 

108.    8treM  Parallel  to  One  Plane. — In  most  piuctical  questions 

respecting  the  stress  in  structures,  the  directions  of  the  stresses 
chiefly  to  be  considered  are  parallel  to  one  plane,  to  which  their 
()lancs  of  action  are  perpendicular,  the  remaining  stress,  if  any, 
)>eing  a  principal  stress,  and  pei-pendicular  to  the  plane  to  which  the 
others  are  parallel 

The  problems  concerning  the  relations  amongst  stresses  parallel 
to  one  plane,  might  be  solved  by  considering  them  as  particular 
cases  of  the  more  gonenil  problems  respecting  stresses  in  any  direc- 
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tion.  which  have  lx>on  treated  of  in  Articles  105,  106,  and  107; 
but  tho  oi)iiipK'xity  of  the  investigations  and  results  in  those 
Artiolos,  makes  it  profemble  to  demonstrate  the  principles  relating 
to  8tn*ssi*a  jxarallol  to  one  plane,  independently. 

pROULKM  I.  The  intensities  mid  directions  of  a  j>air  of  conjuqak 
nfiY*v,*,  parallel  to  a  plane  xrhich  is  perpendicuta/r  to  tJieir  plinssoj 
action^  being  given  ^  it  is  required  to  find  Hie  direction  cmd  irUeTisityif 
the  stress  on  a  fourth  plane^  perpendicular  also  to  Hie  first  Tnentwrned 
}^anc. 

In  tig.  d  1,  lot  tho  piano  of  the  paper  represent  the  plane  to  which 

X  the  stresses  are  parallel  ^  let  O  X  and 

O  Y  represent  the  directions  of  the  pair 
of  conjugate  stresses,  whose  intensities 
are  p^  and  jo, ;  and  let  A  B  be  the  plane, 
the  stress  on  which  is  sought.  Consider 
the  condition  of  a  prism,  O  A  B,  bounded 
"o  h""*:  V  hy  tho  plane  A  B,  and  by  planes  parallel 
^'iJ-  51-  to  O X  and  O  Y  respectively.    The  force 

oxortiHl  bv  tho  othor  |iarts  of  tho  body  on  the  face  O  A  of  the 
prism,  will  W  pn>iKirtional  to 

p/  07V ; 

on  O  Y  tako  O  K  to  n^prosont  that  foixio.  The  force  exerted  by  the 
othor  p;\rls  of  tho  body  on  tho  face  O  B  of  the  prism,  will  be  joo- 
portional  to 

on  O  X  tako  D  D  to  represent  this  force.  Tlio  force  exerted  by  the 
othor  jiart^s  of  tho  body  on  tho  face  A  B  of  the  prism,  must  balance 
tho  forooH  exerted  on  O  A  and  A  B  ;  therefore  complete  the  pezal- 

lologrjim  (^D  R  E  ;  its  diagonal  OR  will  represent  the  direction  and 
amount  of  the  stress  on  A  B,  and  the  intensity  of  that  stress  will  be 

OR 

^     .  f/)!'OB'  +  /?;  •  OA'  +  2p,;?,  'OB  -OATcos^XOy) 
^\  OB=+OA^-20B-0"Acos^XOY.  j 

The  parallelogram  marked  in  the  figure  with  the  capital  letten 
R,  E,  corresponds  to  the  case  in  which  p,  and  p^  are  of  the  soms 
kind,  both  pulls,  or  both  thrusts,  in  which  case  p^  is  of  the  Bft^mi* 
kind  also ;  the  parallelogram  marked  with  tho  small  letters,  r,  e^ 
corresponds  to  tho  case  in  which  p,  and  p^  are  of  opposite  kinds,  one 
being  a  pull  and  the  other  a  thrust ;  in  which  case  p^  agrees  in  kind 
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Fig.  62. 


with  that  one  of  the  given  cot\jiigate  stresses  whose  diitietion  iklls 
to  the  same  side  of  A  B  with  it  When  0,.  is  parallel  to  A I]^  p^  Is 
a  shear,  or  tangential  stress. 

Pboblex  IL  The  irUensitles  afut  directions  qftke  stt^esiies  on  a 
pcwr  qf  planes  perpendicular  to  each  other  and  to  a  plane  to  tofttc^  th4 
stresses  are  paraUdy  bei^tg  givefiy  it  is  required  tojind  the  intensify 
and  direction  qfthe  stress  on  a  plane  in  any  position  perpendicular  to 
that  plans  to  which  the  stresses  are  paraUeU 

In  fig.  52,  let  the  plane  of  tlie  pqwr  represent 
the  plane  to  which  Uie  stresses  are  i>arallc],  and  ^ 
OX,  OY,  the  pair  of  rectangular  planes  on 
which  tlie  stresses  are  given.  Let  those  stresses 
Ixn  resolved,  as  in  Article  99,  into  roctangiilar 
normal  and  tangential  com}K>nents.  Let  p^x  de- 
note the  intensity  of  tlie  normal  stress  on  the 
plane  O  Y,  whicli  stress  is  parallel  to  O  X  ;  lot 
/Ly  denote  the  intensity  of  the  nomiftl  stn^hw  on 
the  plane  O  X,  which  stn^sa  is  imrallol  to  ()  Y. 

In  virtue  of  the  Thconmi  of  Article  103,  the 
tangential  stresses  on  those  two  pianos  must  bo  of  equal  intensity; 
and  they  may  tlierefore  be  denoted  by  one  symbol,  |>^,  which  sym- 
bol may  be  read  as  meaning 

the  intensity  of  f  oj  )   on  a  jilano   f  y )  , 
the  stnws  along  \y]   normal  to    (  ftj  J 

Let  0  N  be  a  lino  nonnnl  to  tln^  piano  ilu^  nin^HS  on  wliioli  is 

Fought,  making  with  OX  tlio  angle  X  O  N  =  ftJ7i,  Ocnmidor  ilio 
oiTulition  of  a  prism  O  A 15,  of  ilni  longili  ?mtVy,  bounded  by  ilio 
planoH  ()  A  .Ly,  ()Bj-.r,  A  B  .L  ()  JS".  Tlio  ar<»iw  of  the  faces  of 
that  prism  liavo  tlio  following  proporiioiiH  : — 

()  W  =  Aii  •  COS  xn ;  O A  :=  A  JJ  •  sin  xn, 

Tlio  forcos  ex(^rtod  on  tlio  facos  OA  and  OIJ,  in  a  dirooiion  parallel 
tn  j'y  I'onsisi  of  ilio  normal  sircsM  on  OlJ,  and  tlio  langcuiiial  HtroHS 
on  ()  A  ;  that  is  to  say, 

p^^jg  •  ()  J 5  +  pxy  •  ()  A  =  A.  H  •  -j  2hx'  COM  X  n  +  /Vy '  **'"  ^''^*  [  • 

lA'i  this  1k^  reprewiiiicid  by  ()  J). 

The;  for<!i«H ox(?ri<'d on  IIk*  far(«s  OA.  and  0  7^,  in  adirociif)n  paral 

h'l  ^^  1h  <-<'UHiHt  of  tlio  iKjrmal  sin^HH  on  OA,  and  tlio  tang«^niial 

HtniHfl  on  O  JJ ;  that  is  to  say, 

— .  —         —      [  A     ,  .      ^    ) 

P^rr'O  H  -h  f/yy'OA  =:  A  ir  -J  px^*  ^mmn-r  p^*mimn\  • 

Let  this  \i^i  reprcHOUtod  by  O  E. 

u 
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€V4ii{dete  the  rectangle  ODBE;  the  amoiint  and  direddon of 
the  stress  on  A  B  will  be  represented  by  its  diagonal, 

and  the  intenatttf  of  that  stress  by 

OR  r  A  A 

^  A  A      \ 

+  -^jcy  (/>rx +/>yy)  COS  aj  n '  sin  0?  71 5- (L) 

Fn^m  K  draw  R  P  perpendicular  to  the  normal  ON;  then  tiie 
norrtuii  and  the  tan^jential  components  of  the  total  stress  on  AB  viU  . 
bt*  n*prescntt\l  n*s|Kvtively  by 

OV  =  OD  •  cosa?n  +  OEsinajw; 


PR  =0D  sina;j»-OE 'COS  xn; 
aiul  the  uiteimties  of  these  components  by 

^^  a^r  '   2^  A.O  A.       Ax 

p^  ~  -=:  =  Pjpj  •  cos'  XH  +jpyy '  sm'a57i  +  2px^  •  cos  xn  •  sin  xn; 
AB 

•  —  m 

PR  A        .       A  ,  .   ,    A  ,     A . 

Jit  =  -izu-  =  (pju-Pn)  COS  orn  'Sin  an+J^ay  (sm  a;»-cos'  aw)., 
AB  ^ 

The  obiitputi/,  .^^  N  O  R  =  n  r,  of  the  stress  on  A  B  is  given  by 
the  equation 

isnnr  =  -^ (3-) 

Pn 
109.    Principal  Axes  of  BireM  Parallel  to  One  Plane. — ^ThEOBSL 

For  evert/  conditmi  of  stress  parallel  to  one  plane,  there  oflre  two  plana 
perpendicular  to  eaclb  other,  on  tchich  there  is  no  tangential  stress. 

As  in  Article  108,  let  the  three  rectangular  components^  jPxn 
Pw  Pryy  cf  the  stress  on  two  rectangular  planes,  O  Y,  OX,  be  givea 
The  condition,  that  there  shall  bo  no  tangential  stress  on  a  pkne 
normal  to  O  N,  is  expressed  by  making  ^^  =  0  in  the  second  of  the 
equations  2  of  that  Article;  and  in  order  that  this  may  be  fulfilled, 

we  must  have 

A       .     A 
cos  xn  'sinxn    _      pxy      , 

cos^ajw-sin'A      i^xx-pyy' 
or,  what  is  the  same  thing, 

tan  2  A  =      ^^^    ; (L) 

Pxx-Pw  ^ 
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C  A        .        . 

Jfr  Kow  for  two  values  of  x  n^  differing  by  a  right  angle^  the  values  of 
►■?.  A 

1imh2xn  are  equal;  hence  there  are  two  directions  of  the  normal 

ON  perpendicular  to  each  other,  which  fiiMl  the  condition  of  having 
.  lU)  tangential  stress. 

*  Those  two  directions  are  called  princvpal  aoces  of  atresSy  and  the 
K^ilEesses  along  them  (which  are  conjugate  to  each  other)  j^rvruApal 
dresses. 

There  may  be  a  third  principal  stress,  conjugate  and  at  right 

ngles  to  the  fbrst  two;  but  as^  with  one  exception^  the  ensuing  in-< 

^TQBtigations  of  this  section  relate  to  stresses  upon  planes  parallel  to 

rihe  direction  of  this  third  principal  stress,  which  does  not  affect 

mch  planes,  it  may  be  left  out  of  consideraiion. 

The  most  simple  mode  of  expressing  the  relations  amongst  inter- 
nal stresses  parallel  to  a  plane  is  obtained  by  taking  the  two  prin- 
cipal axes  of  stress  in  that  plane  for  axes  of  co-ordinates;  and  thifi 
^  18  done  in  the  ensuing  Artides. 

^       110.  Equal  Prtnctpal  StreMei*— Vlnid  PreM«re.r— ThEOBEK  I.    If  a 

'  fcnr  of  principal  stresses  he  of  the  same  hmd  a/nd  ofeqwtl  intensittf, 
^.  every  stress  pa/raMd  to  the  sa/me  pkme  isqfth^  same  kind,  of  equal  vr^ 
tamtf/f  a/nd  normal  to  its  pla/ne  of  action, 
^  la  ^,  53,  let  OX,  O  Y,  be  the  direc- 
tions of  the  given  principal  stresses,  and 
Pt9  Pf9  their  intensities.     By  the  condi- 
tions of  the  question,  those  intensities  are 
equal,  or 

Px=Pr 

Let  it  be  required  to  find  the  direction 
-  and  intensity  of  the  stress  on  any  plane 
k  ABi     As  in  Article  108,  consider  the 

oondition  of  the  triangular  prism  O  A  B; 

and  let  the  length  of  that  prism,  in  a 
' .  direction    perpendicular    to    the    plane 

X  0  Y  be  unity.     Then  the  total  stresses 
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on  the  £tces  OB  and  O  A  will  be  respectively — 

p,  •  O  B  and  ^y  •  O  A. 

On  O  X  and  O  Y  respectively,  take  01)  to  represent  p,  *  O  B,  and 
O  E  to  represent  py  •  O  A;  complete  the  rectangle  O  D  It  E;  thea 
its  diagonal  O  R  will  represent  the  amount  and  direction  of  the 

stress  on  the  face  A  B  of  the  prism,  and  the  intensiiy  of  that  stress 

wmbe  _ 

OR 

AB    =    ^^ 
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Now,  because  px=Ptf  we  have 

OD    _    OB    _    OR 

OB    "■    OA    ""    AB' 

and  consequently 

and  because  of  the  siinilarity  of  the  triangles  A  O  B,  O  E B^  OE 

is  perpendicular  to  A  B.  Therefore,  the  stress  on  each  plane  pea?* 
pendicular  to  X  O  Y  is  normal,  and  of  equal  intensity  in  all  diieo* 
tions.— Q.  E.  D. 

In  this  case  it  is  obvious,  that  eveiy  direction  in  the  plane 
X  O  Y  has  the  properties  of  an  cuds  of  stress. 

Corollary.  If  the  stress  in  all  directions  parallel  to  a  given  plane 
be  normal,  it  must  be  of  equal  intensity  in  all  those  directiona 

Theorem  II.  In  a  perfect  fluid,  the  pressu/re  at  a  given  poitU 
is  normal  and  of  equal  intensity  in  all  directions. 

Fluid  is  a  term  opposed  to  solid,  and  comprehending  the  liqiud 
and  gaseous  conditions  of  bodies,  which  have  been  defined  in  Article  4 
The  property  common  to  the  liquid  and  the  gaseous  conditionB  is 
that  of  n>ot  tending  to  preserve  a  definite  sha/pe,  and  the  possession  of 
this  property  by  a  body  in  perfection  throughout  all  its  parts,  con- 
stitutes tliat  body  a  perfect  fluid.  The  parts  of  a  body  i^esisting 
alteration  of  shape  must  exert  tangential  stress;  a  perfect  fluid  does 
not  resist  alteration  of  shape;  therefore  the  parts  of  a  perfect  fluid 
cannot  exert  tangential  stress;  therefore  the  stress  exerted  amongBt 
and  by  them  at  every  point  and  in  every  direction  is  normal ;  there- 
fore at  a  given  point,  it  is  of  equal  intensity  in  every  direction. 
— Q.  E.  D. 

This  theorem,  and  its  consequences,  form  the  branch  of  statioi 
called  Hydrostatics,  which  is  sometimes  treated  of  separately,  bat 
which,  in  this  treatise,  it  has  been  considered  more  convenient  to 
include  in  the  subject  of  the  statics  of  distributed  forces  in  genenL 

Gaseous  fluids  always  tend  to  expand,  so  that  the  stress  in  them 
is  always  a  pressure.  Liquid  fluids  are  capable  of  exerting  to  a 
slight  extent  tension,  or  resistance  to  dilatation,  as  well  as  pressure; 
but  in  all  cases  of  practical  importance  in  applied  mechanics,  the 
only  kind  of  stress  in  liquids  which  is  of  sufficient  magnitude  to  be 
considered,  is  pressfwre. 

The  tQTm  fluid  pressu/re  is  used  to  denote  a  thrust  which  is  nannal 
and  equally  intense  in  all  directions  round  a  point. 

The  idea  of  perfect  fluidity  is  not  absolutely  realized  by  actoal 
liquids,  they  having  all  more  or  less  a  tendency  in  their  parts  to 
resist  distortion,  which  is  called  viscosity,  and  which  constitutes  aa 
approach  to  the  solid  condition ;  nevertheless,  in  problems  of  applied 
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hydrostatics,  the  assumption  of  perfect  fluidity  gives  results  near 
enough  to  the  truth  for  practical  purposes. 

111.  Opposite  PrtBcipia  strcMcs. — ^Theoreil  If  a  pavT  of  pririr 
eipal  stresses  he  of  equal  intensities,  lub  of  opposite  Idnds,  the  stress 
on  any  pla/ne  perpendicular  to  the  pla/ne  of  the  directions  of  the 
principal  stresses  is  of  the  same  intensity,  aind  ike  amgles  which  its 
direction  makes  wUh  the  ruymud  to  its  pLa/ne  a/re  bisected  by  the  aooes 
of  principal  stress. 

In  flg.  5Z,  let  the  stresses  acting  along  the  rectangular  axes  OX, 
OY,  be  as  before,  of  equal  intensity;  but  let  them  now  be,  not  as 
before,  of  the  same  kind,  but  of  opposite  kinds,  one  being  a  thrust 
and  the  other  a  pull : — ^a  condition  expressed  by  the  equation 

and  let  it  be  required  to  And  the  direction  and  intensity  of  the  stress 

on  the  plane  A  B,  to  which  OR  is  normal  

In  this  case  OD  is  to  be  taken  as  before,  to  represent  ^«  *  OB, 
the  total  stress  on  the  face  OB  of  the  triangular  prism  O  A  B; 
but  instead  of  taking  OE  in  the  direction  from  O  towards  B,  to 
represent  the  total  stress  on  O  A,  viz.,  p^  •  OA,  we  are  now  to  take 
0(8  of  equal  length,  but  in  the  contrary  direction.  Complete  the 
rectangle  ODre;  then  the  diagonal  Or  will  represent  the  total  stress 
on  AB,     The  intensity  of  this  stress  is  the  same  as  before,  viz., 

but  its  direction  Or,  instead  of  being  perpendicular  to  AB,  makes  an 
angle  XOr  on  one  side  of  the  axis  OX,  equal  to  the  angle  XOR 
which  the  normal  OK  makes  on  the  other  side  of  that  axis;  and 
O  X  bisects  the  angle  of  obliquity  R  Or. — Q.  E.  D. 

The  stress  p^  agrees  in  kind  with  that  one  of  the  principal  stresses 
to  which  its  direction  is  nearest ;  and  when  it  makes  angles  of  45° 
-with  each  of  the  axes,  it  is  shea/rin^  or  ta/ngenJbial;  so  that  a  pull 
and  a  thrust  of  equal  intensity,  on  a  pair  of  planes  at  right  angles  to 
each  other,  are  equivalent  to  a  pair  of  shearing  stresses  of  the 
same  intensity  on  a  pair  of  planes  at  right  angles  to  each  other, 
and  making  angles  of  45°  with  the  first  pair. 

112.  EUipM  of  strcM. — Problem  I.  A  pair  of  principal  stresses 
of  any  intensities,  and  of  the  sa/me  or  opposite  hinds,  being  given,  it  is 
required  to  find  the  direction  a/nd  intensity  of  the  stress  on  a  plane  in 
any  position  at  rigltt  angles  to  the  plane  parallel  to  which  the  two 
principal  stresses  act. 

Let  O  X  and  O  Y  (figs.  54  and  5^,  be  the  directions  of  the  two 
porindpal  stresses;  O  jL  being  the  direction  of  the  greater  stress. 
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Let  pg  be  the  intensiiy  of  the  greater  stress ; 
and  pg  that  of  the  less. 


— T 


—  T 


Q  Y 


The  kind  of  stress  to  which  each  of  these  belongs,  pull  or  thrasi^ 
is  to  be  distinguished  by  means  of  the  algebraical  signs.  If  a  pull 
is  considered  as  positive,  a  thrust  is  to  be  considered  as  n^[atiYe^ 
and  vice  versd.  It  is  in  general  convenient  to  consider  that  kind 
of  stress  as  positive  to  which  the  greater  principal  stress  belongs 
Pig.  54:  represents  the  case  in  which  p^  and  p^  are  of  the  same  kind; 
fig.  55  the  case  in  which  they  are  of  opposite  kinds.  In  all  tlie 
following  equations,  the  sign  of  ^,  is  held  to  be  implied  ia  that 
symbol 

Consider  the  two  equations 


Ps.= 


P.+P,  ■  P'—P,. 


^       P>  +^      P^  —  P^. 

From  these  it  appears,  that  the  pair  of  stresses,  jp«  and  p^  m&j  be 
considered  as  made  up  of  two  pairs  of  stresses,  viz.: — a  pair  of 
stresses  of  equal  intensity  and  of  the  same  kind,  whose  commoii 

value  is  ^',  and  a  pair  of  stresses  of  equal  intensilyi  bat 

opposite  kinds,  whose  values  are  +  ^'  ^  '^^ 

Kow  let  AB  be  the  plane  on  which  it  is  required  to  ascertain  the 
direction  and  intensity  of  the  stress,  and  O  N  a  normal  to  that  planfl^ 
making  with  the  aids  of  greatest  stress  the  angle 
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On  O  'N  take  O  M  ^  ^'  ^  ^';  this  "will  represent  a  normal  stress 

on  AB  of  the  same  kind  with  the  greater  principal  stress^  and  of 
Cbn  intensity  which  is  a  mean  between  the  intensities  of  the  two 
principal  stresses ;  and  this,  according  to  Article  110,  Theorem  L, 

'Will  be  the  effect  upon  the  plane  AB,  of  the  pair  of  stresses  ^'     ^^ 

Through  M  draw  PMQ,  Tnalnng  with  the  axis  of  stress  the  same 
mngles  which  ON  makes,  but  in  tiie  opposite  direction;  that  is  to 

Bay,  take  M  P  =  MQ  =  MO.  On  the  line  thus  found  set  off  from 
M  towards  the  axis  of  greatest  stress,  M  It  =  ^'  ^  .  This,  ac- 
cording to  Article  111,  will  represent  the  direction  and  the  intensily 
of  the  obHque  stress  on  AB,  which  is  the  effect  of  the  pair  of  stresses 

2      • 

Join  OR  Then  will  that  line  represent  the  resultant  of  the 
fiaces  represented  by  OM  and  MR;  that  is  to  say,  the  direction  and 
intensity  of  the  entire  stress  on  AB.— Q.  E.  I. 

The  algebraical  expression  of  this  solution  is  easily  obtained  by 
means  of  the  formulse  of  plane  trigonometry,  and  consists  of  the  two 
following  equations: — 

Intensity,  ORorp^  =  J  {fi'co^xn  +pj-sin«a;w} (1.) 

an  equation  which  might  have  been  obtained  by  making  p^  =  0  in 
equation  1  of  Article  108,  Problem  IL 

Obliquity,  .^  N O It orn r. 
=  arc  sin  •  f sin  2xn'^^ — ^j (2.) 

This  obHquity  is  always  towards  the  axis  of  greatest  stress. 
In  fig.  54:,  p.and  p,  are  represented  as  being  of  the  same  kind; 
and  MIt  is  consequentiy  less  than  OM,  so  that  OR  fidls  on  the 

same  aide  of  OX  with  ON,  that  is  to  say,  nr  .^xn, In  fig.  55, 

p,  andp,  are  of  opposite  kinds,  MR  is  greater  than  OM,  and  OR 

fells  on  the  opposite  side  of  OX  to  OM;  that  is  to  bslj,  n r  7^  xn. 
The  locus  of  the  point  M  is  obviously  a  circle  of  the  radius 

y*  ^  ^y,  and  that  of  the  point  It,  an  ellipse  whose  semi-axes  are 

p.  and  p„  and  which  may  be  called  the  Ellipse  op  Strbm,  becaiwe 
its  semidiameter  in  any  direction  represents  the  intensity  of  the 
stress  in  that  direction. 
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The  prmnpal  stresses,  being  represented  lyy  the  semi-axes  of  this 
ellipse,  are  respectively  the  greatest  and  leasi  of  the  stresses  pandld 
to  the  plane  AOT. 

The  direct  and  shearin^y  or  normal  and  tangenUcU  components  of 

OR  =  j?,.  are  found  by  letting  Ml  a  perpendicular  from  E  upon 
O  N,  and  are  as  follows: — 

Direct,  p^  =  p,  •  cos^no;  +  p^'  sin'osn; (3.) 

Shearing,  pt  =  (p,  —  j?,)  cos  «ii  •  sinan; (4.) 

equations  which  might  have  been  deduced  from  the  equations  2  of 
Article  lOe?,  Problem  IL 

From  equation  3  it  is  obvious,  that  the  sum  of  the  normal  stressa 
on  a  pair  of  plcmes  at  right  cmgles  to  each  other  is  eqiuU  to  the  sum 
qf  the  principaZ  stresses ;  and  from  equation  4  follows  the  principle, 
already  demonstrated  otherwise  in  Article  104,  of  the  equality  of 
the  shearing  stress  on  a  pair  of  planes  perpendicular  to  each  other. 

Problem  II.  A  pair  of  principal  stresses  being  given,  it  is  reqyxrd 
to  Jind  the  positions  of  the  planes  on  which  the  shear,  or  tangential 
componetU  of  the  stress,  is  most  intense,  and  the  intensity  of  thai  slkoar. 
It  is  evident  that  the  shear  is  greatest  when  M  R  is  perpendicular 

to  O  M;  and  then  M  R  itself  represents  the  intensity  of  the  shears 
that  is  to  say, 

maximum  p,  =  ^*       ■  ^  (5.) 

In  this  case,  A  B  is  either  of  the  two  planes  which  make  angles 
of  45°  with  the  axes  of  stress. 

Problem  III.  To  find  the  planes  on  which  the  obliquity  of  the 
^ress  is  greatest,  the  intensity  of  that  stress,  and  the  angle  of  its 
Migmty, 

Case  1.  When  the  pricinpal  stresses  are  of  the  same  kind.  (Fig,5i.) 
In  this  case  M  R  ^<^  M  O,  and  it  is  evident  that  the  angle  <d 

obliqidty,  ^<^  M  0  R  =  wr  is  greatest,  when  M  R  is  perpendicular 
to  O  R,  and  that  its  value  is  given  by  the  equation 


A  .      MR 

maximum  nr  -  arc •  sm  •  ■ 

OM 


=  arc  •  sin^f P? (6.) 

To  find  the  position  of  the  normal  O  jf  to  the  plane  A  B,  we  have  to 
consider  that, 
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but.^  PMN  =  ^^  MRO  +  .^  MOR 

=  90**  +  max.  nr; 
consequently  in  this  case^ 

^       90°  +  max.  nr  ,^. 

^"^  =• 2 (^-^ 

{an  obtuse  angle). 

And  for  the  position  of  the  plane  AB  itself,  we  have 

^vrkA        oAo         '^        ^^° — max.  nr  ,q. 

,^XOA  =  90°  —  xn=   2 (^'Z 

(an  acnte  angle). 

These  equations  apply  to  a  pair  of  planes,  making  equal  angles 
at  opposite  sides  of  O  X. 

l^e  intensity  of  the  most  oblique  stress  is  obviously 

Pr=  ^/(olP— ME?) 

=  V  {  ^£^-^£^  }  =  v(P.F,). (9.) 

or  a  mean  proportional  between  the  principal  stresses.      This  is 
otherwise  evident  from  the  consideration,  that  when  0  R  -L  PRQ, 

then  OR  =  V  (PR  '  RQ),  and  that  RQ  =  |?„  PR  =  |>^ 

Case  2.  When  the  principal  stresses  are  of  opposite  kinds  (fig.  55), 
it  is  evident,  that  the  most  oblique  stress  possible  is  a  tangential 
stress,  and  that  the  problem  amounts  to  finding  the  circumstances 
under  which  O  R  lies  in  the  plane  AB.  In  this  case  it  is  evident, 
that  the  triangle  OMR  becomes  right-angled  at  0,  and  conse- 
quently, that  the  intensity  of  the  stress  is  given  by  the  equation 

p,  =  JwR*-  ow)  =  ^  I  (y'-p>)'_(p» +!>>)'} 

=  J{-p.p,). (10.) 

being,  as  before,  a  mean  proportional  between  the  principal  stresses. 
The  product  —  />*  p,  is  a  positive  quantity,  notwithstanding  its 
negative  sign,  because  p,  in  this  case  is  implicitly  negative. 
The  position  of  the  normal  O  N  is  found  by  considering,  that 

xn  =  ^  ^PMN, 
2 

and  that        .^  PMN  =  ^  MOR  + -<-:  MRO 

=  90°  +  arc-sin^^-^^i 
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(11.) 


consequently, 

(an  obtuse  angle); 

^XOA=r  90^  — A  =  ^(90^  — arc-sin-^^iSrl 

2  1  i^*-AJ 

(an  acute  angle). 

In  these,  as  in  the  other  formulse  applicable  to  the  case  in  which 
p,  and  p,  are  of  opposite  Tnnda,  it  is  to  be-  borne  iu  mind  that  p, 
is  impiicUii/  negative^  and  that  consequently  p,  +  p,  means  the 
differencey  and  p,  —  j9,  the  9um^  of  the  arnihTrvdioal  vaX/um  dL  ^ 
principal  stresses. 

Pkobleh  IY.  THa  {nfensUies,  kinds,  cmd  obUquUies,  qfaniftm 
stresses  tchase  planes  qfciction  are  perpendicular  to  the  pkme  of  Mr 

directions,  being  given,  it  is  required  tofindtkn 
principal  stresses  amd  axes  of  stress.     Case  L 
WTien  the  given  stresses  a/re  of  the  samehmdi 
and  unequal. 

In  fig.  5Q,  let  A  B,  A'  'S,  represent  the 
given  planes,  O  N,  O  IT,  their  normals,  OB, 
O  E',  llie  stresses  upon  tiiem. 

Let  the  intensities  be  denoted  algebraically 
by 

p  =  OB,\p  =  OR', 

Fig.  56.  and  the  obliquities  by 

.^  NOR  =  Tir;  ^^  N'OR'=fA'. 

In  fig.  6Ty  take  O  N  to  represent  at  once  the  normals  to  both 
planes. 

Make  ^  NOR  =  nr-,  ^NOR  =  nV; 

OR=p;  OR  =  p'. 

Join  RR'y  bisect  it  in  S,  from  which  draw  SM  -1-  RR',  oattiog 

„  OMinM.  Join  MR^  MB', 
which  lines  are  evidently 
equal  Then  from  a  com- 
parison of  the  construction 
of  this  figure  with  the  gene- 
ration of  the  ellipse  of  streflB, 
as  described  under  ProbiGm 
Big.  67.  I.,  is  evident,  that 
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OM  =  ^'"t^";  Sk  =  MR'  =  ^'~^r.^ 

and  consequently  that  the  principal  stresses  are 

i7,  =  OM  +  MRi|?y=0M-MR; (12.) 

and  it  is  also  evident,  that  the  angles  made  by  the  axis  of  greatest 
stress,  "with  the  two  normals  respectively,  are 

A=-^^NMR;  aAi'=y^NMR'; (13.) 

irliicli  data  are  sufficient  to  determine  the  position  of  the  axes. — 
Q.  E.L 

Case  2.  When  the  given  stresses  a/re  of  opposite  hinds,  the  con- 
struction is  the  same  in  every  respect,  except  that  the  lesser  of  the 
given  stresses  must  be  represented  in  fig.  57  by  a  line  in  the  pro- 
longation  of  its  direction  beyond  O,  making  an  obtuse  angle  with 
O  N,  equal  to  the  supplement  of  its  obliquity. 

In  either  of  the  two  cases  that  have  been  stated,  the  angle 
between  the  normals  to  the  two  given  planes  must  have  one  or 
other  of  the  two  following  values  : — 

A,      f  either  a?  n'+ a?n~ -^NMS)  .^  .  . 

»»«  =  s         A,     A       ^,,„  r ^^^'> 

(or       xn  —  xn-^^UMS  ) 
according  as  the  two  normals  are  at  opposite  sides,  or  at  the  samo 
side  of  the  axis  of  greatest  stress. 

The  solution  of  cases  1  and  2  is  expressed  algebi-aically  by  the 
following  equations,  which  are  deduced  from  the  geometrical 
solution  by  means  of  well  loiown  formula  of  trigonometry  : — 

?i±fi  =  OM=  P'-P" ^; (15.) 

Zijpcoanr—j/coati'rJ 

^-~-^'  =  HR  =  MTK 
^  J^^P'-^^P^y  ^f-{p,+p,)pcoBnr^ 

=  ^|(PjLB:)!  +  p'2_(^^^^^)^eosnV}i (16.) 


„  A       2pcos7ir-»j,-p,  . 
cos  2  fic  n  =  -^^-— • — ^  ; 

A 

COS  jixn  =  — ^- — *-^  • 

P'-Pp 


.(17.) 
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In  using  these  equations,  it  is  to  be  observed  that  the  oanne  of 
an  obtuse  angle  is  negative. 

Simplified  Forms  o/Ccues  1  and  2. 

Oase  3.  WTien  the  tvx>  given  stresses  a/re  conjugatey  they  are  of 
equal  obliquity;  and  the  points  O,  B',  S,  B,  in  fig.  57 ,  are  in  one 
straight  line,  to  which  MS  is  perpendicular ;  the  angle  betweeu 
the  two  normals  being 

^NMS  =  »rii'  =  90^-+n'r (18.) 

In  this  case,  equation  15  becomes 

£^=OM=-F-±£L. (19) 

2  cos  nr 
equation  16  becomes 

e-«^i (20.) 

equations  17  are  modified  only  by  the  equality  of  wr'  to  nr. 

Case  4.  Wlien  the  planes  of  action  of  the  tvx>  given  stresses  aT6 
perpendicular  to  each  otiier,  M  S  is  perpendicular  and  It  B'  parallel 
to  O  N,  in  fig.  57,  so  that  we  have,  for  the  tangential  component  of 
each  stress, 

MS  ^psm  n  r  =  j/  sm  w V  =|7^ 
Let  the  normal  components  of  the  given  stresses  be  denoted  by 

Pn  =p  COS  n  r ;  p\ =p'coan  v. 
Then  equation  15  becomes 

2      ~      2      ' 

equation  16  becomes 


(21.) 


£r=^{(P-P:^Vl>?} (22.) 


2 
The  equations  17  become 

cos  2  aj  n  =  —  cos  2  a?  n' ^  &— £?  j 

or,  what  is  equivalent, 

tan  2  jcn  =  -  tan  2  a'n' =  — &- 

being  the  same  with  equation  1  of  Article  109. 


.(23.) 
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Pboblek  V.  7^  stress  in  every  direction  being  a  ih/nist,  and  ifia 
greatest  MiqmJty  being  given,  it  is  required  to  find  the  roHo  of  two 
conjugate  thrusts  whose  comvnwn  obliquity  is  given. 

Let  ^  denote  the  given  greatest  obliqtdty.  Then  according  to 
Problem  III, 

Let  n  r,  which  must  not  exceed  ^,  denote  the  common  obliquity 
of  a  pair  of  conjugate  thrusts,  so  that,  as  in  Problem  lY.,  case  3, 

90° +  nr 

shall  be  the  angle  between  the  normals  to  their  planes  of  action, 
and 

90^_nr 

the  angle  between  those  planes  themselves.  Let  p  be  the  intensity 
of  the  greater,  and  p'  that  of  the  less,  of  those  conjugate  thrusts 
whose  ratio  is  sought ;  then  dividing  equation  20  of  this  Article  by 
equation  19,  and  squaring  the  result,  we  find 

sin^^=f&^'V=  l-i£PL^^ (24.) 

or  transposing 

(p+pT^  cos' 71  r ^2^. 

^pp'  COB^<P 

Hence  it  follows  that  the  ratio  of  the  conjugate  stresses,  p,  p',  is 
that  of  the  two  roots  of  a  quadratic  equation. 

w' — 2coswr' w+cos'^=  0. ...(26.) 

that  is  to  say,  let  p  be  the  greater  thrust,  and  p^  the  less,  then 

p    COS  nr  —  J  (cos^  nr  —  cos^  ^) ^27,) 

^     cosnr-\-  fj (cos* nr-^ cos* 0) 

When  71  r  =  0,  this  becomes  the  ratio  of  the  principal  thrusts,  viz.  :— 

^,^l-8in^. ,28.) 

p,     1  +  sin  ^ ' 


when  nr=:(p,  the  ratio  becomes  that  of  equality. 
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113.   ConMned  SlreflMs  1m  Omo  PbuMr— PbOBLEIL     (rttWflAdnor 

nuU  intensUies  and  directions  of  amy  nwmher  ofaimpl/e  stresses  whom 
directions  are  in  the  same  plane;  required,  the  directions  and  inteiir 
sities  of  the  pair  of  principal  stresses  resulting  Jr am  their  combination, 

Distinguiali  the  pulls  from  the  thrusts  by  considering  the  kind 
whoso  sum  is  greatest  as  positive^  and  the  opposite  kind  as  negative; 
Assimie  two  planes  at  right  angles  to  each  other  (which  may  be 
called  planes  of  reduction),  to  each  of  which,  by  the  process  of 
Article  98,  reduce  all  the  given  stresses ;  and  then  resolve,  as  in 
Article  99,  each  of  the  reduced  stresses  thus  obtained  into  a  direct 
or  normal,  and  a  shearing  or  tangential  component.  Compnte 
(attending  to  the  positive  and  negative  signs)  the  two  sums  of  the 
direct  component  stresses  on  the  two  planes  of  reduction  respectively; 
compute  also  the  sum  of  the  shearing  components,  which  will  be 
the  same  for  each  plane  of  reduction :  lastly,  firom  the  pair  of  total 
direct  stresses,  and  the  total  shearing  stress,  thus  computed,  re- 
latively to  the  assumed  rectangular  planes  of  reduction,  determine, 
as  in  Article  112,  Problem  I  v .,  case  4,  the  directions  and  inten- 
sities of  the  resultant  principal  stresses. — Q.  E.  I. 

The  algebraical  expression  of  this  solution  is  as  follows : — ^Let  n 
be  taken  to  denote  the  normal  to  one  of  the  rectangular  planes  of 
reduction. 

Let  p  denote  the  normal  intensity  of  any  one  of  the  given  direct 

stresses,  and  np  the  angle  which  its  direction  makes  with  the 
normal  n.  The  symbol  2,  as  in  previous  examples,  denotes  the 
oixjration  of  taking  the  sum  of  a  set  of  quantities,  with  due  regard 
to  their  algebraical  signs,  that  is  to  say,  adding  the  positive  and 
subtracting  the  negative  quantities. 

The  direct  and  shearing  components  of  a  single  stress  p,  as 
reduced  to  the  rectangular  planes  of  reduction  respectively,  accord- 
ing to  the  principles  of  Article  99,  are  as  follows  : — 

Normal  <  ^^  *^®  plane  normal  ton,p  cos' np ; 
(  on  the  other  plane,  p  sin^  np ; 

Tangential  on  each  plane,  p  cos  n^  sin  n  p. 

Consequently,  the  total  direct  and  shearing  stresses  on  the  planes 
of  reduction,  are  as  follows  : — 

Normal,^^  T    .  .   an 

\P»=  2  V^  sin"  npj  ; 

Tangential,  jp^=  2  (p  cos  np  sin  np). 
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Introdacing  these  values  into  the  equations  21,  22,  and  23,  of 
jLrticle  112,  and  observing  that 

_2^,.oA  A         ...A  ^A 

cos  np  +  snrnp=l;  co^np  —  sm'nj}  =  cos  2nJ7, 

A      .A      1   .    ^  A 
coanp-Bmnp=-^8m2np, 

"we  obtain  the  following  results : — 


2 


'P (1.) 


2    '■"  "2  ^  iK^'pco^  2npJ  +  (2  •psin2n^)  j-—(2-) 

naj  =  -2  arc'tan — ^^^    ^^ (3.) 

3'^cos2w^ 

The  equation  2  is  capable  of  being  expressed  in  another  form,  as 
IbUowB.     Let  a,  a'  be  cmy  tioo  angles.     Then 

cos  a  cos  a'  +  sin  a  sin  a'  =  cos  (a — a*). 

IToir  the  quantity  under  the  sign  ^,  in  equation  2,  consists  of  the 
fallowing  classes  of  terms  : — 

1.  All  the  squares  23^  008*2  np; 

2.  All  the  products  2pp' cos  2 np 006  2 nj/; 
where  p,p\  are  cmy  pair  of  the  given  stresses ; 

3.  All  the  squares  j9^  sin'  2  np ; 

4.  All  the  products  2  p  jT  sin  2  np  sin  2  np'. 

The  first  and  third  of  these  classes  being  added  together,  make 

a  (jf);  the  second  and  fourth  make  2^{pp^ '  cos  2pp) ;  pp  being 
the  angle  between  p  and  p\     Equation  2  thus  becomes 

^^=1 V  {=  (^O  +  2  3  (py  cos  2pV)}  (4) 

From  the  equations  (1)  and  (4)  it  appears  that  the  intenaitiea  of 
the  principal  stresses  p,  and^^y  can  be  computed  without  assuming 
planes  of  reduction ;  for  the  only  angles  involved  in  this  pair  of 

equalioiis  are  the  several  angles  pjfy  which  the  given  stresses  make 
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with  each  other  when  compared  by  pairs  in  every  possible  com- 
bination. To  find  the  directions,  however,  of  those  principal  streasefl^ 
planes  of  reduction  must  be  assumed. 

In  using  the  equation  (4),  it  is  to  be  remembered  that  whoi 

2pp'  exceeds  dO%  we  have 

cos  2;?;)'  =  — cos  (l80*  — 2p^')- 

Section  4. — Of  the  Interned  EquUihriv/m  of  Stress  and  Weighty 

and  tite  Principles  o/ ff^/drostatics. 

114.  Tarying  Internal  streu. — The  investigations  of  the  preoed* 
ing  section  have  been  conducted  as  if  the  internal  stress,  whether 
simple  or  compound,  were  uniform  at  all  points  in  the  body  under 
consideration  j  but  their  results  are  nevertheless  correctly  applicable 
to  internal  stress  which  varies  from  point  to  point  of  the  body ; 
for  those  results  are  arrived  at  by  considering  the  conditions  of 
equilibrium  of  a  pyramidal  or  prismatic  portion  of  the  body  con- 
taining the  point  at  which  the  relations  amongst  the  component 
of  the  stress  are  to  be  determined;  and  when  the  stress  varies  from 
point  to  point,  then  by  supposing  the  pyramid  or  prism  to  be  small 
enough,  its  condition  of  stress  may  be  made  to  deviate  from  uni- 
formity to  an  extent  less  than  any  assigned  limit  of  deviation; 
but  the  truth  of  the  propositions  of  the  preceding  section  for  an 
uniform  stress  is  independent  of  the  size  of  the  prism  or  pyramid; 
therefore  they  can  be  proved  to  deviate  from  the  truth  for  a  vary- 
ing stress  by  less  than  any  assignable  error ;  therefore  they  musfc 
be  true  for  a  varying  as  well  as  for  an  uniform  stress. 

115.  Causes  of  TarTiny  Stress. — The  internal  stress  exerted 
amongst  the  parts  of  a  body,  may  vary  from  point  to  point,  from 
three  classes  of  causes,  viz. : — 

I.  Mutual  attractions  and  repulsions  between  the  parts  of  the 
body ; 

II.  Attractions  and  repulsions  exerted  between  the  parts  of  the 
body  in  question  and  external  bodies  ; 

IHt  Stress  exerted  between  the  body  in  question  and  external 
bodies  at  their  surfaces  of  contact. 

L  The  first  of  these  classes  of  causes  may  be  lefb  out  of  conffldera- 
tion  in  the  present  treatise ;  because  the  mutual  attractiojDis  and 
repulsions  of  the  parts  of  an  artificial  structure  are  too  small  to  be 
of  practical  importance  in  the  art  of  construction. 

II.  Of  the  second  class  of  causes,  the  only  force  which  is  of 
sufficient  magnitude  to  be  considered  in  the  art  of  constmctiGny  is 
toeigJU, 

lU.  The  consideration  of  the  third  class  of  causes  belongB  to 
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Fig.  68. 


the  subject  of  the  strength  of  materials,  which  will  be  treated  of  iu 
the  sequeL 

The  subject  of  the  present  section,  therefore,  is  the  relation  be- 
tween the  weight  of  the  parts  of  a  body,  and  the  variation  of  its 
condition  of  siress  &om  point  to  point. 

116.    0«Beral  ProMem  of  Internal  Equillbrinm* — Let  W  denote 

the  weight  per  unit  of  volume  of  a  body,  or  part  of  a  body,  and  let 
it  be  required  to  determine  what  modes  of  variation  of  internal 
stress  are  consistent  with  that  specific  gravity. 

Consider  the  condition  of  a  rectangular 
molecule  A  {^.  58),  bounded  by  ideal 
planes,  whose  edges  are  parallel  to  three 
rectangular  axes,  OX,  OY,  OZ.  The 
position  of  this  set  of  axes  is  immaterial 
to  the  result;  but  the  algebraic  formulse 
are  sunplified  by  assuming  one  axis  to  be 
vertical;  let  O  Z,  then,  be  vertical,  and 
let  distances  along  it  be  positive  upwards. 
Then  weight  must  be  treated  as  a  nega- 
tive force ;  and  the  weight  of  a  portion 
of  the  body  of  the  volume  Y  will  be  denoted  by 

-  «(?Y. 
Jjet  the  dimensions  of  the  molecule  A  be 

A  a;  parallel  to  OX, 
Ay  „  ij  OY, 
A«      „         „      OZ. 

Then  its  weight  is  represented  by 

—  w  *  lix  ny  Az. 

The  six  faces  will  be  designated  as  follows : — 

Farthest  from  O. 
The  pair  parallel  to  Y  O  Z 

zox 

XOY) 
(That  is,  the  horizontal  pair.)  J 

Let  the  six  intensities  of  the  components  of  the  stress  be  denoted 
as  in  Article  104,  viz. : — 

Normal,  pxx,  Pm  Ptz', 
Tangential,  pyg,  pgx,  Pxy 

As  for  the  agns  of  normal  stress,  let  pull  be  positive  and  thrust 

I 


99 

99 


99 


99 

99 


+  A;er  nx 
+  Aa?  Ay ) 
(the  upper.)  J 


Nearest  to  O. 
—  Ay  A« 

—  AZ  AX 

—  AX  Ay) 


(the  lower. 
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n^ativa     As  for  the  signs  of  tangential  stress^  let  those  sizesBeB 
be  considered  as  <  ^™+iIL  \  which  tend  to  make  the  pair  of  to- 
ners of  the  molecule  which  are  nearest  and    furthest  from  0 
{sharper ) 
flatter  j 

In  the  nrst  place,  let  the  rate  o/vcmaHon  of  the  stress,  of  -whak 
kind  soever^  fix>m  point  to  pointy  be  uniform;  that  is  to  say,  for 
example,  if  the  mean  intensity  of  any  one  of  the  oomponents  d 
the  stress  at  the  face  —  Ax  Ay  hep,  then  at  the  face  +  A  a;  A  y, 
whose  distance  from  ^  Ax  Ay  is  Az,  let  the  meRn  intensity  of 
the  same  component  be 

in  which  -p-  is  a  constant  co-efficient  or  factor,  meaning  '^  the  raJlB 

ofva^riadon  of  p  along  z,"  which  is  positive  or  negative,  according 
as  the  variation  of  p  is  of  the  same  or  of  the  contrary  kind  to  thtk 
of  z.  Bates  of  variation  are  also  known  by  the  name  of  differmSA 
coefficients.  Ajs  there  are  six  components  in  the  stress,  and  three 
axes  of  co-ordinates,  there  are  eighteen  possible  dijSerential  co- 
efficients of  the  stress  with  respect  to  the  co-ordinates ;  but  it  will 
presently  appear  that  nine  only  of  those  co-efficients  are  concenied 
in  the  solution  of  the  present  problem. 

The  relations  amongst  the  weight  of  the  molecule  A,  and  the 
variations  of  the  intensities  of  the  component  stresses  on  its  difEer- 
ent  faces,  depend  on  this  principle,  that  the  force  a/rising  from  th 
variations  of  stress  raust  balcmce  the  weight  of  the  molecule;  that  is 
to  say,  the  resultant  force  parallel  to  each  of  the  horizontal  axes, 
which  arises  from  the  variation  of  stress,  must  be  nothing,  and  the 
resultant  force  parallel  to  the  vertical  axis,  which  arises  from  the 
variation  of  stress,  must  be  vpwa/rd,  and  equal  to  tJie  weight  of  the 
TTVolecvle — a  principle  expressed  by  the  three  following  equa- 
tions : — 

-^Aaj-AyA«  +  -^Av  "A^Aa:  +  -^  a«  •  Aa:  Ay  =  0:  ' 
ax  ^  ay     ^  dz  o        ^ 


-p^^X'AflAZ  +  -^AV'AZAX  +  -^A«"AXAy=0: 

dx  ^  dy      ^  dz  ^        > 

J^AX-  Ay  AZ  +-p^Ay'AZAZ  +  ^AZ'AXAV 

dx  ^  dy     ^  dz  ^ 

=  W  AX  Ay  AZ, 


(1) 
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EbcH  of  the  nine  tenns  wMch  compose  the  left  sides  of  the  above 
eopations  is  the  product  of  four  Actors;  the  fbrst  bdng  the  rate  of 
Tanation  of  a  stress,  the  second  the  distance  between  two  &Ges  on 
which  that  stress  acts,  and  the  third  and  fouri^  the  dimensions  of 
those  &ces,  whose  product  is  their  common  area. 

Each  term  of  those  three  equations  contains  as  a  common  factor 
the  Tolume  of  the  molecule,  ax  ^yAz;  dividing  by  this,  they  are 
reduced  to  the  following : — 

dx  dy  dz  ' 


.(2.) 


dx  dy  dz  ^ 

dpzx      ,      dpyg  dptt 

dx  ay  dz 

In  this  second  form,  the  equations  are  applicable  to  rates  of  varia- 
tion which  are  not  uniform  as  well  as  to  those  which  are  uniform. 
For  as  the  rectangular  molecule,  £rom  the  conditions  of  whose 
eqTimbrium  these  equations  are  deduced,  is  of  arbitraiy  size,  it  may 
be  supposed  as  small  as  we  please;  and  when  the  rates  of  variation 
of  the  stress  are  not  imiform,  we  can  always,  by  supposing  the 
molecule  small  enough,  make  the  rates  of  variation  of  i^e  stresses 
throughout  its  bulk  deviate  from  imiform  i-ates  to  an  extent  less 
than  any  given  limit  of  error. 

The  equations  2  can  easily  be  modified  so  as  to  adapt  them  to 
any  different  arrangement  of  the  axes  of  co-ordinates.  Thus,  if  z 
be  made  positive  downwards  iu  stead  of  upwards,  —w  is  to  be  put 
for  V)  in  the  third  equation.  If  x  or  y,  instead  of  z,  be  made  the 
yertical  axis,  t(?  is  to  be  substituted  for  0  in  the  first  or  the  second 
equation,  as  the  case  may  be,  and  0  for  t&  in  the  third  equation. 
If  the  axes  of  x,  y,  and  z  make  respectively  the  angles  «,  /3,  and  y, 
with  a  line  pointing  vertically  upwards,  die  force  of  gravity  is  to 
be  resolved  into  three  rectangular  components,  each  of  which  must 
be  separately  balanced  by  variations  of  stress  ;  so  that  for 

0,  0,  w, 

in  the  first,  second,  and  third  equations  respectively,  axe  to  be- 
substituted 

w  cos  «,  V)  cos  /3,  V)  cos  V, 

The   equations  of  this  Article  are  not  in  general  sufficient  of 
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tliemselves  to  determine  the  mode  of  yariation  of  the  intensity  of 
the  stress  in  a  solid  body,  because  of  their  number  not  being  so 
grt^t  as  that  of  the  number  of  unknown  quantities  to  be  determined. 
They  have  therefore  to  be  combined  with  other  equations,  deduced 
from  the  relations  which  are  found  by  experiment  to  exist  between 
the  alterations  of  figure,  which  the  parts  of  a  solid  body  undezgo 
when  a  load  acts  on  it,  and  the  stresses  which  at  the  same  time  act 
amongst  the  disfigured  parts.  These  relations  belong  to  the  sub- 
ject of  elasticity  and  of  the  strength  of  materials,  and  not  to  that 
of  the  principles  of  statics.  The  remainder  of  the  present  section 
will  relate  to  those  more  simple  problems  which  can  be  solved  by 
means  of  the  equations  2  alone. 

117.  EqHiiibiiHiii  of  FinicU. — ^It  has  already  been  explained  in 
Article  110,  that  in  a  fluid  the  only  stress  to  be  considered  iii 
practice  is  a  thrust  or  pressure,  normal  and  of  equal  intensity 
in  all  directions.  This  is  expressed  sjrmbolically  in  the  following 
manner: — 

P,»  =  0;p„=z  0;  p^  =  0;^  /j  v 

p^=Pn=p»=p;         J ^'' 

the  single  symbol  p  being  used,  for  the  sake  of  convenience  and 
brevity,  to  denote  the  intensitt/  of  the  fluid  pressure  at  any  given  point 
in  the  fluid. 

In  adapting  the  equations  2  of  Article  116  to  this  case,  it  is  con- 
venient to  take  X  to  denote  vertical  co-ordinates,  and  to  make  it 
positive  downwards.  Then,  bearing  in  mind  that  p  is  now  a  thrust^ 
being  positive  (and  not  a  pull  when  positive  and  a  thrust  when 
negative,  as  in  the  genersd  problem),  we  obtain  the  following 
equations : — 

dp 


dx  =  ''' 


^-o-^-o- 


w 


The  first  of  these  equations  expresses  the  fact,  that  tVi  a  balanced 
fluid,  the  pressure  increases  with  the  vertical  depth,  at  a  raie  expressed 
by  the  weight  of  the  fluid  per  unit  of  volume;  and  the  second  and  third 
express  the  fact,  that  in  a  balanced  fluid,  the  pressure  has  no  variation 
in  any  horizontal  direction ;  in  other  words,  that  the  pressure  is  equal 
at  all  points  in  the  same  level  surface. 

[The  exact  figure  of  a  level  surface  is  spheroidal ;  but  for  pur- 
poses of  applied  mechanics  it  may  be  treated  as  a  plane,  without 
sensible  error.] 
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Those  principles  may  also  be  proved  directly.     Let  ^q.  59  re- 
present a  vertical  section  of  a  fluid;  ^ 

X  O  Y  any  horizontal  plane^  O  X  a       ^  ^" 

vertical  axis.     Let  BB  be  a  hori- 
zontal plane  at  the  depth  x  below  O;       d a 

C  C  another  horizontal  plane  at  the       -  '  " 


depth  X  -\-  AX,     Let  A  be  a  small 

rectangular  molecule  contained  be-  x 

tween  those  two  horizontal  planes;  F»g.  59. 

and  let  A  y  and  ^  «  be  its  horizontal  dimensions^  so  that  its  weight  is 

The  pressure  exerted  by  the  other  portions  of  the  fluid  against  the 
vertical  faces  of  this  molecule  are  horizontal^  and  must  balance  each 
other;  therefore  there  can  be  no  variation  of  pressure  horizontally. 
Let  po,  then,  be  the  uniform  pressure  at  the  horizontal  plane  YO  Y, 

p,  that  at  the  plane  B  B,  and  o  +  ■—-  ^  x  that  at  the  plane  C  0,  -~- 

a  X  a  X 

being  the  rate  of  increase  of  pressure  with  depth.     The  molecule  is 

pressed  downwards  by  the  pressure  whose  amount  is 

pAyAz, 

and  upwards  by  the  pressure  whose  amount  is 

(p  +  ^'Ax]^y^z. 
ax        / 

The  difference  between  those  forces,  viz.  :— 

dp 

has  to  be  balanced  by  the  weight  of  the  molecule;  equating  it  to 
which,  and  dividing  by  the  common  factor  ^x^y  ^z,we  obtain 
the  first  of  the  equations  2  of  this  Article. 

The  pressure  p^  at  the  surface  Y  Y  being  given,  the  pressure  p 
at  any  given  depth  x  below  Y  Y  is  found  by  means  of  the  integral, 

p  =  Po  +  \    -j^dx', 

that  is  to  say,  it  is  equal  to  the  pressure  at  the  plane  Y  Y,  added  to 
the  weight  of  a  vertical  column  of  the  fluid  whose  area  of  base  is 
wnityy  and  which  extends  from  the  plane  Y  Y  down  to  the  given 
depth  x  below  that  plane. 

It  is  obviously  necessary  to  the  equilibrium  of  a  fluid,  that  the 
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B  of  different  kinds  remain  in  contact,  xinoombined  and 
In  this  case,  the  condition  of  equilibrinm  is,  that  the 
f  two  fluids  at  each  point  of  their  snr&ce  of  contact  shaU 
3  each  other, — a  condition  which,  when  the  two  fluids 
erent  specific  gravities,  can  only  be  fulfilled  when  the 
contact  is  horizontal 

two  or  more  fluids  of  different  specific  gravities,  which 
ibine  nor  mix  with  each  other,  be  contained  in  one  vessel 
►ted  by  partitions,  they  will  arrange  themselves  in  hoii- 
ta,  the  heavier  fluids  being  below  the  lighter, 
fluids  of  diflerent  specific  gi-avities  be  contained  in  the 
:  a  tube  shaped  like  the  letter  U  (and  called  an  "inverted 
r  if  one  of  the  two  fluids  be  contained  in  a  vertical  tobe 
r,  and  the  other  in  the  space  surrounding  that  tube;  or, 
if  the  two  fluids  be  partially  separated  from  each  other  by 
or  nearly  vertical  partition,  below  which  there  is  a  com- 
1  between  the  spaces  on  either  side  of  it;  the  horizontal 
contact  of  the  fluids  will  be  at  that  side  of  the  partition, 
ihe  lighter  fluid  is  found,  so  that  it  may  be  above,  and  the 
id  below,  that  surface  of  contact 

enote  the  common  pressure  of  the  two  fluids  at  their  siu> 
itact,  and  let  any  ordinate  measured  from  that  surface 
»e  denoted  by  oc  Let  t</  denote  the  specific  gravity,  and 
sure,  of  the  lighter  fluid;  w"  the  specific  gravity,  and  p' 
re,  of  the  heavier  fluid.  Then  at  any  given  elevation  x 
sarf&ce  of  contact 

p'  ^Po—jl'i^dx; 

itions,  when  the  fluids  are  liquids,  and  uf,  to",  constants, 
p  =  Po  -  wx;  p"  =  po  ^  w^ X (2.) 

case  of  the  barometer,  and  the  mercurial  pressure  gauge, 
at  which  a  liquid  stands  in  a  tube,  closed  and  empty  at 
end,  above  its  surface  of  contact  with  another  flui(^  may 
determine  the  pressure  exerted  by  that  other  fluid  at  the 
x}ntact.     In  this  case,  y  =  0,  or  nearly  so ;  consequently 

Po  =  W7"a, (3.) 

5",  be  two  heights  above  the  surface  of  contact  at  which 
tive  pressures  of  the  lighter  and  the  heavier  fluid  are 
il  to  each  other,  or  both  equal  to  nothing;  then  p"  =  j/y 
[tiently,  for  fluids  in  general, 


'     ^  ••••■••••.•••  ••.   IXal 
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Rprciflc  gravity^  as  well  as  the  pressure,  should  be  the  mme  at  all 
|X)inis  in  tlic  same  level  surfia«ce. 

Tlie  preceding  principles  are  the  base  of  the  sdenoe  of  Hydro- 
statics. 

118.  EqaUibrinm  of  a  liiquid. — ^A  liquid  is  a  fluid  whose  parte 
tend  to  preserve  a  definite  size ;  that  is  to  say,  a  portion  of  a  hqtDii 
of  a  given  weight  tends  to  occupy  a  certain  definite  volume;  and  to 
make  it  occupy  a  greater  or  a  less  volume,  tension  or  pressure,  as 
tlio  case  may  be,  must  be  applied  to  it.  The  volume  occupied  by  an 
unit  of  weight  is  tlie  reciprocal  of  the  weight  of  an  unit  of  voluine; 
so  tliat  the  preceding  principle  might  otherwise  be  stated  by  say- 
ing, tliat  a  liquid  tends  to  preserve  a  definite  specific  gravity,  which 
may  be  increased  by  pressure,  or  diminished  by  tension. 

The  volume  which  a  given  weight  of  a  liquid  tends  to  oocopj 
dci)end.s  on  its  temperature  according  to  laws  which  belong  to  lJi0 
Bch'uco  of  Heat. 

Thii  alterations  of  the  specific  gravity  of  liquids  prodnoed  by  anj 
pressures  which  occur  in  practice,  are  so  small,  that  in  most  pro* 
blciris  respecting  the  equilibrium  of  liquids,  the  specific  gravi^ « 
may  be  treated  without  sensible  error  as  a  constant  quantity,  inde- 
pendent of  the  pressure  p.  In  the  case  of  water,  for  example,  the 
compression  of  volume,  and  increase  of  specific  gravity,  produced  bj 
a  pressure  of  one  atmospJiere,  or  14'7  pounds  per  square  inch,  is  about 
■ffTjovro,  or  uoT(nnr  for  (jach  pound  on  the  square  inch. 

If,  then,  tlie  sp(;cific  gravity  w  be  treated  as  a  constant  in  equataon 
3  of  Article  117,  it  becomes  as  follows : — 

p  =  Pq-^  wx; (1.) 

that  is  to  say : — let  />y  bo  the  pressure  at  the  upper  surface,  Y  0  T, 
(fig.  59)  of  a  mass  of  liquid;  then  the  pressure  p  at  any  given  depth 
X  below  that  surface  is  greater  than  the  superficial  pressure  p©  hy 
an  amount  found  by  miJtiplying  that  depth  by  the  weight  of  aa 
unit  of  volimie  of  the  liquid. 

When  the  mass  of  liquid  is  in  the  open  air,  the  superficial  prea- 
sure  2h  is  that  arising  jfrom  the  weight  of  the  earth's  atmosj^bere 
of  air,  and  at  places  near  the  level  of  the  sea,  is  estimated  on  an 
average  at  14*7  pounds  on  the  square  incL  In  a  close  vesBcl, 
the  superficial  pressure  may  be  greater  or  less  than  that  of  the 
atmosphere, 

1 1 0.   £:qaillbiiaiii  of  diflcrcnt  Fluids  In  contact  wilb  each  •thcr." 

If  two  difierent  fluids  exist  in  the  same  space,  they  may  unite  ao 
that  each  of  them  shall  be  distributed  throughout  the  whole  epusdf 
either  by  chemical  combination  or  by  diffusion;  but  in  such  casea 
thcjy  form,  in  fact,  but  one  fluid,  which  is  a  compound  or  xmxtnre^ 
as  the  case  may  be.     The  present  Article  has  reference  to  the 
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when  fluids  of  different  kinds  remain  in  contact,  xmcombined  and 
unmixed  In  this  case,  the  condition  of  equilibrium  is,  that  the 
pressures  of  two  fluids  at  each  point  of  their  surface  of  contact  shall 
be  equal  to  each  other, — ^a  condition  which,  when  the  two  fluids 
are  of  diflerent  specific  gravities,  can  only  be  fulfilled  when  the 
surface  of  contact  is  horizontal 

If,  then,  two  or  more  fluids  of  different  q)eciflc  gravities,  which 
do  not  combine  nor  mix  with  each  other,  be  contained  in  one  vessel 
uninterrupted  by  partitions,  they  will  arrange  themselves  in  hori- 
zontal strata,  the  heavier  fluids  being  below  the  lighter. 

If  two  fluids  of  different  specific  giuvities  be  contained  in  the 
two  legs  of  a  tube  shaped  like  the  letter  U  (and  called  an  "inverted 
siphon"),  or  if  one  of  the  two  fluids  be  contained  in  a  vertical  tube 
open  below,  and  the  other  in  the  space  surrounding  that  tube;  or, 
generally,  if  the  two  fluids  be  partially  separated  from  each  other  by 
a  vertical  or  nearly  vertical  partition,  below  which  there  is  a  com- 
munication between  the  spaces  on  either  side  of  it;  the  horizontal 
sur&ce  of  contact  of  the  fluids  will  be  at  that  side  of  the  partition 
at  which  the  lighter  fluid  is  found,  so  that  it  may  be  above,  and  the 
heavier  fluid  below,  that  surface  of  contact. 

Jjetpo  denote  the  common  pressure  of  the  two  fluids  at  their  sur- 
fiace  of  contact,  and  let  any  ordinate  measured  from  that  surface 
wpwardsy  be  denoted  by  x.  Let  w/  denote  the  specific  gravity,  and 
p  the  pressure,  of  the  lighter  fluid  j  w?"  the  specific  gravity,  and^* 
the  pressure,  of  the  heavier  fluid  Then  at  any  given  elevation  x 
above  the  sur£BK)e  of  contact 


p'  =l>9—\\vfdxy 


'    «••••••••*«••••.  IX*I 


which  equations,  when  the  fluids  are  liquids,  and  ti/,  to",  constants, 
become 

p  =  Po  -  w^ic;  jp"*  =  Po  '-  M^''^ (2.) 

As  in  the  case  of  the  barometer,  and  the  mercurial  pressure  gauge, 
the  height  at  which  a  liquid  stands  in  a  tube,  closed  and  empty  at 
the  upper  end,  above  its  surface  of  contact  with  another  fluid,  may 
be  used  to  determine  the  pressure  exerted  by  that  other  fluid  at  the 
snrfisM^e  of  contact.     In  this  case,  p"  =  0,  or  nearly  so ;  consequently 

Pq=^w/'x, (3.) 

Let  af,  x"y  be  two  heights  above  the  surface  of  contact  at  which 
the  respective  pressures  of  the  lighter  and  the  heavier  fluid  are 
either  equal  to  each  other,  or  both  equal  to  nothing;  then  p"  siff, 
and  consequently,  for  fluids  in  general, 
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j    to'dx=:j     w''dx, M (4.) 

If  the  fluids  be  both  liquids^  this  becomes, 

v/x  =  «7"a;", (5.) 

or,  the  heights  are  inversely  as  the  specific  gravities. 

If  the  heavier  fluid  be  a  liquid  (such  as  the  mercury  in  the  baro- 
meter) and  the  lighter  a  gas  (such  as  the  atmosphere)  the  equation 
becomes 

''v/dx^w'x'; (6.) 


/; 


and  on  this  last  formula  is  founded  the  method  of  determiniog 
diflerences  of  level  by  barometric  observations  of  the  atmospheiie 
pressure. 

120.   Bqnilibriiim  of  a  FloatiiiK  Body. — ^THEOREM.     A  solid  hodff 

floating  on  the  surface  of  a  liquid  is  bakmced,  when  it  displaces  a 
volume  of  liquid  whose  weight  is  equal  to  the  weight  of  the  fl^KUing 
body,  a/nd  when  the  cent/re  of  gravity  of  the  floating  hody^  amd  that 
of  the  volume  from  which  the  liquid  is  displaced,  are  in  the  same 
vertical  line. 

Let  flg.  60  represent  a  solid  body  (such  as  a  ship),  floating  in  a 
liquid,  whose  horizontal  upper  surface  is  Y  Y.     Suppose,  in  the  fiist 

place,  that  there  is  no  pressure  oa 
the  surface  YY.  Consider  a  small 
portion  S  of  the  sur&oe  of  the  im- 
mersed part  of  the  solid' body.  The 
liquid  will  exert  against  S  a  normal 
pressure,  whose  amount  will  be  ex- 
pressed by 

Fig.  60.  Sp=zSwx, 

where  S  is  the  area  of  the  small  portion  of  the  immersed  surface,  x 
the  depth  of  immersion  of  its  centre  below  the  level  sur&ce  YY, 
and  w  the  weight  of  imity  of  volume  of  the  liquid. 

Let  et  denote  the  angle  of  inclination  of  the  area  S  to  a  horizontal 
plane,  or,  what  is  the  same  thing,  the  angle  of  inclination  of  the 
pressure  on  S  to  the  vertical  Conceive  a  vertical  prism  H  S  to 
stand  on  the  area  S ;  the  area  of  the  horizontal  transverse  section 
of  this  prism  is  what  is  called  the  horizontal  projection  of  the  area 
S,  and  its  value  is 

S  cos  », 

Conceive  a  horizontal  prism  ST  to  have  its  axis  in  the  vertical 
plane  which  is  perpendicular  to  S,  and  to  have  the  area  S  for  an 
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oblique  section;  the  vertical  transverse  section  of  this  prism  is  what 
is  called  the  vertical  projection  of  the  area  S^  and  its  value  is 

S  sin  a. 

This  horizontal  prism  cuts  the  immersed  surface  in  another  small 
area  T,  whose  projection  on  a  vertical  plane  perpendicular  to  the 
axis  of  the  prism  S  T  is  equal  to  that  of  S,  and  which  is  immersed 
to  the  same  depths  and  sustains  pressure  of  the  same  intensity. 

Kesolve  the  total  pressure  on  S  into  a  horizontal  component  and 
a  vertical  component.     The  horizontal  component  is 

S^  '  sin  et  ^izSwx'  sin  «, 

being  equal  to  the  product  of  the  intensity  p  by  the  vertical  projection 
of  Sj  but  this  component  is  balanced  by  an  equal  and  opposite  com- 
ponent of  the  total  pressure  on  T;  and  the  same  is  the  case  for 
every  portion  such  as  S  into  which  the  immersed  surface  can  be 
divided;  therefore  the  resultant  of  all  the  horizontal  components  of 
the  pressure  exerted  by  the  liquid  against  the  solid  is  nothing. 
The  vertical  component  of  the  pressure  on  S  is 

S^  cos  «  =  Bwx  cos  tf, 

being  equal  to  the  product  of  the  intensity  p  by  the  horizontal 
projection  of  S.  But  S  x  cos  u  is  the  volume  of  the  vertical  prism 
H  S,  standing  upon  the  small  area  S,  and  bounded  above  by  the 
horizontal  surface  Y  Y,  and  w  is  the  weight  of  unity  of  volume  of 
the  liquid;  therefore  Bwx cos  «  is  the  weight  of  liquid  which  the 
prism  H  S  would  contain ;  so  that  the  vertical  component  of  the 
pressure  on  S  is  an  upward  force^  equal  and  opposite  to  the  weight  of  the 
liquid  displaced  by  the  prismatic  portion  of  the  solid  body  which  stands 
verticaUy  ahove  S.  Then  if  the  whole  of  the  immersed  surface  be 
divided  into  small  areas  such  as  S,  the  resultant  of  the  pressure  of 
the  liquid  against  that  entire  surface  is  the  siun  of  all  the  vertical 
components  of  the  pressures  on  the  small  areas ;  that  is^  a  force 
equal  and  opposite  to  the  sum  of  the  weights  of  liquid  displaced  by  all 
the  prisms  such  as  H  S ;  that  is,  a  sum  equal  and  opposite  to  the 
weight  of  the  whole  volume  of  liquid  displaced  by  the  floating 
body;  and  the  line  of  action  of  that  resultant  traverses  the  centre 
of  gravity  of  the  volume  of  liquid  so  displaced. 

Let  C  denote  that  centre  of  gravity,  which  is  also  called  the 
Centre  of  Buoyancy.  Let  G  denote  the  centre  of  gravity  of  the 
floating  body.  Let  W  denote  the  weight  of  the  floatiag  body,  and 
V  the  volume  of  liquid  displaced  by  it. 

Then  the  conditions  of  equilibrium  of  the  floating  body  are  ob- 
viously the  following : — 

First : — ^W  =  «(?  V;  or  its  weight  must  be  equal  to  the  weight  of 
the  Yolume  of  liquid  displaced  by  it; — 
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Secondty: — its  centre  of  gravity  G,  and  the  centre  of  buoyuicj 
C,  must  be  in  the  same  vertical  line.---Q.  R  D. 

Tlie  preceding  demonstration  has  reference  to  the  case  in  nrlucii 
the  pressure  on  the  horizontal  surface  Y  Y  is  nothing.  In  the  case 
of  bodies  floating  on  watcr^  that  svafauce,  as  well  as  the  non-immersed 
part  of  the  surface  of  the  floating  body,  have  to  sustain  the  pressnie 
of  the  air.  To  what  extent  this  fletct  modifies  the  condnsioiis 
arrived  at  will  appear  in  the  next  Article. 

121.  PreMmrc  on  an  Inmcrsed  Bodf. — ThEOBEIL      If  a  SoHd  Mv 

he  vohdly  immersed  in  a  fluid,  the  resultant  of  the  pressure  of  the  Jbdd 
on  the  solid  body  is  a  vertical  force,  equal  and  directly  opposed  to  the 
tneight  of  the  portion  of  the  fluid  which  the  solid  body  displaces. 

Let  tig.  61  represent  a  solid  body  totally  immersed  in  a  fluid, 
Y  T     whether  liquid  or  gaseous.     Conceive  a  smsll 

vertical  prism  STJ  to  extend  from  a  portion 
S  of  the  lower  surface  of  the  body,  to  the 
portion  XJ  of  the  upper  surface  which  is  ve^ 
tically  above  S.  Also  let  S  T  be  a  horizontal 
prism  of  which  S  is  an  oblique  section,  and 
UV  a  horizontal  prism  of  which  TJ  is  an 
p.    g-  oblique  section,  as  in  Article  120. 

Then,  as  in  Article  120,  it  may  be  proved 
that  the  horizontal  component  of  the  pressure  on  S  is  balanced  by 
an  equal  and  opposite  component  of  the  pressure  on  T,  and  the 
horizontal  component  of  the  pressure  on  XJ  by  an  equal  and  opposte 
component  of  the  pressure  on  V;  so  that  the  horizontal  component 
of  the  resultant  of  the  pressure  of  the  fluid  on  the  entire  body  is 
nothing,  and  that  resultant  is  vertical. 

Tlie  vertical  component  of  the  pressure  on  S  is  upward,  and 
equal  to  the  weight  of  the  prismatic  portion  of  the  fluid  whidi 
would  stand  vertically  above  S  if  a  part  of  it  were  not  displaced  by 
the  solid  body.  The  vertical  component  of  the  pressure  on  U  iB 
downward,  and  equal  to  the  weight  of  the  prismatic  portion  of  the 
fluid  which  stands  vertically  above  XJ.  The  vertical  force  aiising 
from  the  pressures  on  S  and  on  XJ  together  is  upward,  and  equal 
to  the  difference  between  those  two  weights;  that  is,  it  is  equal 
and  directly  opposed  to  the  weight  of  the  portion  of  the  fluid  dis- 
placed by  the  piismatic  portion  S  XJ  of  the  immersed  body. 

Hence  the  resultant  of  the  pressure  of  the  fluid  over  the  entire 
surface  of  the  immersed  body  is  equal  and  directly  opposed  to  the 
weight  of  the  portion  of  fluid  displaced  by  that  body. — Q.  E.  D. 

The  centre  of  gravity  C,  of  the  portion  of  fluid  which  would 
occupy  the  position  of  the  body  if  it  were  not  immersed,  is  called, 
as  before,  the  centre  of  buoyancy ,  and  is  traversed  by  the  vertical 
line  of  action  of  the  resultant  of  the  pressure  of  the  fluid,  which  is 
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itself  called  the  buayanctf  of  the  immcrHed  iodj,  and  sometimes  the 
apparent  loss  qf  weight. 

To  ma.intain  an  immersed  body  in  eqnilibrio^  there  must  he  applied 
to  it  a  force  or  couple^  as  the  case  may  be^  equal  and  directly  op- 
posed to  the  resultant,  if  any,  of  its  downward  weight  and  upward 
buoyancy;  that  resultant  being  determined  according  to  the  principles  - 
of  Articles  39  and  40. 

When  a  body  floats  in  a  heavier  fluid  (as  water)  having  its  upper 
portion  surrounded  by  a  lighter  fluid  (as  air),  its  total  buoyancy  is 
equal  and  opposite  to  the  resultant  of  the  weights  of  l^e  two  portions 
Df  the  respective  fluids  which  it  displaces. 

In  practical  questions  relative  to  the  equilibrium  of  ships,  the 
buoyancy  arising  from  the  displacement  of  air  is  too  small  as  com-. 
pared  with  that  arising  from  llie  displacement  of  water,  to  require 
to  be  taken  into  account  in  calculation. 

122.  Apparent  UTelghta. — ^The  only  method  of  testing  the  equality 
of  the  weights  of  two  bodies  which  is  sufl&ciently  delicate  for  exact 
scientiflc  purposes,  is  that  of  hanging  them  from  the  opposite  ends 
of  a  lever  with  equal  arms. 

If  this  process  were  performed  in  a  vacuum,  the  balancing  of  the 
bodies  would  prove  their  weights  to  be  equal ;  but  as  it  must  be 
performed  in  air,  the  balancing  only  proves  the  equality  of  the 
otpporenj  weights  of  the  bodies  in  air,  that  is,  of  the  respective  ex- 
cesses of  their  weights  above  the  weights  of  the  volumes  of  air  which 
ihey  displace.  The  real  weights  of  the  bodies,  therefore,  are  not 
equal  unless  their  volumes  are  equal  also.  If  their  volumes  are 
unequal,  the  real  weight  of  the  larger  body  must  be  the  greater  by 
an  amount  equal  to  the  weight  of  the  diflerence  between  the  volumes 
of  air  which  they  displace. 

The  weight  of  a  cubic  foot  of  pure  dry  air,  imder  the  pressure  of 
one  atmosphere  (14*7  lbs.  on  the  square  inch),  and  at  the  temperature 
of  melting  ice  (32°  Fahrenheit)  is 

0*080728  pound  avoirdupois. 

Let  this  be  denoted  by  Wq.  Then  the  weight  of  a  cubic  foot  of  air 
under  any  other  pressure  of  p  atmospheres,  and  at  the  temperature  t 
of  Fahrenheit's  scale,  is  given  with  a  degree  of  accuracy  sufficient 
for  most  purposes,  by  the  formula, 

493°-2  ,,  , 

^  =  ^^-P  t  -f  46r-2  ^ ; ^^-^ 

and  if  w,  vfjhe  the  weights  of  a  given  volume  of  air,  under  the 
respective  pressures  j7,j/,  and  at  the  temperatures  t,  tf,  of  Fahrenheit's 
scale,  then 

^  _p_  t  +  461°'2  .^. 

w^  p'li  +  4Gl°-2 ^  ^ 
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Let  Wi  denote  the  true  weight  of  a  body,  Vi  its  volume,  Wi  its  weight 
per  unit  of  volume,  w  the  weight  of  imity  of  volume  of  aii;    Then 

and  the  apparent  weight  of  the  same  body  in  air  is 

W  =  («.  -  «,)  V.  =  !fi^  W, (3.) 

Let  this  body  now  be  balanced  against  another  body  in  an  aocorate 
TOJr  of  scales,  and  let  their  apparent  weights  be  equaL  Then,  if 
W ,  denote  the  true  weight,  and  w^  the  weight  per  imit  of  volume, 
of  the  second  body,  we  have 

!£LIli£  w,  =  !^^=^  W, (4) 

so  that  the  proportion  between  the  real  weights  of  the  bodies  is 

W,  __  WjW^  —  WjW  . 

Wi  ""  w^Wt  —  w^w ^  ' 

123.  ReiaUre  SpecUic  GraTiUea. — ^If  the  true  weight  of  a  solid 
body  be  known,  and  that  body  be  next  weighed  while  immersed  in 
a  liquid,  the  proportion  of  the  specific  gravities  of  the  solid  body 
and  of  the  liquid  can  be  deduced  from  the  apparent  loss  of  weight 
which  is  the  weight  of  the  volume  of  liquid  displaced  by  the  body. 

Let  W„  as  in  equation  3  of  Article  122,  denote  the  true  wei^t 
of  the  solid  body,  w^  its  weight  per  omit  of  volume,  v)2  the  weight  of 
an  unit  of  volume  of  the  Hquid  in  which  its  apparent  weight  is 
found,  and  W"  the  apparent  weight;  then  by  the  equation  already 
refen'cd  to 

and  consequently 

w.       W,  — W"  «v 

w,  = — wr~ ^'' 

Let  the  first  weighing  take  place  in  air  and  the  second  in  the  liquidi 
and  let  W  be  the  apparent  weight  in  air ;  then 

Wi 

and  consequently 

W"  _  w,  —  W2 .  ,  . 

W  ""  t(?,  —  ti?  ' ^  ' 

so  that  if  —  is  known,  ~  may  be  found  by  the  equation 
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w, 
w^ 


W'  — W  — 


(3.) 


-     W  — W" 

When  tlie  object  of  weighing  of  this  kind  is  to  determine  the 
specific  gravities  of  solids,  the  liquid  usually  employed  is  pure  water; 
and  the  results  obtained  are  the  ratios  of  the  specific  gravities  of 
solid  bodies  to  that  of  pure  water.  If  these  ratios,  or  relative  spe- 
cific gravities,  be  multiplied  by  the  weight  of  a  cubic  foot  of  pure 
water,  the  weight  of  a  cubic  foot  of  the  solid  is  obtained. 

The  weight  of  a  cubic  foot  of  pure  water  at  the  temperature  of  its 
maximum  density  (being,  according  to  Plajrfair  and  Joule,  39®'l 
Pahrenheit)  is,  according  to  the  best  existing  data, 

62-425  poimds  avoirdupois. 

For  any  other  temperature  t  on  Fahrenheit's  scale,  the  weight  of  a 
cubic  foot  of  pure  water  is 

62425 /4\ 


V 


where  t?  denotes  the  volume  to  which  a  mass  of  water  measuring  one 
cubic  foot  at  39°'l  expands  at  ^ ;  a  volume  which  may  be  computed 
for  temperatures  fix)m  32°  to  77°  Fahrenheit,  by  means  of  the  follow- 
ing empirical  formula,  extracted  fix)m  Prof.  W.  H.  Miller's  paper  on 
the  Standard  Pound  in  the  FhUosophical  Transactions  for  1856 : — 

log.  V  =  10-1  {t  —  39-1)2 _  00369  {t  —  39-1)8 ^  10,000,000.  (5.) 

The  i-elative  specific  gravities  of  two  liquids  are  determined  by 
weighing  the  same  solid  body  immersed  in  them  successively  and 
comparing  its  apparent  losses  of  weight. 

124.  PrcMim  on  an  immcmed  Plane. — If  a  horizontal  plane  Sur- 
face of  any  figure  be  immersed  in 
a  fluid,  the  pressure  on  that  sur- 
face is  vertical,  and  uniformly 
distributed;  its  amount  is  the 
product  of  the  intensity  of  the 
pressure  at  the  depth  to  which 
the  plane  is  immersed  by  the  area 
of  the  plane;  and  the  centre  of 
pressure  (as  already  shown  in 
Art.  90)  is  the  centre  of  gravity 
of  a  flat  plate  of  the  figure  of 
the  plane  surface,  or,  as  it  is 
usuaUy  termed,  the  centre  of  gravity  of  the  plane  surfaca 

If  an  inclined  or  vertical  plane  surface  be  immersed  in  a  liquid, 
let  O  Y  {lag.  62),  represent  a  section  of  the  horizontal  plane  at 
which  the  pressure  is  nothing,  and  B  F  a  vertical  section  of  the 


Fig.  62. 
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iiumcrsod  plane.  Let  o^x  =  BE  be  the  depth  to  which  the  lower 
edge  of  this  plane  is  immersed  below  O  Y.  From  B  draw  £D  = 
He,  and  -i-  BF;  produce  the  plane  BF  till  it  cuts  the  horiiontal 
plane  of  no  pressure,  O  Y^  in  the  line  represented  in  section  by  0; 
tlirough  O  and  D  draw  a  plane  O  H  D,  and  conceive  the  prism 
B  D  H  F  to  stand  normally  upon  the  base  B  F  and  to  be  bounded 
above  by  the  plane  D  H.  The  pressure  on  the  plane  BF  will  be 
normal;  its  amount  will  be  equal  to  the  weight  <^  fluid  contained 
in  the  volume  B  D  H  F ;  that  is  to  say,  let  qcq  denote  the  depth  of 
the  centre  of  gravity  of  tlie  plane  BF  below  O  Y,  and  w  the  weight 
of  unity  of  the  volume  of  liquid;  then  the  mecm  intenaity  of  the 
j»rt'ssui*o  oil  L  F  is 

Pa  =  W7«b, (1.) 

and  the  anwuttt  of  the  pressure 

P  =  wx^foieo.'B^ (2.) 

Let  C  be  the  centre  of  gravity  of  the  volume  B  D  H  F;  then  the 
centre  of  pressure  of  the  surface  B  F  is  the  point  where  it  is  cut  by 
the  ix^'pendicular  CP  let  fall  on  it  from  C. 

As  the  intensity  of  the  pressure  on  any  point  of  BF  is  propor- 
tional to  its  depth  below  OY,  and  consequently  to  its  distance  from 
O,  this  is  a  case  of  uniformly  varying  stress,  and  the  formul»  of 
Article  94  are  applicable  to  it.  In  the  application  of  those  formuls 
it  is  to  be  observed,  that  the  ordinates  y  are  to  be  measured  hori- 
zontally in  the  plane  BF,  whose  centre  of  gravity  is  to  be  taken  as 
the  origin;  that  the  co-ordinates  x  are  to  be  measured  in  the  same 
l)lane,  along  the  direction  of  steepest  declivity,  and  reckoned  positive 
downwards;  and  that  the  value  of  the  constant  a  in  the  equations  of 
Article  94  is  given  by  the  formula 

a  =  wsinee, « (3.) 

where  cc  is  the  angle  of  inclination  of  the  plane  B  F  to  a  horizontal 
plane. 

125.    PreMore  in  an  Indefinite  Uniformlr  Sloping  SoUdL — Oonceive 

a  mass  of  homogeneous  solid  mate- 
rial to  be  indefinitely  extended 
laterally  and  downwards,  and  to 
be  bounded  above  by  a  plane  sor- 
face,  making  a  given  angle  of  de- 
clivity 0  with  a  horizontal  plane. 
In  fig.  63,  let  Y  O  Y  represent  a  ver- 
tical section  of  that  upper  slopin:; 
surface  along  its  direction  of  greatesu 
declivity,  and  O  X  a  vertical  plauif 
Fig.  63.  i^erpendicular  to  the  plane  of  vertical 
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section  wldch  is  represented  by  the  paper.  Let  w  be  the  nnifonn 
weight  of  nnity  of  volume  of  the  substance.  Let  £  B  be  any 
plane  parallel  to,  and  at  a  veitical  depth  x  below  the  plane  Y  Y. 
If  the  substance  is  exposed  to  no  external  force  except  its  own 
weight,  the  only  pressure  which  any  portion  of  the  plane  B  B  can 
have  to  sustain  is  the  weight  of  the  material  directly  above  it. 
Hence  follows — 

Theorem  L  In  cm  indefmUe  homogeneovs  solid  hounded  above  by 
a  sloping  pUme,  the  presamre  on  cmy  plane  pa/ralld  to  that  sloping 
gu/rface  is  vertical,  a/nd  of  an  v/niforrrh  intensity  equal  to  the  weight  of 
the  vertical  prism  which  stands  on  unity  of  area  of  the  given  plcme. 

The  area  of  the  horizontal  section  of  that  prism  is  cos  fi,  conse- 
qmently,  the  intensity  of  the  vertical  pressure  on  the  plane  B  B  at 
the  depth  x  is 

p^  =3  wxcoaB (1.)' 

From  the  above  theorem,  combined  with  the  principle  of  conjugate 
stresses  of  Article  101,  there  follows — 

Theorem  IL  The  stress,  if  any,  on  cmy  vertical  plane  is  parallel 
to  the  sloping  suTface,  a/nd  conjugal  to  the  stress  on  a  plane  pa/ralld 
to  thai  surface. 

Consider  now  the  condition  of  a  prismatic  molecule  A,  bounded 
above  and  below  by  planes  B  B,  C  C,  parallel  to  the  sloping  sur£a,ce 
Y  Y,  and  laterally  by  two  pairs  of  parallel  vertical  planes.  Let 
the  common  area  of  the  upper  and  lower  surfaces  of  iJiis  prism  be 
unity,  and  its  height  A  a; ;  then  its  volume  is  A  a;  *  cos  B,  and  its 
wei^^t  w  Ax' cos  0,  which  is  equal  and  opposite  to,  and  balanced 
by  the  excess  of  the  vertical  pressure  on  its  lower  face  above  the 
vertical  pressure  on  its  upper  ^e.  Therefore,  the  pressures  paral-r 
lei  to  the  sloping  sur&«ce,  on  the  vertical  faces  of  iiie  prism,  must 
balance  each  other  independently ;  therefore  they  must  be  of  equal 
mean  intensity  throughout  the  whole  extent  of  the  layer  between 
the  planes  B  B,  C  C ;  whence  follows — 

Theorem  IIL  The  stale  of  stress,  aJt  a  gimen  uniform  depth  below 
the  sloping  surface,  is  uniform. 

126,  On  the  Paiallel  Projectfon  of  SCroM  and  UTeight. — Ll  apply- 
ing the  principles  of  parallel  projection  to  distributed  forces,  it  is 
to  be  borne  in  mind  that  those  principles,  as  stated  in  Chapter  lY., 
are  applicable  to  lines  representing  the  amoimts  or  restdtanls  of 
distributed  forces,  and  not  their  intensities.  The  relations  amongst 
the  intensities  of  a  system  of  distributed  forces,  whose  resultants 
have  been  obtained  by  the  method  of  projection,  are  to  be  arrived 
at  by  a  subsequent  process  of  dividing  each  projected  resultant  by 
the  projected  space  over  which  it  is  ditributed. 

Examples  of  the  application  of  processes  of  this  kind  to  practical 
questions  will  appear  in  the  Second  Part. 
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ON  STABLE  AND  UNSTABLE  EQUILIBRIUSL 


127.  Slable  and  Vairtable  EqalUbrism   of  a  Froe  Bodf. — Sqv 

pose  a  body,  wliich  is  in  equilibrio  under  a  balanced  system  of  forces, 
to  be  free  to  more,  and  to  be  caused  to  deyiate  to  a  small  extent 
from  its  position  of  equilibrium.  Then  if  the  body  tends  to  deviate 
further  &om  its  original  position,  its  equilibrium  is  said  to  be  im- 
gtable;  and  if  it  tends  to  return  to  its  original  position,  its  equi- 
librium is  said  to  be  stable. 

Cases  occur  in  which  the  equilibrium  of  the  same  body  is  stable 
for  one  kind  or  direction  of  deviation,  and  unstable  for  another. 

When  the  body  neither  tends  to  deviate  further,  nor  to  recover 
its  original  position,  its  equilibrium  is  said  to  be  indifferent. 

The  solution  of  the  question,  whether  the  equilibrium  of  a  given 
body  under  given  forces  is  stable,  unstable,  or  indifferent,  for  a 
given  kind  of  deviation  of  position^  is  effected  by  supposing  the 
deviation  made,  and  finding  the  resultant  of  the  forces  whidi  act 
on  the  body,  altered  as  they  may  be  by  the  deviation,  in  amount,  in 
]X)sition,  or  in  both.  If  this  resultant  acts  towards  the  same  direc- 
tion with  the  deviation,  the  equilibrium  is  unstable — ^if  towards  the 
opposition  direction,  stable — and  if  the  resultant  is  still  nothing, 
the  equilibrium  is  indifferent 

The  disturbance  of  a  Iree  body  from  a  position  of  stable  equi- 
librium causes  it  to  oscillate  about  that  position. 

128.  SiabiUtT  of  a  Fixed  Bodr. — The  term  '^stability,"  as  ap- 
plied to  the  condition  of  a  body  forming  part  of  a  structure,  has,  m 
most  cases,  a  meaning  different  from  that  explained  in  the  last 
Article,  viz.,  the  property  of  remaining  in  equilibrio,  without  sen- 
sible deviation  of  position,  notvrithstanding  certain  deviations  of 
the  load,  or  externally  applied  force,  from  its  mean  amount  or  posi- 
tion. Stability,  in  this  sense,  forms  one  of  the  principal  subjects  of 
the  second  part  of  this  treatise. 


PART  n. 

THEORY  OP  STRUCTURED 


CHAPTER  L 
DEFnnnoNS  aitd  general  psinciples. 

129.  Strnctnres— Piece*— JToints. — Structures  have  already,  in 
Article  15,  been  distinguished  from  machines.  A  structure  con- 
sists of  two  or  more  solid  bodies,  called  its  pieces,  which  touch  each 
other,  and  are  connected  at  portions  of  their  surfaces  called  JoirUs. 

130.  Supports— FonBdaUoiM. — ^Although  the  pieces  of  a  structure 
are  fixed  relatively  to  each  other,  the  structure  as  a  whole  may  be 
either  fixed  or  moveable  relatively  to  the  eartL 

A  fixed  structure  is  supported  on  a  part  of  the  solid  material  of 
the  earth,  called  the  /oimdcUion  of  the  structure ;  the  pressures  by 
which  the  structure  is  supported,  being  the  resistances  of  the  various 
parts  of  the  foimdation,  may  be  more  or  less  oblique. 

A  moveable  structure  may  be  supported,  as  a  ship,  by  floating  in 
water,  or  as  a  carriage,  by  resting  on  the  solid  ground  through 
wheek.  When  such  a  structure  is  actually  in  motion,  it  partakes 
to  a  certain  extent  of  the  properties  of  a  machine  j  and  the  deter- 
mination of  the  forces  by  which  it  is  supported  requires  the  con- 
sideration of  dynamical  as  well  as  of  statical  principles ;  but  when  it 
is  not  in  actusd  motion,  though  capable  of  being  moved,  the  pres- 
sures which  support  it  are  determined  by  the  principles  of  statics ; 
and  it  is  obvious  that  they  must  be  wholly  vertical,  and  have  their 
resultant  equal  and  directly  opposed  to  the  weight  of  the  structure. 

131.  The  CondltloBs  of  Eqailibvlam  of  a  Stmctnre  are  the  three 
following : — 

1.  That  the  forces  exerted  on  the  whole  atriustv/re  hy  extemcd  bodies 
shaU  balance  each  other.  The  forces  to  be  considered  under  this  head 
are — (1.)  the  Attraction  of  the  Earth,  that  is,  the  weight  of  the 
structure ;  (2.)  the  External  Load,  arising  from  the  pressures  exerted 
against  the  structure  by  bodies  not  forming  part  of  it  nor  of  its 
foundation ;  (these  two  kinds  of  forces  constitute  the  gross  or  total 
load;  (3.)  the  Supporting  Fresswres,  or  resistance  of  the  founda- 
tion. Those  three  classes  of  forces  will  be  spoken  of  together  as 
the  External  Forces, 
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II.  That  the  forces  exerted  on,  each  piece  of  the  stnidure  Ml 
hahince  each  other.  These  consist  of — (1.)  the  Weight  of  the  piece^ 
And  (2.)  tho External Loa<l  on  it,  making  together  theGrossLoad;  and 
(3.)  the  Iiesi8ta7ice8,  or  stresses  exerted  at  the  joints,  between  the 
piece  under  consideration  and  the  pieces  in  contact  with  it. 

III.  That  the  forces  exerted  on  each  of  the  parts  into  which  Oa 
pieces  of  the  structure  can  he  coTiceived  to  he  divided  shall  hahnce 
each  other,  Su]^]x>se  an  ideal  surface  to  divide  any  part  of  any  one 
of  the  piwos  of  the  structure  from  the  remainder  of  the  piece;  the 
forces  which  act  on  the  pirt  so  considered  are — (1.)  its  weight,  and 
(2.)  (if  it  is  at  the  external  surface  of  the  piece)  the  external  stress 
applied  tt>  it,  if  any,  making  together  its  gross  load;  (3.)  the  stress 
oxoi-tod  at  the  ideid  surface  of  division,  between  the  part  in  qnes- 
tiou  and  the  other  parts  of  the  piece. 

132.  HiabiUty,  Mtrcniith,  and  stiflneM. — ^It  is  necessaiy  to  the  per- 
maneuco  of  a  stnicture,  that  the  three  foregoing  conditions  of 
equilibrium  shouKl  be  fulfilled,  not  only  under  one  amount  and 
one  mode  of  distribution  of  load,  but  under  all  the  variations  of  the 
loiul  as  to  amount  and  mode  of  distribution  which  can  occur  in  the 
use  of  the  stnicture. 

Stability  consists  in  the  fulfilment  of  the  f/rst  and  second  condi- 
tions of  equilibrium  of  a  structure  under  all  variations  of  load 
within  given  limits.  A  structure  which  is  deficient  in  stability 
gives  way  by  the  displacement  of  its  pieces  from  their  proper  posi- 
tions. 

Strength  consists  in  the  fulfilment  of  the  third  condition  of  equi- 
librium of  a  structure  for  all  loads  not  exceeding  prescribed  limits; 
that  is  to  say,  the  greatest  internal  stress  produced  in  any  part  of 
any  piece  of  the  structure,  by  the  prescribed  greatest  load,  must  be 
such  as  the  material  can  bear,  not  merely  without  immediate  break- 
ing, but  without  such  injury  to  its  texture  as  might  endanger  its 
breaking  in  the  course  of  time. 

A  piece  of  a  structure  may  be  rendered  unfit  for  its  purpose  not 
merely  by  being  broken,  but  by  being  stretched,  compressed,  bent, 
twisted,  or  otherwise  strained  out  of  its  proper  shape.  It  is  neces- 
uary,  therefore,  that  each  piece  of  a  structure  should  be  of  such 
dimensions  that  its  alteration  of  figure  under  the  greatest  load 
applied  to  it  shall  not  exceed  given  lunits.  This  property  is  called 
stiffness,  and  is  so  connected  with  strength  that  it  is  necessary  to 
consider  them  together. 

From  the  foregoing  considerations,  it  is  evident  that  the  theory 
of  structures  may  be  divided  into  two  divisions,  relating,  the  first 
to  STABILITY,  Or  the  property  of  resisting  displacement  of  the  pieces, 
and  the  second  to  strength  and  stiffness,  or  the  power  cJ  each 
piece  to  resist  fracture  and  disfigurement. 
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133.  Reraitant  OroM  lioad* — ^The  mode  of  distribution  of  the 
intensity  of  the  load  upon  a  given  piece  of  a  structure  affects  the 
strength  and  stiffness  only.  So  far  as  atahility  alone  is  concerned, 
it  is  sufficient  to  know  the  magnitude  and  position  of  the  resuUa/ni 
of  that  load,  which  is  to  be  found  by  means  of  the  principles  ex- 
plained in  the  First  Part  of  this  work,  and  may  then  be  treated  as 
a  single  force. 

134.  Centre  of  Reaistaiice  of  a  jToint* — In  like  manner,  whei. 
stability  only  is  in  question,  it  is  sufficient  to  consider  the  position 
and  magnitude  of  the  reavltamJt  of  the  resistance  or  stress  exerted 
between  two  pieces  of  a  structure  at  the  joint  where  they  meet, 
and  to  treat  that  resultant  as  a  single  force.  The  point  where  its 
line  of  action  traverses  the  joint  is  called  the  cervtre  of  resisixmce  of 
that  joint. 

135.  A  Use  of  Reaistaiice  is  a  line,  straight,  angular,  or  curved, 
traversing  the  centres  of  resistance  of  the  joints  of  a  structure.  It 
is  to  be  borne  in  mind,  that  the  direction  of  this  line  at  any  given 
joint  does  not  rvecesaarily  coincide  with  the  direction  of  the  resist- 
ance at  that  joint,  although  it  may  so  coincide  in  certain  cases. 

136.  JTointo  ClaMedL — Joints,  and  the  structures  in  which  they 
occur,  may  be  divided  into  three  classes,  according  to  the  limits  of  the 
variation  of  position  of  which  their  centres  of  resistance  are  capable. 

L  Fra/m&uxyrk  joirUs  are  such  as  occur  in  carpentry,  in  frames  of 
metal  bars,  and  in  structures  of  ropes  and  chains,  fixing  the  ends 
of  two  or  more  pieces  together,  but  offering  little  or  no  resistance 
to  change  in  the  relative  angular  positions  of  those  pieces.  In  a 
joint  of  this  class,  the  centre  of  resistance  is  at  the  middle  of  the 
joint,  and  does  not  admit  of  any  variation  of  position  consist^itly 
with  security, 

IL  Bhckworh  joints  are  such  as  occur  in  masonry  and  brickwork, 
being  plane  or  curved  surfaces  of  contact,  of  considerable  extent  as 
compared  with  the  dimensions  of  the  pieces  which  they  connect, 
capable  of  resisting  a  thrust  more  or  less  oblique,  according  to 
laws  to  be  afterwards  explained,  but  not  of  resisting  a  pull  of  suf- 
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iioient  intensity  to  be  taken  into  account  in  practice.  In  such 
joints  the  position  of  tlie  centre  of  resistance  may  be  varied  within 
certain  limits. 

III.  Fiistened  joints,  at  which,  by  means  of  some  strong  cement, 
or  of  bolts,  rivets,  or  other  fastenings,  two  pieces  are  so  connected 
that  the  joint  fixes  their  relative  angular  position,  and  is  capable  of 
resisting  a  pull  as  well  as  a  thrust  In  this  case,  the  centre  of 
resistance  may  be  at  any  distance  from  the  centre  of  the  joint ;  and 
there  nuiy  even  be  no  centre  of  resistance,  when  the  resultant  of 
the  stress  at  the  joint  is  a  couple,  as  explained  in  Articles  91,  92, 
and  93.  It  is  obWous  that  the  effect  of  a  joint  thus  cemented  or 
fiu^tened  is  to  make  the  two  pieces  which  it  connects  act  as  one 
juiw,  and  that  the  resistance  which  it  is  capable  of  exerting  is 
a  (juestion  not  of  stability  but  of  strengtL 

Section*  1. — EquUibrium  and  Stability  of  Frames. 

137.  Frame  is  here  used  to  denote  a  structure  composed  of  bars, 
rods,  links,  or  cords,  attached  together  or  supported  by  joints  of 
the  first  class  described  in  the  last  Article,  the  centre  of  resistance 
l)eing  at  the  middle  of  each  joint,  and  the  line  of  resistance,  con- 
sequently, a  ix)lygon  wliose  angles  are  at  the  centres  of  the  joints. 
The  condition  of  a  single  bar  will  be  considered  first,  then  that  of  a 
combination  of  two  bars,  then  of  three  bars,  and  then  of  any  number. 
y,  138.  Tie, — Let  l^g.  64  represent  a  single  bar  of  a 
7  frame,  L  the  centre  of  resistance  where  the  load  is  ap- 
r^s  plied,  and  S  the  centre  of  resistance  where  the  support- 
ing force  is  ai>plied ;  so  that  the  straight  line  L  S  is  the 
"  line  of  resistance." 

The  bar  is  represented  as  being  straight  itself,  tl&t 

being  the  figure  which  connects  the  points  L  and  S,  and 

gives  adequate  stiflOiess  and  strength,  with  the  least  ex- 

V  ,.  p4      pendituro  of  material.     But  the  bar  may,  consistentlj 

'*^'  with  the  principles  of  this  Article,  be  of  any  other  figure 

connecting  those  two  points,  provided  it  is  sufficiently  strong  and 

stiff  to  prevent  their  distance  fix)m  altering  to  an  extent  inconsistent 

with  the  purposes  of  the  structure. 

The  condition  of  the  bar  is  the  same  with  that  of  the  solid  in 
Ai*ticle  23;  and  it  is  obvious  that  the  load  P,  and  the  supporting 
resistance  R,  must  be  equal  and  directly  opposed,  and  must  both 
act  along  the  line  of  resistance  L  S. 

In  the  present  case  those  forces  are  supposed  to  be  directed  out- 
ward, or  from  each  other.  The  bar  between  L  and  S  is  in  a  state 
of  tension^  and  the  stress  exerted  between  any  two  divisions  of  it  is 
a  piUy  equal  and  opposite  to  the  loading  and  supporting  forces.    A 
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bar  in  this  condition  is  called  a,  tie.  It  is  obvious  that  a  rope  or 
dudn  will  answer  the  purpose  of  a  tie. 

The  equilibriv/m,  of  a  tie  is  stable;  for  if  its  angular  position  be 
deviated^  the  equal  forces  P  and  R,  which  originally  were  directly 
opposed,  now  constitute  a  (xmple  tending  to  restore  the  tie  to  its 
original  position. 

.  139.  Stmt. — If  the  equal  and  opposite  forces  applied  to  the 
two  ends,  L  and  S,  of  the  line  of  resistance  of  a  bair  be  direct- 
ed (as  in  ^g.  65)  inwa/rds,  or  towa/rds  each  other,  the  bar,  be- 
tween L  and  S,  is  in  a  state  of  compression,  and  the  stress 
exerted  between  any  two  divisions  of  it  is  a  thirust  equal  and 
opposite  to  the  loading  and  supporting  forces.  It  is  obvious 
that  a  flexible  body  will  not  answer  the  purpose  of  a  strut. 

The  eguilihriwrn,  of  a  moveable  strut  is  v/nstoMe;  for  if  its 
angular  position  be  deviated,  the  equal  forces  P  and  B, 
which  originally  were  directly  opposed,  now  constitute  a  y\qM* 
couple  tending  to  make  it  deviate  still  farther  from  its 
original  position. 

In  order  that  a  strut  may  Jbave  stability,  its  ends  must  be  pre- 
vented from  deviating  laterally.  Pieces  connected  with  the  ends 
of  a  strut  for  this  purpose  are  called  stays, 

140.  Treatment  of  the  UTeight  of  a  Bar. — In  the  two  preceding 

Articles,  the  weight  of  the  bar  itself  has  not  been  taken  into  ac- 
count. But  the  principles  of  those  Articles,  so  far  as  they  rdate  to 
the  equUibriu/m  of  the  bar  as  a  whole,  continue  to  be  applicable  when 
the  weight  of  the  bar  is  treated  in  the  following  manner.  Besolve 
that  weight,  by  the  principles  of  Articles  39  and  40,  into  two  paral- 
lel components,  acting  through  L  and  S  respectively.  Let  P  now 
represent  not  merely  the  external  load,  but  the  resultant  of  that 
load,  and  of  the  component  of  the  weight  which  acts  through  L, 
Let  R  represent  not  merely  the  supporting  force,  but  the  res^Stant 
of  that  force  and  of  the  component  of  the  weight  which  acts  through 
S.    Then  P  and  B,  as  before,  must  be  equal  and  directly  opposed. 

In  many  cases,  the  weight  of  a  strut  or  tie  is  too  small  as  com- 
pared with  the  load  applied  to  it  to  require  to  be  specially  con- 
sidered in  practica 

141.  Beam  nnder  Parallel  Forces. — A  bar   Supported    at  twO 

points,  and  loaded  in  a  direction  perpendicular  or  oblique  to  its 

length  is  called  a  beam.     In  the  first  place,  let  the  supporting 

pressures  be  parallel  to  each  other  and  to  the 

direction  of  the  load ;  and  let  the  load  act 

hettoeen  the  points  of  support,  as  in  fig.  66 ; 

where  P  represents  the  resultant  of  the  gross 

load,  including  the  weight  of  the  beam  itself, 

L,  the  point  where  the  line  of  action  of  that  ^*&  ^^ 
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Ksiiltant  intersects  the  axis  of  the  beam^  "Ri,  "R^  the  two  sap- 
jM>rting  pressures  or  resistances  of  the  props  parallel  to,  and  in  the 
same  plane  with  P,  and  acting  through  the  points  Sj^  S^,  in  the 
axis  of  the  beam. 

Then,  according  to  the  Theorem  of  Article  39,  each  of  thoee 
three  forces  is  proportional  to  the  distance  between  the  lines  of 
action  of  the  other  two ;  and  the  load  is  equal  to  the  sum  of  the 
two  supporting  pressures ;  that  is  to  say. 


P  :  R, 


s. 


14 
W 

Fig.  6; 


i 

P 


E»  ::  SjS,  :  LS,  :  LS^; (1.) 

and  P  =  Ri  +  E^ (2.) 

Next-,  let  the  load  act  beyond  the  points  of 
support,  as  in  Hg,  67,  which  represents  a  canti- 
lever or  projecting  beam,  held  up  by  a  wall  or 
other  prop  at  S„  held  down  by  a  notch  in  a  mass 
of  masonry  or  otherwise  at  S2,  and  loaded  so  that 
P  is  the  resultant  of  the  load,  including  the 
weight  of  the  beam.  Then  the  proportional 
equation  (1)  remains  exactly  as  before;  but  the  load  is  equal  to 
the  dilierence  of  the  supporting  pressures ;  that  is  to  say, 

P  =  Ri  -  R. (3.) 

In  these  examples  the  beam  is  represented  as  horizontal;  but  the 
same  principles  would  hold  if  it  were  inclined ;  for  the  proportions 
amongst  the  distances  between  parallel  lines  in  the  same  plane  are 
the  siime,  whether  they  be  measured  in  a  direction  perpendicular 
or  oblique  to  those  lines. 

14-.   Beam  nadcr  Incllaed  Forces. — Let  the  directions    of  the 

supporting  forces  Rj,  R^,  be  now  inclined 
to  that  of  the  resultant  of  the  load,  P,  as 
in  fig.  68.  This  case  is  that  of  the  equili- 
brium of  three  forces  treated  of  in  Articles 
51  and  52;  and  consequently  the  following 
principles  apply  to  it. 

I.  The  lines  of  action  of  the  supporting 
forces  and  of  the  resultant  of  the  load  must 
Fig.  68.  }yQ  \j^  Qne  plane. 

II.  They  must  intersect  in  one  point  (C,  fig.  68). 

III.  Those  three  forces  must  be  proportional  to  the  three  sides  of 
triangle  A,  respectively  parallel  to  their  directions;  or  in  other 
words,  to  the  sides  and  diagonal  of  a  parallelogranL 

Problem.  Given  the  remUarU  of  the  load  in  magnittide  amd 
position f  P,  tJt^  line  of  action  of  one  of  the  supporting  forces,  Ri,  amd 
the  centre  of  resistamjce  of  tJie  otiier,  S2;  required  the  line  ofacUonqf 
the  second  siipporting  force,  and  the  magnitudes  of  both. 
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Produce  the  line  of  action  of  B  till  it  cuts  the  line  of  action  of 
P  at  the  point  C ;  join  C  Sa ;  this  will  be  the  line  of  action  of  B«; 
construct  a  triangle  A  with  its  sides  respectively  parallel  to  those 
three  lines  of  action  j  the  ratios  of  the  sides  of  that  triangle  will 
give  the  ratios  of  the  forces. — Q.  E.  I. 

To  express  this  algebraically,  let  ii,i2,he  the  angles  made  by  the 
lines  of  action  of  the  supporting  forces  with  that  of  the  resvdtant 
of  the  load ;  then  because  each  side  of  a  triangle  is  proportional  to 
the  sine  of  the  angle  between  the  other  two, 

P :  Ri :  R2  •  '•  sin  (ii  +  *,)  :  sin  la :  sin  ii. 

143.  lioad   snpported  hj  Three  PanOlel  Forces. — ThEOBEM.     If 

four  parallel  forces  balance  each  other ,  let  their  lines  of  action  be  inter- 
sected by  a  pUzne,  and  let  the  four  points  of  intersection  be  joined  5gi 
six  straight  lines  so  as  to  form  four  triangles;  each  force  wiU  be  pro- 
poHional  to  the  area  of  the  triangle  whose  angles  are  in  the  lines  of 
action  of  the  other  three. 

In  fig.  69,  let  the  plane  of  the  paper  represent  the  plane  which 
is  cut  by  the  lines  of  action  of  the  four  forces 
in  the  points  L,  Sj,  S2,  S3;  let  P,  Rj,  E^  Ra, 
denote  the  four  parallel  forces.  Join  the  four 
points  by  six  lines  as  in  the  figure,  and  pro- 
duce each  of  the  three  lines  S  L  till  it  cuts  the 
opposite  line  S  S  in  one  of  the  points  B. 

Because  the  forces  balance  each  other,  the 
resultant  of  R2  and  Rj,  whose  magnitude  is  Fig.  69. 

Rj+  R5,  must  traverse  Bij  and  because  the 
resultant  of  that  resultant  and  Rj  is  equal  and  opposite  to  P,  we 
must  have  the  following  propoition : — 


P:Rt::SiBi:LBi::ASiS,S,:ASjLS3; 

and  applying  the  same  reasoning  to  the  forces  Rg,  R«,  we  find  the 
proportions, 

P:Ri:R,:R,::ASiS3Sa:AS2LSa:ASi,LSi:ASiLSa. 

By  the  aid  of  this  Theorem  may  be  determined  the  proportion 
in  which  the  load  of  a  given  body  is  distributed  amongst  three 
props,  exerting  parallel  supporting  forces. 

144.   Ij4muI  snpported  by  Three  Inclined  Forces. — ^The  case  of  a 

load  supported  by  three  inclined  forces  is  that  considered  in  Articles 
54  and  56.  The  lines  of  action  of  the  three  supporting  forces  musd 
intersect  that  of  the  load  in  one  point ;  and  the  magnitudes  of  the 
three  supporting  forces  are  represented  by  the  three  edges  of  a 
parallelepiped,  whose  diagonal  represents  the  load. 
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145.   FnuM«  m€  Tw*  Ban— B^aillkrlink— FbOBLEIL    FigUies  70, 

71,  and  72  represent  three  cases  in  -wliich  a  fiuine  consisting  of  two 


Fig.  70.  Fig.  71.  Fig.  72. 

bars,  jointed  to  each  other  at  the  point  L,  is  loaded  at  that  point  with 
a  given  force,  P^  and  is  supported  by  the  connection  of  the  bars  at 
their  farther  extremities^  Si,  Sg,  with  fixed  bodies.  It  is  required 
to  find  the  stress  on  each  bar,  and  the  supporting  forces  at  Si  and  S|. 

Resolve  the  load  P  (as  in  Article  55)  into  two  components,  RijE], 
acting  along  the  respective  lines  of  resistance  of  the  two  bars. 
Those  components  are  the  loads  borne  by  the  two  bars  respectively; 
to  which  loads  the  supporting  forces  at  Si,  Sj,  are  equal  and  directly 
opposed. — Q.  E.  L 

The  symbolical  expression  of  this  solution  is  as  follows : — ^let  i|,  it, 
be  the  respective  angles  made  by  the  lines  of  resistance  of  the  Inus 
with  the  line  of  action  of  the  load ;  then 

P  :  Iti :  Eg : :  sin  (ii  +  ts)  :  sin  ts :  sin  ^. 

The  inwai-d  or  outward  direction  of  the  forces  acting  along  each 
bar  indicates  that  the  stress  is  a  thrust  or  a  pull,  and  the  bar  a 
strut  or  a  tie,  as  the  case  may  be.  Fig.  70  represents  the  case  of 
two  ties ;  ^g,  71  that  of  two  struts  (such  as  a  pair  of  rafters  abutting 
against  two  walls);  ^g,  72  that  of  a  strut,  L  Sj,  and  a  tie,  L  S^  (su(£ 
as  the  gib  and  the  tie-rod  of  a  crane). 

146.  Frame  of  Two  Ban — SMabiUtj. — ^A  frame   of  two  baiS  iB 

stable  as  regards  deviations  in  the  plane  of  its  lines  of  resistance. 

With  respect  to  lateral  deviations  of  angular  position,  in  a 
direction  perpendicular  to  that  plane,  a  frame  of  two  ties  is  stable; 
so  also  is  a  frame  consisting  of  a  strut  and  a  tie,  when  the  direction 
of  the  load  inclines ^rom  the  line  S|  Sg,  joining  the  points  of  support 

A  frame  consisting  of  a  strut  and  a  tie,  when  the  direction  of  the 
load  inclines  towa/rda  the  line  Si  Sg,  and  a  frame  of  two  struts  in  all 
cases,  are  imstable  laterally,  unless  provided  with  lateral  stays. 

These  principles  are  true  of  any  pair  of  adjacent  bars  whose  fairiher 
centres  of  resistance  are  focedj  whether  forming  a  &ame  by  them- 
selves, or  a  part  of  a  more  complex  frame. 

147.  Treatment  of  Distribnted  lioads. — Before  applying  the  prin- 
ciples of  Article  145,  or  those  of  the  following  Ajiicles,  to  frames 
in  which  the  load,  whether  external  or  arising  from  the  weight  of 
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resistances  or  stresses  along  the  bars  C  and  A  which  meet  at  that 
joint,  are  represented  in  magnitude  by  the  sides  of  a  triangle  re- 
spectively parallel  to  their  directions.     Therefore,  in  fig.  73*,  draw 

CO  parallel  to  the  bar  C,  and  AO  parallel  to  the  bar  A,  meeting 
in  the  point  O,  and  those  two  lines  will  represent  the  stresses  on 
the  bars  C  and  A  respectively.     In  the  same  manner  it  is  proved, 

that  B  O  represents  the  stress  on  the  bar  B.  The  three  lines  C  0, 
A O,  BO,  meet  in  one  point  O,  because  the  components  along  the 
line  of  direction  of  a  given  bar,  of  the  external  forces  applied  at 
its  two  extremities,  are  equal  and  directly  opposed* 

Hence  follows  the  following 

Theorem.  If  three  forces  he  represented  hy  the  three  sides  of  a 
tricmglej  and  if  three  straight  lines  radiating  from  one  point  he  dravm 
to  the  three  angles  of  tJiat  triangle,  tJien  a  triangvlar  fra/nie  whose 
lines  of  resistance  a/re  pa/raUd  to  the  three  radiating  lines  vnll  he  in 
equUihrio  under  tlie  three  given  forces,  each  force  hemg  a^pplied  to  the 
joint  where  (lie  two  lines  of  resistance  meet,  which  a/re  pa/raRd  to  the 
radiating  lines  contiguous  to  tliM  side  of  live  original  triangle  which 
represents  the  force  in  question. 

Also,  tlie  lemjtlis  of  the  three  radiating  lines  wiU  represent  thi 
stresses  on  the  bars  to  which  tJiey  are  respectively  parallel, 

149«   Triangular  Frame  nnder  Parallel   Forc<». —  W  hen  the  thzes 

external  forces  are  parallel  to  each  other,  the 
triangle  of  forces  A  B  C  of  fig.  73*  becomes  a 
straight  line  C  A,  as  in  fig.  74*,  divided  into  two 
segments  by  the  point  B.  Let  straight  lines  radiate 
from  O  to  A,  B,  C ;  and  let  fig.  74  represent  a 
triangular  frame  whose  sides  1  2  or  A,  2  3  or  B, 
3  1  or  C,  are  respectively  parallel  to  O  A,  O B,  O C; 

then  if  the  load  CA  be  applied  at  1  {^g.  74),  AB  applied 

at  2,  and  B  C  applied  at  3,  are  the  supporting  forces 

required  to  balance  it  5  and  the  radiating  lines  O  A* 

B  OB,  00,  represent  the  stresses  on  the  bars  A,  B,  0^ 

respectively. 

From  O  let  fall  O  H  perpendicular  to  O  A,  the  00m- 

-^    mon  direction  of  the  external  forces.     Then  that  line 

^^'       '      will  represent  a  component  of  the  stress,  which  is  of 

equal  amount  in  each  bar.     When  CA^  as  is  usually  the  case,  is 

vertical,  OH  is  horizontal;   and  the  force  represented  by  it  is 

called  the  '^horizontal  thrust"  of  the  frame.     Horizontal  Stress oe 

Jiesistcmce  would  be  a  more  precise  term;  because  the  force  in 

question  is  a  pull  in  some  parts  of  the  frame,  and  a  thrust  in  oihenL 

In  fig.  74,  A  and  C  are  struts,  and  B  a  ^     If  the  fiame 


Fig.  74. 
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exactly  inverted,  all  the  forces  would  Lear  the  same  proportions  to 
each  other;  but  A  and  C  would  be  ties,  and  B  a  stnU. 

The  tiigonometiical  expression  of  the  relations  amongst  the  forces 
acting  in  a  triangular  frame,  imder  parallel  forces,  is  as  follows  : — 

Let  a,  by  c,  denote  the  respective  angles  of  inclination  of  the  bars 
A,  B,  C,  to  the  line  O  H  (that  is,  in  general,  to  a  horizontal  line). 

Then,  Load  CA  =  OH  •  (tan  c  =fc:  tan  a) ;  ' 


.(1.) 


Supporting  I  AB  =  O  H  •  (tan  a  =+=  tan  b)  j 
Porces      |BC  =  0H-(tan6=fc:tanc); 

The  siffn  /  "*"  I  ^  *^  ^  ^^^^^  when  the  two  )  opposite  directions 
°     (  —  J         inclinations  are  in         /  the  same  direction. 


Stresseis  * 


OA  =  OH 


OB  =  OH 


sec  a 
sec  b 


I. 


0  C  =  O  H  •  sec  c 


.(2.) 


0H  = 


CA 


tan  c  z±z  tan  a 


.(3.) 


150.  Polygonal  Frame— Eqaiiibriam.— The  Theorem  of  Articld 
148  is  the  simplest  case  of  a  general  theorem 
respecting  polygonal  frames  consisting  of  any 
number  of  bars,  which  is  arrived  at  in  the  fol- 
lowing manner.  In  fig.  75,  let  A,  B,  C,  D,  E,  bo 
the  lines  of  resistance  of  the  bars  of  a  polygonal 
fiume^  connected  together  at  the  joints,  whose 
centres  of  resistance  are,  1  between  A  and  B,  2 
between  B  and  C,  3  between  C  and  D,  4  between 
D  and  E,  and  5  between  E  and  A  In  the  figure, 
the  frame  consists  of  five  bars;  but  the  demonstra- 
tion is  applicable  to  any  number.  From  a  point 
O,  in  ^,  75*  (which  may  be  called  the  Diagram 
of  Forces),  draw  radiating  lines  OA,  OB,  00,  OD,  OE,  parallel 
respectively  to  the  lines  of  resistance  of  the  bars;  and  on  those 
radiating  lines  take  any  lengths  whatsoever,  to  represent  the  stresses 
on  the  several  bars,  which  may 
have  any  magnitudes- within  the 
limits  of  strength  of  the  material. 
Join  the  ]X)ints  thus  found  by 
straight  Imes,  so  as  to  form  a 
closed  polygon  A  BODE  A  j  then 
it  is  evident  that  A  B  is  the  ex-  Fi^.  76. 


Fig.  76». 
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teniai  forct\  which  l>eiiig  applied  at  the  joint  1  of  A  and  B,  will 

pnKiuct  thf  stress  ^»A  on  A  and  OB  on  B  ;  that  BC  is  the  external 
lorct'  which  Ihjiiu:  a]i])liod  at  the  joint  2  of  B  and  C,  -will  produce 

thf  Rtivss  VT*  oil  1>  ^already  mentioned)  and  UC  on  C;  andsif 
on  for  all  tht-  sides  of  the  })olygon  of  forces  A  B  C  D  E  A.  Hence 
follows  this 

TnEorjZM.  If  linen  rnJiathip  from  a  paint  he  drawn  paraUd  to 
tin  liue^  o7^  rc^i<!itaii(*t  of  tht  bars  ofa  ^wJ^fffonaf  Jrcmiej  tJien  the  eida 
of  auif  poh/aoh  ivlu^if  aualett  lie  ih  thtitic  radiating  lines  will  reprtsefd 
a  sitsteih  fffonv^,  ichich,  hrinp  apjyiied  to  the  jomts  qf^Jrame,  will 
ItahtHct  tach  oihrr  .  vach  ituch  force  heiug  apjiliedto  tJte  joint  between 
tht  harti  irhintt  Vmcs  of  resistance  are  parallel  to  ifte  pai/r  of  radiating 
liiteti  that  euclotn  tht  side  of  the  jyciil  tfgon  of  forces,  representing  the  fora 
in  question.  Alstu  the  Jengtlis  of  the  radiating  lines  will  represent  the 
strestit'if  along  the  hai-n  tu  whose  lines  of  resistance  tJiey  ajre  respectively 
parallel. 

IT'l.  OpcB  Poiyfrmud  Fnunc. — TThon  the  polygonal  frame,  instead 
of  being  closed,  as  in  fig.  7/),  is  conveTted  into  an  Open  frame,  by 
the  omission  of  one  bui\  such  as  E,  the  corresponding  modi£cation 
is  made  in  the  diagi-ani  of  forcet'  by  omitting  the  lines  O  E,  D  £, 
E  A    Then  the  |k »]ygon  of  external  forces  becomes  A  B C  D  O  A ;  and 

D  O  and  O  A  represent  the  su.jtporting  forces  respectively,  equal  and 
diit^ctly  c>pjK>sed  to  the  stresses  along  the  extreme  bars  of  the  frame, 
D  and  A,  which  mnst  be  exerted  by  the  foundations  (called  in  this 
<-ase  abutments),  at  the  jx>ints  4  and  5,  against  the  ends  of  those 
bars,  in  order  to  maintain  the  equilibrium. 

152.  Polygonal  Fraiiir— staMiiiy. — The  stability  or  instability  of 
a  ])olygoiial  frame  depends  on  the  principles  already  stated  in 
Articles  138  and  130,  viz.,  that  if  a  bar  be  free  to  change  its 
angular  position,  then  if  it  is  a  tie  it  is  stable^  and  if  a  strut, 
unstable ;  and  that  a  strut  may  be  rendered  stable  by  fixing  its 
ends. 

For  example,  in  the  fiume  of  ^g.  75,  E  is  a  tie,  and  stable ;  A,  B, 
C,  and  D,  are  struts,  free  to  change  their  angular  position,  and 
therefore  unstable. 

But  these  stiiits  may  be  i-endered  stable  in  the  plane  of  the  frame 
by  means  of  stays ;  for  example,  let  two  stay-bars  connect  the  joints 
1  with  4,  and  3  with  5 ;  then  the  points  1,  2,  and  3,  are  all  fixed, 
so  that  none  of  the  struts  can  change  their  angular  positiona  The 
wimci  effect  might  be  produced  by  two  stay-bai*s  connecting  the  joint 
*2  with  5  and  4. 

Tlio  frame,  as  a  whole,  is  unstable,  as  being  liable  to  oyertan) 
lat<»rjilly,  unless  provided  with  lateral  stays,  connecting  its  joints 
with  fixed  points. 


fOLTGOESA]«  FKAXE  r!n)iES  FJLKAIXEL  FOtKCZS.  141 

Now,  suppose  the  finme  to  be  exaethr  inTearted*  the  loftds  at  1^  3; 
and  3,  and  the  supporting  forces  at  4  and  5«  being  the  same  as 
before.  Then  £  ben>mes  a  stmt ;  but  it  is  stable,  because  its  ends 
are  fixed  in  position ;  and  A^'ByC,  and  D  become  ties^  and  are 
stable  without  being  staved. 

An  open  polygon  consisting  of  ties,  such  as  is  formeil  by  A,  B>  C, 
and  D  when  inTcrted,  is  caUed  by  mathematicians  a/MiiiVtiAir /o/y- 
gon,  because  it  may  be  made  of  ropes. 

It  is  to  be  observed,  that  the  stability  of  an  vnMa^  l^^l^'i^ui  of 
ties  is  of  the  kind  described  in  Article  127,  and  admits  of  o^s^-^ihUUm 
to  and  firo  about  the  position  of  equilibrium.  This  oscillation  may 
be  injurious  in  practice,  and  stays  may  be  required  to  j\revont  it. 

153.    Ptf71««>»l    FniBie    ««dler   Pandld   F«rcc«» — 

When  the  external  forces  are  parallel  to  each  other, 
the  polygon  of  forces  of  fig.  75*  becomes  a  straight 
line  AD,  as  in  fig.  75**,  divided  into  segments  by      y 
the  radiating  lines ;  and  each  segment  repivsonts  the  ^^^ 
external  force  which  acts  at  the  joint  of  tho  Ivars      V 
whose  lines  of  resistance  are  parallel  to  the  radiating 
lines  that  bound  the  segment.     Moreover,  the  seg- 
ment of  the  straight  AD  which  is  intercepted  Lts 
tween  the  radiating  lines  parallel  to  the  linos  of 
resistance  of  any  tioo  bars  whether  contiguous  or  noty 
represents  the  resultant  of  tho  external  forces  which      Fig.  76*». 
act  at  points  between  the  bars. 

Thus,  AD  represents  the  tottil  load,  consisting  of  the  thret^  poi^ 

tions AB,  BC,  CD,  applied  at  1,  2,  3  respectivt^ly.    DA  represeniH 
the  total  supporting  force,  equal  and  opposite  to  thti  loiul,  (Mjnsist- 

ing  of  the  two  portions  D  E,  E  A,  applied  at  4  and  5  n^speciively. 

AC  represents  the  resultant  of  the  load  applied  lu^twei  ii  tlu)  luirn 
A.  and  C;  and  similarly  for  any  other  pair  of  bars. 

From  O  draw  OH  per]:)endicular  to  AD;  thcai  that  line  re- 
presents a  component  of  th<i  stresH,  whose,  amount  is  the  sanio  in 
each  bar  of  the  frame.  When  the  load,  as  is  UHiially  ili<i  trasn,  Ih 
vertical,  that  component  is  called  the  ** JurrizmUal  fhrunf"  of  tlin 
frame,  and,  as  in  Article  140,  might  more  correrjily  l>e  ealird  horir 
zontal  stress  or  resistance,  seeing  tliat  it  is  a  pull  in  w;iiie  of  tlio 
bars  and  a  thrust  in  others. 

The  trigonometrical  expression  of  ihawi  principles  is  as  follows:  - 

Let  the  force  O II  Tkj  denot*;d  simi>ly  by  H. 
Lfjt  iy  i'y  denote  the  inclinations  U)  i)  II  of  the  lines  of  resiMtancr^ 
of  (17*1/  lino  ^jTxrs,  contiguous  or  not. 
Let  \i,  R',  \jft  the  resjxjctive  HtreatHiH  wliich  act  aloiijj  \A\»)»>*.  Sf^x^ 


•  ( 


Tiir.o:r.   or  Bnirnmias. 


L"-  1   iH  -ui-  '»^*r:ilr;iir  o-  thf  o:n.tTnuL  iiirw*  anuinr  "li^^^  ^® 

Tiioi  i.  =  Z     -.-■  1\  =:'£     mi  \   : 

3  =  Zl  't;u     i^t  na  r. 
n<  •?i:ti  n:  -.ii*  luiirnii-  <v  Tiiu  Uit!lulu.uJ:ci^  i?     :t-ti:«5::'?\ 

f't."*!-       '  'lie*   ikI    •■  •  i    :  '""J  ti   '*"  ii«{  .' nil  liwj  .11.  :i:  lu-e  *>»sj  E;iw 

---  1     Mv*  •''  ".ii-    .H  ::i'' «■    iaiif  I-  .'  ujd  «.■  A-  «C"aifcl  isi  directlv 
■  *':•  fv-:  :  -vi   •■..    .  ■    ;..    uit   sircssi*  Liiaiz  Tiij{  «xirriiir  tisrs  of  the 

■'"    ,,    Ll'l    ..    :i:'l«  'I.:    ""..li;    IJlTJOr   •■'  ^^r-nurrnT    v'ju  lilJCise  tiiTS* 

li*.""  I    J  =  A  -    i'i-:i.i:    TJii  T.:i7il  'j.iu.d  cfL  iiti:  frszL&.     Then  by 


t  .-■       ..  -.It  .J  i„-     I.  „-«,ji  i;  ':    .■•«•. 


E  =  .-^^ 


1  o-^.  Kratrtf  cT  rMf  ■ — A  ?'-fli.v  if  fi  stav-bftT  on  «-hich  there 
i-  fa  jtTr.-.j^L-'i.*  -sTrvSN.  '^:':-  i .":.'•  (xktzjiI  forces  ar-pliexi  to  a  polr- 
p' :.  *^  :r;*i::'...  f»>cii''-ri  rui,ii.7.';ir*r  :"'-f .-'*:.  :-trjtr  as  an  entire  sysremyaif 
'-.>-:^.  LV^i  ii.  &  i:j;*j.-":r  i::-:  »■*: Tij-.i^^^  v.i  -v-ith  the  eqiiilibriiun of  eack 
h'AT  s-  7i;-r;->  jr.  i},tr.  rr  .-■.:.--- ivvlv^  i-*-;  j.r  more  joints  together  by 
mf^.:-*z.r  -f  '/rT.'^';-.  •v-'Li:':.  z:^f.-  \:  c..;"r::T  «ruts  or  ties,  tJie  resistances 
of  ti'?/-  bT^>;:?  i-jiT  rn  nfa.'c  :-:  >v.yy.':T.  a:  the  joints  which  they 
<yiiii;f-a.  ti;*?  frcis  'wai.rlr.r  t.'  7r:».v.:.>i  oq-iiibrium  of  each  bar. 

Tu:  r'/.-i--^ixi.K-  cf  a  Iri.x-  intr.o.v.^v*  a  pur  of  equal  and  opposite 
fffTVs?.  ai-iir;::  alor,^  tLe  ILl.;-  of  rt  ji;>tAnoe  of  the  brace,  upon  the 
j.'iiir  of  j'^.irit*  "which  i:  crir.cxti^  It  therefore  does  notidterthe 
rcsyJtorU  of  the  fjrc*-?  ayr'lie.i  to  that  jttir  of  joints  in  amount  nor 
i:i  j»^>.'.ition ;  but  only  the  di^ribiUion  of  the  components  of  that 
nrf-iiltant  on  the  ftair  of  joints. 

T}kf:  same  remark  applies  to  any  number  of  joints  connected  by  a 
Ky.-.t':m  of  braces. 

To  exemplify  the  use  of  braces  and  the  mode  of  detennining  the 
Ktrr-.'-so.s  r>ri  them,  let  ^^r.  7G  represent  a  fRime  such  as  frequently 
occurs  ill  iron  rrjofs,  coii.sisting  of  two  struts  or  rafters,  A  and  E, 
;in'l  three  tie-Uirs,  B,  C,  and  D,  forming  a  ix)lygon  of  five  sides» 
jointed  at  ],  2,  ti,  4,  5,  loiided  vertically  at  l,and  supported  by  the 
vcrliiyJ  r(jKLsljiiice  of  a  jwiir  of  walls  at  2  and  o.     Tlic  joints  3  and 
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if  IttTiiig  no  loadfl  applied  to  them^  are  connected  with  1  by  the 


A. 

Fig.  76. 
braces  1 4  and  13.     It  is  required  to  find  the  stresses  on  those 
hraoes,  and  on  the  other  pieces  of  the  frame. 

To  make  the  diagram  of  forces  (fig.  76*),  draw  the  vertical  line 
E  A,  as  in  Article  153,  to  represent 
the  direction  of  the  load  and  of  the  ^^, 
supporting  forces. 


The  two  segments  of  that  line,  AB  y  ^^^skt--^^^!^^*^ 

and  D  E,  are  to  be  taken  to  represent    d,c 
the  supporting  forces  at  2  and  5  j  and  pjg  75  • 

the  whole  line  E  A  will  represent  the 
load  at  1.  From  the  ends,  and  from  the  point  of  division  of  the 
Ktde  of  external  forces  E  A,  draw  straight  lines  parallel  respectively 
to  the  lines  of  resistance  of  the  frame,  each  line  being  drawn  from 
the  point  in  E  A  that  is  marked  with  the  corresponding  letter. 
Then  A  a  and  B  &,  meeting  at  a,  &,  will  represent  the  stresses  along 
A  and  B  respectively;  and  Ee  and  Dc^,  meeting  in  c?,  6,  will 
represent  the  stresses  along  D  and  E  respectively;  but  those  four 
lines,  instead  of  meeting  each  other  and  C  c  parallel  to  C  in  one 
point,  leave  gwps^  which  are  to  be  filled  up  by  drawing  straight  lines 
parallel  to  the  braces :  that  is  say,  from  a,  h,  to  c,  parallel  to  13 ; 
And  from  d,  e,  to  c,  parallel  to  4  1.  Then  those  straight  lines  will 
represent  the  stresses  along  the  bAices  to  which  they  are  respectively 
parallel ;  and  C  c  will  represent  the  tension  fdong  C.  Upon 
analyzing  the  diagram  of  forces  so  constructed,  it  will  be  found 
that  to  each  joint  in  the  frame,  fig.  76,  there  corresponds  in  fig. 
76*9  a  triangle,  or  other  closed  polygon,  having  its  sides  respec- 
tively parallel,  and  therefore  proportional,  to  the  forces  that  act  at 
that  joint.     For  example, 

Joints,        1,  2,  3,  4,  5, 

Polygons,  EAac6E;  AB6A;  BcbB;  DdcB;  DEeD. 

The  order  of  the  letters  indicates  the  directions  in  which  the 
forces  act  relatively  to  the  joints.* 

The  method  of  arranging  the  positions  of  braces,  and  determining 
the  staresses  along  them,  of  which  an  example  has  been  given,  may 
be  thus  described  in  general  terms. 

If  the  distribution  of  the  loads  on  the  joints  of  a  ]X)lygonal  frame, 
though  consistent  with  its  equilibrium  as  a  whole,  be  not  consistent 

•  This  method  of  treating  braced  frames  contains  an  impTOvemeat  va^ 
geited  by  Mr.  Clerk  'MaxwaU  in  1867. 


.  2.. ;.  .  1*  - 


.5"    f!!'!;.  .T  .  Jl 


-v  J  ~-ii;  wi:!:':!?"!*!!  .r  v.  :ii  -iiir.  "iei:- iz.  ^"»  diagram  of  forces, 
•\  iir'i  :'.a  "':i-^jll:  ;.:l:^r  :':-j  i:  :T."r':lT  "Tu.r'jLliL  "o  "iiLr  liii€:s  of  re^stance 
1-"^  ;r^  vn  :r";iu  '-i«i  L^i^'t^-r  ;t  'm  ihlt^tc  ^ifexienial  forces,  those 
.".a  ■■:r-c*.:;r  .::i»;s.  .:rtr:'ni  ;c  ^i-i-Tji:!  i:.  .'c-f  rein:,  "wtII  be  found  to 
jii  i  ri.>  :>:TV:-ii  :.:.:.::.  TTie  li^e*  zHoe^arr  ::•  £11  up  those  gapB 
•\..     ::•;•:::  "Liu  I'.c.":'*  ■«•:    :*t  tu::  r  L»iil  ":t  nsMi?  of  the  resistance 

1  '■-.   fcitf^H?  •■:  A  TwBWk— !7i-:  ■v.rl  r/^^.<*  ii  iTj-lieJ  in  carpentry 

i-:-:.  ..-.i:  ::-:.:...;^  ::  t  Tr*::-:;^:.;*^  r-Lzi-i.  iz.-!  "':  i  jolrgcnal  frame  to 

■^  :.'.::    r^-  .  ■    >  z'  '  --^  '■  ~  >^.;"'^-C  i^'l  *:ri*:ii:^.  »*:•  that  its  figure 

?^:;i__  ii:   ..i.':  i:  :i-:  .l'  i.-iriTiZi'-c  ':;"  -;— »-•-  r  ::'  i^.^  tOTS  about  their 

'I..:?.     I:   ::..::    i.i.:-4  v-r^   fj':t,*.tlj.--i»'-i  :c  :lrf  kii.d  described  as  the 

*  ■  *  _ 

■r.-v:  .:;•-.<?  ..  _^.rv..;ii:  '.;•:■.  zIulz  :.f,  l:i:  ^  ILi^.  ir^oapable  of  offering 
j:  >.>./?■  .■•.  :.  i.":c*A':i:c.  .£  "l-e  z^liLzi-r^  a:Lr:ilar  {>asition  of  the 
':i:.>  .-.I.. :■.■.•::••.  -  .:.  ii  v:i:J!,'i  re  z.-:'>7«air7.  in  crder  to  fulfil  the 
:'.r.'.L  :.'  .:  •■^-  •'. : ;•  -.:d,z  T-'":r7  Ti; >,?.-£  ^aULt  should  be  divided 
*:  '.:•:  ..:■:<  .c'  ^:^^;;^c■JJl-.■^  .if  s:a.T>  iz- !:«.>:•«  ir-'o  trLaneles  and  other 
'•  .  ^'  ■->  i*;  iTTizi^.vL  zhkz  T'-.rr  -i.l~r:r.  c:  iV-ur  or  more  sides 
>.:.'.;.-  .i.  ':*i  ^itt: '..:.•  .i.-:'*.  "i"  "iriJiZ-cv:*  .-  ill  I'li':  rwo  sides  and  the 
:.  j^'.i. :.  .■..-.•.■.  J.:- ^•- .  i,!  Trjjr.i: •:'^.1.  F :  r  t  ••--: rr  ix.y'-^.Tr^i  lolvgon  of  four  sides 
•:c  v:  .r..  -v •■:!;.  d.  v.ii:  ■■.■.-.■.T<^  i?  ivv.rlf.  -^fss  &ii  tlie  angles  except 

S..v-.:::..'..:'N  *::v:  -ir.  i  .>.rrjiii~  ini.-ii.":  c:  ?:LJness  in  the  joints  d 
A  :rAi,.:.  Av-.l  jt.-.v.:"iz::>  ZZ-:  "Ti^i^J^x  :i  I's  'uats  io beudiug, is  relied 
v.v«.  V.  :.  i'.v:  t'^i.Ltv  ■:■;  'C.-:  friri:-  vif"  tIlv  load  upon  it  is  sub- 
•:•;■:  -:.  <•.;-*".  vArii::.v.*  .-riv  i--i  ::*  :i:x:e  of  distribution.  For 
*ViV..-.  v..  -.v.  '.':.■:  :r.-.s>  .:  f.^:  >1  :*;r  'wri:!:  st^e  Article  161,  farther 
cv. ,  ':1.:  :..->.Vi:v.  A  A  :>  r:i.v.:f  in  cnr  y:-vt\  or  in  two  or  more 
:  .:\-*::5w  ?«;  .>:r:v.:';:cv.  :;'^:*:li-.r  .v*  •:  s^-:  liko  one  piece;  and  part  of 
::>  Y.-i^:.':  i>  >•.:<•>:::.•.-:%:  :r::v.  :r.v  =:i:-.:^  C.  C.  bv  the  rods  CB,  CR 
T :.-:■>»:  r>.l>  ils,-  >«;rv-i  :•:  :-.'..ik^^  ihv  rwi<v»n-.v  o:  the  tie-beam  CCto 
Inir.^  r«::n:,  sc:  >.^  ,v*  :■:  yrrv^n:  rl,-^  s:r-.::*  AC,  CC,  C  A,  from 
■.■.ivi.^:!!.*:  :r:r:*.  :2-.-:ir  yr-V'^r  anir^ilar  ix>s:::o::>,  by  turning  on  the 
;::r:r*  A,  C,  C.  A.  1:  A  B.  B  B.  ai:d  B  A.  were  three  distinct 
v:-.v>:'^  wi:r.  nixiVlo  •.^in':*  a:  B,  B.  it  is  evident  that  the  frame 
mi^r-T  Iv  disf.4r.:rL\i  bv  iiisionion  of  the  quadrangle  B  C  C  R 

irC     TariaU«H»  of  I^oiUI  om  Traaa. — ^Tho    objoct    of  stiffening  ft 

tmss  bv  bract:?  is  to  enable  it  to  sustain  lo:ids  variouslv  distributed; 
for  were  the  load  always  distributed  in  one  way.  a  frame  might  he 
desicnacd  of  a  fijrure  exactlv  suited  to  that  load,  so  that  there  should 
be  no  need  of  bracing. 

The  variations  of  load  produce  variations  of  stress  on  all  the 
pieces  of  the  frame,  but  especially  on  the  braces ;  and  each  piece 
must  be  suited  to  withstand  the  greatest  stress  to  which  it  is  liable. 

Some  pieces,  and  especially  braces,  may  have  to  act  sometimes  aa 
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stnits  and  sometimes  as  ties^  according  to  the  mode  of  distribution 
<tf  the  load. 

158,  Bar  common  to  MTeral  Frames. — ^Whcn  the  same  bar  forms 
at  the  same  time  part  of  two  or  more  di£ferent  frames,  the  stress 
along  it  is  determined  by  the  aid  of  the  following 

Thbobem.  The  8t/re88  on  a  bar  common  to  two  or  more  frames^  is 
ihe  resvibomt  of  the  different  stresses  to  which  it  is  subject^  m  virtue  of 
itsposiiion  in  the  different  frames, 

jQlnstrations  of  this  will  be  found  in  the  following  Articles. 

159.  Seeondaiy  Trnmiiig. — A  secondary  truss  is  a  truss  which  is 
supported  by  another  truss. 

When  a  load  is  distributed  over  a  great  nimiber  of  centres  of 
Tesistance,  it  may  be  advantageous,  instead  of  connecting  all  those 
centres  by  one  polygonal  frame,  to  sustain  them  by  means  of  several 
anaU  truss^,  which  are  supported  by  larger  trusses,  and  so  on,  the 
whole  structure  of  secondary  trusses  resting  finally  on  one  large 
truss,  which  may  be  called  the  primary  truss.  In  such  a  combina- 
tion, the  same  piece  may  often  form  pfui»  of  different  trusses ;  and 
then  the  stress  upon  it  is  to  be  determined  according  to  the  Theorem 
of  Article  158. 

Exomvpie  I.  Fig.  77  represents  a  kind  of  secondary  trussing  com- 
mon in  the  framework  of  iron  roofs. 


Fig.  77. 


The  entire  frame  is  supported  by  pillars  at  2  and  3,  each  of  which 
enstains  in  all,  half  the  weight. 

1  2  3  is  the  jpmiar^  ^rus9,  consisting  of  two  rafters  1  3,  1  2,  and 
a  tie-rod  2  3. 

The  weight  of  a  division  of  the  roof  is  distributed  over  the 
xafters. 

'  The  middle  point  of  each  rafter  is  supported  by  a  secondary  truss; 
one  of  those  is  marked  14  3;  it  consists  of  a  sbrut,  1  3  (the  rafter 
itself),  two  ties  4  1, 4  3,  and  a  strut-brace,  5  4,  for  transmitting  the 
load,  applied  at  5,  to  the  point  where  the  ties  meet. 

Each  of  the  two  larger  secondaiy  trusses  just  described  supports 
two  smcUler  seconda/ry  trusses  of  similar  form  and  construction  to 
itself;  two  of  those  are  marked  1  7  5,  5  6  3;  and  the  subdivision  of 
the  load  might  be  carried  still  farther. 

In  determining  the  stresses  on  the  pieces  of  this  structure,  it  is 
indifferent,  so  &r  as  mathematical  accuracy  is  concerned,  whether  we 

L 
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commence  with  the  primary  truss  or  with  the  secondary  trusses; 
bat  by  commencing  with  the  primary  truss,  the  process  is  rendered 
more  simple. 

(1.)  Primaary  Truss  12  3.  Let  W  denote  the  weight  of  the  loof ; 
then  ^W  is  distributed  over  each  lafber,  the  resultants  acting 
through  the  middle  points  of  the  rafters.  Divide  each  of  those 
Tesultants  into  two  equal  and  parallel  components,  each  equal  to 
\  "W,  acting  through  the  ends  of  the  rafter ;  then  i  W  is  to  be 
considered  as  directly  supported  at  3,  ^  "W  at  2,  and  i  W  +  ^  W 
=  ^  W  at  1 ;  therefore  the  load  at  the  joint  1  is 

Let  i  be  the  inclination  of  the  rafters  to  the  horizon;  then  by  the 
equations  of  Article  149 

2tani'"4tani' ^^^ 

This  is  the  pull  upon  the  horizontal  tie-rod  of  the  primary  truss, 

2  3;  and  the  thrust  on  each  of  the  rafters  13,  1  2,  is  given  by  the 

equation 

.       Wcoseci  ,^. 

B  =  Hsec%  = 7 (2.) 

(2.)  Secondary  Truss  14  3  5.  The  rafter  1  3  has  the  load  ^  W 
distributed  over  it;  and  reasoning  as  before,  we  are  to  leave  two 
quarters  of  this  out  of  the  calculation,  as  being  directly  supported 
at  1  and  3,  and  to  consider  one-half,  or  ^  W,  as  being  the  vertical 
load  at  the  point  5,  The  truss  is  to  be  considered  as  consisting  of 
a  polygon  of  four  pieces,  5 1, 1  4,  4  3,  3  5,  two  of  which  happen  to  be 
in  the  same  straight  line,  and  of  the  strut-brace,  5  4,  which  exerts 
obliquely  upwards  against  5,  and  obliquely  downwards  against  4,  a 
thrust  equal  to  the  component  perpendicular  to  the  rafter  of  tiie 
load  ^  "W;  which  thrust  is  given  by  the  equation 

B^4  =  iWcosi (3.) 

Then  we  easily  obtain  the  following  values  of  the  stresses  on  the 
lafter  and  ties,  in  which  each  stress  is  distinguished  by  having  affixed 
to  the  letter  Er  the  numbers  denoting  the  two  joints  between  which 
it  acts. 

Thrusts    ^«=q;^--^  Q  wsm%=  -  w  cosec*  ^4) 


on 
lafter 


It8g=  ox  ^*-+  -^WmLt^zz  -Wcosec* 
2tan^       8  8 

R  1  1 

B,i^  2±^-  -  «  "Wsini=  -W(coseci-2sint) 
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The  differeace  l)etweeQ  the  thrusts  on  the  two  dnirions  of  the 
rafiber, 

is  the  component  aUmg  ihA  rafter  of  the  load  at  the  point  5. 

(3.)  Smaller  Secondary  Trusses^  17  5,  5  6  3. — ^These  trusses  are 
giTniUr  in  every  respect  to  the  huger  secondary  trusses,  except 
that  the  load  on  each  point  is  one-half,  and  consequently  each  of 
the  stresses  is  reduced  to  one-half  of  the  corresponding  stress  in  the 
equations  3  and  4. 

(4.)  EesuUani  Stresses.  The  pull  on  the  middle  division  of  the 
great  tie-rod  2  3  is  simply  that  due  to  the  primary  truss,  12  3.  The 
pnll  on  the  tie  4  7  is  simply  that  due  to  the  secondary  truss  14  3. 
The  pulls  on  the  ties  5  7,  5  6,  are  simply  those  due  to  the  smaller 
secondary  trusses,  1 5  7, 5  6  3.  But«greeably  to  the  Theorem  of  Art. 
158,  the  pull  on  the  tie  1  7  is  the  stun  of  those  due  to  the  larger 
secondary  truss  14  3,  and  the  smaller  secondary  truss  17  5.  The 
pnll  on  6  4  is  the  sum  of  those  due  to  the  primary  truss  12  3  and  to 
the  larger  secondary  truss  143.  The  pull  on  6  3  is  the  sum  of  those 
due  to  the  primary  truss  1  2  3,  to  the  l^er  secondary  truss  143,  and 
to  the  smaller  secondary  truss  5  6  3.  The  thrust  on  each  of  the  four 
divisions  of  the  rafber  1  3,  is  the  sum  of  three  thrusts,  due  re« 
apectively  to  the  primary  truss,  the  larger  secondary  truss,  and  one 
or  other  of  the  smaller  secondary  trusses. 

Example  II.  Fig.  78  represents  another  form  of  truss  common  in 
roofs.     Let  W  be  the  weight  of  the  roof,  as  before,  distributed  over 


Kg.  78. 

the  rafters  12, 13.  2  3  is  the  great  tie-rod;  1  7,  6  5,8  9,  suspension- 
rods;  7  6,  7  8, 5  4,  9  10,  struts. 

(1.)  Primary  Truss  12  3.  The  load  at  1,  as  before,  is  to  be  taken 
as  =  iW. 

{2,)  Secondary  Trusses7  63,  782.  The  load  at  6  is  to  be  held  to 
consist  of  one-haJf  of  the  load  between  6  and  1,  and  one-half  of  the 
load  between  6  and  3 ;  that  is,  one-half  of  the  load  between  1  and 
3,  or  J  W.  The  trusses  are  triangular,  each  consisting  of  two  struts 
and  a  tie,  and  the  stresses  are  to  be  found  as  in  Article  149. 

The  suspension-rod  1  7  supports  two-thirds  of  the  load  on  7  6  3, 
and  two-thirds  of  the  load  on  7  8  2;  that  is,  i'i-W  =  i  W;  and 
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ihis,  togeiher  with  irW  which  rests  direcUif  on  1^  makes  up  the 
load  of  i  W,  already  mentioned. 
(3.)  SfnaUer  Secondary  Trusses  3  4t  5,9  10  2.    Each  of  the  points 

4  ana  10  sostainsa  load  off-  W,  from  which  the  stresses  on  the  hars 
of  those  smaller  trusses  can  be  determined. 

One-half  of  the  load  on  4t,  that  is  I'v  W,  hangs  by  the  suspension- 
rod  6  5;  and  this,  together  with  t  W,  which  rests  directly  on  6, 
makes  up  the  load  of  i  W  on  that  point,  formerly  mentioned.  The 
same  remstrks  apply  to  the  suspension-rod  8  9. 

(4.)  ResvUami  Stresses,  The  pull  between  5  and  9  is  the  sum  of 
those  due  to  the  piimaiy  and  larger  secondary  trusses;  that  between 

5  and  3,  and  between  9  and  2,  is  the  sum  of  the  pulls  due  to  the 
primaiy,  larger  secondary,  and  smaller  secondary  trusses. 

The  thrust  on  1  6  is  due  to  the  primary  truss  alone ;  that  on  6  4 
to  the  primary  and  larger  seoondary  truss ;  that  on  4  3  to  the 
primary,  larger  secondary,  and  smaller  secondary  trusses;  and 
similarly  for  the  divisions  of  the  other  rafter. 

Example  IIL  Suppose  that  instead  of  only  three  divisions,  there 
are  n  dividons  in  each  of  the  rafters  1  3,  1 2,  of  fig.  78 ;  so  that  be- 
sides the  middle  suspension-rod  1  7,  there  are  n  —  2  suspension-rods 
under  each  rafter,  ov  2n  —  4inall;  and  n  —  1  sloping  struts 
under  each  rafter,  or  2  ti  —  2  in  aJL  There  will  thus  be  2  n  —  1 
centres  of  resistance ;  that  is,  the  ridge-joint  1,  and  n  —  1  on 
each  rafter ;  and  the  load  direcUy  mi/ppoftied  on  each  of  these 

W 

points  will  be  ^r— . 

W 

The  total  load  on  the  ridge-joint,  1,  will  be  as  before,  -5- ;  that 

W       .  W    /  1\ 

is  to  say,  —  directly  supported,  and  -^  (1 1  hung  by  the 

middle  suspension-rod. 

The  total  load  on  the  upper  joint  of  any  secondary  truss,  distant 

f^  ^f]f^  ^  1  ^^ 

from  the  ridge-joint  by  m  divisions  of  the  rafter,  will  be,  — W; 

4n 

that  is  to  say,  ^  directly  supported,  and W  hung  by 

a  suspension-rod. 

The  stresses  on  the  struts  and  tie  of  each  truss,  primary  and 
secondary,  being  determined  as  in  Article  149,  are  to  be  combined 
as  in  the  preceding  examples. 

160.  Conpomd  TruMM. — Several  frames,  without  being  distin- 
guishable into  primary  and  secondary,  may  be  combined  and  con- 
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nected  in  such  a  manner,  that  certain  pieces  are  common  to  two  or 
more  of  them^  and  require  to  have  their  stresses  determined  by  the 
Theorem  of  Article  158. 

Example  I.  In  fig.  79,  8  9  represents  part  of  the  horizontal  plat- 
form of  a  suspension  bridge,  supported  and  balanced  by  being  hung 
froTiL  the  top  of  a  central  pier,  1,  by  pairs  of  equally  inclined  rods  or 
ropes,  Yiz. : — 1  8  and  1  9;  1  6  and  1  7;  1  4  and  1  5;  1  2  and  1  3. 


Kg.  79. 

Here  8  1  0  is  to  be  considered  as  a  distinct  triangular  frame, 
consisting  of  a  strut  8  9,  and  two  ties  1  8  and  1  9,  loaded  with 
equal  weights  at  8  and  9,  and  supported  at  1.  Let  x  denote  the 
height  of  the  point  of  suspension  1  above  the  level  of  the  loaded 
points,  ^8  =  y^y  ^^  distance  of  those  ]X)ints  on  either  side  of  the* 
middle  of  the  pier,  P  the  load  at  each  ]X)int,  Be  =  I^  the  pull  on 
each  of  the  ties,  1  8, 1  9,  Tg^  the  thrust  between  8  and  9  along  theu 
platform.    Then  we  have 


•Lfto  — 


-89 


X 


Bs  = 


X 


and  similar  equations  for  each  of  the  other  distinct  frames  6  17, 
4  1  5,  2  1  3. 

Then  using  a  similar  notation  in  each  case,  the  thrust  along  the 
platform 


between  8  and  6 


VisTpo  +T 


}9 
99 


6T 


7  and  9 

5  and  7  r^  ^89  +  Tgr  +  T45, 


and  so  on  for  as  many  pairs  of  divisions  as  the  platform  consists  of. 
Examfple  11.  Fig.  80  represents  the  framework  for  supporting 
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Fig.  80. 

one  side  of  a  timber  bridge,  resting  on  two  piers  at  1  and  4. 
oonsista  of  four  distinct  trusses,  viz,. 


It 
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12341oadedat3andd, 

15  6  4        „        5    „   6, 

17  84        „        7    „   8, 
194        „        9; 
bat  aU  thooe  trasses  have  the  same  tie-beam,  14;  and  the  poll 
along  that  tie-beam  is  the  som  of  the  polls  due  to  the  four  trusses. 

161.  MerfiMrg  •£  FnuMe  mt  m  Becttow, — ^TheobeM.  If  a  frwim 
he  acted  upon  hy  any  system  of  external  farces,  a/nd  iftkaJb  frcmve  he 
conceired  to  be  completely  divided  into  two  parts  by  am  ideal  sv/rfacef 
the  stresses  along  the  bars  u^it^  are  intersected  by  that  surface,  bidanoe 
Vie  external  forces  which  act  on  each  of  the  two  parts  of  the  frame. 

This  theorem,  which  requires  no  demonstration,  furnishes  in 
some  cases  the  most  convenient  method  of  determining  the  stresses 
along  the  pieces  of  a  frame.  The  following  consideration  shows  to 
what  extent  its  use  is  limited. 

Case  1.  When  the  lines  of  resistance  of  the  bars,  and  the  lines 
of  action  of  the  external  forces,  are  all  in  one  plane,  let  the  frame 
be  supposed  to  be  intersected  anywhere  by  a  plane  at  right  angles 
to  its  own  plane.  Take  the  line  of  intersection  of  these  two  pliuies 
for  an  axis  of  co-ordinates ;  say  for  the  axis  of  y,  and  any  convenient 
point  in  it  for  the  origin  O ;  let  the  axis  of  a;  be  perpendicular  to 
this,  and  in  the  plane  of  the  frame,  and  the  axis  of  z  perpendicular 
to  both,  and  in  &e  plane  of  section. 

The  external  forces  applied  to  the  part  of  the  frame  at  one  side 
of  the  plane  of  section  (either  may  be  chosen)  being  treated  as  in 
Article  59,  give  three  data,  viz.,  the  total  force  along  a?  =:  F,;  the 
total  force  along  ^  =  F,,  and  the  moment  of  the  couple  acting 
round  2;  =  M;  and  the  bars  which  are  cut  by  the  plane  of  section 
must  exert  resistances  capable  of  balancing  those  two  forces  and 
that  couple.  If  not  more  than  three  bars  are  cut  by  the  plane  of 
section,  there  are  not  more  than  three  imknown  quantities,  and 
three  relations  between  them  and  given  quantities,  so  that  the 
problem  is  determinate ;  if  more  than  three  bars  are  cut  by  the 
plane  of  section,  the  problem  is  or  may  be  indeterminate. 

The  formulse  to  which  this  reasoning  leads  are  as  follows : — ^Let 
X  be  positive  in  a  direction  from  the  plane  of  section  towards  the 
part  of  the  structure»which  is  considered  in  determining  F,,  F^,  and 
M;  let  +  2/  lie  to  the  right  of  +  oj  when  looking  frt)m  z ;  let  angles 
measured  from  O  x  towards  +  y,  that  is,  towards  the  right,  be 
positive ;  and  let  the  lines  of  resistance  of  the  three  bars  cut  by  the 
plane  of  section  make  the  angles  ii,  ii,  i^,  with  x.  Let  Wi,  n^,  Wj,  be 
the  perpendicular  distances  of  those  three  lines  of  resistance  from 
O,  distances  towards  the 

"jf^^jofO.being  considered as{^^^«-}. 
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Let  Bi^  Es,  E^  be  the  resistances,  or  total  stresseSy  along  the 
three  hars^  pulls  being  positive,  and  thrusts  negativOi    Then  we 

We  the  following  three  equations : — 

^p^  ^_  __  ' 

F,  =  IliCoeti  +  It8Cost,  +  R,coe^; 

F,  =  Ilisinii  +  R,  sinij  +  Itssintsj    -» (1.) 

from  which  the  three  quantities  sought,  B],  B,,  B3,  can  be  found. 
Speaking  with  reference  to  the  given  plane  of  section,  F,  may  be 
called  the  normal  stress,  F,  the  shearing  stress,  and  M  the  momeni 
offlexwre  or  bending  stress;  for  it  tends  to  bend  the  &ame  at  the 
section  under  consideration. 

Case  2.  When  the  bars  of  the  frame,  and  the  forces  applied  to 

&em,  act  in  any  direction,  the  forces  applied  to  one  of  the  two 

divisions  of  the  frame  are  to  be  reduced  to  rectangular  components; 

and  the  three  resultant  forces  along  these  rectangular  axes,  F«,  f^, 

V„  and  the  three  resultant  couples  round  these  three  axes,  M,,  Mg, 

M0  are  to  be  found  as  in  Article  60.     Those  forces  and  couples 

must  be  equal  and  opposite  to  the  corresponding  forces  and  couples 

arising  frt)m  the  stresses  along  the  bars  cut  by  the  section;  and 

thus  are  obtained  six  equations  between  those  stresses  and  known 

qiiantities ;  so  that  if  the  section  cuts  not  more  than  six  bars,  the 

problem  is  determinate;  if  more,  it  is  or  may  be  indeterminate. 

The  equations  are  obtained  as  follows  : — Let  R  denote  the  stress 
along  any  one  of  the  bars,  pull  being  positive  and  thrust  negative, 
XiCt  «,  /8,  y,  be  the  inclinations  of  the  line  of  resistance  of  that  bar 
to  the  axes  of  x,  y,  z.  Let  w  be  its  perpendicular  distance  from  O. 
Conceive  a  plane  to  pass  through  O  and  through  the  line  of  resistance 
of  the  bar,  and  a  normal  to  be  drawn  to  that  plane  in  such  a  direo- 
tioD,  that  looking  from  the  end  of  that  normal  towards  O,  the  bar 
is  seen  to  lie  to  the  right  of  O,  and  let  x,  f«,  9,  be  the  angles  of 
inclination  of  that  normal  to  the  three  axes.  Let  2  denote  the 
summation  of  six  corresponding  quantities  for  the  six  bars.  Then 
the  six  equations  are, 

F,=  s-Rcos«;  Fy  =  2-Rcos/3;  F,  =  3*Rco8y; 

—  M^  =  2  •  R  71  cos  A;  —  My  =  2  •  R  7i  cos  f« ;         }-  (2). 
—  M,  =  2  •  R  71  cos  » ; 

irom  which  the  six  stresses  sought  can  be  computed  by  elimination. 

The  plane  of  y  5;  being  as  before,  that  of  the  section,  F,  is  the  total 
direct  stress  on  it;  Fy  and  F,  are  the  total  shearing  stresses ;  My  and 
M,  are  hcTiding  couples,  and  M,  a  twisting  couple. 

Bemakks. — Every  problem  respecting  the  equilibrium  of  frames 
which  can  be  solved  by  the  rrietliod  of  sectiona  explained  in  this 
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Article,  can  also  be  solved  by  the  meHiod  of  polygons  explained  ii 
tlie  previous  Articles;  and  the  choice  between  the  two  methods  is 
a  question  of  convenience  and  simplicity  in  each  particular  case. 

The  following  is  one  of  the  simplest  examples  of  the  solution  of 
a  problem  in  both  ways.     Fig.  81  represents  a  truss  of  a  form  veiy 
,.  ^  common  in  carpentry  (already  referr^ 

to  in  Article  156),  and  conaif"  "" 
three  struts,  A  C,  C  0,  0  A,  a  tit 
■  beam  A  A,  and  two  auspension-roda, 
C  B,  0  B,  which  serve  to  suspend  part 
of  the  weight  of  the  tie-beam  from 
the  joints  0  C,  and  alao  to  stiffen  the 
IT  mentioned  in  Article  156, 


rust 

I 


Kg.Bl, 

truss  in  the  moni 

Let  i  denote  the  equal  and  opposite  inclioatious  of  the  rafte^ 
AC,  C  A,  to  the  horizontal  tie-beam  A  A  ;  and  leaving  out  on 
consideration  the  portions  of  tine  load  directly  supported  at  AA^ 
let  P,  P,  denote  equJ  vertical  loads  applied  at  0  C,  and  —  " 
—  P,  equal  upward  vertical  supporting  forces  applied  at  A  A, 
the  resistance  of  the  prups.  Let  H  denote  the  pull  on  the  tie- 
beam,  R  the  thrust  on  each  of  the  sloping  rafters,  and  T  the  thrust 
on  the  horizontal  strut  C  0. 

Proceeding  by  the  TnMhod  of  jK^ygonB,  as  in  Article  153, 
at  once, 

H  =  —  T  =  P  cotani;  ■) 

\ (3.), 

K  ^  —  P  coaec  i.       ) 

(Thrasts  being  considered  aa  negative.) 

To  solve  the  same  question  by  the  meCJuid  ofsectioTis,  suppose  a 
vertical  section  to  he  made  by  a  plane  traversing  the  centre  of  the 
right  hand  joint  C ;  take  that  centre  for  the  origin  of  co-ordinates ; 
let  a;  bo  positive  towards  the  right,  and  y  positive  downwards ;  let 
X,,  ^1,  be  the  co-ordinates  of  the  centre  of  B:«aistanoe  at  the  right 
band  point  of  support  A,  When  the  plane  of  section  traverses  the 
centre  of  resistance  of  a  joint,  v/e  are  at  liberty  to  suppose  either 
of  the  two  bars  which  meet  at  that  joint  on  opposite  aides  of 
the  plane  of  section  to  be  cut  by  it  at  an  insensible  distance  fixim 
the  joint. 

First,  consider  the  plane  of  section  as  cutting  C  A.     The  forces 
and  couple  acting  on  the  port  of  the  frame  to  the  right  of 
aection  are 

F,  =  0;  F,  =  — P 
M  =— Pa;,. 
Tieo,  observing  that  for  the  stmt  A  C,  n  =  0,  and  that  for  the 
|.djl  A,  n  =  y„  we  h&ve,  by  the  equatioiiB  1  of  th\a  Article 
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Ilcosi  +  H:  =  F,  =  0; 

Ksintss:  —  P; 
Hyi  =  —  M=  +  PaJij 

whence  we  obtain,  from  the  last  equation, 

H  =  ^  =  Pcotant 

from  the  first,  or  from  the  second 

H 

E.  = -.  =  —  P  cosec  i, 

cost 


(4-) 


Next,  conceive  the  section  to  cut  C  C  at  an  insensible  distance 
to  the  left  of  C.  Then  the  equal  and  opposite  applied  forces  +  P 
at  C^  and  —  P  at  A,  have  to  be  taken  into  account  j  so  that 

F.  =  0;  F,  =  0;  M  =  — -PaJi; 

from  the  first  of  which  equations  we  obtain 


H  +  T  =  P.  =  0,  and 
T  =  -  H  =  -  P  cotan  i. 


(5.) 


In  the  example  just  given,  the  method  of  sections  is  tedious  and 
complex  as  compared  with  the  method  of  polygons,  and  is  intro- 
duced  for  the  sake  of  illustration  only;  but  in  llie  problems  which 
are  to  follow,  the  reverse  is  the  case,  the  solution  by  the  method  of 
sections  being  by  far  the  more  simple. 

162.  A  Haif-ijatiice  CHrder,  sometimes  called  a  ^'Warren  Girder,'* 
is  represented  in  fig.  82.  It  consists  essentially  of  a  horizontal  upper 
l)ar,  a  horizontal  lower  bar,  and  a  series  of  diagonal  bars  sloping 
alternately  in  opposite  direc- 
tians,  and  dividing  the  space 
1)etween  the  upper  and  lower 
bars  into  a  series  of  triangles. 
In  the  example  to  be  consi- 
dered, the  gurder  is  supposed 
to  be  supported  by  the  vertical  resistance  of  piers  at  its  ends  A  and 
B,  and  loaded  with  weights  acting  at  or  through  the  joints  at  the 
angles  of  the  several  triangles. 

This  girder  might  be  treated  as  a  case  of  secondary  trussing,  by 
considering  the  upper  and  lower  and  endmost  diagonal  bars  as 
forming  a  polygonal  truss  like  fig.  81,  but  inverted,  supporting  a 
smaller  erect  truss  of  the  same  kmd,  which  supports  a  still  smaller 
inverted  truss,  which  supports  a  still  smaller  erect  truss,  and  so  on 
to  the  smallest  truss,  which  is  the  middle  triangle.    But  it  is  more 


Fig.  82. 
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siinple  to  proceed  by  the  method  of  sections,  which  must  be  applied 
successively  to  each  division  of  the  girder. 

The  load  at  each  joiijt  being  known,  the  two  supporting  forces 
at  A  and  B,  are  to  be  determined  by  the  principles  of  the  equili- 
brium of  parallel  forces  in  one  plane  (Articles  43,  44).  Let  P^ 
Pb,  denote  those  supporting  forces,  upward  forces  being  treated  aa 
positive,  and  downward  as  negative ;  and  let  —  P  denote  the  load 
at  any  joint,  which  may  be  a  constant  or  a  varying  quantity  for 
different  joints. 

Suppose  now  that  it  is  required  to  find  the  stress  along  any  one 
of  the  diagonals,  such  as  C  E,  along  the  top  bar  immediately  to  the 
right  of  C,  and  along  the  bottom  bar  immediately  to  the  left  of  E. 
Conceive  the  girder  to  be  divided  by  a  vertical  plane  of  section 
C  D,  at  an  insensibly  small  distance  to  the  right  of  C;  take  the 
intersection  of  this  plane  with  the  line  of  resistance  of  the  top  bar 
for  the  origin  of  co-ordinates,  which  sensibly  coincides  with  C. 

Let  X  denote  the  distance  of  any  one  of  the  joints  to  the  left  of 
the  plane  of  section,  from  that  plane.  Let  Xi  be  the  distance  of  the 
point  of  support  A  to  the  left  of  the  same  plane.  Let  y  be  positive 
upwards ;  so  that  for  the  joints  of  the  upper  bar,  y  =r  0,  and  for 
those  of  the  lower  bar,  y  =  —  h,  h  denoting  the  vertical  depth 
between  the  lines  of  resistance  of  the  upper  and  lower  bars. 

Let  i  be  the  inclination  of  the  diagonal  C  E  to  the  horizontal 
axis  of  X.  Li  the  present  instance  this  is  positive ;  but  had  C  E 
sloped  the  other  way,  it  would  have  been  negative. 

Let  the  symbol  —  Sq  *  P  denote  the  sum  of  the  loads  acting  at 
the  joints  between  the  plane  of  section  and  the  point  of  support  A, 
the  load  aJt  thejoird  0  hemg  mduded.  Then  for  the  total  forces  and 
couple  acting  on  the  division  of  the  girder  to  the  left  of  the  plane 
of  section,  we  have, — direct  force,  F,  =  0,  becatise  the  applied 
forces  are  all  vertical ; — slieaHng  force,  F,  =  P^  —  sj  '  I^  i  »•  force 

^^''^  ^  {  n^^^OT  E  W  }  '^"'o^^  ^  tlie  plane  of  sectioa 

^®®  I  farther  fp  m  I  *^®  V^^^  of  support  A,  than  a  plane  which 

divides  the  load  into  two  portions  equal  respectively  to  the  support- 
ing pressures; — bending  couple  M  =  Pa  aji  —  2o  'Pa?;  which  is 
upward,  and  right-handed  with  respect  to  the  axis  of  z. 

Now  let  Ri  denote  the  stress  along  the  upper  bar  at  C,  R2 1^** 
along  the  lower  bar  at  D,  and  Rjthat  along  the  diagonal  CE; 
then  the  equations  1  of  Article  161  become  the  following : — 

Ili  +  R2  +  E5cosi  =  0;  orRi  +  RjCosts  —  B^...(ab) 

that  is,  the  stresa  along  the  upper  bajr^  aiid  the  horizontal  component 
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i 

i   d  the  stress  along  the  diagonal,  are  equal  and  oppodte  to  the  stress 
\    along  the  lower  bar ; 

Ej  sin  t  =  F,  =  P^—  3g  .  P; (6.) 

that  is;,  the  vertical  component  of  the  stress  along  the  diagonal, 
balances  the  shearing  force ; 

«  —  B,  2/  =  R2  ^  =  M  =  P^  «!  —  as  •  P«; (c-) 

that  is,  the  couple  formed  by  the  equal  and  opposite  horizontal 
stresses  of  equation  (a),  acting  at  the  ends  of  the  arm  h,  balances 
the  bending  couple. 

Finally,  from  the  equations  (a),  {h),  (c),  are  deduced  the  following 
Tulues  of  the  stresses :— - 

:    PuU  on  lower  bar,  i 

Stress  on  diagonal, 

E,  =  cosec  i  (P^  —  2^  •  P); 
^     Thinui  on  upper  bar, 

Ri  =  —  Rj  —  B3  cos  f 

=  — -^(PaOi— sS-Pa)— cotani(P^  — 2S-P). 

Another,  and  sometimes  a  more  convenient  form,  can  be  found 
for  the  second  and  third  of  those  expressions.  Let  8  denote  the 
length  of  the  diagonal  0  E,  and  Xi  the  horizontal  distance  of  its 
lower  end  E  from  the  point  of  support  A;  then 

and  also 

A'  ^ 

wbich  sobetitations  haying  been  made,  give 


(1.) 


coseot  =  -t',  cotani  =-!— ? — '; (2.) 


B,=  l(P^-2j.P) 


E»  =  — -ilP^JT.  — 2S-Pa;  +  «-«,)(P^-2S-P)J 


—  |(P^ah'— 2S-PaO 


(3.) 
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in  Avbich  a/  is  taken  to  denote  the  horizorUal  distcmce  of  cmy  johtt 
to  the  left  of  a  vertical  plane  tnwersing  E.  The  last  expression  for 
Ki  is  exactly  what  would  have  been  obtained  by  supposing  the 
plane  of  section  to  traverse  E  instead  of  C. 

Any  given  diagonal  is  I  ^*^  J  axxjording  as  it  slopes  I  ^^^^ 

the  direction  of  the  shearing  force  F,  acting  on  a  plane  of  section 
traversing  it 

163.   Half-IiBttlce  Girder— Vnironn  lioad. — CaSE   1.    Every  joint 

haded.  When  the  joints  of  a  half-lattice  girder  are  at  equal  dis- 
tances apart  horizontally^  and  loaded  with  equal  weights^  the 
equations  take  the  following  form : — 

Let  N  denote  the  even  number  of  divisions  into  which  vertical 
lines  drawn  through  the  joints  divide  the  total  length  or  span 
between  the  points  of  support.  Let  I  be  the  length  of  one  of  these 
divisions,  so  that  N  ^  is  the  total  span.  The  total  number  of 
loaded  joints  is  N  — 1 ;  this  must  be  an  odd  number,  and  there 
must  be  a  middle  joint  dividing  the  girder  into  two  halves,  sym- 
metrical  to  each  other  in  every  respect,  figure,  load,  support,  and 
stress,  so  that  it  is  sufficient  to  consider  one  half  only;  let  the  left 
hand  half  be  chosen.  Let  the  middle  joint  be  denoted  by  O,  and 
the  other  joints  by  numbers  in  the  order  of  their  distances  from  the 
middle  joint,  so  that  the  joint  numbered  n  shall  be  at  the  distance 
n  I  from  O.  The  even  numbers  denote  joints  on  the  same  horizontal 
bar  with  O ;  the  odd  numbers  those  on  the  other. 

The  total  load  on  the  girder  is 

-(N-l)P, 

of  which  one-half  is  supported  on  each  pier ;  that  is  to  say, 

N-1 

Pa  =  Pb  =  ^P. (1.) 

The  stress  on  the  upper  bar  is  everywhere  a  thrust ; — ^that  on 
the  lower  bar  a  pulL     Diagonals  which  <  J^?  >  from  the  middle 

towards  the  ends  are  ]   j-^^j.   /■  •     By  these  principles  the  kind  of 

stress  on  each  piece  is  determined;  it  remains  only  to  compute  the 
amount. 

Let  n  be  the  number  of  any  joint;  it  is  required  to  find  the  stress 
along  the  diagonal  which  runs  from  that  joint  towards  the  middle 
of  the  girder,  and  the  stress  along  that  part  of  either  of  the  hoti' 
zontal  bars  which  is  opposite  the  joint. 

Suppose  a  vertical  section  to  be  made  at  an  insensible  distanoe 
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from  the  joints  intersecting  the  diagonal  in  question  and  the  hori- 

jcontalbars. 

N 
Between  O  and  either  pier  there  are  -^ 1  loaded  joints  ;  be- 

tween  O  and  the  plane  of  section  in  question,  there  are  n — 1 
joints ;  hence  between  the  plane  of  section  and  the  pier  there  are 

-—  —  n  joints.     Consequently 

and  the  shearing  force  is 

F,  =  Pa- 2  •?=(«-!)•?; (2.) 

So  that  it  increases  at  an  uniform  rate  fi'om  the  middle  towards 
the  ends. 

The  distance  of  the  n^  joint  from  the  pier  isajj=:(-^ —  nj'l. 

Hence  the  upward  moment  of  the  supporting  force  is 

r— (f-i)  (f-»)  ^^ 

The  downward  moment  of  the  load  at  the  joints  between  the 
plane  of  section  and  the  pier  is  foimd  from  the  consideration,  that 
the  leverage  of  the  nearest  portion  of  that  load  is  nothing,  and 

that  of  the  feithest  (-^ —  1  —  n)  I,  so  that  the  mean  leverage  is 

—  f  —  —  1 — n\  I;  which  being  multiplied  by  the  load  s  •  P  as 
found  above,  gives  for  the  moment 

hence  the  bending  couple  is 

1    /W  \ 

that  is  to  say,  it  is  proportional  to  the  prochict  of  the  aegrriefrUa  into 
which  the  plcme  of  section  divides  the  length  of  the  girder,  and  is 

greatest  at  the  middle,  where  it  is  -^  •  P  ZL 

o 
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The  uniform  inclination  of  the  diagonals,  in  one  dizeotion  or  the 
other,  being  denoted  by  i,  we  have 

cosec  %=■=-=  -21—- ; 

A  h 

and  hence  the  amounts  of  the  stresses  are, 

Along  the  diagonal, 

Bf  =  F,'  coaeo i  =zt(n—^  P; 

Along  the  Iiorizontal  bar,  y  (4.) 

These  stresses  are  stated  irrespective  of  their  signs,  which  are  to 

be  determined  by  the  rules  laid  down  after  equation  1. 

The  least  value  of  B!  is  for  the  diagonals  next  the  middle  point, 

«P 
for  which  n=l,  and  B'  =  ^rT.     Its  greatest  value  is  for  the  dia- 

gonals  next  the  piers,  for  which  n=:-^y  and  B!  =  - — j^-^ — ;  in  fact, 

these  diagonals  sustain  the  entire  load. 

The  least  value  of  the  horizontal  stress  K  is  at  the  divisions  of 

N 
one  of  the  horizontal  bars  next  the  piers,  for  which  n=  -jr  —  1,  and 

^  2h      ' 

The  greatest  value  of  B.  is  at  the  division  of  one  of  the  horizontal 

N'P^ 
bars  opposite  the  middle  joint,  for  which  n  =  0,  and  B=    .  -    . 

oh 

Case  2.  Every  (iU^rnatejomb  loaded.    Suppose  those  joints  only 

to  be  loaded  which  are  distant  by  an  even  number  of  divisions  from 

N 
the  piers.     The  total  number  of  loaded  joints  is  —  —  1,  the  load 

on  the  girder  —  (  o —  ^i^^  *"^^  *^®  supporting  pressures 

P.  =  P.=  (f  -1)P (5.) 

Let  n  be  the  number  of  any  loaded  joint,  n  —  1  that  of  the 

czilQaded  Joint  nearest  to  it  on  the  side  next  the  middle  of  the 

girder,  O.    If  a,  plane  of  section  travexafe  ^^  ^-der  at  an  insensible 
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durtanoe  £rom  either  of  those  joints  on  the  side  next  O^  the  shearing 
force  is  the  same,  being  the  excess  of  the  supporting  pressure,  P^ 
(equation  5)  above  the  load  on  n,  and  the  other  loaded  joints 
between  it  and  A^  whose  number  is  one-half  of  what  it  was  in 


case  1,  that  is  -j —  — 

4  ja 


Hence  we  find 


F,  =  !?^.P, 


.(6.) 


The  upward  moment  of  the  supporting  force  is 

at  the  joint  w,  P^  aj,  =  ^—  -  -  j  \^j  -n)*P^; 

at  the  joint  n-  1,  Pa  (^i+ 0  =  ( j  -  ^)  (^-7*+l)-P?. 

The  downward  moment  of  the  load  from  the  joint  n  inclusive  to 
the  pier,  relatively  to  the  plane  of  section  near  that  joint,  is  foimd 
by  considering  that  the  leverage  of  the  nearest  portion  of  that  load 

is  nothing,  and  that  of  the  farthest  (— —  2— wW;so  that  the 
mean  leverage  is  ^  ( -o  -  2  -  w  W,  which  being  multiplied  by 
the  load  —  f -j  —  -^  j  P,  gives  for  the  moment, 

The  corresponding  moment  for  the  joint  n  —  1  is 

Hence  the  bending  couples  are — 
At  the  loaded  joint  n. 

At  the  unloaded  joint  n  —  1, 


(7.) 
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Using  ihese  data,  we  obtain  for  the  stress  along  the  diagonal  con- 
nectiog  the  joints  n  and  n  —  1, 

n — 1     »P  ,Qv 


R'  =  F,  cosec  i  = 


(The  stress  along  the  diagonal  connecting  the  joints  n  —  1  and 
n  —  2  is  of  equal  amonnt  and  opposite  kind). 


Along  the  bar  opposite  the  loaded  joint  n, 
Along  the  bar  opposite  the  unloaded  joint  n  —  1, 


PJ 
h 


'  ...(9.) 


The  last  two  stresses  are  of  opposite  kinds ;  and  the  kind  of  each 
stress  is  to  be  determined,  as  before,  by  the  rule  given  after  equa- 
tion 1  of  this  Article. 


164.  lattice  Ctirdcr— Any 


f 


Fig.  83. 


n  a  lattice  girder,  as  in  a  half- 
lattice  girder,  there  are  a  hori- 
zontal upper  and  lower  bar; 
but  whereasa  half-lattice  girder 
contains  but  one  zig-zag  set  of 
diagonal  bars,  a  lattice  girder 
contains  two  or  more  sets,croBB- 
ing  each  other,  usually  at  equal 
inclinations   to    the    horizon. 


Fig.  83  represents  the  simplest  form  of  a  lattice  girder,  in  which 
there  are  two  sets  of  diagonals,  crossing  each  other  midway 
between  the  upper  and  lower  horizontal  bars. 

The  load  is  supposed  to  be  applied  at  the  joints. 

Suppose  the  girder  to  be  cut  by  a  vertical  plane  of  section  C  D, 
traversing  one  of  the  joints  where  the  diagonab  cross.  The  «Tiflft.rifig 
force  and  bending  couple  at  this  plane  of  section  are  to  be  deter- 
mined exactly  in  the  same  manner  as  for  a  half-lattice  girder,  in 
Article  162. 

In  the  present  case,  because  the  plane  of  section  0  D  cats  fifwr 
bars,  the  problem,  in  a  strict  mathematical  sense,  is  indeterminate^ 
according  to  the  principles  stated  in  Article  161 ;  but  it  is  solved 
by  taking  for  granted  what  is  the  fact  in  well-constructed  lattice 
girders,  that  each  of  the  two  diagonals  which  cross  each  other  at 
the  section  C  D  bears  one-half  of  the  shearing  force ;  and  in  like 
manner,  when  several  pairs  of  diagonals  cross  each  other  at  the 
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same  cross  section,  it  is  assumed  that  the  resistance  to  the  shearing 
force  is  equally  distributed  amongst  them. 

To  fulfil  this  condition  where  a  pair  of  diagonals,  as  in  fig.  83, 
cross  each  other,  with  equal  and  opposite  inclinations,  the  stresses 
along  them  must  be  equtd,  and  of  opposite  kinds.  Then  let  B.'  and 
>—  Bf  be  the  stresses  along  the  pair  of  diagonals,  and  i  and  —  i 
their  inclinations  to  the  horizon,  we  shall  have  for  the  vertical 
component  of  the  force  sustained  by  them 

F,=  R'  sin  i  —  R'  sin  (—t)  =  2  R'  sin  i; (1.) 

and  for  the  horizontal  component, 

R'  cos  t  —  R'  cos  ( —  t)  =  0  J 

so  that  the  horizontal  components  of  the  stresses  along  the  two 
diagonals  at  the  plane  of  section  balance  each  other. 

Let  2  m  be  the  number  of  diagonal  bars  which  cross  each  other 
at  a  given  vertical  section,  the  amount  of  the  stress  along  each  bar  is 

^'=^4^^ (2. 

which  is  aj^P^Jfor  bars  which  slope  |  ^^^  |  the  shearing 

force. 

The  pull  along  the  lower  bar,  and  the  thrust  along  the  upper  bar, 
at  the  given  vertical  section,  must  constitute  a  couple  which  balances 
the  bending  couple  M  ^  hence  their  common  amount  is 

R  =  f  .- " (3.) 

165,  ijatilce  c^irder— Vnifonn  lioad. — ^If  N  denote  the  even  num- 
ber of  equal  divisions  into  which  the  length  of  a  lattice  girder  is 
divided  by  vertical  lines  traversing  all  the  joints,  whether  of  meeting 
of  diagonal  and  horizontal  bars,  or  of  crossing  of  diagonal  bars,  and 
I  the  length  of  one  of  those  divisions,  so  that  K  ^,  as  before,  is  the 
span  of  the  girder,  then  the  effect  of  a  load  equally  distributed 
amongst  all  those  vertical  lines,  or  amongst  the  alternate  lines, 
may  be  found  by  means  of  the  formulsB  for  a  half-lattice  girder, 
Article  163,  as  follows : — 

L  When  the  load  is  distributed  over  all  the  vertical  lines,  the 
formulae  for  fcase  1,  equations  1,  2,  3,  4,  are  to  be  applied  to  vertical 
sections,  such  as  C  D,  traversing  the  joints  of  crossing  of  diagonals ; 
observing  only,  that  llie  resistance  to  the  shearing  force  is  distributed 
amongst  the  diagonals  as  shown  by  equation  2  of  Article  164 

M 
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XL  Wlien  the  load  is  diBtribated  aver  those  vertical  lines  only 
which  traverse  joints  of  meeting  of  diagonal  and  horizontal  bars, 
the  formtdn  of  case  2,  equations  5,  6,  7,  8,  9^  90  far  ob  they 
rdate  to  sections  made  cU  unload^  joints,  are  to  be  appli^  to  vertical 
sections,  such  as  C  D^  traversing  the  joints  of  crossing  of  diagonals; 
attending  as  before  to  the  distribution  of  the  stress  amongst  the 
diagonals  by  equation  2  of  this  Artida 

166.  TraiiBformatioit  •€  Fnwics. — ^Tho  principle  explained  in 
Article  6C,  of  the  transformation  of  a  set  of  lines  representing  one 
balanced  system  of  forces  into  another  set  of  lines  representing 
another  system  of  forces  which  is  also  balanced,  by  means  of  what 
is  called  "  Parallel  Projection,"  being  applied  to  the  theory  of 
frames,  takes  obviously  the  following  form  : — 

Theorem.  If  a  frcmve  whose  lines  qfresistcmce  constitiUe  a  given 
flgwre,  he  hoUanced  under  a  system  of  external  forces  represented  by  a 
given  system  oflineSy  then  tmll  a  fra/me  whose  lines  qfresistcmce  con- 
stitfule  afigv/re  which  is  apa/raUd  projection  of  the  original  Jigwre,  he 
halanced  under  a  system  of  forces  represented  hy  the  corresponding 
parallel  prcjection  of  the  given  system  of  lines;  cmd  the  lines  repre- 
senting the  stresses  along  the  ha/rs  of  the  new  fra/me,  t/oill  he  the 
corre^Hmding  parallel  prcjections  of  the  lines  representi/ng  the  stresses 
along  the  ha/rs  of  the  original  framns. 

This  Theorem  is  called  the  '^  Principle  of  the  Transformation  of 
Frames."  It  enables  the  conditioiis  of  equilibrium  of  any  imBjm- 
metrical  frame  which  happens  to  be  a  parallel  projection  of  a 
symmetrical  frame  (for  example,  a  sloping  lattice  girder),  to  be 
deduced  from  the  conditions  of  equilibriimi  of  the  symmetrical 
frame, — a  process  which  is  often  much  more  easy  and  simple  than 
that  of  finding  the  conditions  of  equilibrium  of  the  unsymmetrical 
frame  directly. 

SEcnoir  ^.'^EquiUbrimn  qf  Chai/nBj  Cordsy  Eibs,  and 

Linear  Arches. 

167.  EvdUbvfant  of  a  c«ri. — ^Let  DA  0  in  %.  84  represent  a 

flexible  cord  supported  at 
the  points  C  and  D,  and 
loaded  by  forces  in  any 
direction,  constant  or  vaiy- 
ing,  disiributed  over  its 
whole  length  with  oon- 

Fie.  84         '^^    "*"  stant  or  varying  intensity. 

Let  A  and  B  be  any 
two  points  in  this  cord ;  from  those  points  draw  tangents  to  the 
eord^  A  P  and  B  P,  meeting  in  P.  The  load  acting  on  the  oord 
between  the  points  A  and  B  is  balanced  by  the  pulls  along  the 
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cord  at  those  two  points  res^ectiyely ;  those  pulls  most  respectively 
act  along  the  tangents  A  P^  £  P;  hence  follows — 

Theobem  L  The  resuUimb  of  the  load  bettoeen  two  given  points 
in  a  bcUcmced  cord  acts  tfi/rough  the  point  of  intersection  of  the  tangents 
to  the  cord  aJt  those  points;  amd  thaJt  resvUamt,  cmd  IhepniUs  dUmg  the 
cord  at  the  two  given  points,  wre  proportional  to  tits  sides  of  a  triomgle 
which  arre  respedmdy  pa/rallet  to  their  directions. 

The  more  the  number  of  loaded  points  in  Si,fwniGula/r  polygon  (as 
defined  in  Article  150)  is  increased,— or,  in  other  words,  the  more 
the  number  of  sides  in  the  polygon  is  myltiplied, — ^the  more  nearly 
does  it  approximate  to  the  concStion  of  a  cord  continuously  loaded; 
while  at  the  same  time,  the  number  of  lines  radiating  firom  the 
point  O  in  the  diagram  of  forces  (exemplified  in  fig.  75^  increases 
with  the  number  of  sides  of  the  funicular  polygon,  and  the  polygon 
of  external  forces  of  fig.  15*  approximates  to  a  continuous  Ime, 
curved  or  straight. 

A  diagraan  of  forces  for  a  continuously  loaded  cord  may  be  con- 
structed in  the  following  manner  (fig.  84*).  Let  radiating  lines  be 
drawn  from  the  point  O  parallel  to  the  tangents  of  the  cord  at  any 
points  which  may  be  under  consideration : — ^for  example,  let  O  C, 
O  D,  be  parallel  to  the  tangents  at  the  points  of  support,  and  O  A, 
O  B,  parallel  to  the  tangents  at  the  points  A  and  B  of  fig.  84  re- 
spectively. Let  the  lengths  of  those  radiating  lines  represent  the 
pulls  along  the  cord  at  the  points  to  whose  tangents  they  are 
parallel ;  and  let  a  line  D  A  B  0,  curved  or  straight,  as  the  case 
may  be,  be  drawn  so  as  to  pass  through  the  extremities  of  all  the 
ranting  lines  which  represent  the  pulls  along  the  cord  at  different 
points.  Then  from  Theorem  L  it  appears,  that  a  straight  line 
drawn  from  B  to  A  in  fig.  84*  will  represent  in  magnitude  and 
direction  the  resultant  of  the  load  on  ilie  cord 
between  A  and  B  (^.  84).  Now,  suppose  the 
point  marked  A  in  fig.  84  to  be  taken  gradually 
nearer  and  nearer  to  B;  then  will  O  A  in  fig.  84* 
approach  gradually  nearer  and  nearer  to  OB; 
and  while  the  direction  of  the  straight  line  drawn 
from  B  to  A  gradually  approaches  nearer  and 
nearer  to  the  direction  of  the  tangent  at  the  point 
B  to  the  line  C  B  A  D  in  fig.  84*  the  resultant 
load   between   B  and  A  represented  by  that  «.     g^#^ 

straight  line  gradually  approaches  nearer  and 
nearer  in  direction  to  the  durection  of  the  load  at  the  point  B  in  fig; 
84;  therefore,  the  direction  of  the  load  at  any  point  B  of  the  cord 
(^.  84),  is  represented  by  the  direction  of  a  tangent  at  B  (fig.  84*), 
to  the  mie  0  B  A  D.    Hence  follows — 

TmeoBEic  II,    If  a  line  (caUed  a  line  of  loads)  he  dranmh  wA 
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thai  uihUe  its  radtuB-vedor  from  a  gwen  point  is  paraUd  to  a  tangent 
to  a  Uwded  cord  at  a  given  point,  its  own  tangent  is  pcrnxUd  to  the 
directum  of  the  load  at  the  point  in  the  cord;  then  wHl  tits  length  of 
a  radius-vector  of  the  line  of  loads  represent  the  puU  at  ike  corre- 
sponding point  of  the  cord;  and  a  straight  line  drawn  between  any  tux> 
paints  in  the  line  of  loads  wiU  represent  in  magnUude  and  directum 
the  resultant  load  betioeen  the  two  ccrrespomdvng  points  in  the  cord. 

The  supporting  forces  required  at  the  points  C  and  D  (fig.  84), 
are  obviously  represented  in  magnitude  and  direction  hj  the  ex- 
treme radiating  lines,  OC,  OD. 

A  loaded  cord,  hanging  freely,  is  obviously  stable,  but  capable  of 
oscillation. 

■dcr  Parallel  !«—<■. — 1£  the  direction  of  the  load  be 
everywhere  parallel  and  vertical,  the  line  of  loads  be- 
comes a  vertical  straight  line,  as  C  B  A  D  (fig.  84**). 
To  express  this  case  algebraically,  let  A  in  fig.  84 
be  the  lowest  point  of  the  cord,  so  that  the  tangent 
AP  is  horizontal  Then  in  fig.  84**,  O  A  will  be 
horizontal,  and  perpendicular  to  0  D.     Let 
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H  =:  O  A  =  horizofntal  tension  along  the  cord  at  A; 
E.  =  OB  =  pull  along  the  cord  at  B; 


Fig-  84**         p  _.  ^B  — .  load  on  the  cord  between  A  and  B; 


♦  =  ^^  X  PB  (fig.  84)  =  ^i::  AO B  (fig.  84**)  =  inclination 

of  cord  at  B; 

then, 

P  =  Htani;  R=  J  (J?  -¥  W)  =  Hsect (1.) 

To  deduce  from  these  formulse  an  equation  by  which  the  form  of 
the  curve  assumed  by  the  cord  can  be  determined  when  the  distri- 
bution of  the  load  is  known,  let  that  curve  be  referred  to  rectangular 
horizontal  and  vertical  co-ordinates,  measured  from  the  lowest  point 
A,  the  co-ordinates  of  B  being,  A  X  =  a?,  X  B  =  y ;  then 


tani  = 


:^^r 


dx' 


trhence  we  obtain 


dx     H'" 


(2.) 


a  differential  equation  which  enables  the  form  assumed  by  the  cord 
to  be  determined  when  the  distribution  of  the  load  is  known. 

169.   Cord  under  Unifonn  Tertlcal  lioad. — ^JdJlV/niform  vertical 

load  is  here  meant  a  vertical  load  uniformly  distributed  along  a 
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horizontal  straight  line ;  so  tliat  if  A  (fig.  85),  be  the  lowest  point  of 
the  rope  or  cord,  the  load  suspended  between  A  and  B  shall  be 


Fig.  85. 


proportional  to  AX  =  a;,  the  horizontal  distance  betvreen  those 
points,  and  capable  of  being  expressed  by  the  equation 

P=^aj; (1.) 

where  ^  is  a  constant  quantity,  denoting  the  intensity  of  the  load  in 
units  of  vmght  per  wniJb  of  horizontaZ  length:  in  pounds  per  lineal 
foot,  for  example.  It  is  required  to  j&nd  the  form  of  the  curve 
D  A  B  0,  and  the  relations  amongst  the  load  P,  the  horizontal  pull 

at  A  (H),  the  pull  at  B  (R),  and  the  co-ordinates  AX  =  oj,  BX  =  y. 

First  Solution, — ^Because  the  load  between  A  and  B  is  imiformly 
distributed,  its  resultant  bisects  AX;  therefore,  the  tangent  BP 
bisects  A  X :  this  is  a  property  characteristic  of  a  parabola  whose 
vertex  is  at  A}  therefore,  the  curve  assumed  by  the  cord  is  such  a 
parabola. 

Also,  the  proportions  of  the  load,  and  the  horizontal  and  obliqud 
tensions  are  as  follows : — 

P:H:R::BX:XP:PB::y:|:v(2r'  +  f) 


po? 


4^£) 


(2) 


Second  Solution, — In  the  present  case  equation  2  of  Article  168 
1>ecomes 

dy       px 

Ji  ==  H" 


(3.) 


which  being  integrated  with  due  regard  to  the  condition  that  when 
a;  =  0,  y  =  0,  gives 

.=^' c^-) 


the  equation  of  a  parabola  whose  focal  distance  (or  modvluSy  to  use 
the  term  adopted  in  Dr.  Booth's  paper  on  the  "Trigonometry  of  the 
Parabola,"  Reports  of  the  British  Association,  1856),  is, 

m=^  =  ^ (6.) 


(«.) 
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For  a  parabola  we  liave  also  the  inclination  i  to  the  hoziMm  re- 
lated to  the  co-ordinates  by  the  following  equations  :— 

•  _  ^ ^  _  ?^. 

dx       2m        X ' 

whence  we  have  the  proportions 

P : H  :  R : :  tani :  1  :  seci :  : -^  :  1 :  ^/ Tn- -4) 

r:i>«:|p:i)«-J(l  +  4pj. (7.) 

as  before. 

The  following  are  the  solutions  of  some  useful  problems  respecting 
uniformly  loaded  cords. 

Problem  L  Given  the  devaUom,  yi,  jg,  qfthe  injoo^pwrdBofw/ppcH 
of  like  cord  above  Ua  lowest  pomt,  aaid  cUao  the  horizontal  distanccy  or 
span  B,,  between  those  points  of  support;  it  is  required  to  find  the 
horizontal  dista/nces,  ps.i,  x^,  of  the  lowest  point  from,  the  two  poiaUa  qf 
Sfupport;  also  the  modulus  m. 

Li  a  parabola, 

therefore, 

a^  =  a-     ,   ^^l'  .     ;  x,=.a      ,   ^l\     ; (8.) 

also 

When  the  points  of  support  are  aJt  the  same  level, 

y,  =  y.;a:,=  2^  ^  =  1%: ^°-^    • 

Problem  II.     Given  the  same  data,  to  find  the  indinationa  i^, 
of  the  cord  a>t  the  points  of  support. 
By  equations  6,  we  have, 


tan  i.=  2y,  =  2y,  +  2Jy.y,  teiii,=^=  2y.+  2  ^y.y.^^j  v 
•when  yi  =  ya,  tan  t|  =  tan  «,  =  -i^ (12.) 
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Problem  III.  CHoen  the  aa/me  data,  amd  the  load  per  v/mi  of 
length;  required  the  horizontal  tension  H,  cmd  the  tensions  "Ri,  B^ 
at  thepomts  of  support. 

By  equation  5,  we  find, 

B.  =  2pm=:  ^      .   ^^'''       ,         ; (13.) 

and  by  the  proportional  equation  7, 

E,  =  H8ect,=  H^(l+^) (14.) 

When  yi  =  yay  those  equations  become 

=  HV(1+^ (15.) 

Problem  IY.  Given  the  same  data  as  in  Problem  I.,  to  find  the 
length  of  the  cord. 

The  following  are  two  well  known  formxdse  for  the  length  of  a 
parabolic  arc,  commencing  at  the  vertex,  one  being  in  terms  of  the 
co-ordinates  x  and  y  of  the  farther  extremity  of  the  arc,  and  the 
other  in  terms  of  the  modulus  m,  and  the  inclination  i  of  the  fiixther 
extremity  of  the  arc  to  a  tangent  at  the  vertex. 

2 

=  m-[tan  i  -  sec  i  +  hyp.  log.  (tant  +  sec  *)}... (16.) 

The  length  of  the  cord  is  «i  +  9],  where  ^i  is  found  by  putting  sci 
and  yi  in  the  first  of  the  above  formula,  or  ti  in  the  second,  and 
82  by  putting  o^  and  y^  in  the  first  formula^  or  t,  in  the  second. 

The  following  approodmate  formula  for  the  length  of  a  parabolic 
arc  is  in  many  cases  sufficiently  near  the  truth  for  practical  purposes  ; 

«  =  x-\-'^  Tmrrly; (17.) 

which  gives  for  the  total  length  of  the  cord 
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r. +^  =  a +|(^+g)  nearly. (18.) 

and  wlien  yj  =  y^  this  becomes 

8      t/' 
28i  =  a+—'^  nea/rlyi (19.) 

Problem  Y.  Criven  the  same  data,  tojmd,  appraximaieli/,  the  smaU 
elongation  of  the  cord  d  (si  +  Sj)  required  to  produce  a  given  smaU 
depression  dj  o/the  lowest  poimt  A,  cmd  corwersdi/. 

Differentiating  equation  18,  we  find 


^(..+.,)=i^;+g)<^y w 


(22.) 


which  serves  to  compute  the  elongation  from  the  depression ;  and 
conversely, 

^3  .d{s,  +  s,). ^2j  J 

XT  •   TT 

which  serves  to  compute  the  depression  of  the  lowest  point  from 
the  elongation  of  the  cord     When  yi  =  y^,  those  formulflB  become. 

The  preceding  formula  serve  to  compute  the  depression  which 
the  middle  point  of  a  suspension  bridge  undergoes  in  consequence 
of  a  given  elongation  of  the  cable  or  chain,  whether  caused  bj  heat 
or  by  tension. 

170.    Saspension  Bridge  with  Tertical  B<»da. — In  a  suspension 

bridge  the  load  is  not  continuous,  the  platform  being  hung  by  rods 
from  a  certain  number  of  points  in  each  cable  or  chain :  neitiier  la 
it  uniformly  distributed ;  for  although  the  weight  of  the  platform 
per  imit  of  length  is  uniform  or  sensibly  so,  the  load  arising  from 
the  weight  of  the  cables  or  chains  and  of  the  suspending  rods  la 
more  intense  near  the  piers.  Nevertheless,  in  most  cases  which 
occur  in  practice,  the  condition  of  each  cable  or  chain  approaches 
sufficiently  near  to  that  of  a  cord  continuously  and  imiformly 
loaded  to  enable  the  formulae  of  Article  169  to  be  applied  without 
material  error. 
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Wlien  the  piers  of  a  suspension  bridge  are  slender  and  vertical 
(as  is  usually  the  case),  the  resultant  pressure  of  the  chain  or  cable 
on  the  top  of  the  pier  ought  to  be  vertical  also.  Thus,  let  C  E,  in 
£g,  85,  represent  i3ie  vertical  axis  of  a  pier,  and  C  G  the  portion  of 
the  chain  or  cable  behind  the  pier,  which  either  supports  another 
division  of  the  platform,  or  is  made  fast  to  a  mass  of  rock,  or  of 
masonry,  or  otherwise.  If  the  chain  or  cable  passes  over  a  curved 
plate  on  the  top  of  the  pier  called  a  saddle,  on  which  it  is  free  to 
slide,  the  tensions  of  the  portions  of  the  chain  or  cable  on  either 
side  of  the  saddle  will  be  equal ;  and  in  order  that  those  tensions  may 
compose  a  vertical  pressure  on  the  pier,  their  inclinations  must  be 
equal  and  opposite.  Let  i  be  the  common  value  of  those  inclina- 
tions ;  It  the  common  value  of  the  two  tensions ;  then  the  vertical 
pressure  on  the  pier  is 

V  =  2Rsini  =  2Htani=2jpa?; (1.) 

that  is,  twice  the  weight  of  the  portion  of  the  bridge  between  the 
pier  and  the  lowest  point.  A,  of  the  curve  C  B  A  D. 

But  if  the  two  divisions  of  the  chain  or  cable  D  A  C,  C  G,  which 
meet  at  C,  be  made  fast  to  a  sort  of  truck,  which  is  supported  by 
rollers  on  a  Jiorizontal  cast  iron  platform  on  the  top  of  the  pier, 
then  the  pressure  on  the  pier  will  be  vertical,  whether  the  inclina- 
tions of  the  two  divisions  of  the  chain  or  cable  be  equal  or  imequal; 
and  it  is  only  necessary  that  the  horizontal  coni/ponerUs  of  their  ten- 
sion should  be  equal ;  that  is  to  say,  let  i,  i\  be  the  inclinations  of 
the  two  divisions  of  the  chain  or  cable  in  opposite  directions  at  C, 
and  It,  It',  their  tensions,  then 

K  =  H:sec»;  R'rrHseci'; 
V  =  R  sin  i  +  R'  sin  i'  =  H  (tan  i  +  tan  iO (2.) 

171.  Flexible  Tie. — ^Let  a  vertical  load,  P,  be  applied  at  A,  fig.  86^ 


Fig.  86. 


Rg.  86*. 


and  sustained  by  means  of  a  horizontal  strut,  A  B,  abutting  against 
a  fixed  body  at  B,  and  a  sloping  rope  or  chain,  or  other  flexible  tie, 
ADC,  fixed  at  C.  The  weight  of  the  strut,  A  B,  is  supposed  to 
be  divided  into  two  components,  one  of  which  is  supported  at  B, 
while  the  other  is  included  in  the  load  P.     The  weight,  W,  of  the 
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flexible  tie,  A  D  C,  is  supposed  to  be  known^  and  to  be  considered 
separately;  and  with  these  data  there  is  proposed  the  following 

Pboblesl  W  being  trnaU  compared  with  P^  to  find  OfpproxMnatdy 
the  vertical  depression  'ED  of  the  Jleacible  tie  below  the  straight  line 
AC,  the  pulls  along  it  at  A,  J),  and C,  and  the  horizontal  thrust 
idong  A& 

Because  W  is  small  compared  with  P^  the  cnrvatnre  of  the  tie 
will  be  smally  and  the  distribution  of  its  weight  along  a  hori- 
zontal line  may  be  taken  as  approadmatdy  uniform ;  therefore  its 
figure  will  be  nearly  a  parabola ;  the  tangent  at  D  will  be  sensibly 
parallel  to  A  C,  and  the  tangents  at  A  and  C  will  meet  in  a  point 
which  will  be  near  the  Tertical  line  E  D  F,  which  line  bisects  A  O, 
and  is  bisected  in  D.    Hence  we  have  the  following  construction : — 

Draw  the  diagram  of  forces,  fig.  86*  in  the  following  manner. 

W    — 

On  the  vertical  line  of  loads  b  c,  take  b/=  P;  6«  =  P  +  — ;  be 

=  P  +  W.  From  b  draw  b  O  parallel  to  the  strut  AB ;  that  is, 
horizontal ;  from  e  draw  e  O  parallel  to  0  A,  cutting  6  O  in  0  ; 
join  e  O,  /O. 

In  fig.  86,  bisect  A  C  in  E,  through  which  draw  a  vertical  line ; 
through  A  and  C  respectively  draw  A  F  ||  O/,  C  F  ||  O  c,  catting 
that  vertical  line  in  F;  bisect  £F  in  D.  Then  will  AF  and 
0  F  be  tangents  to  the  flexible  tie  at  A  and  C,  D  will  be  its  most 

depressed  point,  and  DE  its  greatest  depression;  and  the  pulls 
along  the  tie  at  C,  D,  and  A,  and  the  thrust  along  the  strut  AB, 
will,  in  virtue  of  the  principle  of  Article  168,  be  represented  by 
the  radiating  lines  O  c,  O  e,  O/,  and  O  6,  in  fig.  86*. 

This  solution  is  in  general  sufficiently  near  the  truth  for  practi- 
cal purposes.  To  express  it  algebraically,  let  R^,  R^,  R^  be  the 
tensions  of  the  tie  at  A,  D,  C,  respectively,  and  H  the  horizontal 
thrust  j  then 


BC 


R.  =  \/(h'  +  P")  ; 

_       _       _    w 


(1.) 
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The  difference  of  length  between  the  curve  ADC  and  the  straight 
line  A  E  C  is  found  very  nearly,  by  substituting,  in  the  second 

abOde^ 

term  of  equation  19,  Article  169,  AC  for  a,  and  — == —  for  yii 

AC 

that  is  to  say, 

,  ^^     ^^— =     8  AB»'DE^ 
ADO-AEC=^ 


3        AC» 

172.    fltauveaskm  Bridge  with  Sloping  Bods.^— Let  the  uniformly- 

loaded  platform  of  a  suspension  bridge  be  hung  from  the  chains  by 
parallel  sloping  rods,  making  an  uniform  angle  j  with  the  yertical. 
The  condition  of  a  chain  thus  loaded  is  the  same  with  that  of  a 
chain  loaded  vertically,  except  in  the  direction  of  the  load ;  and 
the  form  assumed  by  the  cham  is  a  paraboht,  having  its  ^-gig  paral- 
lel to  the  direction  of  the  suspension  rods. 

In  fig.  87,  let  C  A  represent  a  chain,  or  portion  of  a  chain,  sup- 
ported or  fixed  at  C,  and  horizontal  at 
A,  its  lowest  point.  Let  AH  be  a 
horizontal  tangent  at  A,  representing 
the  platform  of  the  bridge;  and  let 
the  suspension  rods  be  all  parallel  to 
C  Et,  which  makes  the  angle  .^^  E  C  H 
=  j  with  the  vertical.     Let  B  X  re-  ^'^^'  ^^ 

present  any  rod,  and  suppose  a  vertical  load  v  to  be  supported  at 
the  point  X.  Then,  by  the  principles  of  the  equilibrium  of  a  frofTM 
qfUoo  bars  (Article  145),  this  load  will  produce  a  pull,  p,  on  the  rod 
X  B^  and  a  thrust,  q,  on  the  platform  between  X  and  H ;  and  the 
three  forces  v,  p,  q,  will  be  proportional  to  the  sides  of  a  triangle 
parallel  to  their  directions,  such  as  the  triangle  C  E  H  ;  that  is  to 

BBkJf 

V : p :  q  ii'CK  :CB  :EK  ::  I :  seo  j :  taa  j. (1.) 

l^ext,  instead  of  considering  the  load  on  one  rod  B  X,  consider  the 
entire  vertical  load  V  between  A  and  X.  This  being  the  sum  of 
the  loads  supported  by  the  rods  between  A  and  X,  it  is  evident 
that  the  proportional  equation  (1)  may  be  applied  to  it;  and  that 
if  P  represent  the  amount  of  the  pull  acting  on  the  rods  between 
A  and  X,  and  Q  the  total  thrust  on  the  platform  at  the  point  X, 
we  shall  have 

V :  P  :  Q  : :  CH  :  CE  :  EH  ::  1  :  sec  j :  tan^. (2.) 

The  chlique  load  P  =  V  sec  J  is  what  hangs  from  the  chain  between 
A  and  B.  Being  uniformly  distributed,  its  resultant  bisects  A  X 
in  P^  which  is  also  the  point  of  intersection  of  the  tangents  A  P, 
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B  P;  and  the  ratio  of  the  oblique  load  F,  the  horizontal  tension 
H  along  the  chain  at  A,  and  the  tension  R  along  the  chain  at  B, 
is  that  dT  the  sides  of  the  triangle  BXP ;  that  is  to  e&j, 

P  :H  :R  ::B2  :XP  =  :^-  :  BP. (3.) 

Comparing  this  with  the  case  of  Article  169  and  fig.  85,  it  is  evi- 
dent that  the  form  of  the  chain  in  fig.  87  must  be  similar  to  that 

of  the  chain  in  fig.  So,  with  the  exception  that  the  ordinate  X  B 

r=  y  is  oblique  to  the  abscissa  AX  =  x,  instead  of  perpendicular ; 
that  is  to  ssLj,  C  B  A  is  a  parabola^  having  its  axis  parallel  to  the 
inclined  suspension  rods. 

The  equation  of  such  a  parabola,  referred  to  its  oblique  co-ordi- 
nates, with  the  origin  at  A^  is  as  follows  : — 

y  =  ^^: (4.) 

where  f7»,  as  in  Article  169,  denotes  the  modvlvs  of  the  parabola, 
given  by  the  equation 

»>= — 1 (5.) 

X  and  y  being  the  co-ordinates  of  any  knoum  point  in  the  curve. 

The  length  of  the  tangent  B  P  =  <  is  given  by  the  following  equsr 
tion: — 

<=\/(|'  +  »»  +  «y8ini) (6.) 

Hence  are  deduced  the  following  formulse  for  the  relations 
amongst  the  forces  which  act  in  a  suspension  bridge  with  inclined 
rods.  Let  v  now  be  taken  to  denote  the  mtensUy  of  the  vertical 
load  per  unit  of  length  of  horizontal  platform — ^per  foot,  for  ex- 
ample ;  p  the  intensity  of  the  oblique  load ;  q  the  rate  at  which  the 
thrust  along  the  platform  increases  from  A  towards  H.     Then 

Y  =  vx;  T  =px=zvx  '  aecj;)  ^^v 

Q  =  qx  =  vx'iia,nj;  )  ^  *' 

TT      a^P      px^      2  pm      „               -.  ,^. 

^=  2y  =%  =;^7=2'"«  '^J (8-) 

E  =  ^  =  2J^^^. 

y  X  y  ^  ' 
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The  horizontal  pxdl  H  at  the  point  A  maj  be  sustained  in  three 
different  ways,  viz. : — 

L  The  chain  may  be  cmcJuyred  or  made  fast  ab  A  to  a  mass  of 
rock  or  masonry. 

XL  It  may  be  attached  at  A  to  another  equal  and  similar  chain, 
similarly  loaded  by  means  of  oblique  rods,  sloping  at  an  equal 
angle  in  the  direction  opposite  to  that  of  the  rods  B  X,  <&c.,  so  that 
A  may  be  in  the  middle  of  the  span  of  the  bridge. 

IIL  The  chain  may  be  made  fast  at  A  to  the  horizontal  platform 
A  H,  so  that  the  pull  at  A  shall  be  balanced  by  an  equal  and  op- 
posite thrust  along  the  platform,  which  miist  be  strong  enough  and 
stiff  enough  to  sustain  that  thrust.  In  this  case,  the  total  tlmist  at 
any  point,  X,  of  the  platform  is  no  longer  simply  Q  =  gr  a;,  but 

=  v(2m  *  se<^j  +  x'  tan  j) (10.) 

The  length  of  the  pa/raholic  a/rc,  A  B,  is  given  exactly  by  the 
following  formulae.  Let  i  denote  the  inclination  of  the  parabola 
at  the  point  B  to  a  line  perpendicular  to  its  axis.     Then 


%  =  arc  •  cos 


{h'^^h ("■) 


which,  when  B  coincides  with  A,  becomes  simply  i  =  j.     Then 
from  the  known  formulae  for  the  lengths  of  parabolic  arcs,  we  have 

parabolic  arc  A  B  =  m  <  tan  i  sec  t  —  tan  j  sec^ 

I  n       1       tan  i  +  sec  i\  /i  o  \ 

+  hyp.  log. ^-A- .  \ (12.) 

°  tan^  +  sec^j 

In  most  cases  which  occur  in  practice,  however,  it  is  sufficient  to 
use  the  following  approximate  formula ; — 

arc  AB  =  a?  +  y  •  sm  7  +  ^  •  -^-^ .- ■-.,  nearly. (13.) 

The  formulae  of  this  Article  are  applicable  to  Mr.  Dredge's  sus- 
pension bridges,  in  which  the  suspending  rods  are  inclined,  and 
although  not  exactly  parallel,  are  nearly  so. 

173.  Extrados  and  intrados.— When  a  cord  is  loaded  with  parallel 
vertical  forces,  and  ordinates  are  drawn  downwards  from  the  cord, 
of  lengths  proportional  to  the  intensity  of  the  vertical  load  at  the 
points  of  the  cord  from  which  they  are  drawn,  a  line,  straight  or 
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currod  as  the  case  may  be,  which  trayerses  the  lower  ends  of  all 
these  ordinates,  is  called  the  epBlrados  of  the  given  load.  The  carre 
formed  by  the  cord  itself  is  called  the  intrados.  The  load  suspended 
l»ctween  any  two  points  of  the  cord  is  proportional  to  the  vertical 
plane  area,  bonnded  laterally  by  the  vertical  ordinates  at  those  two 
points,  above  by  the  cord  or  intrados^  and  below  by  the  eztrados ; 
and  may  be  regarded  as  equal  to  the  weight  of  a  flexible  sheet  of 
some  heavy  substance,  of  nnifonn  thickness,  bonnded  above  by  the 
intrados,  and  below  by  the  extrados.  The  following  is  the  alge- 
braical expression  of  the  relations  between  the  extrados  and  the 
intrados. 

Assume  the  horizontal  axis  of  a;  to  be  taken  at  or  below  the  level 
of  the  lowest  point  of  the  extrados;  and  let  the  vertical  axis  of  y, 
as  in  Articles  168,  169,  and  170,  traverse  the  point  where  the 
intrados  is  lowest.  For  a  given  abscissa  w,  let  j/  be  the  ordinate  of 
the  extrados,  and  y  that  of  the  intrados,  so  that  y  —  y  is  the  length 
of  the  vertical  ordinate  intercepted  between  tiiose  two  lines,  to 
which  the  intensity  of  the  load  is  proportional  Let  w  be  the 
weight  of  unity  of  area  of  the  vertical  sheet  by  which  the  load  is 
considered  to  be  represented.  Then  we  have  for  the  load  between 
the  axis  of  y  and  a  given  ordinate  at  the  distance  x  from  that  axis^ 


=  w  j^(y  '-i/)dx; (1.) 


the  int^ral  representing  the  area  between  the  axis  of  y,  the  given 
ordinate,  the  extrados  and  the  intrado&  Combining  this  equation 
vrith  equation  2  of  Article  168,  we  obtain  the  following  equation : — 

an  equation  which  affords  the  means  of  determining,  by  an  indirect 
process,  the  equation  of  the  intrados,  when  the  horizontal  tension  B^ 
and  the  equations  of  the  extrados  are  given,  and  also,  by  a  some- 
what more  indirect  process,  the  equation  of  the  intrados  and  the 
horizontal  tension,  when  the  equation  of  the  extrados  and  one  of 
the  points  of  the  intrados  are  given.  Both  these  processes  are  in 
general  of  considerable  algebraical  intricacy. 

—  obviously  represents  the  area  of  a  portion  of  the  sheet  above 

mentioned,  whose  weight  is  equal  to  the  horizontal  tension.  Let 
that  area  be  the  square  of  a  certain  line,  a;  that  is,  let 

—  =(r% (S.) 
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Then  that  line  is  called  the  pcvroi/rneter  of  the  intrados^  or  curve  in 
which  the  cord  hangs. 

When  the  vertical  load  is  of  uniform  intensity,  as  in  Article 
169;  so  that  the  intrados  is  a  parabola,  it  is  obvious  that  the  extrados 
is  an  equal  and  similar  parabola^  situated  at  an  uniform  depth 
below  the  intrado& 

[The  reader  who  has  not  studied  the  properties  of  exponential 
functions  may  pass  at  once  to  Article  176.] 

174.    Cord    with    Korlzontal    Extradm. — If  the    extrados    be    a 

horizontal  straight  line,  that  line  may  itself 
be  taken  for  the  axis  of  x.  Thus,  in  fig. 
87  A,  let  O  X  be  the  straight  horizontal 
extrados,  A  the  lowest  point  of  the  intrados, 
and  let  ^e  vertical  line  O  A  be  the  axis  of 

y.  Denote  the  length  of  O  A,  which  is  the 
least  ordinate  of  the  intrados,  by  yo*     l^^t 


B  X  =  y  be  any  other  ordinate,  at  the  end 


Fig.  87  A. 


of  the  abscissa  O  X  =  as.     Let  the  area  0  A  B  X  be  denoted  by 
Vu     Then  equations  1  and  2  of  Article  172  become  the  following :— • 


dy  _  dfu      B  _  t^ 

■  _  — ^      '         ■•   ^"    — **^   ^-*  ""^  ♦ 


(1.) 


d  X      d  7?      £[ 
The  general  integral  of  the  latter  of  these  equations  is 


m 
a 


u^Ke^—  B  e     • ^^^ 

in  which  A  and  B  are  constants,  which  are  determined  by  the 
special  conditions  of  the  problem  in  the  following  maimer.     When 

35=  0,  6*  =e     "  =  1;  but  at  the  same  time  w  =  0,  therefore 
A  =  B,  and  equation  (a.),  may  be  put  in  the  form, 

w  =  aU'* — d^«y 

This  gives  for  the  ordinate, 

y  =—  (e^+  e""  •  ) (a) 


(5.) 


a 


2A 


which,  for  a?  =  0,  becomes  y^  =  ;  and  therefore 


■w 
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which  value  being  introduced  into  the  various  preceding  equations, 
gives  the  following  results^  as  to  the  geometrical  properties  of  the 
intrados : — 

Area,u  =  ^!^  Ce"* — e"  ""/; 


(2.) 


Ordmcae,y  =  ^\e''  +  e     -J; 

^  '  a  X      or      2  a  ' 

^    .    .        d^V       V         Pq    (  -         -  — ^ 
'ax        a?       2  a'  ^ 

The  relations  amongst  the  forces  which  act  on  the  cord  are  given 
by  the  equations 


dx 


R  (tension  at  B)  =  ^P»  +  H»  =  H  \/  1  +  |^ 


(3.) 


In  the  course  of  the  application  of  these  principles,  the  following 
problem  may  occur : — gweny  the  eoOrados  O  X,  ^  vertex  A.  of  the 
ini/radosy  amd  a  poirU  of  sfwjpfport  B ;  t^  is  required  to  complete  the 
figy/re  of  the  ini/rados.  For  this  purpose  it  is  necessary  and  sufficient 
to  find  the  parameter  a;  so  that  the  problem  in  fact  amounts  to 
this ;  given  the  least  ordmate  y^,  and  the  ordinate  y  corresponding 
to  oTie  given  value  of  the  abscissa  x,  it  is  required  to  find  a,  so  as  to 
fulfil  the  equation 


6«  +  e 


X 


=  hyperbolic  cosine  of  -, 


a 


(4.) 


as  this  function  is  called.     Supposing  a  table  of  hyperbolic  cosines 

X 

to  be  at  hand,  -  is  found  by  its  being  the  number  whose  hyper- 
bolic  cosine  is  —  :  so  that 


a  = 


X 


number  to  hyp.  cos.  — 


(5.) 
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but  such  a  table  is  rarely  to  be  met  mth  j  and  in  its  absence  a  is 
found  as  follows : — 

The  value  of  a;  is  given  in  terms  of  y  by  the  equation 


a,  -  a-hyp.  log.  (t+  ^£j_  l); (6.) 


and  hence 


X 


a  = 


hyp.  log.  (^  +  \/t  _  i) 
^2^0        V  yo         / 


.(7.) 


175.  Catenarr  is  the  name  given  to  the  curve  in  which  a  cord  or 
chain  of  tmiform  material  and  sectional  area  (so  that  the  weight  of 
any  part  is  proportional  to  its  length)  hangs  when  loaded  with  its 
own  weight  alo£.e. 

Let  fig.  87  A,  serve  to  represent  this  curve;  but  let  A  be  taken  as 
the  origin  of  co-ordinates,  so  that  the  axis  of  a;  is  a  horizontal  tangent 
at  A.  Let  a  denote  the  length  of  any  given  arc  A  B.  Then  if  'p 
be  the  weight  of  an  unit  of  length  of  the  cord  or  chain,  the  load 
suspended  between  A  and  B  is  P  =  ^  «.  The  inclination  i  of  the 
curve  at  B  to  a  horizontal  line  is  expressed  by  the  equations 


cost  = 


dx 
da 


dy       ^   /  ,        dd" 

■"•=27=  V  '-5?' 


-*=S=V'-^/. 


"      •••••   (I*) 


dx 
da 

Let  the  horizontal  tension  be  equal  to  the  weight  of  a  certam 
length  of  chain,  m,  so  that 

H  =pm (2.) 

From  these  equations,  and  from  the  general  equation  2  of  Article 
168,  we  deduce  the  following: — 


tant  = 


,  V 


d^ 
da' 


dx 

17 


H 


a 
m 


(3.) 


2t 
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which,  hy  a  few  Tednctdons,  is  Inonght  to  the 

dx  m' 


.(4.) 


^«       JmJ'  +  a' 

the  integral  of  which  (paying  due  regard  to  the  conditions  that 
when  «  =  0,  oj  =  0)  is  known  to  be 


X  = 


=  m-liyp.  log.  (i-+A  /  1  +-£-) (5.) 

This  equation  gives  the  abscissa  x  of  the  extremity  of  an  arc  A  B 
=  8,  when  the  pcMrameter  of  the  catenary  (as  m  is  called)  is  known. 
Transforming  the  equation  so  as  to  have  8  in  terms  of  x,  we  obtain 

8=  -2  (e-  —  e    •"  ) (6.) 

The  ordinate  y  is  found  in  terms  of  x  by  integiuting  the  equation 

which  gives 

y  =  ~  /e*  +6"~  —  2'\  =  J  ^+  m'  —  m  • ;....  (8.) 

the  term  -^  2  being  introduced  in  order  that  when  aj  =  0,  y  may 
be  also  =  0.  This  is  the  equation  of  the  catenary,  so  far  as  its  form 
is  concerned.     The  mechanical  condition  is  given  by  the  equations 

80  that  the  tension  at  am/y  point  is  equal  to  the  weight  of  a  piece  oj 
the  chomiy  whose  length  is  the  ordmate  added  to  the  para/meter. 

Suppose  the  axis  of  x^  instead  of  being  a  tangent  at  the  vertex 
of  the  curve,  to  be  situated  at  a  depth  A  O  =  m  below  the  vertex, 
and  let  y  denote  any  ordinate  measured  from  this  lowered  axis; 
then 

2/*  =  2/  +  m  =  ^  ^e" +  e"«  V (10.) 

wluch,  being  compared  with  the  expression  for  the  ordinate  amongst 
egnatioBS  2,  Article  173,  shows,  that  the  i/atradoa  /or  a  hariaoWtal  «d- 
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trado8  when  the  least  ordmateis  eqwd  to  thepa/raameteirijQ  =  a),  hecomee 
identical  wUh  a  catenary ^  hofcmg  the  same  parameter  nn  =  a  =  Vq). 

Problem.  Given,  two  pomts  in  a  catenary,  ana  the  length  of 
cha/m  hetvxen  them,;  required  the  remamder  of  the  emve. 

Let  k  be  the  honzontal  distance  between  the  two  points^  v  their 
difference  of  level^  I  the  length  of  chain  between  them.  Those  three 
quantities  are  the  data. 

The  unknown  quantitie&i  may  be  expressed  in  the  following 
manner.  Let  osi,  y^,  be  the  co-ordinates  of  the  higher  given  point, 
and  8i  the  arc  terminating  at  it,  all  measured  from  the  yet  imknown 
vertex  of  the  catenary,  and  x^  y^  s„  the  corresponding  quantities 
for  the  lower  given  point.  (The  particular  case  when  the  points 
are  at  the  same  level  will  be  afterwards  considered).     Also  let 

Xi  +  Xa  =  h  (an  unknown  quantity). 
Then  we  have 

_ hj\-k        _ h  —  k  .-    . 

^1 —      2     ^  ^' —      2     ••V'*'"'"*/ 

Putting  these  values  of  as  in  the  equations  6  and  8,  we  find 


...(12.) 


Square  those  two  equations  and  take  the  difference  of  the  squares  ; 
then, 

^1illl?  =  ^  fe'2^^e''^\y (13.) 

In  this  equation  the  only  unknown  quantity  is  the  para/meter  m, 
which  is  to  be  determined  by  a  series  of  approximations. 

Next,  divide  the  sum  of  the  equations  (12)  by  their  difference. 
This  gives 

I  ^  V 

and  consequently 

h  =  m*hyp.  log.  , (14.) 

Either  or  both  of  the  abscissae  Xi  and  x^,  being  computed  by  the 
equations  11,  we  find  the  position  of  the  vertical  axia.    Tten  cotxi- 
puting  hy  equation  8,  either  or  both  of  the  ordinate^,  yiiy©*^^  ^^^ 
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ihe  vertex  of  the  catenary,  wMch,  together  with  the  parameter, 
being  known,  completely  determines  the  curve. — Q.  E.  I. 

When  the  given  points  are  at  the  same  level,  that  is,  when  v  =  0, 
the  vertical  axis  moist  be  midway  between  them,  so  that 

h 
x^  =  —  x^  =  -^,h  =  0 (15.) 

In  this  case  equation  13  becomes 


l=zm  fe"^  —  e    >•-^ (16.) 


fix)m  which  m  is  to  be  found  by  successive  approximations.  Then 
the  computation  of  yi  =  y,  by  means  of  equation  8  determines  the 
vertex  of  the  curve,  and  completes  the  solution. 

The  following  are  some  of  the  geometrical  properties  of  the 
catenary ; — 

I.  The  radius  of  curvature  at  the  vertex  is  equal  to  the  para- 
meter, and  at  any  other  point  is  given  by  the  equation 

r  =  w  •  sec^i. (17.) 

IL  The  length  of  a  normal  to  the  catenary,  at  any  point,  cut  off 
by  a  horizontal  line  at  the  depth  m  below  the  vertex,  is  equal  to  the 
radius  of  curvature  at  that  point. 

III.  The  involute  of  a  catenary  commencing  at  its  vertex,  is  the 
tractory  of  the  horizontal  line  before  mentioned,  with  the  constant 
tangent  rn, 

IV.  If  a  parabola  be  rolled  on  a  straight  line,  the  focus  of  the 
parabola  traces  a  catenary  whose  parameter  is  equal  to  the  focal 
distance  of  the  parabola. 

176.  Centre  of  GraTity  of  a  Flexible  Stmctnre. — ^lu  every  case  in 

which  a  perfectly  flexible  structure,  such  as  a  cord,  a  chain,  or  a 
funicular  polygon,  is  loaded  with  weights  only,  the  figure  of  stable 
equilibrium  in  the  structure  is  that  which  corresponds  to  the  lowest 
possible  position  of  the  centre  of  gravity  of  the  entire  load.  This 
principle  enables  all  problems  respecting  the  equilibrium  of  ver- 
tically loaded  flexible  structures  to  be  solved  by  means  of  the 
"  Calculus  of  Variations." 

177.  Transformatloii   of  Cords  and  Chains.  —  The    principle    of 

TransformoMon  hy  Paralld  Projection  is  applicable  to  continuously 

loaded  cords  as  well  as  to  polygonal  frames :  it  being  always  borne  in 

mind,  that  in  order  that  forces  may  be  correctly  transformed  by 

parallel  projection^  their  magnitudes  must  be  represented  by  the 

2enfft/is  of  straight  lines  paralld  to  t/ieir  directious,  ^  tbatif  in  any 
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iihe  magnitude  of  a  force  is  represented  by  an  area  (as  In  Articles 
173  and  174)  or  by  the  length  of  a  curve  (as  in  Article  175), 
we  must,  in  transforming  that  force  by  projection,  first  consider 
what  length  and  position  a  straight  line  should  have  in  order  to 
represent  it. 

Some  of  the  cases  already  given  might  have  been  treated  as  ex- 
amples of  transformation  by  parallel  projection.  For  instance,  the 
bridge-chain  with  sloping  rods  of  Article  172  might  be  treated  as 
a  parallel  projection  of  a  bridge-chain  with  vei^tical  rods,  made  by 
substituting  oblique  for  rectangular  co-ordinates;  and  the  intrados 
for  a  horizontal  extrados  of  Article  174,  where  the  least  ordinate  y^ 
and  parameter  a  have  any  ratio,  might  be  treated  as  a  parallel 
projection  deduced,  by  altering  the  proportions  of  the  rectangular 
co-ordinates,  from  the  corresponding  curve  in  which  the  least  co- 
ordinate is  equal  to  the  parameter;  that  is,  from  the  catenary. 

The  algebraical  expressions  for  the  alterations  made  by  parallel 
projection  in  the  co-ordinates  of  a  loaded  chain  or  cord,  and  in  the 
forces  applied  to  it,  are  as  follows  : — 

In  the  original  figure,  let  y  be  the  vertical  co-ordinate  of  any 
point,  and  x  the  horizontal  co-ordinate.  Let  P  be  the  vertical  load 
applied  between  any  point  B  of  the  chain  and  its  lowest  point  A; 

let  p  =  -J—  be  its  intensity  per  horizontal  unit  of  length;  let  H  be 
dx 

the  horizontal  component  of  the  tension;  let  II  be  the  tension  at 
the  point  B. 

Suppose  that  in  the  transformed  figure,  the  vertical  ordinate  ^, 
and  the  vertical  load  F,  which  is  represented  by  a  vertical  line,  are 
unchanged  in  length  and  direction,  so  that  we  have 

y'  =  y;F  =  P; (1.) 

but  for  each  horizontal  co-ordinate  x,  let  there  be  substituted  an 
oblique  co-ordinate  a/,  inclined  at  the  angle  j  to  the  horizon,  and 

altered  in  length  by  the  constant  ratio  -z=a.     Then  for  the  hori- 

zontal  tension  H,  there  will  be  substituted  an  oblique  tension  H', 
parallel  to  a;',  and  altered  in  the  same  proportion  with  that  co 
ordinate;  that  is  to  say, 

aj'  =  ax',B!  =  aH (2.) 

The  original  tension  at  B  is  the  resultant  of  the  vertical  load  P 
and  the  horizontal  tension  H,  Let  R  be  its  amount,  and  i  its  in- 
clination to  H;  then  ^_____ 

B  =  J'W+W; ^.^^ 
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and  the  ratios  of  those  three  forces  are  expressed  hy  the  proportion 

P:H:R:  liaaxi  :l:sec*::siiii:cosi:  1 (4.) 

Let  R'  be  the  amount  of  the  tension  at  the  point  B  in  the  new 
structure^  corresponding  to  B,  and  let  i'  be  its  inclination  to  the 
oblique  co-ordLnaU  sd;  then 

R=  ^(P»  +  EP»=t=2FH'sinj) (5.) 

P'rH*:  R':  :sin*  :  coB{i'z±zj):coaj (6.) 

The  altemative  signs  zfc:  are  to  be  nsed  according  as  i'  and  J 

\  ^^  I  ^  direction. 

The  inteTisUy  of  the  load  in  the  transformed  structure  per  urwt  of 
oblique  length  measured  along  dxf,\a 

P=d^'=l'^ - (^•> 

but  if  the  intensiiy  of  the  load  be  estimated  per  wrwt  of  horizontal 
lenglhy  it  becomes 

«'  sec  9*  =  — — — ^ •• (8.) 

^       *'      a'cos^  ^   ^ 

178.  liiBMur  Arches  or  Bibs. — Conceive  a  cord  or  chain  to  be 
exactly  inverted,  so  that  the  load  applied  to  it,  unchanged  in  direc- 
tion, amount,  and  distribution,  shall  act  inwards  instead  of  out- 
wards; suppose,  further,  that  iJie  cord  or  chain  is  in  some  manner 
stayed  or  stiffened,  so  as  to  enable  it  to  preserve  its  figure  and  to 
resist  a  thrust  \  it  then  becomes  a  Ivnea/r  a/rch,  or  equilibrated  rib ; 
and  for  the  pull  at  each  point  of  the  original  cord  is  now  substi- 
tuted an  exactly  equal  thruet  along  the*  rib  at  the  corresponding 
point. 

Linear  arches  do  not  actually  exist;  but  the  propositions  respect- 
ing them  are  applicable  to  the  lines  of  resistance  of  real  arches  and 
arched  ribs,  in  those  cases  in  which  the  direction  of  the  thrust  at 
each  joint  is  that  of  a  tangent  to  the  line  of  resistance^  or  curve 
connecting  the  centres  of  pressure  at  the  joints. 

All  the  propositions  and  equations  of  the  preceding  Articles^ 
respecting  cords  or  chains,  are  applicable  to  linear  arches,  substi- 
tuting only  a  thrust  for  a  ^mZ^,  as  the  stress  along  the  line  of  resist- 
ance. 

The  principles  of  Article  167  are  applicable  to  linear  arches  in 
general,  with  external  forces  applied  in  any  direction. 

The  principles  of  Article  168  are  applicable  to  linear  aioheB 
under  pa/ralld  hade;  and  in  such  arches^  the  quantity  denoted  by 
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H  in  the  formuln  represents  a  coniUxnt  thrust,  in  a  direction  pep* 
pendicnlor  to  that  of  the  load. 

The  form  of  equilibrium  for  a  linear  arch  under  an  uniform  load 
is  a  pofffAtia,  similar  to  that  described  in  Article  169. 

In  the  case  of  a  linear  arch  under  a  Tertical  load,  intradoa  denotes 
tbe  figure  of  the  arch  itself,  and  ex^adoa  a  line  traversing  the  wpp^ 
ends  of  ordinate,  dravn  'upioa/rda  &om  the  intrados,  of  lengths  pro- 
portional to  tlie  intensities  of  the  load ;  and  the  principles  of 
Article  173  are  applicable  to  relations  between  the  inttadoa  and 
the  eztradoa. 

The  curve  of  Article  171  is  the  figure  of  eqoilibrium  for  a  linear 
arch  "with  a  horizontal  extrados ;  and  from  Article  175  it  appeal^ 
that  the  figures  of  all  such  arches  may  be  deduced  from  that  of  a 
catenary,  by  inverting  it  and  altering  ite  horizontal  and  vraiocal 
co-ordinates  in  given  constant  proportions  for  each  case. 

The  principles  of  Article  177,  relative  to  the  transformation  of 
cords  and  chmns,  are  applicable  also  to  linear  arches  or  ribs.  This 
subject  will  be  further  considered  in  the  sequeL 

The  preceding  Articles  of  this  section  contain  propositions  which, 
though  applicable  both  to  cords  and  to  linear  an^es,  are  of  impor- 
tance in  practice  chiefly  in  relation  to  cords  or  chains.  The  follow- 
ing  Artides  contain  propositions  which,  though  applicable  also  to 
cords  as  well  as  linear  arches,  are  of  importance  in  practice  chiefly 
in  relation  to  linear  arches. 

179.     Clrcnlar  Arch  Ar  rBifonu  Vlnld  Pmnn. — It   is    evident 

tihat  a  linear  arch,  to  resist  an  uniform  normal  pressure  &om  'with- 
out, should  be  circular ;  because,  as  the  force  to  which  it  is  sub- 
jected  is  sin  i  Jar  aU  round,  its  figure  ought  to  be  similar  to  itself 
all  roond — a  property  poasefieed  by  the  circle  alon& 

In  fig.  88,  let  A  B  A  B  be  a  circular  linear  arch,  rib,  or  ring, 


whose  centre  is  0,  pressed  upon  from  withont  by  a  nonnal  pressure 
of  nnifonn  intensity. 

In  order  that  tlie  intensity  of  tlat  preseore  may  be  conveniently 
expressed  in  units  of  force  per  imit  of  area,  conceive  the  ring  in 
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question  to  represent  a  vertical  section  of  a  cylindrical  shell,  whoso 
length,  in  a  direction  perpendicular  to  the  plane  of  the  figure,  is 
unity.  Let  p  denote  the  intensity  of  the  external  pressure,  in 
units  of  force  per  unit  of  area ;  r  the  radius  of  the  ring ;  T  the 
thrust  exerted  round  it,  which,  because  its  length  is  unity,  is  a 
thrust  per  unit  of  length. 

The  uniform  normal  pressure  p^  if  not  actually  caused  by  the 
thrust  of  a  fluid,  is  similar  to  fluid  pressure ;  and,  according  to 
Article  110,  it  is  equivalent  to  a  pair  of  conjugate  pressures  in  any 
two  directions  at  right  angles  to  each  other,  of  equal  intensity. 
For  example,  let  x  be  verti^,  y  horizontal,  and  let  j9,,  jp^,  be  the 
intensities  of  the  vertical  and  horizontal  pressure  respectively,  then 

P*—Pv—P'> 0) 

and  the  same  is  true  for  any  pair  of  rectangular  pressures. 

To  find  the  thrust  of  the  ring,  conceive  it  to  be  divided  into  two 
parts  by  any  diametral  plane,  such  as  C  C.  The  thrust  of  the  ring 
at  the  two  ends  of  this  diameter,  of  the  amount  2  T,  must  balance 
the  component,  in  a  direction  perpendicular  to  the  diameter,  of  the 
pressure  on  the  ring;  the  normal  intensity  of  that  component  i&p, 
as  already  shown ;  and  the  area  on  which  it  acts,  projected  on  the 
plane,  C  C,  which  is  normal  to  its  direction,  is  2r ;  hence  we  have 
the  equation 

2T  =  2jpr;  or  T=j?r (2.) 

for  the  thrust  all  round  the  ring;  which  is  expressed  in  words  by 
this 

Theorem.  The  thrust  rovmd  a  circular  ring  under  cm  unifornh 
normaZ  pressure  is  the  product  of  the  pressu/re  on  cm  wait  ofdrcumr 
fercTice  by  the  radius, 

180.    Elliptical  Arches  f«ir  Vniform  Preararcfl* — ^If  a  linear  arch 

has  to  sustain  the  pressure  of  a  mass  in  which  the  pair  of  conjugate 
thrusts  at  each  point  are  uniform  in  amount  and  direction,  but  not 
equal  to  each  other,  all  the  forces  acting  parallel  to  any^ven  direc- 
tion will  be  altered  from  those  which  act  in  a  fluid  mass,  by  a  given 
constant  ratio ;  so  that  they  may  be  represented  by  parallel  projec- 
tions of  the  lines  which  represent  the  forces  that  act  in  a  fluid  mass. 
Hence  the  figure  of  a  linear  arch  which  sustains  such  a  system  of 
pressures  as  that  now  considered,  must  be  a  parallel  projection  of  a 
circle ;  that  is,  an  ellipse.  To  investigate  the  relations  which  must 
exist  amongst  the  dimensions  of  an  elliptic  linear  arch  under  a  pair 
of  conjugate  pressures  of  uniform  intensity,  let  A'  K  A'  K,  B"  A"B'', 
in  fig.  SS,  represent  elliptic  ribs,  transformed  from  the  circular  rib 
A,B A^hy parallel  projection,  the  vertical  dimensions  being  un- 
cban^ed,  and  the  horizontal  dimensions  either  expanded  (as  £"  £"), 
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or  contracted  (as  B'  B*),  in  a  given  uniform  ratio  denoted  by  c  ;  so 
that  r  shall  be  the  vertical  and  cr  the  horizontal  semi-axis  of  the 
ellipse ;  and  if  x,  y,he  respectively  the  vertical  and  horizontal  co- 
ordinates of  any  point  in  the  circle^  and  a/  2/9  those  of  the  corre- 
sponding point  in  the  ellipse,  vre  shall  have 

«'  =  «;  3/  =  cy. (1.) 

If  C  C,  D  D,  be  any  pair  of  diameters  of  the  circle  at  right  angles 
to  each  other,  their  projections  will  be  a  pair  of  conjugate  diameters 
oftheempse,asCrcr,  D'D'. 

Let  P,  be  the  total  vertical  pressure,  and  P,  the  total  horizontal 
pressure,  on  one  quadrant  of  the  circle  A  B. 

Then 

P,  =  P,  =  T=jpr. 

Let  P',  be  the  total  vertical  pressure,  and  P',  the  total  horizontal 
pressure,  on  one  quadrant  of  the  ellipse,  as  A'  B,  or  A"  B" ;  and  let 
r,  be  the  vertical  thrust  on  the  rib  at  B'  or  B',  and  T',  the  hori- 
zontal thrust  at  A'  or  A". 

Then,  by  the  principle  of  transformation, 

T',  =  F,  =  P.  =  T=jpr;  ^ 

T',  =  F,  =  c  T,=cT  =  cpr;f ^^'^ 

or,  the  total  thrusts  are  as  the  axes  to  which  they  are  parallel. 

Further,  let  P  =  T^  be  the  total  pressure,  parallel  to  any  semi- 
diameter  of  the  ellipse  (as  C  D'  or  O"  D")  on  the  quadrant  D'  C  or 
B"  C",  which  force  is  also  the  thrust  of  the  rib  at  C  or  C,  the  ex- 
tremity of  the  diameter  conjugate  to  C  D'  or  0"  D"  j  and  let  0'  D' 
or  0''D"  =  r';  then 

F  =  r  =  ^  P  =pr^; ..., (3.) 

or,  ^  total  thrusts  are  as  the  diameters  to  whicHh  they  are  parallel. 

Next,  let ;/,,  p'„  be  the  irUensities  of  the  conjugate  horizontal  and 
vertical  pressures  on  the  elliptic  arch ;  that  is,  of  the  "  principal 
stresses''  (Articles  109,  112).  Each  of  those  intensities  beiug  found 
by  dividing  the  corresponding  total  pressure  by  the  area  of  the 
plane  to  which  it  is  normal,  they  are  given  by  the  following  equa- 
tion : — 


^'      cr       c 
F 

p",  =  —'  =  «'?; 


(4.) 
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80  that  ikt  mtensitiea  qfthe  prmcipal  pressures  <vre  as  the  sqiuxres  of 
the  axes  qfthe  dlipUc  arch  to  whu^  thet/  ao'e  parallel. 

Hence  the  "  ellipse  of  stress  "  of  Article  112  is  an  ellipse  whose 
axes  are  proportional  to  the  squares  of  the  axes  of  the  elliptic  arch ; 
and  to  adapt  an  elliptic  arch  to  tmiform  vertical  and  horizontal 
pressures,  the  raMo  oftli/e  ojoces  of  the  a/rch  must  he  ths  square  root  of 
the  ratio  of  the  intensities  of  the  principal  pressv/res  ;  that  is, 


=\/& 


(5.) 
P- 

The  external  pressure  on  any  point,  D'  or  D",  of  the  elliptic  arch, 
is  directed  towards  the  centre,  (>  or  O",  and  its  intensity,  per  unit 
of  area  of  the  plane  to  which  it  is  conjugate  (C  O  or  O"  C?'),  is  given 
by  the  following  equation,  in  which  /  denotes  the  semidiameter 
(O'  jy  or  O"  D")  parallel  to  the  pressure  in  question,  and  r"  the  con- 
jugate semidiameter  (C  O  or  O"  C")  : — 

r  r 

that  is,  the  irvtevisity  of  the  pressfwre  vn  the  direction  of  a  given  dia- 
meter is  directly  as  that  diameter  and  inversely  as  the  conjugate  dia- 
meter. 

Let  p"  be  the  intensity  of  the  external  pressure  in  the  direction 
of  the  semidiameter  /.     Then  it  is  evident  that 

p'  :p"  ::  f^  :  r"' ; (7.) 

that  is,  the  intensities  of  a  pair  of  conjugate  pressures  are  to  each  other 
as  the  squares  of  the  conjugate  diambcters  of  the  dUptic  rib  to  which 
they  are  respectively  parallel. 

These  results  might  also  have  been  arrived  at  by  means  of  the 
principles  relative  to  the  ellipse  of  stress,  which  have  been  explained 
in  Article  112. 

181.  ]>totorted  Blilptic  Arch. — To  adapt  an  elliptic  linear  arch 
to  the  sustaining  of  the  pressure  of  a  mass  in  whicl^  while  the  state 
of  stress  is  uniform,  the  pressure  conjugate  to  a  vertical  pressure  is 
not  horizontal,  but  inclmed  at  a  given  angle  j,  the  figure  of  the 
ellipse  must  be  derived  from  that  of  a  circle  by  the  substitation  of 
inclined  for  horizontal  co-ordinates. 

In  ^g.  89,  let  B  A  C  be  a  semicircular  arch  on  which  the  ex- 
ternal pressures  are  normal  and  uniform,  and  of  the  intensity  j?,  as 
before;  the  radius  being  r,  and  the  thrust  round  the  arch,  and  load 
on  a  quadrant,  being  as  before,  T  =  T  =pr.     Let  D  be  any  point 

in  the  circle^  whoae  co-ordinatea  are,  vertical,  O  E  =  aj,  horizontal, 
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E  D  =  y.     Let  B'  A'  C  be  a  semi-elliptic  arch,  in  which  the  verti- 
cal ordinates  are  the  same  with  those  of  the  circle,  while  for  each 


horizontal  ordinate  is  substituted  an  ordinate  inclined  to  the  hori- 
zon by  the  constant  angle/,  and  bearing  to  the  corresponding  hori- 
zontal ordinate  of  the  circle  the  constant  ratio  c ;  that  is  to  say, 
let 


O'  K  =  of  =  aj ; 


(1.) 


Then  for  the  vertical  semidiameter  of  the  circle  OA  =  r,  will  bo 

substituted  the  equal  vertical  semidiameter  of  the  dlipse  O'  A'  = 

r ;  and  for  the  horizontal  diameter  of  the  circle  C  B  =  2  r,  will  be 

substituted  the  inclined  diameter  of  the  ellipse  CrB'=2  e  r,  which 
is  conjugate  to  the  vertical  semidiameter. 

The  forces  applied  to  the  elliptic  arch  are  to  be  resolved  into 
vertical  and  mdmed  components,  parallel  to  C  A'  and  C  B',  instead 
of  vertical  and  horizontal  components.  Let  P,  denote  the  total 
vertical  pressure,  and  P,  the  total  inclined  pressure,  on  either  of  the 
elliptic  quadrants,  C  A',  A'  B' ;  T ',  the  inclined  thrust  of  the  arch 
at  A',  T,  the  vertical  thrust  at  B'  or  C.     Then 


T,  =  P',  =  T  =  P  =  jpr; 
T;  =  P'y  =  cT  =  cP  =  cpr 


:) 


.(2.) 


that  is  to  say,  those  forces  are,  as  before,  proportional  to  the  dia- 
Tneters  to  which  tlicy  are  parallel. 

Let  p„  be  the  intensity  of  the  vertical  pressure  on  the  elliptic 
arch  per  unit  of  area  of  the  inclined  plane  to  which  it  is  conjugate, 

C  B' ;  let  jp'y  be  the  intensity  of  the  inclined  pressure  per  unit  of 
area  of  the  vertical  plane  to  which  it  is  conjugate  *,  t\ievi 
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/,  =  -!!  =  ep; 


•  •••••••••••••••••••••••  I V* 1 


SO  that^  as  before,  the  intensities  of  the  canjtigcUe  pressures  are  as 
the  squares  of  the  diameters  to  which  they  are  parallel. 

The  thrust  of  the  arch  at  any  point  D'  is  as  before,  proportional 
to  the  diameter  conjugate  to  O'  IK. 

It  is  sometimes  convenient  to  express  the  intensity  of  the  verti- 
cal pressure  per  unit  of  area  of  the  horizontal  projection  of  the  space 
over  which  it  is  distributed ;  this  is  given  by  the  equation 


^,  •  sec  J  = 


P 


C  'COS J 


(4.) 


It  is  to  be  borne  in  mind,  that  this  is  not  the  pressure  on  unity 
of  area  of  a  horizontal  plane  (which  pressure  is  inversely  as  the 
horizontal  diameter  of  the  ellipse  and  dii*ectly  as  the  diameter  con- 
jugate to  that  diameter,  to  which  latter  diameter  it  is  parallel),  but 
the  pressure  on  that  area  of  a  plane  inclined  at  the  angle  j,  whose 
horizontal  projection  is  unity. 

The  following  geometrical  construction  serves  to  determine  the 
major  and  minor  axes  of  the  ellipse  K  A'  C. 

Draw  O'  a  J-  and  =  O'Afj  join  K  a,  which  bisect  in  m ;  in  B'a 

produced  both  ways  take  mp  =  mq  =  0' w ;  join  O'jp,  C/q;  these 
lines,  which  are  perpendicular  to  each  other,  are  the  directions  of 
the  axes  of  the  ellipse,  and  the  lengths  of  the  semiaxes  are  respectively 
equal  to  the  segments  of  the  line  p  q,  viz.,  B'^  =  aq,l^'q  =:  a  p. 

The  following  is  the  algebraical  expression  of  this  solution.  Let 
A  denote  the  major  and  B  the  minor  semi-axis  of  the  ellipse. 

Then  

A4- B  =  2  0'm  =  r  ^(1 +  c*  + 2c -cosy); 

A-B  =  Fa  =  rV(l  +  c»-2c-cosi); 
whence  we  have  for  the  lengths  of  the  semi-axes, 

A  =  ||  J{l+(f-h2c'coaj)+  J{l  +  (f''2c'Coaj)j; 


^=l{  V(l  +  c»  +  2c-cosi)-V(l+c«-2c-cos^-)|; 


(5.) 
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The  angle  .^  B'  O'p  =  k,  which  the  nearest  axis  makes  with  the 
diameter  C'  B',  is  found  by  the  equation 

according  as  that  axis  is  the  longer;      the  shorter. 

The  axes  of  the  elliptic  arch  are  parallel  to,  and  proportional 
to  the  square  roots  of,  the  axes  of  the  ellipse  of  stress  in  the 
pressing  mass ;  so  that  they  might  be  found  by  the  aid  of  case 
3  of  Problem  lY.,  Article  112. 

182.   Arches  for  Normal  PrcMure  in  Oeneral. — The   condition  of 

a  linear  arch  of  any  figure  at  any  point  where  the  pressui'e  is  nor- 
mal, is  similar  to  that  of  a  circular  arch  of  the  same  curvature 
tinder  a  pressure  of  the  same  intensity;  and  hence  modifying  the 
Theorem  of  Article  179  to  suit  this  case,  we  have  the  following : — 
Theorem  I.  The  thrust  at  any  rwrrmdly  pressed  point  of  a  linear 
(x/rch  is  tlie  product  of  the  radius  of  curvaJtwre  hy  the  intensity  of 
the  pressure;  that  is,  denoting  the  radius  of  curvature  by  e,  the 
normal  pressure  per  unit  of  length  of  curve  by  v,  and  the  thrust 
byT, 

T=i'«. (1.) 

Example,  This  Theorem  is  verified  by  the  vertically  and  hori- 
zontally pressed  elliptic  arches  of  Article  180;  for  the  radii  of 
curvature  of  an  ellipse  at  the  ends  of  its  two  axes,  r  and  c  r,  are 
respectively, 


cV" 

At  the  ends  of  r  :  e*  =  —  =  (?r\ 

r 

At  the  ends  of  cr:  e.  =  —  =  -j 

^       cr       c 


,(2.) 


(3.) 


Introducing  these  values  into  the  equations  of  Article  180,  and  into 
equation  1  of  this  Article,  we  find, 

Tg  =  jp',e,  =  cp  '  -  =  pr  as  before; 

c 

P 
TV  =  jp«e«  =      *  c'r  =  c^r  as  before; 

It  is  further  evident,  that  if  the  pressure  be  normal  at  every  point 
of  the  arch  (which  it  is  not  in  the  cases  cited),  the  thrust  must  be 
constant  at  every  point ;  for  it  can  vary  only  by  the  application  of 
a  tangential  pressure  to  the  arch ;  and  hence  follows 
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Theobem  IL  In  a  linear  arch  sustaining  a  pressure  wMeh  is 
everywhere  normal,  the  thnist  is  vmform,  and  the  radius  of  cwrvar- 
ture  is  inversely  as  the  pressure — a  theorem  expressed  symbolically 
tliiis : — 

-    T  =  p^  =  constant (4.) 

The  only  arch  of  this  class  which  has  hitherto  been  considered  is 
the  circular  arch  imder  uniform  normal  pressure.  Another  instance 
'will  be  given  in  the  following  Article. 

183.  The  Kydrostatic  Arch  is  a  linear  arch  suited  for  sustaining 
normal  pressure  at  each  point  proportional,  like  that  of  a  liquid  in 
I'epose^  to  the  depth  below  a  given  horizontal  plane ;  and  is  some- 
times called  "  the  arch  of  Yvon-Villarceaux,"  from  iiie  name  of  the 
mathematician  who  first  thoroughly  investigated  the  properties  of 
its  figure  by  the  aid  of  elliptic  functions. 

The  radius  of  curvature  at  a  given  point  in  the  hydrostatic  arch 
being,  in  virtue  of  Theorem  II.  of  the  last  Article,  inversely  propor- 
tional to  the  intensity  of  the  pressure,  is  also  inversely  proportional 
to  the  depth  below  the  horizontal  plane  at  which  vertical  ordinates 
representing  that  intensity  commence. 

In  fig.  90,  let  Y  0  Y  represent  the  level  surface  from  which  the 


Fig.  90. 

pressure  increases  at  an  uniform  rate  downwards,  so  as  to  be  similar 
to  the  pressure  of  a  liquid  haviag  its  upper  surface  at  Y  0  Y.  Let 
A  be  the  crown  of  the  hydrostatic  arch,  being  the  point  where  it  is 
nearest  the  level  surface,  and  consequently  horizontal  Let  co-ordi- 
nates be  measured  from  the  point  O  in  the  level  surface,  directly 
above  the  crown  of  the  arch ;  so  that  OX  =  Y  C  =  x  shall  be  the 
vertical  ordinate,  and  O  Y  =  XC  =  y  the  horizontal  ordinate,  of 
any  point,  C,  in  the  arch.  Let  O  A,  the  least  depth  of  the  arch 
below  the  level  surface,  be  denoted  by  Xq,  the  radius  of  curvature 
at  the  crown  by  r^,  and  the  radius  of  curvature  at  any  point  C  by  r. 
Let  w  be  the  weight  of  an  unit  of  volimie  of  the  liquid,  to  whose 
pressure  the  load  on  the  arch  is  equivalent.  Then  the  intensities  of 
the  external  normal  pressure  at  the  crown  A,  and  at  any  point  0, 
are  expressed  respectively  by 
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=^\/  {K  +  ^^oro'^'"^ (9.) 

Let  X,  x',  be  any  two  vertical  ordinates.     Then  from  equation  8 
it  follows  that 

oc^ — a?  =  2xQrQ  (cos  i  —  cost') (10.) 

or,  the  difference  of  the  sqiuires  oftvoo  ordinates  varies  as  the  difference 
of  the  cosines  of  the  respective  indincUions  of  the  arc  at  their  lower 
ends. 

From  equation  9  is  deduced  the  following  expression  of  the  in- 
clination in  terms  of  the  vertical  ordinate  : — 

1 


i 


The  various  properties  of  the  figure  of  the  hydrostatic  arch  ex- 
pressed by  the  preceding  equations  are  thus  summed  up  in  one 
formula:— 

«.r,-^a;r=j^x«?y  = -ST"  =  — 2— =  ■2S5i7-(12) 

To  obtain  expressions  for  the  horizontal  co-ordinate  y,  whose 
maximum  value  is  the  half-span  y^,  and  also  for  the  lengths  of  arcs 
of  the  curve,  it  is  necessary  to  use  elliptic  functions. 

[The  reader  who  has  not  studied  elliptic  functions  may  here  pass 
at  once  to  Article  184.] 

In  the  use  of  elliptic  functions  the  notation  employed  will  be 
ih&t  of  Legendre;  and  the  classes  of  functions  referred  to  will  be 
those  called  by  that  author  the  first  and  second  kind  respectively, 
and  tabulated  by  him  in  the  second  volimie  of  his  treatise. 

Let  ^  denote  a  constant  angle,  called  the  modulus  of  the  func- 
tions ;  ^,  a  variable  angle  called  the  wnvpLibvtde ;  then  an  elliptic 
function  of  the  first  kind  is  expressed  by 

r^                d^ 
F  (^,(p)  =  j^^(i_sii^.^.sin«<p) (a.) 

and  an  elliptic  function  of  the  second  kind  is  expressed  by 

E  (^,(p)  =  rV(l  — sin«^-sin«rtdf>. (6.) 
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and  this  is  sustained  by  and  equal  to  the  vertical  component  of  the 
thrust  of  the  arch  at  C,  which  is  T '  sin  i  (i  being  the  inclination  of 
the  arch  to  the  horizon). 
Hence  follows  the  equation 


/    xdy  = 


•sin  t 

QL 

'0^ 

a^o^' 

=  V'- 

df. 
'do?' 

(5.) 


That  is  to  say,  the  a/rea  of  tlie  figv/re  between  the  shortest  vertical 
ordinate  ami  any  vertical  ordinate,  varies  as  the  sine  of  the  a/ngle  of 
inclination  to  the  horizon  of  the  curve  at  the  latter  ordinate. 

The  horizontal  external  pressure  on  the  semi-arch  from  B  to  A 
is  the  same  with  that  on  a  vertical  plane,  AE,  immersed  in  a 
liquid  of  the  specific  gravity  w  with  its  upper  edge  at  the  depth 
Xq  below  the  surface  (see  Article  124);  so  that  its  amoimt  is 


/     xdx  = 


aP  —  x' 
to  I     xax  =  w'    '       ^ ; 


and  this  is  balanced  by  the  thrust  of  the  arch,  T,  at  the  crown- 
Hence  follows  the  equation 

a;r  =  a?o»'o  =  — 2— (^O 

That  is  to  say,  half  the  difference  of  the  squares  of  the  least  vertical 
ordinate  a/nd  of  the  tam^enJb  vertical  ordinate  is  equal  to  the  constant 
product  of  the  vertical  ordinate  and  radius  of  curvature. 

Equation  6  gives  for  the  value  of  the  vertical  tangent  ordinate. 


«i  =  ^o4  +  2x^r^ (7.) 

The  horizontal  external  pressure  between  B  and  any  point,  0,  is 
equal  to  the  pressure  of  a  liquid  of  the  specific  gravity  t^  on  a  ver- 
tical plane  X  F  with  its  upper  edge  immersed  to  the  depth  a?,  so 
that  its  amoimt  is 

wj    05  a  a;  =r  «7  •  — !-~ — ; 

*'  *  2 

and  this  is  balanced  by  the  horizontal  component  T  •  cos  i  of  the 
thrust  of  the  arch  at  C ; ,  whence  follows  the  equation 

^9 ^ 

-^  =  a^o»*o  *  cos  i; (8.) 

which  gives  for  the  value  of  any  vertical  ordinate^ 
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«  =  %'(-«^— 2*or.  •cMt)  = 


0=7{«{  +  2*.r.(l-co6i)} 
=  \/  (ai  +  la^r.    rin'i) (9.) 


JjEt  fl^  fl^y  be  any  two  vertical  ordinatea.     Then  fit>m  equation  8 
itfoDowBthat 

a^—ar  =  2x^r^  (cos  t  —  cos  i) (10.) 

or,  ike  difference  of  ike  eguaree  of  two  ordinates  varies  as  the  difference 
ef  ike  cosines  of  ike  respective  indinatums  of  the  arc  at  tlteir  lower 


fma  equation  9  is  deduced  the  following  expression  of  the  in- 
ciination  in  terms  of  the  vertical  ordinate : — 

1 

2sin«-*i  =  l-cosi=l-Wi    .  ^  =  ^=^....(11.) 

The  vazioos  properties  of  the  figure  of  the  hydrostatic  arch  ex- 
hj  the  preceding  equations  are  thus  summed  up  in  one 


To  obtain  expressions  for  the  horizontal  co-ordinate  y,  whose 
mudnram  value  is  the  half-span  y^^  and  also  for  the  lengths  of  arcs 
cf  ihe  curve,  it  is  necessary  to  use  elliptic  functions. 

[The  reader  who  has  not  studied  elliptic  functions  may  here  pass 
at  once  to  Article  184.1 

In  the  use  of  elliptic  functions  the  notation  employed  will  be 
ihat  of  Legendre;  and  the  classes  of  functions  referred  to  will  be 
tlioae  called  by  that  author  the  first  and  eeeond  kind  respectively, 
and  tabulated  by  him  in  the  second  volume  of  his  treatise. 

JjE^  i  denote  a  constant  angle,  called  the  modulus  of  the  func- 
tions; 9,  a  variable  angle  called  the  amplitude;  then  an  elliptic 
function  of  the  first  kind  is  expressed  by 

/9 d^ 
^^/(l— sinM-sin'^) W 

and  an  elliptic  function  of  the  second  kind  is  expressed  by 

E  {i,(l>)  =  rV(l— 8in«^-8in*f)c;f. ^) 
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The  values  of  those  functions,  when  the  upper  limit  of  integra- 


tion is  ^  ==  -,  or  90  degrees,  are  called  complete  functions,  and  de«^ 

noted  respectively  by 

Fj  {&)  and  E^  {&) (c.) 

In  order  to  apply  those  functions  to  the  case  of  the  hydrostatic 
arch,  let  the  amplitude  be  half  the  supplement  of  the  inclination  of 
the  curve;  that  is,  let 

^  =  9o^-|; W 

so  that  at  D,  ^  =  0,  at  B,  ^  =  45°,  and  at  A,  ^  =  90°  Let  the 
vertical  ordinate  and  radius  of  curvature  at  the  point  D  be  denoted 
respectively  by  X,  R ;  then 

RX:=  r«  :=r^aro;  / ^    '' 

for  the  modulus  ^  take  an  angle  such  that 

sm  ^__  _  _  _^-_ (e.) 

Then  equation  9,  the  expression  for  the  vertical  ordinate,  becomes 

=  >y/(a5  +  4aroro-8in«0=X'A/  (l— sin'tf •sin«f>y(14.) 

The  values  of  this  for  the  points  B  and  A  are  respectively 

x.^Xy(l_^),^=X^(l_ain..) 

=  X '  cos  ^. (14  A.) 

Introducing  the  above  value  of  x  into  equation  5,  we  obtain  for  the 
aiea  between  0  A  and  any  other  verticsd  ordinate, 

/    a?G?y  =  d^ro  *sui{  =  2X11 'COS  ^  sin  f 

X*  •  sin'  6 
= ft cos^  Binf (15.) 

The  value  of  this  expression  for  the  point  B  is 

/*"•     T                      ^-^       X'-sin'^ 
j    xdy  =  XfirQ  =  X.B»= (15  A.) 

iNow  differentiate  the  area  (15)  with  respect  to  the  amplitude  O, 
and  divide  by  oj;  this  gives       '  ^  kf  ^* 


X 
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dy y    sin^^        cos'^ — sin'^ 

This  differential  being  integrated  between  the  limits  ^  =  90°, 
irhich  corresponds  to  ^o  =  ^>  ^^^^^  ^  =  ^^^"^  o>  ""^l^c^  corresponds 
to  the  required  value  of  ^^  gives 

y  =  X  •{  (l  -  5^*)  (f.  (<)- F  {*,♦))- B.  (0  +  E  (tf, «.)}  (17.) 

For  tibe  point  B,  this  gives  for  the  half-spcm  ofihe  arch 

y,  =  X  •  {  (l-'^^  (p,(<)-F(*,45°))  -E.(^+E(*,4e=)  }  (1&) 

Let  8  denote  the  length  of  any  arc  of  the  curve^  A  C,  commenc- 
ing at  the  crown.     Then 

8=:f*rdi=:2  ("^rd^ (19.) 

The  value  of  the  radius  of  curvature  r  in  terms  of  the  modulus 
and  amplitude  is 

Tx  X  •  sin*  6  ,^^  V 

r  =  —  ==  T-ryz .   ,^      .   ,    ,3 (20.) 

X        4^(1  —  sm*tf-sm*f)  ^ 

and  this  being  introduced  into  the  integral  (19),  gives  for  the  axo 


8 


=  ^^'{r.W -!•(«,♦)} (21.) 


The  length  of  the  semi-arch  A  B  is 

X-sin'tf 


'=—2 


|f.(^  — F(*,46^} (23.) 


Such  are  the  formtdse  expressing  the  geometrical  properties  of 
the  hydrostatic  arcL  JSTumerical  results  can  easily  be  computed 
from  them  by  the  aid  of  Legendre's  tables  of  the  functions  F 
and  R 

The  relation  between  the  thrust  of  the  arch,  the  specific  gravity 
of  the  load,  and  the  modulus  is  given  by  the  equation 

rn                    wX^-sin'^       u)(ai  +  ^roXo)aji*0    ,„,,. 
T  =  wrx  = J =  —^-2 jii=2d ••,(23»^ 
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184.  OeMUuic  Arches.— It  is  proposed^  by  the  term  '^GeastcUte 
Arch"  to  denote  a  linear  arch  of  a  figure  suited  to  sustain  a  pressure 
similar  to  that  of  earth,  which  (as  will  be  shown  in  Section  3  of 
this  Chapter)  consists,  in  a  given  vertical  plane,  of  a  pair  of  con- 
jugate pressures,  one  vertical,  as  in  Article  125  of  Part  I.,  and 
proportional  to  the  depth  below  a  given  plane,  horizontal  or  sloping^ 
and  the  other  parallel  to  the  horizontal  or  sloping  plane,  and  bearing 
to  the  vertical  pressure  a  certain  constant  ratio,  depending  on  the 
nature  of  the  material,  and  other  circumstances  to  be  explained  in 
the  sequel  In  what  follows,  the  horizontal  or  Roping  plane  will 
be  called  the  conjugate  plcme,  and  ordinates  parallel  to  its  line  of 
steepest  declivity,  when  it  slopes,  or  to  any  line  in  it,  when  it  is 
horizontal,  conjugate  ordinates.  The  intensity  of  the  vertical  pres- 
sure will  be  estimated  per  imit  of  area  of  the  conjugate  plame;  and 
the  pressure  parallel  to  the  line  of  steepest  declivity  of  that  plane, 
when  it  slopes,  or  to  any  line  in  it,  when  it  is  horizontal,  will  be 
called  the  conjagaie  presawre,  and  its  intensity  will  be  estimated  per 
unit  of  area  of  a  vertical  plane. 

Let  the  origin  of  co-ordinates  be  taken  at  a  point  in  the  conju- 
gate plane  vertically  above  the  crown  of  the  proposed  arch ;  let  x' 
denote  the  vertical  co-ordinate  of  any  point,  and  y'  the  conjugate 
co-ordinate.  Let  j  be  the  angle  of  inclination  of  the  conjugate  plane 
to  the  horizon.  Let  vf  be  the  weight  of  unity  of  volume  of  the 
material  to  which  the  pressure  is  due,  and  whose  upper  surface  is 
at  the  conjugate  plane.  Then  the  intensity  of  the  vertical  pressure 
at  a  given  depth  of,  according  to  Theorem  I.  of  Article  125,  is 

p',  =  vf  oi  '  cosj;,, (1.) 

and  that  of  the  conjugate  pressure 

p\  =  e^p',  =  c^v/x'-cosj; (2.) 

c"  being  a  constant  ratio,  expressed  in  the  form  of  a  square,  for  a 
reason  which  will  afterwards  appear. 

Conceive  a  hydrostatic  arch,  whose  vertical  and  horizontal  co- 
ordinates are  x  and  y,  and  which  is  subjected  to  the  pressure  of  a 
material  whose  weight  per  cubic  foot  is 

w  =  cv/coaj (3.) 

Then  at  any  given  point  in  that  hydrostatic  arch,  whose  depth 
below  the  surface  is  a?  =  af,  we  shall  have  for  the  intensities  of  the 
vertical  and  horizontal  pressures 

P»  =  p,  =  wx  =  cv/x'  'COBJ  =  cp',  =  ^ (4.) 

c 

Now  let  the  figure  of  an  arch  be  tramafyrmed  from  that  of  the 
hydrostatic  arch  Hy  parallel  projection,  in  such  a  manner  that  the 
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Tertical  co-ordinate  of  any  point  in  the  new  arch  shall  be  the 
same  with  that  of  the  corresponding  point  in  the  hydrostatic  arch, 
and  that  the  conjugaie  co-ordinate  of  any  point  in  the  new  arch 
shall  bear  to  the  horizontal  co-ordinate  of  the  corresponding  point 
in  the  hydrostatic  arch  the  constant  ratio  c;  that  is  to  say,  let 

^  =  x\  yf  =  cy (5.) 

The  total  vertical  and  horizontal  pressures  on  the  arc  between 
two  given  points  in  the  hydrostatic  arch  ai*e  respectively 

1'-  =  j P.dy,  P,  =  j p,dx. (6.) 

The  total  vertical  and  conjugate  pressures  on  the  arc  between  the 
two  corresponding  points  in  the  new  arch  are  respectively 

r,=  f  p',dj/i  F',=  f  p',dx'; (7.) 

and  if  into  these  two  expressions  we  introduce  the  values  ofp„  p\, 
daf,  and  dj/,  deduced  fix)m  equations  4  and  5,  viz.  : — 

P 
y,  =  -f  ;  y,  =  cp/,  daf  =  dx;  dy  =  cdy; 
c 

we  find  the  following  relations  between  the  total  vertical  and 
horizontal  pressures  in  a  given  arc  of  the  hydrostatic  arch,  and  the 
total  vertical  and  conjugate  pressures  on  tlie  corresponding  arc  of 
the  transformed  arch, 

F,  =  P.;  F,  =  cP,; (8.) 

being  the  same  with  the  relations  which,  according  to  equation  5, 
exist  between  the  co-ordinates  respectively  parallel  to  the  pressures 
in  question.  Therefore  the  transformed  arch  is  a  parallel  projection 
of  die  original  arch  imder  forces  represented  by  lines  which  are  the 
corresponding  parallel  projections  of  the  lines  representing  the 
forces  acting  on  the  original  arch:  therefore  it  is  in  equilibrio. 
The  conclusions  of  the  preceding  investigation  may  be  summed  up 
in  the  following 

Theorem.  A  geostaJtic  arch,  tram^sformed  from  a  hydrostatic  a/rch 
hy  preserving  the  vertical  co-ordinates,  a/nd  substituting  /or  the  hori- 
zontal co-ordinates,  conjugate  co-ordinates,  either  horizontal  or  inclined, 
and  altered  in  a  given  ratio,  sustains  vertical  and  conjugate  pressures, 
t/ie  ratio  of  the  intensity  of  the  conjugate  pressure  to  that  of  the  vertical 
pressure  being  tlie  sqwi/re  of  the  ratio  of  the  conjugate  co-ordinates  to 
the  original  horizontal  co-ordinates. 

This  transformation  is  exactly  analogous  to  that  of  a  circular 
arch  into  an  elliptic  arch,  in  Articles  180,  181. 

Let  To  be  the  thrust,  horizontal  or  inclined  as  the  case  may  be, 
at  the  crown  of  a  geostatia  arch,  and  T|  the  vertical  \Jarvx^  ?L\»>^:i» 
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points  where  tlie  arcli  is  vertical,  which  in  this,  as  in  other  cafies, 
is  the  vertical  load  of  the  semi-arch;  then 

To=cT, (10.) 

ft! 

All  the  equations  relative  to  the  co-ordinates  of  a  hydrostatic  arch, 
given  in  Article  183,  are  made  applicable  to  a  geostatic  arch,  hj 

substituting  of  for  a?,  and  ~  for  y.   This  principle,  however,  is  appli- 

c 

cable  to  co-ordinates  only,  and  not  to  angles  of  inclination,  radii  of 

curvature,  nor  lengths  of  arcs.     The  modulus  ^,  and  amplitude  f , 

are  therefore  to  be  considered  as  functions,  not  of  inclinations,  nor 

of  radii  of  curvature,  but  of  vertical  ordiiiates ;  that  is  to  say,  let 

Wo  be  the  least  vertical  ordinate  at  the  crown,  Xi  ike  vertical  tangent 

ordinate,  and  X  the  greatest  vertical  ordinate  at  the  loop  (which 

are  the  same  in  both  kinds  of  arch),  then 


^  =  arc  cos  ^  =  arc  cos 


Xo 


p  =  arc  sm 


JX'—aP_ 


X  '8m0 


arc  sin 


V2irf  — 4' 


(11.) 


and —is  the  same  fonction  of  ^  and  (p  for  a  geostatic  arch,  that  y 


is  for  a  hydrostatic  arch. 

185.   Stereostatic  Arch« 


Fig,  91. 

^ttsb  are  comprehended  under  tilie  following 


This  term  is  employed  to  denote  a  linear 
arch  sustaining  the  pressure  of  a 
material  in  which,  at  any  given 
point,  there  are  a  pair  of  conjugate 
pressures,  one  vertical,  and  the 
other  in  a  fixed  direction,  hori- 
zontal or  inclined,  but  not  bearing 
to  each  other  any  constant  propor- 
tion, nor  following  any  invariable 
law  as  to  their  intensities,  except 
that  of  being  of  the  same  intensity 
throughout  each  plane  which  is 
conjugate  to  the  vertical  pressure, 
— a  condition  which  involves  the 
symmetrical  distribution  of  the  ver- 
tical load  on  either  side  of  a  verti- 
cal ajds  traversing  the  crown  of  the 
arch. 

The  principal  questions  which 
arise  respecting  any  stereostatio 
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pROBLEiL  Given,  the  mode  of  didrSnUion  of  the  vertical  pressure, 
and  the  figure  of  the  a/rch;  required,  the  mode  of  distrilnUion  oflJie 
conjugate  pressure  necessa/ry  in  order  to  jproduce  equilibrium,  ami 
also,  the  thruM  at  each  point  o/the  arch. 

Case  1.  When  the  direction  of  the  conjugate  presswre  is  horizontaL 
This  case  is  represented  by  the  upper  diagram  in  fig  91.  Let  O, 
the  crown  of  the  arch,  be  taken  as  the  origin  of  co-ordinates;  let 
O  X  be  yertical  and  Y  O  Y  horizontal  Both  the  figure  of  the  arch 
and  the  forces  acting  on  it  are  symmetrical  on  either  side  of  the 
Tertical  axis  OX.  Let  p^  denote  the  intensity  of  the  vertical 
poressure  at  the  point  O,  and  r^  the  radius  of  curvature  of  the  arch 
at  that  point.  Then  because  at  the  point  O  the  pressure  is  normal 
to  the  archy  the  horizontal  thrust  along  the  arch  at  that  point  is 

To=i>on (1.) 

Let  C  be  any  point  in  the  arch,  whose  co-ordinates  are  O  X  =  a;, 
X  O  =  2^,  and  let 

%  =  arc  cotan -=»- 

ax 

be  the  inclination  of  the  arch  at  C  to  the  horizon.     Let  P,  denote 
the  vertical  load  on  the  arc  between  O  and  0. 

From  0  draw  the  vertical  Hne  CW  to  represent  P,,  and  the 
tangent  C  T  forming  the  diagonal  of  the  rectangle  0  W  T  H.  Then 
C  T  will  represent  the  thrust  along  the  arch  at  0,  and  C  H  the 
horizontal  component  of  that  thrust;  and  if  this  be  difierent  from 
To,  the  difference  must  be  made  up  by  means  of  the  horizontal 
pressure  applied  to  the  arch  between  O  and  C.  To  express  this 
symbolically,  let  P^  be  the  amount  of  that  horizontal  pressure,  and 
T  the  thrust  C  T  along  the  arch  at  C ;  then 

T=-^=P,coseci  =  P.-^ (2.) 

smi  dx  ^  ' 

(where  ds  denotes  the  increment  of  the  arc  O  C). 
The  horizontal  component  C  H  of  this  thrust  is 

T  •  cos  i  =  P,  •  cotan  i  =  P,  •  ~ ; 

ax 

consequently  the  horizontal  pressure  which  must  be  applied  to  the 
arch  between  O  and  C  to  maintain  equilibrium  is 

P,  =  To  —  P.  •  cotan i  =  To  —  P.'  ^; (3,^ 
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and  if  ihis  eqmtioii  be  fulfilled  at  eFefypoaqtof  iJieflxdi,it  wiQ 
be  balaaoed— Q.  K  L 

When  P,  IB  pomtiYey  it  repreaentB  imiXBtd  prumart,  sndi  as  my 
anaefrom  the  lesistanoeof  the  materials  of  the  «paiiir0 
to  oompreasion.  When  P,  is  negative^  it  repnesents  <mboard 
pressure,  such  as  may  arise  from  the  lesistanoe  to  oompressiaii  of 
a  portion  of  material  sitoated  below  the  crown  of  Hie  ideal  finesr 
arch  O  0,  or  tension,  soch  as  may  arise  frran  tenacity  in  tiie  ^pandnl, 
and  in  the  materials  connecting  it  with  the  axch. 

The  inlensUy  of  the  horizontal  pressure  is  fbond  by  taking  two 
points  in  the  arch  indefinitely  near  to  eadi  odier,  and  finding  the 
ratio  which  the  portion  of  the  horizontal  pressure  a^^ilied  between 
them  bears  to  the  difference  of  their  vertical  ordinates.  Let  the  in- 
tensity required  be  denoted  by  ^,;  then 

(This  equation  comprehends  the  cases  already  considered  in  Article 
168,  of  a  cord  under  vertical  loads,  or  an  arch  idiose  figure  is  that 
of  such  a  cord  inverted;  for  in  that  case,  P^  =  1^  tan  t,  and 
P.  cotan  i  =  To  =  constant^  so  that^,  =  0.) 

If  it  be  required  to  express  the  intensity  of  thehoriaontal  pressure 
in  terms  of  that  of  the  vertical  pressure,  let  the  latter  intensity  be 

then 


Pf  = 


dx\dx 


jp.dy) (5.) 

RestrieUd  Case.  Let  the  arch  have  a  horizanial  exhradas,  at  the 
height  a  above  the  crown  O,  and  let  the  vertical  pressure  be  due  to 
the  weight  of  material  below  that  eztrados ;  then 

Po  =  toa;  p,  =  to{a  +  x); 
and  the  vertical  load  becomes 

^0=  J  P^dyzzzw  J  (a  +  x)  df/'y (6.) 

being  proportional  to  the  area  between  the  intrados  and  eztradoSy 
and  the  vertical  ordinates  at  O  and  C. 

JSxampie,     Let  the  linear  arch  be  part  of  a  drcle  of  the  radius  r, 
vrith  a  horizontal  extrados  at  the  distance  r-k-a  from  its  centre. 
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In  this  case  it  is  conyenient  to  express  all  the  variables  in  terms 
of  the  inclination  i  of  the  arch.     Thus  we  have 


x:=r{l — cost); 
y  =  r 'sin  i; 
dx  =  r  'onidi; 
dy  =  r  •  cos  idi. 


(7.) 


It  is  also  useful  to  make  a  =  m  r^  m  being  the  ratio  which  the 
depth  of  load  at  the  crown  bears  to  the  radius.  Then  we  have  for 
the  thrust  at  O, 

Torrmw?!^; (8.) 

and  for  the  vertical  load  between  O  and  C, 

P,  =  «;  /  (a  +  a;)  c?y  =  to r'  Mw  +  1 — cos  %)  cos  idi 

,  / ,-        \    .     .       cos  t  sin  t        i    \  ,^. 

=  10*^1(1  +  7/1)  sint -;| (9.) 

widcb  value  being  introduced  into  equation  4,  gives  for  the  inten- 
sity of  the  horizontal  pressure 

__  <?Py  __       d  (P^  cotan  i)  __  1      .  ^  (^m  cotan  i) 

^'       dx  dx  rsini  di 

^^      ^  /  /I        \        •       cos'  i      1  cos  t ) 
smi    d^l^         '  2  2sm* J 

A                    .      i  —  cost  sin i\  ,,^. 

=  wr  (^1+m-cost 2sin»t      )  ^^^'^ 

The  value  of  the  horizoutal  pressure  itself  is  given  by  introducing 
the  values  of  To  and  P«  from  equations  8  and  9  into  equation  3,  and 
is  as  follows  : — 

-^  of  /^   1      N        .1  cos?  i  ,  i  cos  i )      ,- ,  . 

P,  =  tor^  I  m—{l+m)  cost  +  -j-  +  2^if'"^^^'^ 

The  horizontal  component  of  the  thrust  of  the  arch  at  C  is  given 
by  the  equation 

r,,  .  r,,  -rv  -    f   /-.       1  X  •  COS' t  ^  COS  t  )     ,,  „  v 

T  cost  =  To  — P,  =  «;r«|  (1  +m)  cost ^ 2Srt P^^'^ 

When  t  =  0,  that  is,  for  the  crown  of  the  arch,  p,  takes  the  fol- 
lowing value : — 


wr 


("*-5)' 
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80  that  for  every  circular  linear  arch  in  which  the  depth  of  load  at 
the  crown,  mr,is  less  than  (me-tldrd  of  the  radios,  p^  has  negative 
values  at  and  near  the  crown,  showing  that  outward  horizontal 
pressure  or  tension  is  required  to  preserve  equilibrium.  In  such 
cases,  there  is  a  certain  v^iue  of  the  angle  i  for  which  p^  =  0.  At 
the  point  where  this  takes  place,  P,  consequently  attains  a  negative 
maximimhj  and  the  horizontal  component  T  •  cos  i  of  the  thrust 
along  the  arch  attains  a  positive  maximv/m,  greater  than  To,  because 
of  Py  being  negative.  Let  this  point  be  called  Co,  and  let  the  in- 
clination of  the  arch  at  it  be  denoted  by  to.  This  angle  must 
satisfy  the  transcendental  equation 

II  •       %  —  cos  i^  sin  t^       ^  .-  ^ 

1  +  m  — cost,, —  *^    o   •  8  ' ^  =  ^y (13.) 

"  2  sin'  %Q  ^     ^ 

and  can  therefore  be  foimd  by  approximation  only.  As  a  first 
approximation,  may  be  taken 

3m  +  l 


i«  =  arc  •  cos 


2 


and  then  by  successive  substitutions,  nearer  and  nearer  approxi- 
mations may  be  found. 

Supposing  i^  to  have  been  thus  determined  to  a  sufficient  degree 
of  accuracy,  its  substitution  for  i  in  the  equation  12  will  give  the 
Tnaximum  value  of  the  horizontal  component  of  the  thrust  of  the 
arch. 

By  expanding  or  contracting  the  horizontal  dimensions  of  a  cir- 
cular arch,  it  can  be  transformed  iato  an  eUiptic  arch,  which  wiU 
be  balanced  under  forces  deduced  from  those  applied  to  the  circular 
arch  according  to  the  principles  explained  in  Articles  180,  184. 
In  adapting  the  equations  from  7  to  13  inclusive  to  an  elliptic 
arch,  it  is  to  be  observed  that  i  represents  n/ot  the  inclination  of  the 
elliptic  arch  itself  at  a  given  point,  but  that  of  the  circular  arch 
from  which  the  elliptic  arch  is  derived  at  the  corresponding  point. 

Case  2.  When  the  direction  of  the  conjfugate  pressv/re  is  inclined. 
This  case  is  represented  in  the  lower  diagram  of  fig.  91.  The  in- 
clined axis  of  co-ordinates,  Y'  O'  Y',  is  taken  parallel  to  the  direc- 
tion of  the  conjugate  pressure,  and  touching  the  arch  at  the  point 
O',  which  is  now  its  crown.  Each  double  ordinate  of  the  arch, 
(y'K!(y=:2y'y  is  bisected  by  the  vertical  axis,  on  either  side  of 
which  the  vertical  load  is  symmetrically  distributed. 

Let  j  denote  the  inclination  of  the  conjugate  pressure  to  the 

horizon.    Construct  a  parallel  projection  of  the  given  arch,  like  the 

upper  diagram  of  the  figure,  having  its  vertical  ordinates  equal  to 

those  of  the  distorted  arch,  and  ita  liomAu\al  otdixkatea  less  in  the 
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ratio  COS  ^ :  1  j  conceiye  it  to  be  under  a  vertical  load^  of  equal 
amount  to  that  on  the  distorted  arch,  and  similarly  distributed ; 
determine  the  horizontal  pressures  required  to  keep  it  in  equiHbrio; 
then  will  the  proper  projection  of  ihooe  pressures  keep  the  dis- 
torted arch  in  equiUbrio. 

The  relations  amongst  the  co-ordinates  of  the  two  arches,  and 
the  amounts  and  magnitudes  of  the  vertical  and  conjugate  pres- 
sures, are  as  follows,  quantities  relating  to  the  distorted  arch  being 
distinguished  bj  accented  letters  : — 

a/  =  ccj  7/  =  yseoj; 

F.  =  P, ;  To  =  T,  seci;  F,  =  P,  seci;    »  ...  (U.) 

p\  =  p^  coaj ;  p',  =  py  sec  > 

Let  H'  denote  the  conjugate  component  of  the  thrust  of  the  dis- 
torted arch  at  any  point  C  j  then  we  have 

H-  =  T,  -  F,  =  (T,  -  P^  secy; (15.) 

and  if  T'  be  the  thrust  along  the  distorted  arch  at  C,  then 

T'=  V(K  +  H'2=±=2H'F,-cosi) (16.) 

the  positive  or  negative  sign  being  used  according  as  the  point  C 
is  at  the  depressed  or  the  elevated  side  of  the  arcL 

186.  Pointed  Arches. — If  a  linear  arch,  as  in  ^g.  92,  consists  of 
two  arcs,  BO,  OB,  meeting  in  a  point  at  0,  it  is 
necessary  to  equilibrium  that  there  should  be  con- 
centrated at  the  point  0  a  load  equal  to  that  which 
would  have  been  distributed  over  the  two  arcs  AC, 
C  A,  extending  from  the  point  0  to  the  respective 
crowns.  A,  A,  of  the  curves  of  which  two  portions  "  p-  go 
form  the  pointed  arch. 

187.  Total  Conjugate  Thrnst  of  Kilnear  Arches. — The  total  con- 
jugate thrust  of  an  arch  is  the  conjugate  component,  horizontal  or 
inclined,  as  the  case  may  be,  of  the  entire  pressure  exerted  between 
one  semi-arch  and  its  abutment,  whether  directly,  at  the  point 
from  which  the  arch  springs,  or  above  that  point,  through  the 
material  of  the  spandriL 

When  a  linear  arch  is  of  such  a  figure  as  to  be  balanced  under  a 
load  of  which  the  pressure  is  wholly  vertical  (as  in  the  case  de- 
scribed in  Article  174),  that  is  to  say,  when  its  figure  is  that  in 
-which  a  cord  would  hang,  loaded  with  the  same  weight  distributed 
in  the  same  manner,  its  conjugate  thrust  is  exerted  simply  at  the 
point  from  which  it  springs,  and  is  equal  to  the  conjugate  com- 
ponent of  the  thrust  along  the  arch,  which  is  a  constant  quantity 
throughout  its  whole  extent. 


^M      W] 
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1 

point 

b  the 


When,  an  arcb  springs  vertically  from  its  atutments,  tlie  point 
of  springing  anstaina  the  Tertical  load  of  the  semi-arch  only ;  and 
the  conjugate  thrust  ia  exerted  wholly  through  the  spandril. 

In  other  cases,  the  conjugate  throat  ia  exerted  partly  at  the 
point  of  springing  and  partly  through  the  spandril. 

Xheokeu.  TViti  a/mount  ofUie  conjugate  thrust  is  equal  to  the  ec 
jugate  component  of  the  t/irusC  tdong  the  aroh  at  (Ae  poini  whsre  ^ 
componff/U  is  a  ma3:imwn;  for  at  that  point,  as  appears  from  t 
reasoning  of  Article  165,  the  intensity  of  the  conjugate  presmm^ 
between  the  arch  and  its  spandril  ia  nothing :  it  is,  therefore,  en- 
tirely below  that  point  that  the  conjiigato  thrust,  whether  through 
the  spandril  or  at  the  poiut  of  spiingiug,  is  exerted;  and  conse- 
quenUy  the  amount  of  that  thrust  must  be  equal  to  the  maximum 
conjugate  component  of  the  thrust  along  the  arch,  which  is  balanced 
by  it.  The  point  of  the  arch  where  the  conjugate  component  of  tho 
thrust  along  it  ia  a  maximum,  ia  called  the  point  of  ruptare,  for 
reasons  which  will  afterwards  appear.  It  may  be  at  the  crown ;  or 
it  may  be  in  a  lower  position,  to  be  determined  by  solving  the  equa- 
tion formed  by  making  the  intensity  of  the  conjugate  pressure 
between  the  arch  and  spandril,  a&  found  by  the  method  of  Article 
1S5,  equal  to  notliiug  :  that  is, 


P,= 


dT, 


de, rf_  /      dji 

dx  ~       dx  \  'dx. 


<i;'\ 


..(1.) 


This  equation  having  been  solved  so  as  to  give  the  position  of  the 
jioint  of  ruptwre,  the  corresponding  value  of  V„  being  the  vertical 
load  supported  at  that  point,  ia  to  bo  computed;  and  then  the  conju- 
gate thrust  is  given  by  the  equation 


H„  =  max.  value 

conjugate  ptesaurea,  as  is  generally  the 
=  cotan  i ;  and  the  value  of  i,  the  inclination  of  the . 


(Where  the 

zontal, 

which  fulfils  equation  1,  is  called  the  angle  of  rupture). 

When  the  point  of  rupture  is  the  crown  of  the  arch  (as  in  hydn^ 
Htatio  and  geostatic  arches),  equation  2  gives  no  result,  because  a 


P,  vanishing  and  - 

been  shown  by  other  methods  that  ij 
presaurea  are /lorteonftrf — 


indefinitely;  but  it 


i,  where  the  conjugate 


pa  being  the  inteni,ity  of  the  vertical  load,  and  r^  the  radius  of  c 
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▼ature ;  but  in  order  to  form  an  equation  which  shall  be  applicable 
whether  the  conjugate  pressures  and  co-ordinates  are  horizontal  or 
inclined^  the  aboye  equation  must  be  conyerted  into  one  expressed 
in  terms  of  the  co-ordinates  j  that  is  to  say, 

dy' dy  dy* 

d?x      1 
For  rectansnilar  co-ordinates  -r-5  =  —  at  the  crown  of  the  arch,  so 

df      r^ 

that  equation  4  is  converted  into  equation  3. 

Thus  far  as  to  finding  the  cumovmJb  of  the  conjugate  thrust.  To 
find  the  position  of  Us  resuUarU^  that  is  to  say,  tiie  depth  of  its  line 
of  action  below  the  conjugate  co-ordinate  plane,  we  must  conceiye 
it  to  act  against  a  vertical  plane,  extending  from  the  depth  of  the 
point  of  rupture  below  the  conjugate  co-ordinate  plane,  down  to 
the  depth  of  the  point  of  springing  below  that  plane,  and  find,  by 
the  methods  of  Article  89,  the  vertical  co-ordinate  of  the  cerUre  of 
presswre  of  the  plane  so  acted  upon.  That  is  to  say,  let  Xq  denote 
the  depth  of  the  point  of  rupture,  and  x^  that  of  the  point  of  spring- 
ing below  the  conjugate  co-ordinate  plane ;  p^  the  intensity  of  the 
conjugate  pressure  between  the  arch  and  spandril  at  any  point 
between  those  points,  and 


H,  =  Ho—  f"  p,dx, (5.) 

J  ao 


the  conjugate  component  of  the  thrust  of  the  arch  at  the  point  of 
springing;  also,  let  ajn  be  the  depth  of  the  resultant  conjugate 
thrust  below  the  conjugate  co-ordinate  plane;  then 


f" ^ Pv  '  dx  +  J^iXi 


Xb^'^ jj (^0 

Example  I.    Ci/rcula/r  arch  tmder  uniform  rumrud  pressure  of 
intensity,  p.  183  (Art.  179). 

Here  p^^=p^=zp'y  and  the  point  of  rupture  is  at  the  crown, 
the  horizontal  thrust  is 

Ho  =  T  =^r (7.) 

Let  the  crown  be  taken  for  origin  of  co-ordinates,  so  that  a^  =  0. 
Case  1.  Semicircle.     Here  ccj  =  r;  Hi  =  0;  and 

'«"=^=J <«•) 

pr         Z 
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Case  2.  Segment,  Inclination  at  springing^  v  Here  Xi  =  r 
(1  —  cos  t)  j  Hi  =  J9  r  •  cos  i;  and 

p  r 
=  *'  (i  (1  —  cos  i)*  +  cos  1  (1  —  cos  t))  =£.  •  sin'  t...(9.) 

Exomyph  IL    Semi-eUiptic  a/rch,  v/nder  conjugate  uniform  vertical 

mid  horizontdt  presswres  (Art.  180).     Let  a  ^  aji  be  the  rise,  or 

vertical  semi-axis;  cathe  horizonml  semi-axis,  or  Judf-apam,;  and 

let  the  origin  of  co-ordinates  be  at  the  crown.     Then  p^  =  c^p^', 

and  we  have 

a 
Ho  =  To  =  apy  =  <?  ap,  =  c  P,j  «h  =5  •— (10.) 

Example  IH.  Semi-dliptic  distorted  a/rck,  tmth  conjugate  imiform 
vertical  amd  obliqtie  pressures  (Art.  181).  The  verticid  and  conju- 
gate semidiameters,  or  rise  and  inclimd  half-span,  being  denoted 
by  a  and  c  a  respectively,  the  equations  10  appljr  to  this  case  also. 

Example  lY.  Hydrostatic  a/rck  (Art.  183).  The  origin  of  co- 
ordinates being  taken,  as  in  the  article  referred  to,  at  the  point  of 
the  extrados  vertically  above  the  crown,  we  have  p,  =  p,  =:  «?  aj, 

H<,  =  To  =  t(;-^— ';  H^  =  0;  and 


wf2^^dx_2   a^ 


Example  V.     Geostatic  arch,  toith  horizontal  or  indined  extrados 
(Art.  184).   Here;?,  =  wx' coaj;  p^  =  (?p^ z=(?wx' cos^j  Ho= 

To  =  c  P,  =  c*  i«  cos^*  • — 5—? ;  and  consequently 

as  in  the  last  example. 

Example  VI.  Semici/reula/r  arch  wUh  hmaardaH  eadbro/dos.  In 
this  case  the  angle  of  rupture  1^  is  to  be  determined  by  means 
of  equation  13  of  Article  185;  and  thence,  by  equation  12  of  the 
same  Article,  is  to  be  found  H©.  The  springing  being  vertical, 
we  have  i^  =  90°;  Hi  =  0.  Let  the  crown  of  the  arch  be  taken  as 
ongin;  then  a;  =  r(l  —  cos  t),  do;  =  r  •  sin  •  •  d  t,  and  equation 
6  of  the  present  Article  becomes 
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«n  =  =-'   /     |>,smt(l  —  C08i)'dt; (13.) 

ExampU  Vll.  Cvrcula/r  segmerUal  (vrck  vrUh  horizorUail  extrados. 
Let  t|  be  the  indination  of  the  arch  at  the  springing,  P^  the  total 
▼ertical  load;  then 

Hi  ==  Pj  cotan  tj (14.) 

Let  to  be  determined  as  in.  the  last  exampla 

Case  1.  ^  >  or  =  i..  In  this  case  Hq  =  Hi,  and  the  conjugate 
iSirast  is  simply  the  single  horizontal  force  Hi  at  the  point  of  spring- 
ing. 

Case  2.  t^  <  ti.  Find  Hq  as  in  the  last  example,  and  let  the 
origin  of  co-ordinates  be  at  the  crown;  then 

Xi  =  r  (1  —  cos  t,)j  and  we  have 
x^  =  —  \r^\    jp,8int(l  —  cost)-c?t  +  rHi(l — costi)>(15.) 

188.  Approximate  HydrostaUc  and  Qeostattc  Arches*— The  Subject 
of  elliptic  functions  is  so  seldom  studied,  and  complete  tables  of 
them  are  so  scarce,  that  it  is  useful  to  possess  a  method  of  finding 
the  proper  proportions  of  hydrostatic  and  geostatic  arches  (Articles 
183,  184)  to  a  degree  of  approximation  sufficient  for  practical  pur- 
poses, using  algebraic  functions  alona 

Such  a  method  is  founded  on  the  fact  that  a  hydrostatic  arch 
approaches  nearly  to  the  figure  of  a  semi-elliptic  arch  of  the  same 
height,  and  having  its  maximum  and  miTiimnTn  radii  of  curvature 
in  the  same  proportion. 

Let  Xq,  Xiy  as  in  Article  183,  be  the  depth  of  load  of  a  hydrostatic 
arch  at  the  crown  and  springing  respectively;  r©,  Ti,  its  radii  of 
curvature  at  those  points;  a  =  a?i  —  a\>,  its  rise;  yi  its  half-span, 
given  in  Article  183  by  means  of  elliptic  functions. 

Suppose  a  semi-elliptic  arch  to  be  drawn,  having  the  same  rise^ 
a,  with  the  hydrostatic  arch;  let  r^o,  r^i,  be  its  radii  of  curvature  at 
the  crown  and  springing,  whose  proportion  to  each  other  is  the  same 
with  that  of  the  radii  of  the  hydrostatic  arch;  that  is  to  say, 

<  ___  ri'_J  Xp 

Let  h  be  the  half-span  of  this  semi-ellipse.  Then  because  the  cubes 
of  the  semi-axes  of  an  ellipse  are  to  each  other  inversely  as  the  radii 
of  curvature  at  the  respective  extrenvities  of  the  semi-axes,  we  have 
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A  rough  approximation  to  the  half-span  of  the  hydrostatic  arch 
is  found  by  making  y,  =  6;  but  this,  in  the  cases  which  occur  in 
practice,  is  too  great  by  an  excess  which  varies  between  rir  and  inr, 
and  is  about  tit  on  an  average.  Hence  we  may  take,  as  a  first 
apprvximation  whose  utmost  error  in  practice  is  about  in»,  and 
whose  average  error  is  about  Ttzy,  the  following  formula,  giving  the 
ludf-span  in  terms  of  the  depths  of  load  at  the  crown  and  springing : — 


19  ,  .      8/a; 


Suppose  the  rise  a  and  hcUf-apcm  yi  of  a  proposed  hydrostatic  arch 
to  be  given,  and  that  it  is  required  to  find  the  depths  of  load;  equa- 
tion 2  gives  us,  as  an  approximation, 


and  because  Xi  —  a:©  =  a,  we  have 


xo  "  \l9aJ' 


\19a/  1  fOK 

""'  =  ^'/^v    '  ^ = ^'  TSTT 

A  closer  approximation  is  given  by  the  equations 


y^  =  ^-Wa^ 

yi  . 


h=y,  -¥ 


30  a' 


h\  (f 


x,=a' T3 -3 j  XQ  =  a 


.(4.) 


A  semicircular  or  semi-elliptic  arch  may  have  its  conjugate  thrust 
approximately  determined,  by  considering  it  as  an  approximuUe  geo- 
static  a/rchy  as  follows : — 

Let  there  be  given,  the  half-span  of  the  arch  in  question,  horizontal 
or  inclined,  as  the  case  may  be,  y^  the  depths  of  load  at  its  crown 
and  springing,  a;^,  x^j  and  the  vertical  load  at  the  springing,  Px. 
Determine,  by  equation  2  or  equation  4,  the  span  y^  of  a  hydro^ 
static  arch  for  the  depths  of  load  Xq,  a^,  and  let 

^=c, (5.) 
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be  the  ratio  of  the  half-span  of  the  actual  arch  to  that  of  the  hydro- 
static arch. 

The  actual  arch  may  now  be  conceived  as  an  approximation  to 
a  geostatic  arch^  transformed  from  the  hydrostatic  arch  by  pre- 
serving its  vertical  ordinates  and  load^  and  altering  its  conjugate 
ordinates  and  thrust  in  the  ratio  c.  The  conjugate  thrust  of  a 
hydrostatic  arch  being  equal  to  the  load,  we  have,  as  an  approxi- 
mation to  the  conjugate  thrust  of  the  given  semi-elliptic  or  semi- 
circular  arch, 

Ho  =  c  Pi (6.) 

Section  3. — On  Frictumal  StahilUy. 

18D.  Frictton  is  that  force  which  acts  between  two  bodies  at  their 
surface  of  contact,  and  in  the  direction  of  a  tangent  to  that  surface, 
so  as  to  resist  their  sliding  on  each  other,  and  which  depends  on 
the  force  with  which  the  bodies  are  pressed  together. 

There  is  also  a  kind  of  resistance  to  the  sliding  of  two  bodies 
upon  each  other,  which  is  independent  of  the  force  with  which 
they  are  pressed  together,  and  which  is  analogous  to  that  kind  of 
strength  which  resists  the  division  of  a  solid  body  by  aheamng, — 
that  is,  by  the  sliding  of  one  part  upon  another.  This  kind  of 
resistance  is  called  adhesion.  It  will  not  be  considered  in  the 
present  section. 

Friction  may  act  either  as  a  means  of  giving  stability  to  struc- 
tures, as  a  means  of  transmitting  motion  in  machines,  or  as  a  cause 
of  loss  of  power  in  machines.  In  the  present  section  it  is  to  be 
considered  in  the  first  of  those  three  capacities  only. 

190.  JLaw  of  Solid  Friction. — The  following  law  respecting  the 
friction  of  solid  bodies  has  been  ascertained  by  experiment : — 

The  friction  which  a  given  'pair  of  solid  bodies,  with  their  swrfaces 
in  a  given  condition,  a/re  capable  qfeocertingy  is  simply  proportional 
to  the  force  vnth  whi<^  they  a/re  pressed  together. 

If  the  bodies  be  acted  upon  by  a  lateral  force  tending  to  make 
them  slide  on  each  other,  then  so  long  as  the  lateral  force  is  not 
greater  than  the  amount  fixed  by  this  law,  the  friction  will  be  equal 
and  opposite  to  it,  and  will  balance  it. 

There  is  a  limit  to  the  exactness  of  the  above  law,  when  the 
pressiu'e  becomes  so  intense  as  to  crush  or  grind  the  parts  of  the 
bodies  at  and  near  their  sur^Eice  of  contact.  At  and  beyond  that 
limit  the  friction  increases  more  rapidly  than  the  pressure ;  but 
that  limit  ought  never  to  be  attained  in  a  structure. 

From  the  law  of  friction  it  follows,  that  the  friction  betweeu 
two  bodies  may  be  computed  by  multiplying  the  force  with  which 
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tiiey  ftra  preased  togedier  by  a  oonstant  co-efficient  wliich  is  to  be 
determined  by  experiment,  and  which  depends  on  the  nature  of  the 
bodies  and  the  condition  of  their  surfaces :  that  is  to  say,  let  K 
denote  the  pressure,  /the  cchefficieTU  qf/rictiony  and  F  the  force  of 
ftiction,  th^ 

F  =/K 


191.  ABgle  m€  BcyoM* — ^Let  A  A,  in  fig.  93,  represent  any  solid 

body,  B  B  a  portion  of  the  surface  of  another 
body,  -with  which  A  A  is  in  contact  throughout 

the  plane  surface  of  contact  e  E.  Let  P  C  re- 
present the  amount,  direction,  and  position  of 
the  resultant  of  a  force  by  which  A  A  is  urged 
obliquely  towards  B  B,  so  that  0  is  the  centre  of 
■p-    no        **  pressv/re  of  the  surface  of  contact  e  E.     (Art. 

Let  P  C  be  resolved  into  two  rectangular  components :   one, 


N  0,  normal  to  the  plane  of  contact,  and  pressing  the  bodies  to- 
gether: the  other,  TO,  tangential  to  the  plane  of  contact,  and 
tending  to  make  the  bodies  slide  on  each  other.     Let  the  total 

force  P  C,  be  denoted  by  P,  its  normal  component  by  N,  and  its 
tangential  component  by  T ;  and  let  the  angle  of  obliquily  T  P  C 
or  P  0  N  be  denoted  by  ^,  so  that 

K  =  P  •  cos  ^,                        )  ,,  . 

T  =  P-sin^  =  N-tan^.   J  ^  '^ 

Then  so  long  as  the  tangential  force  T  is  not  greater  than  /N,  it 

will  be  balanced  by  the  friction,  which  will  be  equal  and  opposite 

to  it ;  but  the  friction  cannot  exceed  /K;  so  that  if  T  be  greater 

than  this  limit,  it  will  be  no  longer  balanced  by  the  friction,  but 

will  make  the  bodies  slide  on  each  other.     Now  the  condition,  that 

T 
T  shall  not  exceed  /N,  is  equivalent  to  the  condition,  that  =^, 

or  tan  ^,  shall  not  exceed/ 

Hence  it  follows,  that  the  greatest  cmgle  ofdbliqvUy  of  'preasfwre 
hetioeen  two  planes  which  is  consistent  with  staJbUiiy,  is  the  cmgle 
whose  ta/ngent  is  the  co-efficient  of  friction. 

This  angle  is  called  the  angle  ofreipose^  and  is  denoted  by  ^.  It 
IS  the  steepest  inclination  of  a  plane  to  the  horizon,  at  which  a 
block  of  a  given  substance  will  remain  in  equilibrio  upon  it ;  for  if 
P  represents  the  weight  of  the  body  A  A,  so  that  P  C  is  vertical, 
and  ^  =  ^,  then  ^  is  the  inclination  of  B  B  to  the  horizon. 

The  relations  between  the  friction,  the  normal  pressure,  and  the 
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total  pressure,  when  the  obliqnity  is  equal  to  the  angle  of  lepose, 
are  given  by  the  following  equations: — 

E  =  T  =/N  =  N-tan(P  =  P-Bin(p  =  _Z£-....{2.) 

V1+/* 


192.    Table  of  €o-eflcleBts  vT  FricttoB  uUI  Aaglcs  vT 

Tery  extensive  tables  of  the  co-efficients  of  friction  of  different 
materials  used  in  construction  are  published  in  the  works  of 
Greneral  Morin  of  the  French  Artillery,  and  have  been  reprinted 
in  various  treatises.  The  following  is  a  condensed  table  compiled 
from  General  Morin's  tables  and  from  other  authorities,  giving 

those   constants,  and   also  the  reciprocal,  •>  =  cotan  ^,  for  the 

materials  of  structures,  arranged  in  a  few  comprehensive  classes. 
Its  practical  utility  is  equal  to  that  of  the  more  voluminous  and 
detailed  tables  from  whidi  it  has  been  condensed :— • 


Dry  masonry  and  brick-  ) 
work, 

Masonry  and  brickwork, 
with  damp  mortar, / 

Timber  on  stone, 

Iron  on  stone, 

Timber  on  timber, 

Timber  on  metals, 

Metals  on  metals, 

Masonry  on  dry  clay, .... 

Masonry  on  moist  clay,.. 

Earth  on  earth, 

Earth  on  earth,  dry  sand, 
clay,  and  mixed  earth,  i 

Earth    on   earth,    damp 

clay, j 

Earth  on  earth,  wet  clay. 
Earth  on  earth,  shingle 

and  gravel, 


} 


o'6  to  o'7 

074 

about  o'4 
o"j  to  o*3 

0*5  to  0*2 

o*6  to  0'2 
0*25  to  0*15 

0-51 

033 

0*25  to  I'D 

0-38  to  075 

I'O 
031 

o-8i  to  I'll 


31^  to  3S*> 

22° 

35°  to  16*^ 

26°ltoii°i 

3i*'t6ii*** 

14**  to  8*** 

2f 

i8°i 
14''  to  45° 

21'' to  37** 


45° 

39°  to  48* 


I 
/ 

1-67  to  I '43 

I '35 

2-5 
1*43  to  3-33 

2  to  5 
1-67  to  5 
4  to  6*67 

1-96 

3 

4  to  I 

263  to  I '33 


323 
1*23  to  o*9 


193.  Fiictionai  Stability  of  Plane  jTointn. — In  a  structure  com- 
posed of  a  number  of  pieces  connected  only  by  touching  each  other 
at  plane  surfaces  (as  is  the  case  in  masonry  and  brickwork),  it  is 
necessary  to  stability  that  the  obliquity  of  the  pressure  should  at  no 
joint  exceed  the  angle  of  repose. 
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In  strudmres  of  msaoiaj,  this  condition  can  almost  always  be 
complied  with  by  suitably  placing  the  joints. 

Both  this  and  other  principles  depending  on  the  effect  of  friction 
in  promoting  the  stability  of  masonry,  will  be  considered  in  subse- 
quent sections. 

194.  Frictiomd  siabiiitf  of  Earth  * — A  structure  of  earth,  whether 
produced  by  excavation  or  by  embankment,  preserves  its  figure  at 
first  partly  by  means  of  the  friction  between  its  grains,  and  partly 
by  means  of  their  mutual  cohesion  or  tenacity;  which  latter  force 
is  considerable  in  some  kinds  of  earth,  such  as  clay,  especially  when 
moist.  It  is  by  its  tenacity  that  a  bank  of  earth  is  enabled  to  stand 
with  a  vertical  fiswje,  or  even  an  overhanging  face,  for  a  few  feet 
below  its  upper  edge;  whereas  friction  alone,  as  will  afterwards 
appear,  would  make  it  assume  an  uniform  slope. 

But  the  tenacity  of  earth  is  gradually  destroyed  by  the  action  of 
air  and  moisture,  and  of  the  changes  of  the  weather;  so  that  its 
friction  is  the  only  force  which  can  be  relied  upon  to  produce 
permanent  stability.  In  the  present  investigation,  therefore,  the 
stability  of  a  mass  of  earth,  or  of  shingle  or  gravel,  or  of  any  other 
material  consisting  of  separate  grains,  will  be  treated  as  ai-ising 
wholly  from  the  mutual  friction  of  those  grains,  and  not  from  any 
adhesion  amongst  them. 

Previous  researches  on  this  subject  are  based  (so  far  as  I  am 
acquainted  with  them)  on  some  mathematical  artifice  or  assumption, 
such  as  Coulomb's  'Wedge  of  Least  Resistance."  Researches  so  based, 
although  leading  to  true  solutions  of  many  special  problems,  are 
both  lunited  in  the  application  of  their  results,  and  unsatisfactory 
in  a  scientific  point  of  view.  I  propose,  therefore,  to  investigate 
the  mathematical  theory  of  the  frictional  stabiUty  of  a  granular 
mass,  without  the  aid  of  any  artifice  or  assumption,  and  from  the 
following  sole 

Pbincifle.  The  resistance  to  displacement  by  sliding  along  a 
gi/oen  pkme  in  a  loose  granular  mass,  is  equal  to  Uie  normal  pressure 
exerted  between  the  parts  of  the  mass  on  either  side  of  thai  pla/ne, 
multiplied  by  specific  constant. 

The  specific  constant  is  the  co-efficient  of  friction  of  the  mass,  and 
is  the  tangent  of  the  angle  of  repose.  Let  p^  denote  the  normal 
pressure  per  unit  of  area  of  the  plane  in  question;  q  the  resistance 
to  sliding  (per  imit  of  area  also);  ^  the  angle  of  repose;  then  the 
eymboliod  expression  of  the  above  principle  is  as  follows : — 

^^=^^ (1.) 

*  This  and  the  enniiDg  Articles  of  the  present  section  are  to  a  great  extent  abridged 
Urom  a  paper  '*  On  the  Stability  of  Loose  Earth*'  in  the  Philosophical  TransactioriM 
fiw  1856-7. 
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This  principle  forms  the  haaks  of  every  investigation  of  the  sta- 
bility of  earth.  The  peculiarity  of  the  present  investigation  consists 
in  i1»  deducing  the  Leiws  of  that  stability  from  the  above  principle 
alone^  without  the  aid  of  any  other  special  principle.  It  will  in 
some  instances  be  necessary  to  refer  to  Mr.  Moseley's  "Principle 
of  the  Least  Eiesistance;"  but  this  must  be  regarded  not  as  a  special 
principle^  but  as  a  general  principle  of  statics. 

In  a  granular  mass^  any  plane  whatsoever  may  be  considered  as 
a  plane  joint,  in  the  sense  in  which  that  term  has  been  employed  in 
Article  193 ;  and  hence^  and  from  the  principle  already  stated^ 
follows, 

Theorem  I.  It  is  necessary  to  the  stahUUy  of  a  granidar  mass, 
tJiat  the  direction  of  the  pressure  between  the  portions  irUo  which  it  is 
divided  by  any  pia/m  sliould  not  a^t  any  point  make  with  the  normal 
to  that  plane  an  angle  exceeding  the  angle  of  repose. 

From  what  has  been  already  proved,  respecting  internal  stress, 
in  Part  I.,  Chap.  V.,  Sect  3,  and  especially  in  Articles  108  to  112 
inclusive,  it  is  evident,  that  the  plane  at  any  point  in  a  mass,  on 
which  the  obliquity  of  the  pressure  is  greatest,  is  perpendicidar  to 
the  plane  which  contains  the  axes  of  gi'eatest  and  least  pressure, 
— ^the  pressure  of  greatest  obliquity  being  parallel  to  that  plane  of 
greatest  and  least  pressure. 

The  relations  amongst  the  intensities  of  the  pressures  in  a  solid 
mass,  which  are  parallel  to  one  plane,  as  represented  by  the  "  Ellipse 
of  Stress,"  have  been  investigated  in  Article  112.  The  present 
case,  of  a  mass  of  earth,  is  one  in  which  a  limit  to  the  greatest 
obliquity  is  assigned;  viz.,  that  it  shall  not  exceed  the  angle  of  re- 
pose, ^.  The  relation  between  that  greatest  obliqidty  and  the 
greatest  and  least  pressures,  has  been  found  in  Article  112,  Pi-o- 
blem  III.,  Case  1,  equation  6,  viz. : — 

(i  :=  arc  •  sin ^-^ : 

Pi  +  Pa 

Pi  being  taken  to  represent  the  greatest,  and  p2  the  least  pressure, 
and  ^1  the  greatest  obliquity  of  pressure.     By  Theorem  I.  we  have 

^1  ^  (p; 
(where  .^  means,  "less  than  or  equal  to;*'  that  is,  "not  greater  than"). 
Hence  follows  the  following  equation : — 

-:^=  sin  ^, -^sin  (p; (2.) 


Pi    +  P2 

or  in  words. 

Theorem  II.  At  each  point  in  a  mass  of  earth,  ths  ratio  oftlie 
difference  of  the  greatest  and  least  pressures  to  their  sum  cannot  exceed 
the  sine  of  the  angle  ofrepow. 
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Another  symbolical  expression  of  this  Theorem  is  as  follows : — 

7>i        1  +.  sin  f 


Pi  —  1  —  sin  ^' 


(2  A.) 


When  the  directions  of  any  pair  of  conjugate  pressures  in  the 
plane  of  greatest  and  least  pressure  in  a  mass  of  earth  are  given, 
the  limits  of  the  ratio  which  the  intensities  of  those  pressures  bear 
to  each  other  are  given  by  the  solution  of  Problem  Y.  of  Article  1 12, 

equation  27.  In  that  equation^  make  nr  =  fi,  the  common  obHquity 
of  the  pair  of  conjugate  pressures^  and  let  ii  represent  the  greatest 
act^ud  obliquity  of  pressure  in  the  mass,  which  must  not  exceed  0; 
then  p,  as  before,  being  the  greater  conjugate  pressure,  and  p'  the 
less,  we  obtain  the  following  proposition : — 

Theorem  IIL  The  foUomng  is  the  expression  of  the  condition  of 
the  stability  of  a  mass  ofea/rQt,^  in  terms  of  the  ratio  of  a  pair  ofcomr 
jugate  presswres  im  iJie  plane  of  greatest  and  least  presswres : — 

p  _cos  ^4-^  (cos' ^  —  cos* ^1)  ^^  cos  i+  J{cos^ i —  cos'^)  .  . 
;?'""co8  ^  —  J  (cos*  tf  —  cos'^i)  —  cos^  -V  (cos'/ — cos*^)"*^  ** 

195,  IHLaM  of  Banh  with  Plane  Soiiace. — Although  the  preceding 
principles  can  be  appHed  to  a  mass  of  earth  with  a  surface  of  any 
figure,  their  most  useful  application  is  to  a  mass  bounded  above  by 
a  plane  surface,  either  horizontal  or  sloping.  For  such  a  mass,  the 
three  Theorems  of  Article  125  are  true,  and  may  be  summed  up  as 
follows : — ^the  pressure  on  a  plane  parallel  to  the  upper  plane  sur- 
fe-ce  (which  may  be  called  a  conjugate  plane)  is  vertical,  and  pro- 
portional to  the  depth : — ^the  pressure  on  a  vertical  plane  is  parallel 
to  the  upper  plane  surface,  and  conjugate  to  the  vertical  pressure : — 
the  state  of  stress  at  a  given  depth  is  uniform. 

Let  w  be  the  weight  of  an  unit  of  volume  of  the  earth;  x  the 
depth  of  a  given  conjugate  plane  below  the  sur^Eice ;  fi  the  inclination 
of  that  conjugate  plane;  then  the  intensity  of  the  vertical  pressure 
on  that  conjugate  plane  is 

Pg  =  WOJ'COS/ (1.) 

The  limits  of  the  intensity  jp,  of  the  conjugate  pressure,  parallel  to 
the  direction  of  steepest  declivity  (when  the  surface  slopes)  on  a 
vertical  plane,  at  the  same  depth  x  below  the  surface,  ai*e  deduced 
from  the  equation  3  of  Article  194,  by  considering,  that  this  con- 
jugate pressure  may  be  either  the  greater  or  the  less  of  the  pair 
of  pressures  the  limits  of  whose  ratio  are  given  by  that  equation; 
so  that  if  we  use  the  symbol 


PBDirOIPLB  or  LEAST  SB8I8TAH0E.  215 


to  rignify,  "a  is  not  greater  than  h  +  c,  and  not  less  than  b  —  c,* 
"we  obtain  the  following  result : — 

^^s:^  ^   cos  ^  =4=  J  (cot?  i  —  cos'  «)  ,^ . 

^'7^  coa^zjfzj  (cos* ^  —  cos*  f)  ^   ' 


"When  the  plane  surfiEU^  is  horizontal,  so  that  cos  /  =  1>  equations  1 
and  2  become 

^^          1  =♦=  sin  C>  .« \ 

'p.^wx','p^_^wx'^  -^ain(P^ (3.) 


as  might  have  been  inferred  from  Theorem  II.  of  Article  194. 

When  ^  =  ^y  or  yxihen  the  slope  is  the  angle  of  repose^  the  limits  of 
the  intensity  of  the  conjugate  pressure  coincide^  and  it  has  but  one 
value,  viz. : — 

p^=:WX'QO%  0  =Pm (4.) 

For  all  values  of  ^  greater  than  ^,  equation  2  becomes  impossible; 
which  shows  what  is  otherwise  evident,  that  the  angle  of  repose  is 
the  steepest  possible  slope. 

There  is  a  third  pressure  which  may  be  denoted  byjj„in  a  direction 
perpendicular  to  the  first  two,  p,  and  p,;  that  is,  horizontal,  and 
perpendicular  to  the  vertical  plane  in  which  the  declivity  is  steepest; 
but  the  intensity  of  that  third  pressure  will  be  considered  in  a 
subsequent  Article.  It  is  of  secondary  importance  in  practice, 
seeing  that  walls  for  the  support  of  sloping  banks  of  earth  are  gene- 
rally placed  so  as  to  resist  the  pressure  of  the  earth  in  the  direction 
of  steepest  declivity. 

With  the  exception  of  equation  4,  the  equations  of  the  present 
Ajrticle  give  only  the  limits  of  the  intensity  of  the  conjugate  pressure 
parallel  to  the  steepest  declivity.  To  find  the  exact  intensity  of 
that  pressure,  it  is  necessary  to  have  recourse  to  a  statical  principle, 
first  discovered  by  Mr.  Moseley,  which  is  stated  in  the  following 
Article. 

196.   Principle    of  licast  Reairtance. — ^THEOREM.      If  the  forcee 

which  balance  each  other  in  or  vpon  a  given  body  or  structure  be 
distinguished  into  two  systems,  called  respectively  active  a/nd  passive, 
whidi,  stand  to  each  otlver  in  tJie  relation  of  cause  amd  effect,  then  unll 
the  passive  forces  be  tlie  least  which  a/re  capable  of  balancing  the  active 
forces,  consistently  with  the  physical  condition  of  the  body  or  sVrudbwre, 
For  the  passive  forces  being  caused  by  the  application  of  the 
active  forces  to  the  body  or  structure,  wfll  not  increase  after  the 
active  forces  have  been  balanced  by  them;  and  will  therefore  not 
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increase  beyond  the  least  amoiint  capable  of  balancing  the  active 
forces. — Q.  E.  D. 

197.  Earth  i«Mideci  with  Urn  9wn  Weight. — In  a  mass  of  earth 
loaded  -with  its  own  weight  only,  the  gravitation  of  the  earth  causes 
the  vertical  pressure,  the  vertical  pressure  causes  a  tendency  to 
spread  laterally,  and  the  tendency  to  spread  causes  the  conjugate 
pressure;  therefore  the  vertical  and  conjugate  pressures  stand  to 
each  other  in  the  relation  of  cause  and  effect,  or  active  and  passive 
respectively;  therefore  the  intensity  of  the  conjugate  pressure  is 
the  least  which  is  consistent  with  the  conditions  of  stability  given 
in  Articles  194  and  195. 

Applying  this  principle  to  the  equations  of  Article  195,  relative 
to  a  bank  with  a  plane  upper  surface,  they  become  the  following : — 

Vertical  pre88tMre  (a^  before),  p,  =  to  a;  cos  ^ (1.) 

Conjugate  pressv/re  parallel  to  steepest  declivity : — 
General  case, 

.     cos  ^ J  (cos*  ^ COS*  •)  ,rt . 

p,  =  tox^coafi. T ^Vt — 5-5 i-^r (2.) 

^'  COS  ^  +   ^  (cos*  0 COS*  ^)  ^     ' 

Horizontal  surface,  ^=0,  cos^=l;  pj,  =  wx', 

I  —  sin  ^  .„  V 

p^=zW  X  -  z r-~; (O.) 

^'  1  +  sm  ^ 

"  Natural  slope,"  ^  =  ^ 

p^  =p,  =:w  X  '  cos  ^.t (4.) 

The  third  pressure  p,  is  found  in  the  following  manner.  Being 
perpendicular  to  the  pmie  of  p,  and  p^  it  must  be  a  principal  pres- 
«tre'(Arts.  107, 109).  Being  a  passive  force,  it  must  have  the  least 
intensity  consistent  with  stability,  and  must  therefore  be  equal  to 
the  least  pressure  in  the  plane  of  p^  and  py 

The  greatest  and  least  stresses,  or  principal  pressures,  in  that 
plane,  are  to  be  found  by  means  of  Problem  IIL  of  Article  112,  case 
3,  from  the  pair  of  conjugate  pressures  p„  p^  whose  obliquity  is  /. 
liCtpi  be  the  greatest,  andp«  the  least  principal  pressure;  then  ii 
equations  19  and  20  of  Art.  112,  for 

p,p,nr,p,yp^ 
we  are  to  substitute  respectively, 

ffmig  the  following  results : — 
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2  '2coB^  "^  COS  ^  +  V  (cos*  /  —  COS*  ^) ^  '^ 

Pi—P2_    ff(P'  +  P,y  )  K^a; -COS/- sill  f> 

2      ~'^l   4cos^^   —P'Pwf  -cos^+^(cos»^— cos»'  W 

and  consequently, 

Greatest  pressure,  p.  =  ^^^p^i^l±^^; (7.) 

T     _^                                      «^  o;  •  cos  ^  (1  —  sin  ^)  ,o . 

Least  pressure, ;,,  =p.  =  eos  <>  +  ^  (coV  »  -  cos' ») <®-> 

The  axis  of  greatest  pressure  lies  in  the  acute  angle  between  the 
direction  of  greatest  declivity  and  the  vertical;  and  its  inclination 
to  the  horizon,  which  may  be  denoted  by  >^,  is  given  by  the  follow- 
ing formula,  deduced  from  equation  17  of  Article  112,  by  making 
the  proper  substitutions : —  ^ 

cos  2  y  =  -^-^ ^ —  ; 

P1—P2 

&om  which  is  easily  deduced. 


f        1   f  ..  _i_  .    sin  /  1 

y  =  —  <  ^  4-  arc  •  sin  -: —  > 
T        2  \    T^*^^  sin^j 


.(9.) 


In  using  this  formula,  the  arc  sin  -: —  is  to  be  taken  as  greater 

sin^ 

than  a  right  angle. 

The  following  are  the  results  of  the  equations  7,  8,  9,  for  the 

extreme  cases : — 

Horizontal  surface,  /  =  0; 
Pi  =  v)x  =  p,; 

1  —  sin  ^  *  (10.) 

^'      ^'  1  +  sm  ^       ^' 

yp  =r  90®,  or  the  axis  of  greatest  pressure  is  vertical.  ^ 

Natural  Slope,  ^  =  ^; 
pi:=wx{l  +  sin  ^); 

Pi=p,:=zwx{l  —  sin^);  I  (H.) 

1 

^  =  ^  (^  +  90°),  or  the  axis  of  greatest  pressure  bisects 

the  angle  between  the  slope  and  the  vertical. 
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Fig.  94. 


198.  PrcMure  •£  Knfh  asBlMC  m  TcMicsl  Vtmme* — ^In  fig.  94,  let 

O  X  represent  a  vertical  plane  in  or  in 
contact  with  a  mass  of  earth  whose  upper 
8ur£EU»  Y  O  Y  is  either  horizontal  or  in- 
clined at  any  angle  ^,  and  is  cut  by  the 
vertical  plane  in  a  direction  perpendicular 
to  that  of  steepest  declivity.  It  is  required 
to  find  the  pressure  exerted  by  the  earth 
against  that  vertical  plane,  per  unit  of 
breadth,  from  O  down  to  X,  at  a  depth 
OK^x  beneath  the  sur&ce,  and  the  direction  and  position  of  the 
resultant  of  that  pressure. 

The  direction  of  that  resultant  is  already  known  to  be  parallel  to 
the  decHvity  Y  O  Y. 

Let  B  B  be  a  plane  traversing  X,  parallel  to  Y  O  Y.  In  that 
plane  take  a  point  D,  at  such  a  distance  X  D  from  X,  that  the 
weight  of  a  prism  of  esorth  of  the  length  X  D  and  having  an  oblique 
base  of  the  area  unity  in  the  plane  O  X,  shall  represent  the  inten- 
sity of  the  conjugate  pressure  per  unit  of  area  of  a  vertical  plane  at 
the  depth  X  D^w  the  straight  line  O  D ;  then  will  the  ordinate, 
parallel  to  OY,  drawn  from  OX  to  O I)  at  any  depth,  be  the 
length  of  an  obHque  prism,  whose  weight,  per  unit  of  area  of  its 
oblique  base,  will  be  the  intensity  of  the  conjugate  pressure  at  that 
depth.  Let  O  D  X  be  a  triangrdar  prism  of  earth  of  the  thickness 
tmity;  the  weight  of  that  prism  will  be  the  ajnount  of  the  conju- 
gate pressure  sought,  and  a  line  parallel  to  O  Y,'  traversing  its 
centre  of  gravity,  and  cutting  O  X  in  the  centre  o/pressture  C,  will 

be  the  ^position  of  the  resultant  of  that  pressure.  The  depth  O  0 
of  that  centre  of  pressure  beneath  the  surfiace  is  evidently  two- 
thirds  of  the  total  depth  O  X 

To  express  this  symbolically,  make 


XD  = 


Pp 


Pp 


cos  0  —  ^/(cos'  ff  —  cos'  <p)  ^ 
w  COS0  pt  "       cos  6  +  iJ{cos^  i  —  cos'  f ) 

(by  equation  2  of  Article  197); 


j...(i). 


then  the  amount  of  the  conjugate  pressure,  or  weight  of  the  prism 
OXD,  is 

^,  =  \'p.'^^=^\'v.dx 


wx' 
=  -rr-  •  cos  ^ 


.^  ^  !^  .  COS/ .  ?^i^^^^=^;...(2.) 
p.        2  coat+  J{coff* — ooB'f)      ^  ' 
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and  the  centre  of  pressure  is  given  by  the  equation 

^ —       2x 

0  0  =-3- (3.) 

In  the  extreme  cases^  equation  2  takes  the  following  forms  : — 
For  a  horizontal  surface;         ^  =  0; 


'"^  '  1+sin^' 


(4.) 


For  a  surface  sloping  at  the  angle  of  repose;       ^  =  ^; 

I^.  =  -2~  •  cos^ (o.) 

The  principles  of  this  Article  serve  to  determine  the  pressure  of 
earth  against  retaining  walls,  as  will  afterwards  be  shown. 

199.  Sapp«rtiHg  Power  of  Barth  FoandaUoHB; — ^The  twO  preced- 
ing Articles  refer  to  the  case  in  which  the  conjugate  pressure  at  a 
given  depth  is  caused  solely  by  the  vertical  pressure  due  to  the 
weight  of  earth  above  that  point,  and  is  therefore,  in  virtue  of  the 
**  principle  of  least  resistance,"  the  least  conjugate  pressure  consis- 
tent with  the  weight  of  the  vertical  column  of  earth  in  question. 

But  the  conjugate  pressure  may  be  increased  beyond  that  least 
amount,  by  the  application  of  the  pressure  of  an  external  body;  for 
example,  the  weight  of  a  building  founded  on  the  earth.  In  this 
case,  the  conjugate  pressure  will  be  the  least  which  is  consistent 
with  the  vertical  pressure  due  to  the  weight  of  the  building;  and 
if  that  conjugate  pressure  does  not  exceed  the  greatest  conjugate 
pressure  consistent  (according  to  equation  2,  3,  or  4  of  Article 
195)  with  the  weight  of  the  ea/rth  above  the  same  stratum  on  which 
the  building  rests,  the  mass  of  earth  will  be  stable. 

The  most  important  case  in  practice  is  that  in  which  the  surface 
of  the  ground  is  horizontal;  so  that  the  intensity  of  the  vertical 
pressure  due  to  the  weight  of  the  earth  ia  wx;  x  being  the  depth 
of  the  base  of  the  foundation  of  the  building  below  the  surface  of 
the  earth. 

In  this  case,  the  greatest  horizontal  pressure,  at  the  depth  x,  con- 
sistent with  stability,  as  given  by  equation  3  of  Article  195,  is  as 
follows : — 

1  +  sin  ^ 
p^^iwx  '- : —  ; (1.) 

The  greatest  intensiiy  of  vertical  pressure  consistent  with  thitt 
horizontal  pressure  is 
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,  1  +  sin  •  /I  +  sin  ^\2  ,^  ^ 

-^        ^^    1 — sin^  \1  —  sin^/  ^   ' 

and  this  is  the  greatest  intensity  of  pressure,  consistent  with  atabUily,  of  a 
building  founded  on  a  horizontal  stratum  of  earth  at  the  dq)th  x,  the 
angle  of  repose  being  ^. 

K  A  be  the  area  of  the  foundation  of  the  building,  wxA.  will 
be  the  weight  of  earth  displaced  by  it ;  and  if  the  pressure  of 
the  building  on  its  base  be  uniformly  distributed,  p'  A  will  be 
the  weight  of  the  building;  so  that 


JL  ^  /I  +  Sinn' 

wx       \i  —  sin^/  ^  '' 


is  the  Umit  of  the  ratio  in  which  the  weight  of  a  building  exceeds  the 
weight  ofearUi  displaced  by  it,  when  the  pressure  is  uniformly  dis- 
tributed over  the  base. 

If  the  pressure  of  the  building  be  not  uniformly  distributed 
over  the  base,  its  ^rea^^  intensiiy  must  not  exceed  that  given 
by  equation  2,  and  its  least  intensity  must  not  &II  short  of  w  x, 
OSiis  condition  determines  the  greatest  inequaliiy  of  distrihviion 
of  the  pressure  of  a  building  which  is  consistent  with  the  stability 
of  a  given  kind  of  earth.  The  most  useful  and  frequent  example 
of  this  case  is  that  in  which  the  base  is  rectangular,  and  the 
intensity  of  the  pressure  increases  at  an  uniform  rate  from  one 
edge  to  the  opposite  edge  of  the  rectangle,  being  an  wnifomdy 
va/rying  stress  (Articles  91,  92,  94);  In  this  case,  let  p^  denote 
the  mean  intensity  of  the  pressure  of  the  building,  6  the  breadth 
of  its  base  in  the  direction  along  which  the  pressure  varies,  and 
c  b  the  utmost  deviation  of  the  centre  of  pressure  of  the  base  from  its 
centre  of  figure^  consistent  with  the  stability  of  the  earth  which 
supports  it;  then 

p'  +  wx  1+sinV  „v 

^_    p'  —  wx sin  ^ 

^  ■"  Q{p'  +wx)  ■"  3(l+sin«^) ^   ' 

200.  Abutting  Power  of  Barth. — 'K  a  vertical  plane  sur&ce  of 
some  body  which  is  pressed  horizontally,  such  as  a  buttress,  or 
a  retaining  wall,  abuts  or  presses  horizontally  against  a  horizontal 
layer  of  earth,  of  the  depth  x,  the  limit  of  the  resistance  which 
that  layer  is  capable  of  opposing  to  the  horizontal  thrust  of  the 
vertical  plane  is  determined  by  the  greatest  horizontal  pressure 
consistent  with  the  stability  of  the  eartL     Hence  the  amount  of 
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that  horizontal  resistance^  per  unit  of  horizontal  breadth  of  the 
vertical  abutting  plane,  is  given  by  the  equation 

p  WQi?    1  +  sin  ^ 

'  ■"  "2"  '  1  — sin^' 

2a; 
The  centre  of  resistance  is  at  -^  below  the  surface  of  the  earth. 

o 

201.  Table  of  Bzanpics  of  the  results  of  the  formulse  in  Articles 
197,  198,  199,  and  200. 


<p 

0° 

15° 

90°— 0 

45° 

sr-i 

30^ 


30' 


45' 


22'i 


60' 


15' 


y  =  tan  ^ 


0-268        0-577         I '000         1732 


--. —  cotan  ^ 

sin  ^ 

1  —  sin  ^ 

I  +  sin^ 

I  +  sin  ^ 

I  — sin  ^ 

00       3-732       1-732 


I -GOO 


0577 


COS  ^ 

cos^^ 

(I  — sin^Y 
I  +  sin  ^/ 

/i  +sin(pY 
\i  —  sin  ^/ 

I  +  sin^  (p 
(i  — sin^* 

sin  (p 
3(i+sin«9) 


0-259  0-500  0-707  0-866 

0588  0*333  o*i22  0-072 

1-700  3-000  5-826  13*924 

0-966  0-866  0-707  0-500 


0'933        0750        0*500        0-250 


0-346        o-iii         0-0295      0-0052 


2-890        9-000      33*94       193*8 


1*945        5*000       17-47        97-4 


o-o8i        0-133        0-157        o'i65 


E.EMABK.    The  column  headed  o^  is  applicable  to  liqaUda* 
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The  OTerlapping  or  breaking  of  the  jointa,  commonly  called  the 
bond,  in  masomy  and  brickwork,  has  throe  objects — first,  to  dis- 
tribute the  vertical  load  'which  rests  on  each  stone  or  brick  over 
two  or  three  of  the  stones  or  bricks  of  the  course  next  below,  and 
80  to  prodnce  a  more  nearly  unifoiia  distribution  of  the  load  than 
would  otherwise  take  place ;  secondly,  to  enable  the  structure  to 
resist  forces  tending  to  break  it  by  shearint),  or  sliding  of  one  part 
on  iLOother,  in  a  vertical  plane;  and  thirdly,  to  enable  it  to  resist 
forces  tending  to  tear  it  asunder  horizontally. 

For  masonry  aud  brickwork  laid  either  dry,  or  in  common  mor- 
tar which  has  not  had  time  to  acquire  practically  appreciable 
tenacity,  the  resistance  to  horizontal  tension  mentioned  above  as 
the  tiuid  object  of  the  bond,  is  duo  to  the  mutual  friction  of  the. 
overlapping  portions  of  the  beds  or  horizontal  faces  of  the  stones  or 
bricks,  and  maybe  called  "/Hctional  teimdty"  The  amount  of  the 
frictional  tenacity  at  any  horizontal  joint  is  the  product  of  the  ver- 
tical load  upon  the  portion  of  that  joint  where  two  blocks  of  stone 
or  brick  overlap  each  other,  into  the  co-efficient  of  friction,  which, 
as  stated  in  the  table  of  Article  192,  is  about  o'74. 

Let  fig.  94  A  represent  a  portion  of  a  wall  with  a  horizontal  top 
A ;  and  let  it  be  required  to  determine 
the  frictional  tenacity  at  a  horizontal 
;  joint  B,  whose  depth  below  A  is  «,  the 

■  intensity  of  that  tenacity  per  unit  of 
:  area  of  a  vertical  pl^ie  at  B,  and  the 
:   aggregate  tenacity  of  the  wall  from  A 

■  down  to  B,  with  which  it  is  capable  of 
j.[    g^  ^  resisting  a  force  tending  to  tear  it  into 

two  parts  by  separation  at  the  seirated 
dark  line  which  extends  from  A  to  B  in  the  figure. 

Let  w  be  the  weight  of  an  unit  of  volume  of  the  material  of  the 
wall ;  J  the  length  of  the  overlap  at  each  joint;  t  the  thickness  of 
the  wall.     Then 

whix- 

is  the  vertical  pressure  on  the  overlaj^ng  portions  of  the  stones  or 
bricks  at  B,  and  consequently,  ifybe  the  co-efficient  of  friction,  the 
amount  of  frictional  tenacity  for  the  joint  B  is 


The  intensity  of  that  tenacity  per  unit  of  aroa  of  a  vertical 
plane  is  found  by  dividing  its  amount  by  the  area  of  a  verticjil 
section  of  one  course  of  stones  or  bricks.     Let  h  be  the  depth  of  ii 
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course ;  then  htis  the  area  of  its  vertical  section ;  and  the  intensity 
of  the  frictional  tenacity  of  the  joint  immediately  below  is 

>^?A5 (2) 

Let  n  be  the  number  of  courses  from  A  down  to  B,     Then  the 
value  of  X  for  the  uppermost  course  is  =  k,  and  for  the  lowest 

course,  =  nh;  and  the  mean  value  of  a;  is  — jr—  •  A ;  so  that  the 

mean  tenacity  per  course  is 


and  the  mean  intensity, 


Hence  the  amount  of  the  aggregate  fnctional  tenacity  of  the  wall, 
from  A  down  to  B,  is 

w  •— 2"  'fwhth='' ^-^^ -' (3.) 

From  the  equations  2  and  3  it  is  obvious  that  the  frictional 
tenacity  of  masonry  and  brickwork  is  increased  by  increasing  the 

ratio  7  which  the  length  of  the  overlap  bears  to  the  depth  of  a 

course.  This  may  be  effected  either  by  increasing  the  length  of  the 
stones  or  bricks  (to  which  the  overlap  bears  a  definite  proportion, 
depending  on  the  style  of  bond  adopted),  or  by  diminishing  their 
depth  j  but  to  both  those  expedients  there  is  a  limit  fixed  by  the 
liability  of  stones  and  bricks  to  break  across  when  the  length 
exceeds  the  depth  in  more  than  a  certain  ratio,  which  for  brick 
and  stone  of  ordinary  strength  is  about  3. 

For  English  bond  (as  in  fig.  94  A),  consisting  of  a  course  of 
stretchers  (or  bricks  laid  lengthwise),  and  a  course  of  headers  (or 
bricks  laid  crosswise),  alternately, — and  also  for  Flemish  hand,  in 
which  each  course  consists  of  alternate  headers  and  stretchers,  the 
overlap  h  is  one-fourth  of  the  length,  or  about  three-fourths  of  the 

depth,  of  a  brick.     The  value  of  t  is  therefore  j ;  but  to  allow  for 

irregularities  of  figure  and  of  laying  in  the  bricks,  it  is  safe  to  make  it 

2 

~  in  the  formidse.     Substituting  this  in  equations  2  and  3,  and 
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3 

making  /=z  --,^0  find  for  the  intensiiy  of  the  frictional  tenacity, 
tohere  one-half  of  the /ace  of  the  waU  consists  of  ends  of  headers, 

wx  ... 

T'^ ^^'^ 

and  for  the  amount  from  the  top  of  the  wall  down  to  the  depth  x, 

wt(x*'jrhx) 


4 


.(5.) 


The  ten^Eusity  of  the  wall  in  the  direction  of  its  thickness,  which 
resists  the  sepaiution  of  its  firont  and  back  portions  by  splitting,  is 
often  as  important  as  its  longitudinal  tenacity,  and  sometimes 
more  so.  Where  one-half  of  the  face,  as  in  fig.  94  A,  consists  of 
ends  of  headers,  the  overlap  of  each  course  in  the  direction  of  the 
thickness  is  generally  one-half  of  the  length  of  a  brick  instead  of 

one  quarter,  so  that  ^  is  to  be  nude  =  ^  instead  of  two-thirds. 

Hence  in  this  case,  the  transverse  /rictwruil  tenacity/  (as  it  may  be 
called)  is  double  of  the  longitudinal  frictional  tenacity,  its  intensity 
at  the  depth  x  being 

WXy (6.) 

and  its  amount  from  the  top  of  the  wall  down  to  the  depth  x,  for 
a  length  of  wall  denoted  by  Z, 

wHix?  +  hx) 

2  ^  ^^ 

In  a  brick  wall  consisting  entirely/  of  stretchers,  as  in  fig.  94  B, 

I         I     — ] j j the  hngUudinal  tenacity  is  double  of 

that  of  the  wall  in  fig.  94  A,  where 


I         I         '         '         I  one-half  of  the  fece  consists  of  ends  of 


i         I         I         T 


}     '    I     '    I    '    I    '    I     '      headers.     But  that  increased  longitu- 


p.    g^  -Q  dinal  tenacity  is  attained  by  a  total 

sacrifice  of  transverse  tenacity,  when 
the  wall  is  more  than  half  a  brick  thick.  In  brickwork,  therefore, 
in  which  the  longitudinal  is  of  more  importance  than  the  transverse 
tenacity  (as  is  the  case  in  furnace  chimneys),  a  sufficient  amount  of 
transverse  tenacity  is  to  be  preserved  by  having  courses  of  headers 
at  intervals.  The  effects  of  this  arrangement  are  computed  as 
follows : — 

Let  s  be  the  number  of  courses  of  stretchers  for  each  course  of 
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headers  :  so  that  — ?— r  of  the  fiice  of  the  wall  consists  of  ends  of 

s-r  I 

headers,  and  — f-^  of  sides  of  stretchers. 

8+1 

Let  L  denote  the  intensity  of  the  longitudinal  Mctional  tenacity, 
and  T  that  of  the  transverse  frictional  tenacity,  at  the  depth  a?. 
The  following  table  represents  the  values  of  those  intensities  in  the 
extreme  cases : — 

«  -ir         -in  ^  T 

8+1  8+1 

-  1  1  WX 

^  2  1         ~r        ^* 

00  0  1  w  X  0 

Now,  in  intermediate  cases,  the  longitudinal  tenacity  will  vaiy 
nearly  as  the  proportion  of  sides  of  stretchers  in  the  face  of  the  wall 

.  - ,  and  the  transverse  tenacity  as  the  proportion  of  ends  of 

headers;  whence  we  have  the  following  formidse  for  the  intensi- 
ties : — 

^  =  7T"i'""'' ^^'^ 

T=^-A_«...... (9.) 

Consequently,  for  the  aggregate  tenacities  down  to  a  given  depth  re, 
when  the  length  of  the  wall  is  /,  and  its  thickness  ty  we  have 

s 

Loiigitudinal,      ,  .  '  wt{a?  +  A-aj); (10.) 

Transverse,  ^^  ^     ,    ->  •wl{pi?  +  hii^ (11.) 

To  make  the  longitudinal  and  transverse  frictional  tenacities  of 
equal  intensity,  we  should  have  «  =  2,  or  two  courses  of  stretchers 
for  one  course  of  headers.     This  makes 

L  =  T  =  ^ (12.) 

In  round  factory  chimneys,  it  is  usual  to  make  «  =r  4 ;  and  then 

we  have 

4                       2 
L  =  -z'wx'y  T  =i-='wx (13.) 
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The  preceding  formulae  axe  applicable  not  only  to  brickwork,  but 
to  ashler  masonry  in  "which  the  proportions  of  the  dimensions  of  the 
stones  are  on  an  average  nearly  the  same  with  those  of  bricks. 

The  formulae  9  and  11  may  also  be  used  to  find  the  trcmsverse 

tenadtT/  of  a  rubble  tcaU,  if     ,   -  be  taken  to  represent  the  propor- 

8  "t"  J- 

tion  of  the  /ace  of  the  vxM  whif^  consists  of  the  ends  of  squa/reA 
headers  or  bond  stones,  connecting  the  front  a/nd  back  of  the  vxlU 
together. 

The  principles  of  the  present  Article  may  be  relied  on  as  a  means 
of  comparing  one  piece  of  masonry  or  brickwork  with  another,  so 
far  as  their  security  depends  on  the  horizontal  tenacity  produced 
by  the  ficdction  of  the  courses.  But  inasmuch  as  the  absolute 
Tvmnericdl  results  have  been  arrived  at  by  an  indirect  process,  from, 
the  tangent  of  the  angle  of  repose  of  masonry  and  brickwork  laid 
with  damp  mortar,  these  results  are  to  be  considered  as  uncertain, 
and  as  requiring  direct  experiments  for  their  verification  or  correc- 
tion.    No  such  experiments  have  yet  been  made. 

203.  Friction    of   Screws,  Kefs,   and    Wedges. — The    pieces    of 

structures  in  timber  and  metal  are  often  attached  together  by  the 
aid  of  keys  or  wedges,  or  of  screws.  The  stability  of  those  festen- 
ings  arises  from  friction,  and  requires  for  its  maintenance  that  tho 
obliquity  of  the  pressure  between  the  wedge  or  key  and  its  seat,  or 
between  the  thread  of  the  screw  and  that  of  its  nut,  shall  not 
exceed  the  smallest  value  of  the  angle  of  repose  of  the  mateiials. 

204.  Friction  of  Best  and  Friction  of  motion. — For   SOme   sub- 

stances,  especially  those  whose  sur£ax;es  are  sensibly  indented  by  a 
moderate  pressure,  such  as  timber,  the  friction  between  a  pair  of 
surfexjes  which  have  remained  for  some  time  at  rest,  relatively  to 
each  other,  is  somewhat  greater  than  that  between  the  same  pair  of 
surfaces  when  sliding  on  each  other.  This  excess,  however,  of  the 
friction  of  rest  over  the  friction  of  motion,  is  instantly  destroyed  by 
a  slight  vibration ;  so  that  the  friction  of  Tnotion  is  alone  to  be 
relied  on  as  giving  stability  to  a  structure.  In  Article  192, 
accordingly,  the  co-efficients  of  friction  and  angles  of  repose  in  the 
table  relate  to  the  friction  of  motion^  where  there  is  any  sensible 
difference  between  it  and  the  friction  of  rest. 

Section  4, — On  the  Stability  of  Abutments  amd  Vaults, 

205,  stabiiitf  at  a  Plane  JToint. — ^The  present  section  relates  to 
the  stability  of  structures  composed  of  blocks,  such  as  stones  or 
bricks,  touching  each  other  at  joints,  which  are  plane  sur&ces, 
capable  of  exerting  pressure  and  friction,  but  not  tension. 

The  conclusions  of  the  present  section  are  applicable  to  structures 
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of  masoiuy  or  brickwork,  tmceineiited,  or  laid  in  ordinary  mortar ; 
for  although  ordioary  mortar  sometimes  attains  in  the  course  of  years 
a  tenacity  equal  to  that  of  limestone,  yet,  when  fresh,  its  tenaciiy  is 
too  small  to  be  relied  on  in  practice  as  a  means  of  resisting  tension  at 
the  joints  of  the  structure;  so  that  a  structure  of  masonry  or  brick- 
work, requiring,  as  it  does,  to  possess  stability  while  the  mortar  is 
fresh,  ought  to  be  designed  on  the  supposition,  that  the  joints  have  no 
appreciable  tenacity.  The  mortar  adds  somewhat  to  the  frictional 
stability y  as  has  already  been  stated  in  the  table  of  Article  192,  and 
thus  contributes  indirectly  to  the  frictional  tenacity  described  in 
Article  202. 

There  are  kinds  of  cemeanl  whose  tenacity  becomes  at  once  equal 
to  that  of  brick,  or  even  to  that  of  stone.  So  far  as  the  joints  are 
cemented  with  such  kinds  of  cement,  a  structure  is  to  be  considered 
as  (ynje  'piece,  and  its  safety  is  a  question  of  strengtL 

A  plane  joint  which  has  no  tenacity  is  incapable  of  resisting  any 
force,  except  a  pressure,  whose  cenJtre  ofst/ress  falls  within  the  joint, 
and  whose  obliquity  does  not  exceed  iJie  angle  of  repose. 

If  the  resistance  of  the  material  of  the  blocks  which  meet  at  the 
joint  to  a  crushing  force  were  infinitely  great,  it  would  be  suffi- 
cient for  stability  that  the  centre  of  pressure  should  fall  anywhere 
within  the  joint,  how  close  soever  to  the  edge ;  but  for  the  actual 
materials  of  construction,  it  is  necessaiy  that  the  centre  of  pressure 
should  not  be  so  near  the  nearest  edge  of  the  joint  as  to  produce  a 
pressure  at  that  edge  sufficiently  intense  to  injure  the  material. 
Hence  it  appears  that  the  exact  determination  of  the  limiting  posi- 
tion of  the  centre  of  pressure  at  a  plane  joint  is,  strictly  speaking, 
a  question  relating  to  the  strength  of  materials.  Kevertheless,  an 
approximation  to  that  position  can  be  deduced  from  an  examina- 
tion of  the  examples  which  occur  in  practice,  without  having 
recourse  to  an  investigation  founded  on  die  theory  of  the  strength 
of  materials.  Some  of  the  most  usefiil  results  of  such  an  examina- 
tion are  expressed  as  follows  : — 

Let  q  denote  the  ratio  which  the  distance  of  the  cerdbre  ofpresswre 
of  a  given  plane  joint  from  its  centre  ofjiffu/re  bears  to  the  diameter 
or  breadth  of  the  same  joint,  measured  along  the  straight  line 
which  traverses  its  centre  of  pressure  and  centre  of  figure  ;  so  that 
if  ^  be  that  diameter,  q  t  shall  be  the  distance  of  the  centre  of  pres- 
sure  from  the  centre  of  figure.  Then  the  ratio  q  is  found  in  prao- 
tice  to  have  the  following  values : — 

3 

In  retairdng  toaUa  designed  by  British  engineeis,...^,  or  0*375. 

3 
In  retaining  vxxlU  designed  by  French  engineers,... y^,  or  cj. 
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In  the  aibuJbiMfnJts  ofwrcheSy  in  piers  and  detcu:hed  buUreaseSf  and  in 
towers  and  chvmnei/s  exposed  to  the  pressure  of  the  wind,  it  has 
been  found  by  experience  to  be  advisable  so  to  limit  the  deviation 
of  the  centre  of  pressure  from  the  centre  of  figure,  that  the  maxi- 
mum intensity  of  the  pressure,  supposing  it  to  be  an  v/mformily 
va/rying  pressure  (see  Article  94),  shall  not  exceed  the  double  of  the 

mean  intensity.     As  in  Article  94,  let  P  be  the  total  pressure  ;  S 

P 
the  area  of  the  joint ;  let  ^  =  j?^  be  the  mean  intensity  of  the  pres- 
sure, which  is  also  the  intensity  at  the  centre  of  figure  of  the  joint, 
and  at  each  point  in  a  neutral  axis  traversing  that  centre  of  figure; 
let  X  be  the  perpendicular  distance  of  any  point  from  that  axis,  and 
let  the  pressure  at  that  point  be  p  =p^  +  ax,  so  that  if  a?i  be  the 
greatest  positive  distance  of  a  point  at  the  edge  of  the  joint  from 
the  neutral  axis,  the  maximum  pressure  will  be 

Now,  by  the  condition  stated  above,  pi  =  2p^  and,  consequently, 

a  =  ?LZB.=^=^. (1.) 

If  the  diameter  of  the  joint  is  bisected  by  the  centre  of  figure, 
and  if  a?^  (as  in  Article  94)  be  the  distance  of  the  centre  of  pressure 
from  the  neutral  axis,  we  shall  have 

and  by  inserting  in  this  equation  the  value  of  a^  as  given  by  equa- 
tion 4  of  Article  94,  and  having  regard  to  the  value  of  a,  as  given 
by  equation  1  of  this  Article,  we  find 

_    al            I 
^"2P^,  =  2S^^ ^^'^ 

an  expression  whose  value  depends  wholly  on  the  figure  of  the 
joint--that  is,  of  the  transverse  section  of  the  abutment,  pier, 
buttress,  tower,  or  chimney. 

Referring  to  the  table  at  the  end  of  Article  95  for  the  values  of 
the  moment  of  inertia  I,  the  following  results  are  obtained  for 
joints  of  different  figures.  In  each  case  in  which  there  is  any 
difierence  in  the  values  of  q  for  diflferent  directions,  the  deviation 
of  tl^e  oentre  of  pressure  is  supposed  to  take  place  in  that  direction 
in  which  the  greatest  deviation  is  admissible — that  is  to  say,  at 
right  angles  to  the  neutral  axis  for  which  I  is  a  maximum ;  so  that 

if  A  be  the  diameter  in  that  direction,  Xi  =  -^. 

2 
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Figure  op  Base. 

I.  Rectangle — 

Length, h 

Breadth, b 


11.  Square — 
Side, 


} 


.h 


III.  Ellipse— 

Longer  axis, h) 

Shorter  axis, bf 

IV.  Circle- 

Diameter,  h 

Y,  Hollow  rectangle — 

Outside  dimensions,...^  5) 
Inside  dimensions,... A',  b'^ 

YI.  Hollow  square — 

Outside  dimensions, h 

Inside  dimensions, k' 

VII.  Circular  ring— 

Diameter,  Outside, k\ 

Do.      Inside, h') 


} 


4 


1 
6 

J. 

6 

1 
8 

\ 

8 

6h\hb-h'b'} 
hJ"  +  h'* 

h'  +  h" 
8/i^ 


When  the  solid  parts  of  the  hollow  square  and  of  the  circular 
ring  are  very  thin,  the  expressions  for  q  in  Examples  VL  and  VIL 
become  approximately  equal  to  the  following : — 

VIII.  Hollow  square, 7  =  —; 

o 

IX.  Circular  ring, q  =  -; 

which  values  are  sufficiently  accurate  for  practical  purposes  when 
applied  to  square  and  round  factory  chimneys. 

The  conditions  of  stability  of  a  block  supported  upon  another 
block  at  a  plane  joint  may  be  thus  summed  up : — 

Referring  to  &g,  93,  Article  191,  let  A  A  represent  the  upper 
block,  B  B  part  of  the  lower  block,  e  E  the  joint,  C  its  centre  of 

pressure,  P  C  the  resultant  of  the  whole  pressure  distributed  over 
the  joint,  whether  arising  from  the  weight  of  the  upper  block,  or 
from  forces  applied  to  it  from  without.  Then  the  conditions  of  sta- 
bility are  the  following : — 

I.  The  obliquity  of  tJie  pressure  rmist  not  exceed  the  omgle  qfrepose^ 
that  is  to  say, 
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Z  P  C  N  ^^ (3.) 

11.  The  ratio  which  the  demotion  oftlie  cerise  ofpresmrefrom  <Ae 
cerU/re  offigwre  of  the  joint  hea/ra  to  the  length  oftlie  di(vm£ter  of  the 
joint  Pro/versing  those  two  centreSf  rrmat  not  exceed  a  certain  fraction^ 
wlwse  value  varies,  according  to  cvrcu/msta/nces,  from  one-eiglUh  to 
iJiree-eigJuJis,  that  is  to  sajr, 

liE  — C'E 

i-= ^<I (^) 

eE 

The  first  of  these  conditions  is  called  that  of  sto^bHUy  offrictumf 
the  second,  that  of  stability  of  position, 

206.    Stabllltr  of  a  Series  of  Blocks  $  Ijine  of  Resistance  $  Ijine  of 

Pressares, — ^In  a  structure  composed  of  a  series  of  blocks,  or  of  a 

series  of  courses  so  bonded  that  each  may 
^-^  be  considered  as  one  block,  which  blocks 
or  courses  press  against  each  other  at 
plane  joints,  the  two  conditions  of  sta- 
bility must  be  fulfilled  at  each  joint. 

Let  ^g.  95  represent  part  of  such  a 
structure,  1,  1,  2,  2,  3,  3,  4,  4,  being  some 
of  its  plane  joints. 

Suppose  the  centre  of  pressure  Ci  of  the 
Fig.  95.  joint  1 , 1 ,  to  be  known,  and  also  the  amount 

and  direction  of  the  pressure,  as  indicated  by  the  arrow  traversing 
Cj.  With  that  pressure  combine  the  weight  of  the  block  1,  2,  2,  1, 
together  with  any  other  external  force  which  may  act  on  that  block; 
the  resultant  will  be  the  total  pressure  to  be  resisted  at  the  joint 
2,  2,  will  be  given  in  magnitude,  dii*ection,  and  position,  and 
will  intersect  that  joint  in  the  centre  of  pressure  C2.  By  continu- 
ing this  process  there  are  found  the  centres  of  pressure  C3,  C4,  <fec., 
of  any  number  of  successive  joints,  and  the  directions  and  magni- 
tudes of  the  resultant  pressures  acting  at  those  joints. 

The  magnitude  and  position  of  the  resultant  pressure  at  any  joint 
whatsoever,  and  consequently  the  centre  of  pressure  at  that  joint, 
may  also  be  found  simply  by  taking  the  resultant  of  all  the  forces 
which  act  on  one  of  the  parts  into  which  that  joint  divides  the 
structure,  precisely  as  in  the  ^^  method  of  sections"  already  described 
in  its  application  to  framework,  Aiiicle  161. 

The  centres  of  pressure  at  the  joints  are  sometimes  called  centrea 
of  resistance.  A  line  traversing  all  those  centres  of  resistance,  such 
as  the  dotted  line  R,  R,  in  ^g,  95,  has  received  from  Mr.  Moseley 
the  name  of  the  ''  line  of  resistannce ;"  and  that  author  has  also  shown 
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how  in  many  cases  the  equation  which  expresses  the  farm  of  that 
line  may  be  determined,  and  applied  to  the  solution  of  usefiil 
problems. 

The  straight  lines  representing  the  resultant  pressures  may  be  all 
parallel,  or  may  all  lie  in  the  same  straight  line,  or  may  all  intersect 
in  one  point.  The  more  common  case,  however,  is  that  in  which 
those  straight  lines  intersect  each  other  in  a  series  of  points,  so  as 
to  form  a  polygon.  A  curve,  such  as  P,  P,  in  fig.  95,  touching  all 
the  sides  of  that  polygon,  is  called  by  Mr.  Moseley  the  ^'  line  of 
pressuo'es." 

The  properties  which  the  line  of  resistance  and  line  of  pressures 
must  have,  in  order  that  the  conditions  of  stability  may  be  fulfilled, 
are  the  following  : — 

To  insure  stability  of  position,  the  Ime  of  resistcmce  rmut  not 
deviate  from  the  centre  offigwre  of  any  joint  by  more  tfi>a/n,  a  certmn 
fraction  {q)  of  the  diameter  of  the  joint,  tneaswred  in  the  direction  of 
deviation. 

To  insure  stability  of  Motion,  the  normal  to  each  joint  must  not 
Tnahe  an  angle  greater  than  the  a/ngle  of  repose  with  a  tcmgent  to  the 
line  of  pressures  drawn  through  the  centre  ofresistanxx  of  tliat  joint. 

207.  Analogy  of  Blockwork  aad  Framework. — ^The  point  of  in- 
tersection of  the  straight  lines  representing  the  resultant  pressures 
at  any  two  joints  of  a  structure,  whether  composed  of  blocks  or  of 
bars,  must  be  situated  in  the  line  of  action  of  the  resultant  of  the 
entire  load  of  the  part  of  the  structure  which  lies  between  the  two 
joints ;  and  those  three  resultants  must  be  proportional  to  the  three 
sides  of  a  triangle  parallel  to  their  directions. 

Hence  the  polygon  formed  by  the  intersections  of  the  lines  repre- 
senting the  pressures  at  the  successive  joints  in  &g,  95,  is  analogous 
to  a  polygonal  frame ;  for  the  sides  of  that  polygon  represent  the 
directions  of  resistances,  which  sustain  loads  acting  through  its 
angles,  as  in  the  instances  of  framework  described  in  Articles  150, 
151, 153,  and  154,  and  represented  in  ^g.  75.  A  structure  of  blocks 
is  especially  analogous  to  an  open  polygonal  fr-ame,  like  those  in 
Articles  151  and  154,  represented  by  fig.  75,  with  the  piece  E 
omitted  because  of  the  absence  of  ties. 

The  question  of  the  stability  of  a  structure  composed  of  blocks  with 
plane  joints  may  therefore  be  solved  in  the  following  manner : — 

(1.)  Determine  and  lay  down  on  a  drawing  of  the  structure  the 
line  of  action  and  the  magnitude  of  the  resultant  of  the  external 
forces  applied  to  each  block,  including  its  own  weight.  Either  one 
or  two  of  those  resultants,  as  the  case  may  be,  will  be  the  support- 
ing force  or  forces. 

(2.)  Draw  a  polygon  of  external  forces,  like  that  in  ^g.  75*  or  75**. 
Two  contiguous  sides  of  that  polygon  will  represent  the  external  forces 
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acting  on  tie  two  estreiae  blocks  of  the  series,  of  which  one  n 

bo  a  supporting  pressure  and  the  other  a  load,  or  both  may  bo 
supporting  preasures.     In  either  case  their  intersection  gives  tho 
point  O,  from  which  radiating  lines  are  to  be  drawn  to  the  angles 
of  the  polygon  of  external  forces,  to  represent  the  directions  a 
magnitudes  of  the  reBiatancea  of  the  sereral  joints. 

(3.)  Draw  a  polygon  having  its  angles  on  the  lines  of  action  A 
the  external  forces,  as  laid  down  in  step  (1.)  of  the  process,  and  ill 
sides  parallel  to  the  radiating  lines  of  step  (3).  This  polygon  wili 
represent  the  equivalenl  polygotiai  frame  of  the  given  structure, 
and  will  Lave  a  side  corresponding  to  each  joint;  imd  each  side  of 
the  polygon  (produced  if  necessary)  will  cut  the  corresponding  plane 
joint  in  its  centre  of  pressure,  and  will  show  the  direction  of  the 
resultant  pressure  at  the  joint. 

Then  if  each  centre  of  pressure  falls  within  the  proper  limits  a 
position,  and  the  direction  of  each  resultant  pressure  within  theH 
[iroper  limits  of  obliquity,  as  prescribed  in  Article  205,  the  structure 
will  be  balanced ;  and  the  conditions  of  stability  will  be  fulfilled 
under  variations  of  the  distribution  of  the  load,  which  will  be  the 
greater,  the  greater  is  the  diameter  of  each  joint ;  for  e' 
in  the  diameters  of  the  joints  increases  the  limits  within  which  the  J 
figure  of  the  eijuivalent  polygonal  frame  may  vaiy,  and  { 
■variation  of  that  figure  corresponds  to  a  variation  in  the  distribiL-] 
tion  of  the  load. 

208.   Trmuforniniian    of  BlaeUirarii    NimcWTe*. — Theobeu.      t^ 

a  structure  composed  ofUoehs  have  stability  ofposiUqn  when  acted  a 
hg  forces  represented  by  a  given,  system  of  lines,  then  wiU  a  atructt 
vpkose  fgwe  is  a  pwralld  projection  of  the  original  atruclure  I 
elabUiti/  of  position  when  acted  on  by  forces  represented  by  the  co 
spondittg  parallel  projection  of  the  original  system  of  litiei;  aUo,  I 
eentres  of  pressure  arid  Ike  lines  representing  iAe  TesullarU  preasures  a 
the  joints  of  the  new  structure  will  be  the  corresponding  projections  of  ti 
centres  of  pressure  and  the  lines  representing  the  resuUant  preesarea  <I 
the  Joints  of  the  original  structure. 

For  the  relative  volumes,  nnd  consequently  the  relative  weightn^^ 
of  the  several  blocks  of  which  the  structure  is  composed,  ( 
altered  by  the  transformation;  and  if  those  weights  in  the  new 
atructure  be  i-epresented  by  lines,  parallel  projections  of  the  lines 
representing  the  original  lines,  and  if  the  other  forces  applied 
externally  to  the  pieces  of  the  new  structure  be  represented  by  thff  J 
corresponding  parallel  projections  of  the  lines  representing  thaB 
corresponding  forces  applied  to  the  piuces  of  the  original  structures 
then  will  each  external  force  acting  on  the  new  structure  be  thr 
parallel  projection  of  a  force  acting  on  the  corresponding  point  a 
the  original  stiiicture ;  therefore  the  resultant  pressui-es  at  t' 
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joints  of  the  new  structure,  whicli  balance  the  external  forces,  "will 
be  represented  by  the  parallel  projections  of  the  lines  representing 
the  resultant  pressures  at  the  corresponding  joints  in  the  original 
structure ;  therefore  (Article  62,  Imposition  L),  the  centres  of 
pressure,  where  those  resultants  cut  the  joints,  will  divide  the 
diameters  of  the  joints  in  the  same  ratios  in  the  new  and  in  the 
original  structures;  therefore  if  the  original  structure  have  stability 
of  position,  the  new  structure  will  also  have  stability  of  position. 

This  is  the  extension,  to  a  structure  composed  of  blocks,  of  the 
principle  of  the  transformation  of  structures,  already  proved  for  frames 
in  Article  166,  and  for  cords  and  linear  arches  in  Article  177. 

209.  Frlctioiial  Stability  of  a  Tranaformed  Stmctnre. — ^The  ques- 
tion, whether  the  new  structure  obtained  by  transformation  will 
possess  stability  o/friciion,  is  an  independent  problem,  to  be  solved 
by  determining  the  obliquity  of  each  of  the  transformed  pressures 
relatively  to  the  joint  at  which  it  acts. 

Should  the  pressure  at  any  joint  in  the  transformed  structure 
prove  to  be  too  oblique,  fiictional  stability  can  in  most  cases  be 
secured,  without  appreciably  affecting  the  stability  of  position,  by 
altering  the  angular  position  of  the  joint,  without  shifting  its  centre 
of  figure,  until  its  plane  lies  sufficiently  near  to  a  normal  to  the 
pressure  as  originally  determined. 

210.  Strnctorc    not    liaterally    PrcMed. — If  fig.    96  represents  a 

structure  consisting  of  a  single  series  of  blocks,  or 

courses,  separated  by  plane  joints,  and  has  no  lateral 

pressure  applied  to  it  from  without,  then  the  centre  of 

resistance  at  any  one  of  those  joints,  such,  as  D  E,  is 

simply  the  point  C  where  that  joint  is  intersected  by 

a  vertical  let  fall  from  the  centre  of  gravity  G  of  the 

part  of  the  structure  ABED  which  lies  above  that  n 

joint;  and  the  conditions  of  stability  are, — ^that  no  joint 

shall  be  inclined  to  the  horizon  at  an  angle  steeper  than 

the  angle  of  repose, — and  that  the  point  C  shall  not  at       *'S-  »*>• 

any  joint  approach  the  edge  of  the  joint  within  a  distance  bearing 

a  certain  proportion  to  the  diameter  of  the  joint. 

211.  Tiie  foment  of  Stability  of  a  body  or  structure  supported 
at  a  given  plane  joint  is  the  moment  of  the  couple  of  forces  which 
must  be  applied  in  a  given  vertical  plane  to  that  body  or  structure 
in  addition  to  its  own  weight,  in  order  to  transfer  the  centre  of 
resistance  of  the  joint  to  the  limiting  position  consistent  with 
stability.  The  applied  couple  usually  consists  of  the  thrust  of  a 
fitane,  or  an  arch,  or  the  pressure  of  a  fluid,  or  of  a  mass  of  earth, 
against  the  structure,  together  with  the  equal,  opposite,  and  parallel, 
but  not  directly  opposed,  resistance  of  the  joint  to  that  lateral 
force. 
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The  nunnent  of  stability  maybe  different  according  to  tbe  position 
of  tbe  axis  of  the  applied  couple. 

The  moment  of  that  couple  is  determined  in  the  following 
manner : — 

Conceive  a  line  to  pass  through  all  the  limiting  positions  of  the 
centre  of  resistance  of  the  joint,  so  as  to  enclose  a  space  beyond 
which  that  centre  must  not  be  found. 

The  product  of  the  weight  of  the  structure  mto  the  horixxyntoH  dis- 
tcmce  of  a  pomt  in  this  line  from  a  vertical  line  tra/oersmg  the  centre 
ofgrwoiJby  of  the  slmix^iwre  is  the  moment  op  stability  qfthe  struc- 
ture, when  the  applied  thrust  acts  m  a  vertical  plane  pa/raUd  to  that 
horisiontoLl  distance,  and  tends  to  overturn  the  structure  in  tlic  direc- 
tion of  the  given  point  in  the  line  limiting  the  position  of  the  centre  of 
resistance;  for  that,  according  to  Article  41,  is  the  moment  of  the 
couple,  which,  being  combined  with  a  single  force  equal  to  the 
weight  of  the  structure,  transfers  the  line  of  action  of  that  force 
parallel  to  itself  through  a  distance  equal  to  the  given  horizontal 
distance  of  the  centre  of  resistance  from  the  centre  of  gravity  of 
the  structure. 

To  express  this  symbolically,  let  t  be  the  length  of  the  diameter 
of  the  joint  where  it  is  cut  by  the  vertical  plane  traversing  the 
centre  of  gravity  of  the  structure  and  parallel  to  the  applied  thrust; 
let  j  be  the  inclination  of  that  diameter  to  the  horizon;  let  ^  ^  be 
the  distance  of  the  given  limiting  centre  of  resistance  from  the 
middle  point  of  that  diameter,  and  gf  t  the  distance  from  the  same 
middle  point  to  the  point  where  the  diameter  is  cut  by  the  vertical 
line  through  the  centre  of  gravity  of  the  structure,  and  let  W  be 
the  weight  of  the  structure.     Then  the  moment  of  stabiHty  is 

W{q=ti^t  co8J; (1.) 

the  sign  \  _  \  being  used  according  as  the  centre  of  resistance, 
and  the  vertical  line  through  the  centre  of  gravity,  lie  towards 

{ thf^e^ride  }  "^  ^^  "^^^^  "^  *^^  diameter. 

Let  h  denote  the  height  of  the  structure  above  the  middle  of  the 
plane  joint  which  is  its  base,  b  the  breadth  of  that  joint  in  a  direc- 
tion perpendicular  or  conjugate  to  the  diameter  t,  and  w  the  weight 
of  an  unit  of  volimie  of  the  material.     Then  we  shall  have 

W  =  w  'whbt, (2.) 

where  n  is  a  numerical  factor  depending  on  the  figure  of  the 
structure,  and  on  the  angles  which  the  dimensions,  h,  b,  t,  make 
with  each  other;  that  is,  the  angles  of  obliquity  of  the  co-ordinates 
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to  which  the  figure  of  the  structure  is  referred.  Introducisg  ihis 
value  of  the  weight  of  the  structure  into  the  formuJa  1,  we  find  the 
following  value  for  the  moment  of  stability  : — 

n  {qz±i^)  cosj 'w  'hbi^ (3.) 

This  quantity  is  divided  by  points  into  three  factors^  viz.  : — 

(1.)  n  (q  =±i:  q^)  cosj,  a  numerical /actor,  depending  on  thefiffiMre 
of  the  structure,  the  obliquities  of  its  co-ordinates,  and  the  direction 
in  which  the  applied  force  tends  to  overturn  it. 

(2.)  w,  the  specific  gravity  of  the  material 

(3.)  hb  t^,  a  geometrical  factor,  depending  on  the  dimensions  of 
the  structure. 

Now  the  first  factor  is  the  same  in  all  structures  having  figures 
of  the  same  class,  with  co-ordinates  of  equal  obliquity,  and  exposed 
to  similarly  applied  external  forces;  that  is  say,  to  all  structures 
whose  figures,  together  with  the  lines  of  action  of  the  applied  forces, 
are  parallel  projections  of  each  other,  with  co-ordinates  of  equal  obli- 
quity; hence  for  any  set  of  structures  which  fulfil  that  condition, 
the  moments  of  stability  are  proportional  to 
I.  The  specific  gravity  of  the  material ; 
II.  The  height; 

III.  The  breadth; 

IV.  The  squa/re  of  the  thickness ;  that  is,  of  the  dimension  of 
the  base  which  is  parallel  to  the  vertical  plane  of  the  applied  force. 

212.  Abutments  Classed. — In  the  title  of  the  present  section,  the 
word  "  abutment "  is  used  in  an  extended  sense,  to  denote  every 
structure,  which  by  its  stability  of  position  and  of  friction,  sustains 
some  pressure  which  abuts  or  acts  laterally  against  it.  The  structures 
comprehended  under  this  definition  may  be  classed  as  follows  : — 

I.  Buttresses,  which  sustain  the  thrust  of  a  firame  or  a  rib,  at  one 
or  more  definite  points. 

II.  Towers  and  chimneys,  which  sustain  the  lateral  pressure  of 
the  wind,  imiformly  or  almost  nniformly  distributed,  and  liable  to 
act  in  every  horizontal  direction. 

III.  Damis  for  sustaining  the  lateral  pressure  of  water,  and 
retaining  walls  for  sustaining  that  of  earth — the  intensity  of  the 
pressure  being  proportional  to  the  depth  beneath  the  surface. 

IV.  Arch  abutments,  which  resemble  both  buttresses  and  retain- 
ing walls,  and  whose  properties  will  be  treated  of  after  those  of 
stone  and  brick  arches  shall  have  first  been  considered  with  refer- 
ence to  the  stability  at  their  joints. 

213.  Buttresses  in  General. — Let  ^g,  97  represent  a  vertical  sec- 
tion of  a  buttress,  against  which  a  strut,  rib,  or  piece  of  frame- 
work abuts  at  C,  exerting  a  given  force  P  in  a  given  direction 
CA.     In  order  that  the  buttress  may  be  stable,  it  miist  fulfil 


236  THEORY  OP  STRUCTURES. 

the  conditions  of  stability  at  each  of  its  bed-joints.     Let  ]D  E  be 

one  of  those  joints. 

Should  several  pressures  abut  against  the  buttress, 
the  force  P  acting  in  the  line  CA  may  be  held  to 
represent  the  resultant  of  all  the  forces  "which  are 
applied  above  the  particular  joint  DE  under  con- 
sideration. 

Let  G  be  the  centre  of  gravity  of  that  part  of  the 
buttress  which  is  above  the  joint  D  E,  and  let  W 
denote  the  weight  of  the  same  part  Through  G 
draw  the  vertical  line  A  G  B,  cutting  the  direction 
of  the  lateral  thrust  in  A,  and  the  joint  D  E  in  B ; 

"■^~;         '       make  AW  =  W,  AP  =  P ;  complete  the  parallelo- 

^'  '  gram  A  P  R  W  ;  then  A  R  will  represent  the  result-' 
ant  of  all  the  forces  which  act  on  the  part  of  the  buttress  above 
the  joint  D  E,  and  to  which  the  resultant  of  the  resistance  at  that 
joint  must  be  equal  and  directly  opposed.  A  R  being  produced, 
cuts  D  E  in  F,  the  centre  of  resistance  of  that  joint,  which  must  not 
fall  beyond  a  certain  prescribed  limit,  that  the  condition  of  stability 
of  position  may  be  fidfiUed.  In  order  that  the  condition  of  stabi- 
lity of  friction  may  be  fulfilled,  the  angle  A  F  B  must  not  be  less 
than  the  complement  of  the  angle  of  repose. 

The  most  convenient  mode  of  expressing  this  problem  algebrai- 
cally depends  on  the  circumstances  of  the  particular  case.  The 
following  example  is  that  which  is  most  frequent  and  useful  in 
practice ;  viz.,  when  the  inner  face  C  D  of  the  buttress  is  vertical, 
and  the  joint  D  E  horizontaL 

In  this  case,  let  the  point  of  application  of  the  lateral  force,  C, 
be  taken  for  the  origin  of  co-ordinates.     Let 

i  denote  the  angle  of  incHnation  of  the  applied  lateral  pressure 
to  the  horizon ; — 

X  =  CD,  the  depth  of  the  joint  in  question  below  C ; — 

y^  =  B  D,  the  horizontal  distance  of  the  centre  of  gravity  of  tho 
part  of  the  buttress  above  that  joint  from  the  inner  fe,ce ; — 

y  =  D  F,  the  horizontal  distance  of  the  centre  of  resistance  of 
the  joint  from  its  inner  edge. 

The  resultant  resistance,  which  acts  through  F  in  the  direction 
F  A,  may  be  resolved  into  two  components,  respectively  parallel, 
equal,  and  opposite  to  the  weight  W  and  applied  force  P.     Tho 

couple  of  forces  W  is  right-handed,  and  has  the  arm  F  B  =  y  —  y^. 
The  couple  of  forces  P  is  left-handed,  and  has  for  its  arm  the  per- 
pendicular distance  of  F  from  the  line  of  action  C  A  of  the  applied 
force,  viz. : — 

X  cos  i  —  y  sin  t. 
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The  former  of  those  couples  tends  to  maintain  the  stability  of  the 
buttress  :  the  latter  tends  to  overturn  it.  Equating  their  magni- 
tudes, we  obtain  for  the  expression  of  the  condition  of  stability  of 
position  the  following  : — 

^(y-yo)  =  P(«cosi-2^sini) (1.) 

From  this  fundamental  equation  the  solutions  of  various  pro- 
blems may  be  deduced,  of  which  the  following  are  examples  : — 

I.  The  buttress  and  the  lateral  force  being  given^  to  find  the 
centre  of  resistance  at  a  given  joint. 

__  Wyo  +  Pa?cosi 
^  ""      W  +  Psini    ^^'^ 

This  is  the  equation  of  the  "  line  of  resistance." 

The  condition  of  stability  is  expressed  in  terms  of  y  thus — 


^r^  t  +  ^)«- •• (3) 


II.  The  relation  between  the  weight  and  the  dimensions  of  the 
part  of  the  buttress  under  consideration  being  given  as  in  equations 
2  and  3  of  Article  211,  it  is  required  to  find  the  least  thickness  at 
the  joint  D  E  consistent  with  stability. 

For  this  purpose  we  must  substitute  for  W  (y  —  y^^)  in  equation  1 
of  this  Article  its  limit ;  that  is  to  say,  the  moment  qfstabilitt/,  as 
expressed  in  equation  3  of  Article  211 ;  and  for  y  we  must  substi- 
tute its  limiting  value  in  terms  of  the  thickness,  as  given  by  equar 
tion  3  of  this  Article.     Thus  we  obtain  the  following  equation : — 

n{q  +  ^)whb^  =  T  {x  cob  i—  (q  +  -^j  t  sin  i) (4.) 

To  simplify  the  form  of  this  quadratic  equation,  make 

Pa;cos^       _    .       \^   '  2/ _  p  ^ 

n{q  +  ^)whh  "      '    2n{q  +  ^)whb  ~"      ' 

then  equation  4  becomes 

t'  =  A  — 2B^, 
the  solution  of  which  is 

t  =  VA  +  B-  — B (5.) 

In  detached  buttresses,  it  is  in  general  desirable  to  give  q  the 
value  assigned  by  equation  2  of  Article  205,  for  the  reason  there 
stated. 
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III.  To  find  the  obliquiiy  of  the  pressure  at  the  joint  D  E,  we 
have  the  equation 

tan ^  F  AJB  =  ^V^^.    •■ (6) 

W  +  P  sint 

As  the  resultant  of  the  resistance  at  each  joint  must  act  in  a  line 
traversing  the  point  A,  the  locus  of  that  point  is  the  "  line  o/pres- 
mMres"  defined  in  Article  206. 

The  greatest  obliquity  of  pressure  occurs  at  that  joint  which  is 
immediately  below  the  point  of  abutment  0,  Let  Wq,  therefore, 
denote  the  weight  of  material  above  that  joint,  and  the  condition 
of  stability  of  friction  will  be  given  by  the  equation 

P  cos  i               ^  ,^ . 

^  tan  (p. (7.) 


Wo  +  P  sin  I 


214.  Rectangiiiar  BnttresB.  —  In  a  rectangular  buttress,  the 
breadth  b  and  thickness  t  are  constant;  and  if  A^  be  taken  to  denote 
the  height  of  the  top  of  the  buttress  above  the  point  C, 

A  =  A^  +  a; 

will  be  its  height  above  a  given  joint.     Also,  because  the  centre  of 
gravity  of  the  portion  above  any  bed-joint  is  vertically  above  the 

centre  of  the  joint,  ^  =  0,  and  ^^  =  -  ^ ;  and  beeaose 

W  =:whbt, 

w  =  1. 

These  values  being  substituted  in  equations  2,  4,  5,  and  7  of 
Article  213,  give  the  following  results : — 
Equation  of  the  line  of  resistance — 

^  «?  (A^  +  fc)  6  ^  +  P  a;  cos  * 
^  w{h^  +  x)bt+'Pmii  ^   ' 

The  least  thickness  compatible  with  stability  (aji  being  the  depth  of 
the  base  of  the  wall  below  C)  is  found  by  making 

(gr  +  l)psini 

<7w(Ao  +  ajj)6^     "^       ^qwJJi~\~x^ 
whence  follows 


^  ___  _P^jcos^  ,     jg_ 
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e  =  sfA  +  B' 


-^=v 


PiB,  COS  i 


qw{h„  +  Xi)b 


+ 


\2qw  (A„  +  «,)  bj 


('+-D 


P  sint 


2qw{hQ  +  a?i)  6 


.(2.) 


The  least  volume  of  material  above  the  level  of  the  point  O 
which  is  compatible  with  stability  of  firiction,  is  given  by  making 

P  cosi 


that  is  to  say, 

P/cosi  .     A       P    cos(<P  +  ») 

Ao6«  =—  (- smt)  =—  • ^ ^. (3.) 

"  w  \tan  ^  /       w         BUI  (J) 

The  equation  1  of  the  line  of  resistance  is  that  of  a  rectangular 
hyperbola  traversing  the  point  A  (which  is  in  this  case  invariable), 
and  having  a  vertical  asymptote,  whose  distance  from  the  inner 
face  of  the  buttress  is 


^    ,   P  cos  i 
2        wbt~' 


(^.) 


being  the  limit  which  y  continually  approaches,  but  never  attains, 
as  the  depth  x  increases  without  limit. 

As  the  depth  x  increases  without  limit,  the  thickness  reqxdred 
for  the  wall  approaches  the  following  limit  :— 


_       //Pcost\ 
—  V  \Qwb  J 


(5.) 


which  depends  on  the  horizontal  component  of  the  lateral  force 
alone. 

Supposing  this  value  to  be  adopted  for  the  thickness  of  the  but* 
tress,  in  order  that  it  may  be  stable,  how  deep  soever  the  base  may 
be  below  the  point  C, — ^then  to  insure  stability  of  friction,  the 
height  of  the  top  above  C  must  have  the  following  value : — 


cos  {(P  +  i) 
^       ^       sin  <p  cos  % 


.(6.) 


Instead  of  the  rectangular  mass  A^  h  t,  there  may  be  substituted 
a  pinnacle  of  the  same  volume,  and  of  any  figure. 
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21^.  Towen  and  Chimneys  are  exposed  to  the  lateral  pressure 
of  the  wind,  which,  without  sensible  error  in  practice,  may  be 
assumed  to  be  horizontal,  and  of  uniform  intensity  at  all  heights 
above  the  ground. 

The  surface  exposed  to  the  pressure  of  the  wind  by  such  struc- 
tures is  usually  either  flat,  or  cylindrical,  or  conical,  and  differing 
very  little  from  the  cylindrical  form.  Octagonal  chinmeys,  which 
are  occasionally  erected,  may  be  treated  as.  sensibly  circular  in  plan. 
The  inclination  of  the  surface  of  a  tower  or  chimney  to  the  vertical 
is  seldom  sufficient  to  be  worth  taking  into  account  in  determining 
the  pressure  of  the  wind  against  it 

llie  greatest  intensity  of  the  pressure  of  the  wind  against  a  flat 
surface  directly  opposed  to  it  hitherto  observed  in  Britain,  has  been 
55  lbs.  per  square  foot ;  and  this  result,  obtained  by  observations 
with  anemometers,  has  been  verified  by  the  effects  of  certain  vio- 
lent  storms  in  destroying  factory  chimneys  and  other  staictures. 

In  any  other  chmate,  before  designing  a  structure  intended  to 
resist  the  lateral  pressure  of  wind,  the  greatest  intensity  of  that 
pressure  should  be  ascertained,  either  by  direct  experiment,  or  by 
observation  of  the  effects  of  the  wind  on  previous  structures. 

The  total  pressure  of  the  wind  against  the  side  of  a  cylinder  is 
about  one-half  of  the  total  pressure  against  a  diametral  plane  of 
that  cylinder. 

Let  fig.  98  represent  a  chimney,  square  or  circular,  and  let  it  be 

required  to  determine  the  conditions  of  stability 
of  a  given  bed-joint  D  EL 

Let  S  denote  the  area  of  a  diametral  vertical 
section  of  the  part  of  the  chimney  above  the 
given  joint,  and  p  the  greatest  intensity  of  pres- 
sure of  the  wind  against  a  flat  surface.  Then 
"^^  the  total  pressure  of  the  wind  against  the  chim- 
ney will  be  sensibly 

P  =;?S  for  a  square  chimney;  ^ 

P  =  p  ^  for  a  round  chimney;   |  '"^  '' 

and  its  resultant  may,  without  appreciable  eiTor, 
be  assumed  to  act  in  a  horizontal  line  through 
the  centre  of  gravity  of  the  vertical  dia/metral  section^  C.  Let  H 
denote  the  height  of  that  centre  above  the  joint  D  E ;  then  the 
moment  of  the  pressure  is 

H  P  =  Hjp  S  for  a  square  chimney  j 

H  P  =  — ^ — for  a  round  chimney ;  '  ^    ' 
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dense,  and  laid  very  closely,  with  thin  layers  of  martat  in  the  joints, 
from  115  to  120  Iba  per  cubic  foot.     Then  we  have,  very  nearly, 

for  square  chimneys,  W  =  ^wbS;       )  /o\ 

for  round  chimneys,  W  =  3'142(76SjJ  ^  '' 

which  values  being  substituted  in  the  equation  6,  give  the  following 
formulsB : — 


For  square  chimneys,  H j?  =  (-^  —  4:^ywht; 
Por  round  chimneys.  Up  =  ( 1  •  57  —  (y'28q^]wht; 


(9.; 


These  formulse  serve  two  purposes  j  first,  when  the  greatest  in- 
tensity of  the  pressure  of  the  wind,  jp,  and  the  external  form  and 
dimensions  of  a  proposed  chimney  are  given,  to  find  the  mean  re- 
duced thickness  of  brickwork,  6,  required  above  each  bed-joint,  in 
order  to  insure  stability ;  and  secondly,  when  the  dimensions  and  form 
and  the  thickness  of  the  brickwork  of  a  chimney  are  given,  to  find 
the  greatest  intensity  of  pressure  of  wind  which  it  will  sustain  with 
safety. 

The  shell  of  a  chimney  consists  of  a  series  of  divisions,  one  above 
another,  the  thickness  being  uniform  in  each  division,  but  diminish- 
ing upwards  from  division  to  division.  The  bed-joints  between  the 
divisions,  where  the  thickness  of  brickwork  changes  (including  the 
bed-joint  at  the  bsise  of  the  chimney),  have  obviously  less  stability 
than  the  intermediate  bed-joints;  hence  it  is  only  to  the  former  set 
of  joints  that  it  is  necessary  to  apply  the  formulse.  To  illustrate 
the  application  of  the  formulae,  a  table  is  given  in  the  Appendix, 
showing  the  dimensions  and  figure,  and  &e  stability  agsonst  the 
wind,  of  the  great  chimney  of  the  works  of  Messrs.  Tennant  and 
Company,  at  St.  E-ollox,  near  Glasgow,  which  was  erected  from  the 
designs  of  Messrs.  Gordon  and  TTTiI,  and  is,  with  the  exception  of 
the  spire  of  Strasburg,  the  Great  Pyramid,  and  the  spire  of  St, 
Stephen's  at  Vienna,  the  most  lofty  building  in  the  world. 

216.  Dams  or  ReserFoir-Waiis  of  masonry  are  intended  to  resist 
the  direct  pressure  of  water.  A  dam,  when  a  current  of  water 
faUs  over  its  upper  edge,  becomes  a  tvevr,  and  requires  protection, 
for  its  base  against  the  undermining  action  of  the  falling  stream. 
Such  structures  are  not  considered  in  the  present  Article,  which  is 
confined  to  walls  for  resisting  the  pressure  of  water  only. 

"^ »  fifir.  99,  let  E  D  represent  a  horizontal  bed-joint  of  a  reservoir- 
~^11  has  a  plane  surface  O  D  exposed  to  the  pressure 
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with  siiffioient  acooracy  for  practical  purposes^  by  afisnmiTig  the 
pressure  to  be  an  uniformly  varying  pressure^  and  so  limiting  the 
position  of  the  centre  of  pressure  F,  that  the  intensity  at  the  lee- 
ward edge  E  shall  be  double  of  the  mean  intensity. 

It  has  already  been  shown,  in  Article  205,  what  values  this  con- 
dition assigns  to  the  co-efficient  q  for  different  forms  of  the  bed-joints. 
Chimneys  in  general  consist  of  a  hollow  shell  of  brickwork,  whose 
thickness  is  smaU  as  compared  with  its  diameter ;  and  in  that  case 
it  is  sufficiently  accurate  for  practical  purposes  to  give  to  q  the  fol- 
lowing values : — 


1 
For  square  chimneys,  g'  =  -« ; 

For  round  chimneys,  q  ^-j* 


(*•) 


The  following  general  equation,  between  the  moment  of  stability 
and  the  moment  of  the  external  pressure,  expresses  the  condition  of 
stability  of  a  chinmey : — 

B:T  =  {q  —  q')Wt (5.) 

This  becomes,  when  applied  to  square  chimneys, 

and  when  applied  to  round  chimneys,  -  (6.) 

The  following  approximate  formulse,  deduced  from  these  equations, 
are  useful  in  prsictice : — 

Let  B  be  the  mecm  thickness  of  brickwork  above  the  joint  D  E 
imder  consideration,  and  h  the  thickness  to  which  that  brickwork 
would  be  reduced,  if  it  were  spread  out  flat  upon  an  area  equal  to 
the  external  area  of  the  chimney.  That  reduced  thickness  is  given 
with  sufficient  accuracy  by  the  formula 


=  b(i-^ ir.) 


but  in  most  cases  the  diffisrence  between  h  and  B  may  be  neglected. 

Let  w  be  the  weight  of  an  unit  of  volume  of  brickwork;  being, 

en  an  average,  about  112  lbs.  per  cubic  foot^  or,  if  the  bricks  are 
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dense,  and  laid  very  closely,  with  thin  layers  of  mortal  in  the  joints, 
fi?om  115  to  120  lbs,  per  cubic  foot.     Then  we  have,  very  nearly, 

for  square  chimneys,  W  =z4:wbS;       \  /g\ 

for  round  chimneys,  W  =  3'14:t«;6S;j  ^  '-' 

which  values  being  substituted  in  the  equation  6,  give  the  following 
formulse : — 


For  square  chimneys,  "ELp  =  (-5— 4g^j*t^6«; 
For  round  chimneys,  'Kp  =  ll'57  —  Q'28^]wht; 


(9.) 


These  formulse  serve  two  ptu:poses ;  first,  when  the  greatest  in- 
tensity of  the  pressure  of  the  wind,  jp,  and  the  external  form  and 
dimensions  of  a  proposed  chimney  are  given,  to  find  the  mean  re- 
duced thickness  of  brickwork,  6,  required  above  each  bed-joint,  in 
order  to  insure  stability ;  and  secondly,  when  the  dLmensions  and  form 
and  the  thickness  of  the  brickwork  of  a  chimney  are  given,  to  find 
the  greatest  intensity  of  pressure  of  wind  which  it  will  sustain  with 
safe^. 

The  shell  of  a  chimney  consists  of  a  series  of  divisions,  one  above 
another,  the  thickness  being  uniform  in  each  division,  but  diminish- 
ing upwards  from  division  to  division.  The  bed-joints  between  the 
divisions,  where  the  thickness  of  brickwork  changes  (including  the 
bed-joint  at  the  base  of  the  chimney),  have  obviously  less  stability 
than  the  intermediate  bed-joints;  hence  it  is  only  to  the  former  set 
of  joints  that  it  is  necessary  to  apply  the  formulae.  To  illustrate 
the  application  of  the  formulae,  a  table  is  given  in  the  Appendix, 
showing  the  dimensions  and  figure,  and  -^e  stability  against  the 
wind,  of  the  great  chimney  of  the  works  of  Messrs.  Tennant  and 
Company,  at  St.  Rollox,  near  Glasgow,  which  was  erected  from  the 
designs  of  Messrs.  Gordon  and  Hill,  and  is,  with  the  exception  of 
the  spire  of  Sti-asburg,  the  Great  Pyramid,  and  the  spire  of  St. 
Stephen's  at  Vienna,  the  most  lofty  building  in  the  world. 

216.  Oams  or  Reserroir-WaUs  of  masonry  are  intended  to  resist 
the  direct  pressure  of  water.  A  dam,  when  a  current  of  water 
falls  over  its  upper  edge,  becomes  a  toeir,  and  requires  protection 
for  its  base  against  the  undermining  action  of  the  falling  stream. 
Such  structures  are  not  considered  in  the  present  Article,  which  is 
confined  to  walls  for  resisting  the  pressure  of  water  only. 

In  fig.  99,  let  E  D  represent  a  horizontal  bed-joint  of  a  reservoir- 
wall,  which  wall  has  a  plane  surface  O  D  exposed  to  the  pressure 
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Fig.  99. 


of  the  contamed  water,  whose  upper  surface  is  the  horizontal  plane 
O  Y.     Consider  a  vertical  layer  of  the  wall  of  the  length  unity, 

sustaining  the  pressure  of  a  ver- 
tical layer  of  water  of  the  length 
unity  also.  Then  from  Articles 
89  and  124  it  appears,  that  the 
total  pressure  exerted  against 
that  layer  of  the  wall  is  equal 
to  the  weight  of  the  triangular 
prism  of  water  O  D  K,  right 
angled  at  D,  whose  thickness 
is  imity,  and  whose  side  D  K  is 
equal  to  the  depth  of  the  joint 
DE  beneath  the  surfoce  0  Y;  and  it  also  appears,  that  the  resultant 
of  that  pressure  acts  in  the  line  H  C,  being  a  perpendicular  upon 
O  D  from  the  centre  of  gravity  H  of  the  prism  of  water;  so  that 

CD  =  — — .    Let  G  be  the  centre  of  gravity  of  the  vertical  layer 

of  masonry  above  D  E,  and  G  B  W  a  vertical  line  drawn  through 
it ;  produce  H  C,  cutting  that  vertical  line  in  A ;  take  A  W  to 

represent  the  weight  of  the  layer  of  masoniy,  and  A  P  to  represent 
the  pressure  of  the  layer  of  water;  complete  the  parallelogram 

A  P  R  "W ;  A  R  will  represent  the  total  pressure  on  the  joint  D  E 
for  each  unit  of  length  of  the  wall,  and  F,  where  that  line  cuts 
D  E,  will  be  the  centre  of  resistance  of  that  joint,  which  must  faXL 
within  the  limits  consistent  with  stability  of  position,  while  at  the 
same  time  the  angle  A  F  D  must  not  be  less  than  the  complement 
of  the  angle  of  repose. 

To  treat  this  case  algebraically,  let  x  denote  the  depth  of  D 
beneath  the  surface  of  the  water,  v/  the  weight  of  an  unit  of 
volume  of  water,  and  j  the  inclination  of  0 1>  to  the  vertical 
Then  the  pressure  of  the  vertical  layer  of  water  is 


P  = 


to  x^ 


'see  J, 


.(1.) 


its  centre  C  being  at  the  depth  ^  x. 

o 

This  force,  together  with  the  equal  and  opposite  oblique  com- 
ponent of  the  resistance  of  the  joint  D  E  at  F,  constitute  a  couple 
tending  to  overturn  the  wall,  whose  arm  is  the  perpendicular  dis- 
tance of  F  from  C  P  ;  that  is  to  say. 


CD^FD  -sinj: 
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Now  C  D  =  — 5 — ^,  and  if,  as  before,  we  make  WD  =  t,  FD  =s 

( S'  +  ^  j  ^ ;  consequently  we  have  for  the  arm  of  the  couple  in 

question, 

X  •  sec  J       /     I   1\  *      .     . 

which  being  multiplied  by  the  pressure,  gives  the  moment  of  the 
overturning  couple;  and  this  being  made  equal  to  moment  of 
stability  of  the  wall,  we  obtain  the  following  equation : — 

W-0  =  W(g  +  (?^«  =  ^.8ec«i-ti;V^(|  +  l)taiii....(2.) 

When  the  inner  face  of  the  wall  is  vertical,  sec  J=  1,  and  tany=0; 
and  the  above  equation  becomes 

W(?±20«=^. (2  a.) 

To  obtain  a  convenient  general  formula  for  comparing  walls  of 
similar  figures  but  different  dimensions,  let  9i,  as  in  Article  211, 
denote  the  ratio  of  the  area  of  the  vertical  section  of  the  wall  to 
that  of  the  circumscribed  rectangle,  so  that  if  u;  be  the  weight  of 
an  unit  of  volume  of  masonry,  the  weight  of  the  vertical  layer  or 
masonry  under  consideration  is 

W  =  nwht, 


where  h  is  the  depth  of  the  joint  D  E  below  the  top  of  the  walL. 
Then  equations  2  and  2  A  taie  the  following  forms  : — 

w(^+^w?A<'=^secV-«/a"«(|  +  |)tani; (3.) 

n(q+q^whf^~; (3  A.) 

-equations  analogous  to  equation  4  of  Article  213.     To  obtain  a 


formula  suitable  for  computing  the  requisite  thickness  of  wall  t,  let 

6n(q+  q)wh  ' 
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then 

e  =  A-2B«; 

which  quadratic  equation  being  solved^  gives 

t  =  ^/ATB«-B ; (4.) 

or  for  a  wall  with  a  vertical  inner  flsuse^  for  which  B  =  0^ 

«=  n/A. (4  a.) 

In  most  cases  which  occur  in  practice,  the  sur&ce  of  the  watei 
O  Y  either  is,  or  may  occasionally  be,  at  or  near  the  level  of  the 
top  of  the  wall,  so  that  h  may  be  made  =  cb.    In  such  cases^  let 

A  ti?'  secV 

=  a. 


and 'we  have 


which  being  solved,  gives 


^  =  Ja  +  V-h', (5.) 

X 

and  for  a  wall  with  a  vertical  inner  face, 

i  =  ^/^=V(6«(g4:gO«') ^^  ^^ 

The  vertical  and  horizontal  components  of  the  pressure  of  the 
water  are  respectively 

Vertical,  P  sin  J  =  -s—  tanj, 

Horizontal,  P  cos^  =  -5—  j 

Consequently  the  condition  of  stahility  of  friction  at  the  joint  D  E 
is  given  by  the  equation 

W  +  PsinJ-  2W  +  i^a;^tanj:^^^*^' v^O 
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If  the  ratio  -  has  been  determined  by  means  of  equation  5,  then 
we  have 

"W  =  nwxt  =  nwa^  '-  ; (7.) 

so  that  by  cancelling  the  common  factor  x%  equation  6  is  brought 
to  the  following  form : — 

v/ 

^iaJi(p (a) 


2»w-+«/tany 


Exa/mple  I.  Redcmguta/r  WciU, — ^In  this  case  7i=ljg'=0;J=0; 

consequently, 

a  =  ^ ;  6  =  0: 

equation  5  A  becomes 

i=v-^=V^' <*•) 

and  equation  8, 


tJif 


^2w^  ^ 


Vi?^' ^  taii(p ; (10.) 
2w   — 


6qw 


but  it  is  unnecessary  to  attend  in  practice  to  this  last  equation, 
which  is  ftdfilled  for  the  greatest  values  of  q  that  ever  occur. 
Example  II.  Triangular  WaU,  with  the  apex  at  O. 

In  this  case  —  is  the  same  for  every  horizontal  joint;  so  that  if 

X 

the  thickness  be  just  sufficient  for  stability  at  any  joint,  it  will  be 
just  sufficient  for  stability  at  every  other  joint.  A  reservoir-wall 
whose  vertical  section  is  triangular,  may  therefore  be  said  to  he  of 
tmiform  atahilUy, 

The  value  of  n  for  a  triangle  is  -.     "With  respect  to  the  value  of 

dy  that  case  will  be  considered  in  which  the  inner  face  of  the  wall 

1 
is  vertical,  so  that  5'  =  -,  y  =  0. 

Then  by  equation  5  A, 
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and  by  equation  8 

5=V(K^^-6)S)^^^- w 

X 

This  last  equation  fixes  a  limit  to  the  value  of  q^  independently 
of  the  distribution  of  the  pressure  on  each  bed-joint^  viz. : — 

^^T^B-'^'^-l C13-) 

The  insertion  of  this  value  of  g  in  equation  11  gives 

.*-  =  -f-, (14.) 

The  value  of  tan  (p  for  Tnaaowry  being  about  0*74,  w  being  on  an 

average  114  lbs.  and  w'  62*4  lbs.  per  cubic  foot^  the  limit  of  g  ia 

found  to  be 

1 
0-421  -0-167  =  0-254,  or  7,  nearly, 

and  that  of  -,  by  equation  14,  is 

0-585. 

For  hrickworhy  tan  (p  is  about  the  same  as  for  masonry,  and  w  is 
112  lbs.  per  foot,  nearly;  hence  the  limit  of  g  is 

0-327-0-167  =  0-16,  or  \  nearly, 
while  that  of  -  is  0-75. 

X 

Example  III.  TriomguUMr  WaU  vrUh  Vertical  Axis. — ^When  the 
wall  stands  on  a  soft  foundation,  it  may  be  desirable  in  some  cases 
so  to  form  it,  that  the  centre  of  resistance  F  shall  be  at  the  middle 
of  each  joint,  and  shall  also  be  vertically  beneath  the  centre  of 
gravity  of  the  part  of  the  wall  above  the  joint.  In  this  case,  the 
point  of  intersection  A  of  the  lines  of  action  of  the  pressure  and 
weight  must  also  fall  in  the  middle  of  each  joint.  To  fulfil  these 
conditions,  the  vertical  section  of  the  wall  should  be  an  isosceles 
triangle,  the  outer  and  inner  faces  forming  equal  angles  j  on 
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opposite  sides  of  the  vertical  axis  of  tlie  wall,  and  the  angle  j  should 
be  such  that  a  straight  line  perpendicular  to  O  D  at  0  shall  bisect 
the  base ;  that  is  to  saj, 

^sin^*  __  xseej^ 


but 


whence  we  have 


2^=taiii, 


•     •» 


1 

3 


sm-\;=:-;  cosV=^; 


tan  j  =  ^=y'^  =  0-707; 


and 


j=^5'i> 


(15.) 


SO  that  the  base  of  the  wall  is  to  its  height  as  the  diagonal  to  the 
side  of  a  square. 

Equation  8  in  this  case  becomes 


w 


-=   =   Jf^N/1. 


w  J  2  +  vf  J  i^      2w  +  v/ 


tan  ^ 


(IC.) 


This  condition  is  always  fulfilled  so  far  as  the  Mctional  stability 
of  one  course  of  masomy  on  another  is  concerned.  As  the  object, 
however,  of  giving  the  wall  the  figure  now  in  question,  is  to  dis- 
tribute the  pressure  uniformly  over  a  soft  foundation,  let  it  be 

supposed  that  its  base  rests  on  a  material  for  which  tan  ^  i=  -p 


Then  we  must  have 


2w-^w  — 4' 


and  consequently 

.-rr-        1 


W 


2^^2-jW  =  2-33  w  =  145  lbs.  per  cubic  foot; 


and  unless  the  masonry  be  of  this  weight  per  cubic  foot,  its  fidctioD 

1 

on  a  horizontal  base,  of  a  material  for  which  tan  ^  =  -,  will  not  be 

4 

of  itself  sufficient  to  resist  the  thrust  of  the  water. 

217.   Betaining  WaUs. — Figs.   100  and  101  represent  vertical 

sections  of  retaining  walls  against  which  banks  of  earth  abut.     Ixl 
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each  figure  a  vertical  layer  of  the  masoniy  and  of  the  earth  is 
sappoBcd  to  be  considered^  whose  length  is  unity.     D  E  is  the  base 


Fig.  100. 


Fig.  101. 


of  the  layer  of  masoniy,  F^the  centre  of  resistance  of  that  base,  B 
a  point  vertically  below  G,  the  centre  of  gravity  of  the  weight 
which  rests  on  that  base,  AW  a  line  representing  that  weight,  AP 

a  line  representing  the  thrust  of  the  earth;  AB,  the  diagonal  of  the 
parallelogram  APKW,  is  a  line  representing  the  resultant  pressure 
at  the  base  D  E,  and  cutting  that  base  in  the  centre  of  resistance  F. 
In  each  figure,  D  0  is  a  vertical  plane  traversing  the  inner  edge 
D  of  the  base  of  the  wall,  and  cutting  the  plane  of  the  surface  of 
the  bank  in  0.     In  ^g.  100,  the  whole  of  the  wall  lies  in  front  of 

that  vertical  plane ;  so  that  the  weight,  represented  by  AW  (or  by 
W  simply),  which  rests  on  the  base  D  E,  consists  of  the  weight  of 
the  masonry  together  with  the  weight  of  the  mass  of  ea/rth,  if  any 
(represented  by  O  L  M),  which  is  vertically  above  tfuxt  base;  and  G  is 
the  common  centre  of  gravity  of  the  compound  mass  of  masonry 
and  earth,  which  is  situated  in  front  of  the  plane  O  D. 

In  fig.  101,  on  the  other  hand,  a  part  of  the  masonry,  represented 
by  D  L  O,  lies  behind  the  plane  O  D.  K  the  prism  D  L  O  consisted 
of  earth,  its  weight  would  be  supported  by  the  earth  beneath  it ; 
therefore  the  earth  beneath  that  prism  exerts  a  pressure  vertically 
upwards  sufficient  to  sustain  the  weight  of  a  prism  of  earth  of  a 
volume  equal  to  that  of  the  prism  of  masonry;  therefore  the  weight 
represented  by  AW  (or  by  W  simply)  which  rests  on  the  base  DE, 
consists  of  the  weight  of  the  masonry  in  the  vertical  layer  of  the 
wall,  leas  the  weight  of  earth  which  would  fill  D  L  O ;  and  G  is  the 
common  centre  of  gravity  of  the  masonry  EDO  which  lies  before 
the  plane  O  D,  and  of  the  prism  D  L  O,  considered  as  having  a 
spec&c  gravity  equal  to  the  excess  of  the  specific  gra/vity  of  masonry 
above  tluit  of  earth. 
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It  has  already  been  shown  in  Article  198,  that  the  pressure  ot 
the  earth  against  the  vertical  plane  0  D  (which  pressure  is  parallel 
to  the  surface  of  the  bank,  and  represented  by  A  P,  or  by  P  simply), 
is  equal  to  the  weight  of  the  prism  of  earth  O  D  K,  in  which  D  K, 
parallel  to  the  su^ace  of  the  bank,  is  equal  to  the  vertical  depth 
O  D  multiplied  by  the  ratio  of  the  conjugate  pressures  at  a  pointy 

jPy  _  cos  ^  —  J  (cos'  ^  —  cos  0) 
Pm^  cos^  +  J  (cos*  ^  —  cos*  ^) ' 

which  ratio  depends  on  the  slope  ^  of  the  bank,  and  angle  of 
repose  ^,  and  that  the  resultant  of  that  pressure  traverses  C,  at  the 
height 


above  D.  For  the  sake  of  brevity  («/  being  the  weight  of  unity  of 
volume  of  the  earth),  let 

then  equation  2  of  Article  198  becomes 

p=^2- a-) 

This  force  has  to  be  multiplied,  as  in  previous  Articles^  by  the  per- 
pendicular distance  of  F  from  C  P,  to  give  the  moment  of  the 
couple  which  tends  to  overturn  the  walL     Let  t  be  the  thickness 

DE,  and  i  the  angle  of  inclination  of  D  £  to  the  horizon;  then  the 
arm  of  the  couple  in  question  is 

\ 3  ~~  V  '''  2 /  ^  ®^^  *  1  cos  ^  -  Iq  +-^j  t  '  cos  i  '  an  ^ 


X  cos  ^ 


■"  V"*"  2/^*^^^^"'"*^^ 


which  being  multiplied  by  the  force  P,  and  equated  to  the  moment 
of  stability  of  the  weight  which  rests  on  the  base  D  E,  gives  the 
following  condition  of  stability  of  position : — 

W(^  =!=$')« -0081=  -i-g T~"  V  "^  2/  ^  (^  +  ^)...(2.) 

Now  suppose  (as  in  Article  211  and  elsewhere)  that  "W  bears  a 
definite  ratio  n  to  the  weight  wxf^  cos  i  of  a  rectangle  of  masonry 

whose  height  is  O  D  =  a;,  and  its  breadth  the  horizontal  distance 
of  E  from  O  D,  <  cos  i ;  then  the  first  side  of  equation  2,  being  the 
moment  of  stability,  becomes  as  follows  : — 
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n  (q  dtz  ^wx(^ cos* L 

Divide  both  sides  of  tlie  equation  bj 

n{q  =i=q')wa?  cos'  t, 

and  for  brevity's  sake^  let 

Wi  •  cos  ^ 
6n{q  z±z  ^)  w  cos?  i         ' 


^i  (?  +  2)  sin  (^  +  0 


—J. 

4  n  (5  =±:  5')  u;  cos^  i  ' 

then 


and  consequently 


i=a-2h- (3) 

or  X 


l^JlTTV-h (4.) 


The  inclination  of  the  resultant  A  B  to  the  vertical  is  given  by 

the  equation 

.«-,.  A  ^  P  cos  ^  y  w  V 

tan  ^  W  A  R  =  ^  .  ^   .    ^ (5.) 

W  +  P  sin  ^  ^   ' 

When  the  base  DE  is  horizontal,  this  should  not  exceed  the  tangent 
of  the  angle  of  repose.  When  that  base  is  inclined  at  the  angle  ^ 
the  condition  of  f rictional  stability  is  thus  expressed  : — 

^WAR  — t^(p'j (6.) 

^'  being  the  angle  of  repose  of  the  foundation  of  the  walL 

The  object  of  giving  the  base  of  the  wall  an  inclined  position  is 
to  diminish  the  obliquity  of  the  pressure  on  it^  and  so  to  enable  the 
condition  of  Motional  stability  to  be  fulfilled. 

3       3 

The  values  adopted  for  q  in  practice  vary  from  —  to  —  • 

10       8 

218.  Rectangular  Retaining  Walls. — ^In  a  vertical  rectangular 

wall,  n  =  1,  g'  =  0,  t  =  0 :  so  that,  in  equations  3  and  4  of  Article 

217, 

Wi  cos  t  ^ 

6  q  w    ' 


a  =  -^ : 


w 


(  ,  l^         (1-) 
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Eocample  I.  When  tlie  sur&ce  of  tlie  bank  is  horizontal^  so  that 
tf  =  0,  then 


and 


Also 


,  1  -  sin  ^  ,      ^ 
1  +  sin  ^'  * 


i=^-^=v^{/(;-^/).i (2.) 


X  ' 
so  that  equation  5  of  Article  217  becomes 

V     I    2«;(l  +  sin^)  J 

-^tan/ (3.) 

If  the  material  on  which  the  wall  rests  is  the  same  with  that  of 
the  bank,  we  may  assume  ^  =  ^;  in  which  case,  by  squaring 
equation  3,  and  attending  to  the  fact  that 

^    5  sin^  ^  /   sin  ^    N*    1  —  sin  ^ 

1  -  sin*  ^       \1  —  sin  ^/     1  +  sin  ^ 

we  obtain  the  equation 

3qv/ 
2tv  - 

Assuming  that  the  specific  gravity  of  the  earth  is  four-fiffchs  of 

that  of  the  masonry,  or  —  =  -j ,  we  find  that  this  equation  is  ful- 

3 

filled  for  the  ordinary  value  of  g,  -3  ,  so  long  as  ^  exceeds  27''. 

o 

Example  II.  When  the  surface  of  the  bank  slopes  at  the  angle 
of  repose  <p,  then  Wi  =  vf  cos  ^,  and 

m/oos*^ 
a  = 


/   sin^    \2  ... 

\l-sin^y ^^'^ 


»  = 


( 5^  +  -^  )  w^  cos  ^  sin  ^ 


A:qw 
80  that  equation  4  of  Article  217  becomes 
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'{V(i 


tV         (g  +  i)'  W'  ^  f\       (g  +  j)  ttf  MP  » 
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Tnip«>«U«l  w«iu. — In  fig.  102,  let  EQ  represent  tlie 
vertical  face  of  a,  rectangular  'wall,  Buitm  to  sustain 
the  thruat  of  a  given  btuik,  and  let  F  be  the  centre 
of  resiHtancB  of  the  base.  Make  QK  =  3  EF=  3 
(—  —  J  J  ( ;  then  the  centre  of  gravity  g  of  the 
triangular  prism  of  masonry  EQN  will  be  vertically 
above  the  centre  of  resistance  F;  therefore  if  that 
prism  be  removed,  so  as  to  reduce  the  cross  section 
of  the  wall  to  a  trapezoid  with  a  sloping  face  E  S, 
the  position  of  the  centre  of  resistance  F  will  not  be 
altered,  and  the  -wail  will  still  fulfil  the  condition  of 
tig,  ivx.        stability  of  position,  the  thickness  t  being  determined 

as  for  a  rectangular  wall.     If  g=  —,  the  thickness  of  the  wall  at  the 
summit  will  be  -s  of  the  thickness  at  the  base.    The  fece  of  the  wall 


/ 

/ 

*■■ 

I  hatter;  the  rate  of  the  batter  being  the  ratio  -?=:-  ^ 


As  the  vertical  component  c 


the 


1  the  base  of  the 
wall  is  diminished  by  this  change,  the  obliquity  of  that  pres8uz« 
will  be  increased;  and  it  may  in  some  cases  be  necesssjy  to  make 
the  base  slope  backwards,  as  in  fig.  101. 

220.  BMteriBg  Walk  sf  VBlltem  TUcImew. — Wben  a  wall  for 
supporting  a  horuxmiai-lopped 
I  bank  is  of  oniibrm  thickness, 
and  has  a  sloping  or  curved  &ce, 
as  in  figs.  103  and  104,  its  mo- 
ment of  stability  may  be  deter- 
mined with  a  degree  of  accuracy 
sufficient  for  practical  poiposes, 
in  the  following  manner  : — 

Let  E  Q  in  Mch  figure  repre- 
sent the  vertical  face  of  a  rec- 
tangular wall  of  the  same  height 
a;  and  thickness  t  with  the  pro- 
r>6.  lud.  Hg.  104.  p^^^  ^^jj^  ^j  let  ff  be  the 

centre  of  gravity  of  that  rectangular  wall     Then 


255 
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-will  be  its  moment  of  stability  per  imit  of  lengtlu 

Divide  the  area  E  Q  N  included  between  the  vertical  face  E  Q 
and  the  fece  of  the  proposed  wall,  E  N,  by  the  height  x.     Then 

ti-JO,^. (I.) 

will  be  the  distance  of  the  centre  of  gravity  G  of  the  sloping  or 
curved  ■wall  from  that  of  the  rectangular  wall;  and  the  change  of 
figure  will  increase  the  stability  in  the  r&tio  £  +  q"  iq;  that  is  to 
eay,  the  moment  of  stability  will  now  be 

■W(2  +  g')(=(g'  +  5')ioa!(' (2.) 

If  E  N  is  a  straight  line  (fig.  103), 

i"^: (3.) 

If  E  H"  is  a  parabolic  arc, 

^i^'-^: W 

a  formula  which  ia  also  sensibly  correct  when  E  K  is  an  arc  of  a 
circle. 

Walls  with  a  "  curved  batter"  are  usually  _ 

built  as  shown  in  fig.  105,  with  the  bed-jointe 
perpendicular  to  the  face  of  the  wall.  This 
diminishes  the  obKquity  of  the  pressure  on 
the  base. 

221.  FoBBdailoB  Coarac*  of  BetaiMbis  WbIU 

have  their  width  increased  beyond  the  thick- 
ness of  the  wall  by  a  series  of  steps  in  front, 
as  shown  in  figs.  102  and  105.  The  objects  of  ^___ 
this  are,  at  once  to  distribute  the  pressure  =£7; 
over  a  greater  area  than  that  of  any  bed-joint 
in  the  body  of  the  wall,  and  to  diffuse  that 
pressure  more  equally,  by  biinging  the  centre 
of  resistance  nearer  to  the  middle  of  the  base  ^'S-  ^^^ 

than  it  is  in  the  body  of  the  wall  The  power  of  earth  to  au^Knt 
foundations  has  already  been  considerod  in  Article  199. 

222.  CannierftirM  are  projections  from  the  inner  &ce  of  a  retain- 
ing wall,  A  wall  and  its  counterforts,  if  the  bond  of  Uie  masomy 
is  well  preserved,  constitute  a  wall  having  successive  divisions 
of  its  length  alternately  of  greater  and  of  less  thickness.  The 
moment  of  stability  of  a  wall  with  counterforts,  per  iinit  of  length. 
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when  tlie  wall  is  well  bonded,  may  be  found,  with  sufficient 
accuracy  for  practical  purposes,  by  adding  together  the  moments 
of  stability  of  one  of  the  parts  between  two  counterforts,  and  of 
one  of  the  parts  whose  thickness  is  augmented  by  the  addition  of 
a  counterfort,  and  dividing  the  sum  by  the  joint  length  of  those 
two  parts. 

For  example,  let  £ig,  106  represent  a  portion  of  the  plcm,  or  hori- 
zontal section,  of  a  vertical  rectangular  retaining 
■^  wall  whose  height  is  h,  with  a  row  of  rectangular 
counterforts  of  the  same  height  with  the  walL 


1 


c  Let  ^  =  F  E  be  the  thickness  of  a  part  of  the 
wall  between  two  counterforts,  and  6  =  E  D  its 

length ;  let  T  =  A  B  be  the  thickness  of  a  conn- 
terforted  part  of  the  wall,  including  the  counter- 
fort, and  c  ^  B  C  its  lengtL 

The  moment  of  stability  of  the  first  part  is 

qwhbt^ ', 
and  that  of  the  second  part, 
^'e-"«'  qwhcT. 

Adding  together  those  moments,  and  dividing  their  sum  by  the 

total  length  6  +  c  =  A  F,  the  mean  moment  of  stability  per  unit  of 
length  is  found  to  be 

g^^^'     b  +  c    ^  ^^ 

This  is  the  same  with  the  moment  of  stability  per  unit  of  length 
of  a  wall  of  the  imiform  thickness. 


=V(^^} <'•> 


which  may  be  called  the  equivalent  wniform  waU, 

The  quantity  of  masonry  in  the  counterforted  wall  is  to  the 
quantity  in  the  equivalent  uniform  wall  in  the  ratio 

ht-\-cT  :  (5  +  c)^ 

which  is  always  less  than  unity;  so  that  there  is  a  saving  of 
masonry  (though  in  general  but  a  small  one)  by  the  use  of  counter- 
forts. 

223.  Arches  of  masonry* — ^An  arch  of  masonry  consists  of  a  ring 
of  wedge-formed  stones,  called  a/rchrstonea  or  vousaoi/ra,  pressing 
against  each  other  at  suifaces  called  hed-joirUs,  which  are,  or  ought 
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to  be,  perpendicular  or  nearly  perpendicular  to  the  aojffU,  or  internal 
concave  surface  of  the  arch.  The  outer  or  convex  surface  of  the 
ring  of  arch-stones,  which  may  be  either  a  curved  surface  parallel 
to  the  soffit,  or,  what  is  better,  a  series  of  steps,  sustains  the 
vertical  pressure  of  that  part  of  the  load  which  arises  from  the 
weight  of  materials  other  than  the  arch-stones  themselves ;  and 
that  outer  siu4kce  also  exerts  in  many  cases  a  horizontal  or  inclined 
thrust  against  the  spandi'Us  and  abubnervts.  The  abutments  sus- 
tain also  the  thrust  of  the  lowest  voussoirs,  vertical  or  inclined,  as 
the  case  may  be.  Sometimes  an  arch  springs  at  once  from  the 
^ound,  so  that  its  abutments  are  its  foundations. 

A  wall  standing  on  an  arch,  in  the  plane  of  the  arch-ring,  is 
called  a  spcmdril  wall.  The  arch  of  a  bridge  requires  a  pair  of 
external  spandril  walls,  one  over  each  face  of  the  arch ;  the  space 
between  them  is  filled  up  to  a  certain  level  with  solid  masoniy,  and 
above  that  level  it  is  sometimes  filled  with  earth  or  rubbish,  and 
sometimes  occupied  by  a  series  of  internal  spandril  walls  parallel  to 
the  external  spandril  walls,  and  having  vacant  spaces  between 
them — a  mode  of  construction  favoiH^ble  both  to  stability  and  to 
lightness.  In  order  to  form  a  continuous  platform  for  the  road- 
way, the  spaces  between  the  internal  spandril  walls  are  sometimes 
covered  with  flags  of  some  strong  stone  (such  as  slate),  and  some- 
times arched  over  with  small  transverse  arches.  The  external 
spandril  walls  are  the  abutments  of  those  arches,  and  must  have 
stability  sufficient  to  sustain  their  thrust :  when  the  spandrils  are 
filled  with  earth  or  rubbish,  the  external  spandril  walls  must  have 
stability  sufficient  to  withstand  the  pressure  of  the  filling  material 

In  determining  the  conditions  of  stability  of  an  arch,  it  is  con- 
venient to  consider  only  a  rib,  or  vertical  layer,  of  arch,  abutment, 
and  spandril,  of  the  thickness  unity  (e.  g,,  one  foot).  When  there 
are  spandril  walls  with  vacant  spaces  between,  an  ideal  specific 
gravity  is  to  be  adopted  for  the  material  of  the  spandrils,  found  by 
supposing  the  weight  of  the  material  of  the  spandril  walls  to  be 
uniformly  distributed,  so  as  to  fill  the  vacuities ;  that  is  to  say,  let 
w  be  the  weight  of  an  unit  of  volume  of  the  material  of  the  walls, 
2  •  T  the  sum  of  the  thicknesses  of  all  the  walls,  and  2  *  S  the  simi 
of  the  widths  of  the  spaces  between  them ;  then  in  computations 
respecting  the  stability  of  the  arch,  the  spandrils  may  be  supposed 
to  be  completely  filled  with  a  material  whose  weight  per  unit  of 
volume  is 

^  =  '^  •  W^2^- (!•) 

224.     liiae  of  Prennrcs   in   an    Arch;    Condition   of  Stability.-— > 

According  to  the  principles  explained  in  Articles  206  and  207*  if  Q^ 

s 
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straight  line  be  drawn  throngh  each  bed-joint  of  the  arch-ring 
representing  the  position  and  direction  of  the  resultant  of  the  pres- 
sure at  that  joint,  the  straight  lines  so  drawn  form  a  polygon,  and 
each  of  the  angles  of  that  polygon  is  situated  in  the  line  of  a^on 
of  the  resultant  external  force  acting  on  the  arch-stone,  which 
lies  between  the  pair  of  joints  to  which  the  contiguous  sides  of  the 
polygon  correspond ;  so  that  the  polygon  is  similar  to  a  poly- 
gonal frame,  loaded  at  its  angles  with  the  forces  which  act  on  the 
arch-stones  (their  own  weight  included).  A  curve  inscribed  in  that 
polygon,  so  as  to  touch  all  its  sides,  is  the  line  of  pressv/res  of  the 
arch.  The  smaller  and  the  more  numerous  the  arch-stones  into 
which  the  arch-ring  is  subdivided,  the  more  nearly  does  the  poly- 
gon coincide  with  the  curve ;  and  the  curve  or  line  of  pressures 
represents  an  ideal  linea/r  o/rch,  which  would  be  balanced  Tinder  the 
continuously-distributed  forces  which  act  on  the  real  arch  under 
consideration.  From  the  near  approach  of  this  linear  arch  to  the 
polygon  whose  sides  traverse  the  centres  of  resistance  of  the  bed- 
joints,  the  points  where  the  linear  arch  cuts  those  joints  may  be 
taken  without  sensible  error  for  the  centres  of  resistance. 

Now  in  order  that  the  stability  of  the  arch  may  be  secure,  it  is 
necessary  that  no  joint  should  tend  to  open  either  at  its  outer  or 
at  its  inner  edge ;  and  in  order  that  this  may  be  the  case,  the 
centre  of  resistance  of  each  joint  should  not  deviate  from  the  centre 
of  the  joint  by  more  than  one-sixth  of  the  depth  of  the  joint ;  that 
is  to  say,  the  centre  of  resistance  should  lie  within  the  middle  thi/rd 
of  the  depth  of  the  joint ;  whence  foUows  this 

Theorem.  The  stability  of  an  a/rch  is  secure,  if  a  Ivnear  cnrchy 
balanced  wader  the  forces  which  a^t  on  the  real  a/rchy  com  be  drawn 
toithin  the  middle  third  of  the  depth  of  the  arch-ring. 

It  has  already  been  stated  that  the  tenacity  of  fresh  mortar  is  not 
sufficiently  great  to  be  taken  into  accoTint  in  determining  the  stabi- 
lity of  masonry ;  and  hence,  where  cement  is  not  used,  all  horizon- 
tal or  oblique  conjugate  forces  which  maintain  the  equilibrium  of 
the  arch-ring  must  be  pressures,  acting  on  the  arch  from  without 
inwards.  The  linear  arch,  therefore,  is  limited  in  such  cases  to 
those  forms  which  are  balanced  under  pressv/res  from  toithoitt  alone; 
that  is  to  say,  that  the  intensity  of  the  horizontal  or  conjugate 
pressure,  denoted  hj  p^  in  Article  185,  equation  4,  must  not  at  any 
point  be  negative. 

It  is  true  that  arches  have  stood,  and  still  stand,  in  which  the 
centres  of  resistance  of  joints  faU  beyond  the  middle  third  of  the 
depth  of  the  arch-ring ;  but  the  stability  of  such  arches  is  either 
now  precarious,  or  must  have  been  precarious  while  the  mortar  was 
fresL 

When  tenacity  to  resist  horizontal  or  oblique  tension  is  given  to 
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the  spandrils  of  an  arch,  and  to  the  joints  between  them  and  the 
arch-stones,  by  means  of  cement,  hoop-iron  bond,  iron  cramps,  or 
otherwise,  the  conjugate  tension  denoted  by  —p^  must  not  at  any 
point  exceed  a  safe  proportion  of  that  tenacity;  that  is  to  say, 
about  one-eighth.  By  this  means  stability  may  be  given  to  arches 
of  seemingly  anomalous  figures;  but  such  structures  are  safe  on  a  ' 
small  scale  only. 

225.  Angle,  Joiiit,  and  Point  of  Rnptnrc. — The  first  step  towards 
determining  whether  a  proposed  arch  will  be  stable,  is  to  assmme  a 
linear  arch  parallel  to  the  intrados  or  soffit  of  the  proposed  arch, 
and  loaded  vertically  with  the  same  weight,  distributed  in  the 
same  manner.  The  size  of  this  assumed  linear  arch  is  a  matter  of 
indifference,  provided  each  point  in  it  is  considered  as  subjected  to 
the  same  forces  which  act  at  the  corresponding  joint  in  the  real 
nrch;  that  is,  the  joint  aJb  which  the  inclination  of  the  reed  arch  to 
the  horizon  is  the  same  with  that  of  the  a^ssumed  a/rch  a/t  the  given 
2:foint, 

The  assumed  arch  is  next  to  be  treated  as  a  stereostatic  arch, 
according  to  the  method  of  Article  185;  and  by  equation  4  of  that 
Article  is  to  be  determined,  either  a  general  expression  or  a  series 
of  values  of  the  intensity  p^  of  the  conjugate  pressure,  horizontal  or 
oblique,  as  the  case  may  be,  reqidred  to  keep  the  arch  in  equilibrio 
under  the  given  vertical  load.  If  that  pressure  is  nowhere  negative, 
a  CTirve  similar  to  the  assumed  arch,  drawn  through  the  middle  of 
the  arch-ring,  will  be  either  exactly  or  very  nearly  the  line  of  pres- 
sures of  the  proposed  arch ;  p^  will  represent,  either  exactly  or  very 
nearly,  the  intensity  of  the  lateral  pressure  which  the  real  arch, 
tending  to  spread  outwards  under  its  load,  will  exert  at  each  point 
against  its  spandril  and  abutments ;  and  the  thrust  along  the  linear 
arch  at  each  point  will  be  the  thrust  of  the  real  arch  at  the  corre- 
sponding joint. 

On  the  other  hand,  ifp^  has  some  negative  values  for  the  assumed 
linear  arch,  there  must  be  a  pair  of  points  in  that  arch  where  that 
quantity  changes  from  positive  to  negative,  and  is  equal  to  nothing. 
The  angle  of  inclination  i^  at  that  point,  called  the  angle  o/ruptv/re, 
is  to  be  determined  by  solving  equation  1  of  Article  187.  The 
corresponding  joints  in  the  real  arch  are  called  the  joints  of  rupture; 
and  it  is  below  those  joints  only  that  conjugate  pressure  from  with- 
out is  required  to  sustain  the  arch. 

In  fig.  107,  let  B  C  A  represent  one-half  of  a  symmetrical  arch, 
O  Y  a  horizontal  axis  of  co-ordinates  in  or  above  the  spandril, 
K  L  D  E  an  abutment,  and  C  the  joint  of  rupture,  found  by 
the  method  already  described.  The  point  of  rupture,  which  is  the 
centre  of  resistance  of  the  joint  of  rupture,  is  somewhere  within, 
the  middle  third  of  the  .depth  of  that  joint;  and  from.  i!aa^  "^ydSsi 
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down  to  the  springing  joint  B,  the  line  of  pressures  is  a  curve 
similar  to  the  assumed  linear  arch,  and  parallel  to  the  intrados, 

being  kept  in  equilibrio  by  the  lateral  pres- 

"  sure  between  the  arch  and  its  spandril  and 

abutment. 

From  the  joint  of  rupture  0  to  the  crown 

A,  the  fact  that  the  assumed  linear  arch  would 

require  lateral  tension  to  keep  it  in  equilibrio, 

shows  that  the  true  line  of  pressures  must  be 

a  flatter  curve  than  the  assumed  linear  arch; 

the  figure  of  the  true  line  of  pressures  being 

.determined  by  the  condition,  that  it  shall  be 

a  linear  arch  balanced  under  vertical  forces 

only;  that  is  to  say,  that  the  horizontal  com- 

*^'       '  ponent  of  the  thrust  along  it  at  each  point  is 

a  constant  quantity,  and  equal  to  the  horizontal  component  of 

the  thrust  along  the  arch  at  the  joint  of  rupture. 

That  horizontal  thrust,  denoted  by  BQ,?  is  found  by  means  of  equa- 
tion 2  of  Article  187,  and  is  the  horizontal  thrust  of  the  entire  ardbu 
[If  the  arch  is  distorted,  conjugate  thrust  is  to  be  read  instead  of 
" liorizorUal  thrust"  wherever  that  phrase  occurs.] 

The  only  point  in  the  line  of  pressures  above  the  joints  of  rup- 
ture which  it  is  important  to  determine,  is  that  which  is  at  the 
crown  of  the  arch.  A;  and  it  is  found  in  the  following  manner  : — 
Find  the  centre  of  gravity  of  the  load  between  the  joint  of  rup- 
ture C  and  the  crown  A  ;  and  draw  through  that  centre  of  gravity 
a  vertical  line. 

Then  if  it  be  possible,  from  one  point  in  that  vertical  line,  to 
draw  a  pair  of  lines,  one  parallel  to  a  tangent  to  the  soffit  at  the  joint 
of  rupture,  and  the  other  parallel  to  a  tangent  to  the  soffit  at  the 
crown,  so  that  the  former  of  those  lines  shall  cut  the  joint  of  rup- 
ture, and  the  latter  the  keystone,  in  a  pair  of  points  which  are  both 
within  the  middle  third  of  the  depth  of  the  arch-ring,  the  stability 
of  the  arch  will  be  secure  ;  and  if  the  first  point  be  the  point  of 
rupture,  the  second  will  be  the  centre  of  resisteince  at  the  crown  of 
the  arch,  and  the  crown  of  the  true  line  of  pressures. 

When  the  pair  of  points  related  as  above  do  -not  fall  at  opposite 
limits  of  the  middle  third  of  the  arch-ring,  their  exact  positions  are 
to  a  small  extent  uncertain ;  but  that  uncertainty  is  of  no  conse- 
quence in  practice.  Their  most  probable  positions  are  equi-distant 
from  the  middle  line  of  the  arch-ring. 

Should  the  pair  of  points  fall  beyond  the  middle  third  of  the 
arch-ring,  the  depth  of  the  arch-stones  must  be  increased. 

226.  Thnist  of  an  Arch  of  ixiasonry. — The  line  of  pressures,  or 
equivalent  linear  arch,  of  an  arch  of  masonry,  with  its  point  of  rup- 
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ture  and  total  thrust,  having  been  determined  by  the  methods 
described  in  the  two  preceding  Articles,  the  distribution  of  that 
thrust,  and  the  line  of  action  of  its  resultant,  are  to  be  found  by 
the  methods  of  Article  187. 

227.  Abutments  of  Arches. — The  abutment  of  an  arch,  when  it 
is  not  simply  a  foundation,  is  a  buttress,  or  a  wall  with  or  without 
counterforts,  which  is  bounded,  or  may  be  considered  as  bounded 
hj  a  vertical  face  L  D  (fig.  107)  towards  the  arch. 

Two  external  forces  are  applied  to  the  abutment  of  an  arch 
besides  its  own  weight,  viz.,  the  vertical  load  of  the  half-arch,  P, 
whose  resultant  acts  through  B,  the  centre  of  resistance  of  the 
springing  joint,  and  the  thrust  H,  found  in  amoimt  and  position  by 
methods  already  referred  to,  which  acts  through  B  also  fi*  the  angle 
of  rupture  is  equal  to  or  greater  than  the  inclination  of  the  arch  at 
B ;  and  which,  if  there  is  either  no  joint  of  rupture,  or  a  joint  of 
rupture  above  B,  is  distributed  between  B  and  A,  or  B  and  C,  as 
the  case  may  be.  The  resultant  of  the  vertical  load  and  conjugate 
thrust  being  taken  as  the  entire  pressure  applied  to  the  abutment, 
its  conditions  of  stability  and  requisite  dimensions  are  to  be  found 
by  the  methods  described  in  Articles  213,  214,  and  222. 

For  the  abutment  of  an  arch,  as  for  the  arch-ring,  the  centre  of 
resistance  should  faU  within  the  middle  third  of  the  base,  so  that 
the  proper  value  of  q  is  one-sixth. 

If  the  figure  of  an  arch  be  transformed  by  parallel  projection,  the 
proper  figures  for  the  abutments  of  the  new  arch  are  the  corre- 
sponding parallel  projections  of  the  original  abutments. 

228.  Skew  Arches  are  of  figures  derived  from  those  of  symmetri- 
cal arches  by  distortion  in  a 

horizontal  plane.     The  eleva-  n Z^    n 

tion  of  the  face  of  a  skew  arch, 
and  every  vertical  section  par- 
allel to  its  face,  being  similar 
to  the  corresponding  elevation 
and  vertical  section  of  a  sym- 
metrical arch,  the  forces  which 
act  in  a  vertical  layer  or  rib 
of  a  skew  arch  with  its  abut- 
ments, are  the  same  with  those 
which  act  in  an  equally  thick 
vei-tical  layer  of  a  symmetrical 
arch  with  its  abutments,  of  the 
same  dimensions  and  figure,  and 
similarly  and  equally  loaded. 


Fig.  108. 
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Fig.  108  represents  a  plan  of  a  skew  arch,  with  counterforted 
abutments.    The  angle  of  skew,  or  obliquity,  is  the  angja  N^Vi\a\i\5s\ft 
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axis  of  the  archway,  A  A,  makiss  with  a  perpendicular  to  the  fiua 
of  the  arch,  B  0  A  B.  The  span  of  the  archway,  "ontka  sjuan,' 
as  it  is  called  (that  is,  the  perpeadicular  diatance  between  the  a1>iit> 
incuts),  is  less  tkan  tlio  span  on  the  skew,  or  parallel  to  the  &ee  cf 
the  arch,  in  the  ratio  of  the  cosine  of  the  obliquity  to  imity.  It 
is  the  span  on  tiie  akeio  which  is  equal  to  that  of  the  corresp(Hidiii| 
symmetrical  arch. 

The  best  position  for  the  bed-joints  of  the  arch-stones  ia  perpen- 
dicnlar  to  the  thrust  along  the  arch.  If,  therefore,  there  be  drawn 
on  the  sofBt  of  a  skew  arch,  a  scries  of  parallel  curves,  xoade  by  tba 
intersections  of  the  soCGt  with  vertical  planes  ])arallcl  to  the  &ce 
of  the  nrch,  the  best  forms  for  the  bed-joints  will  be  a  seriee  of 
curves  diawn  on  the  soffit  of  the  arch  so  as  to  cut  the  whole  of  tbe 
former  series  of  curves  at  right  angles,  such  as  0  0  in  figs,  1 08  and 
109.  Joints  of  the  best  fonn  being  difficult  to  execute,  sptial 
joints  are  used  in  practice  as  an  approximation. 

229    GroiHcd  t>b1u. — ^A  groined  vault,  represented  in  plan, 
looking  upwards,  by  fig  110,  is  formed  by  the  intersection  of  two 
archwajs.     Tht,  nbs  at  the  edges  where 
the  soffits  of  the  archways  intersect  and 
•   interrupt  each    other,   are    called    tJie 
groins       The  portions    of  the  archea 
which  form  the  groined  vault,  properly 
speaking,  abut  against  the  groins ;  tie 
groins  themselves,  and  the  four  inde- 
pendent portions  of  the  archways,  abut 
against  four  buttrc->ae3  at  the  comers 
ot  the  ^ault     The  crovm  of  the  vault  is 
'   the  poiut  when,  the  groins  meet. 

The  hue  marked  B  is  the  length  from 
Fig  110.  *•'•!  crown  to  the  (aci.  of  one  of  the  arch- 

ways, and  B  is  the  breadth  of  the  por- 
tion of  one  of  the  buttresses  against  whicli  that  archway  abutt^ 
■whether  directly  or  through  the  grom.  The  thrust  due  to  the 
length  of  archway  B  is  concentrated  upon  the  breadth  of  abut- 
ment B ,  its  intensity  is  therefore  moreaaed  m  the  ratio  ^  ;  and 
if  t  be  the  thieknesa  which  an  abutment  requires  to  withstand  the 
tlirust  of  the  plain  aichway,  the  thickness  D  le-quired  for  the  but- 
tress, in  a  direction  ptrpendicnlar  to  B,  will  be 
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At  the  left-hand  side  of  the  figure,  the  buttresses  are  comjmund 
and  rectangular  — *t  the  nght-hand  side,  a  amglo  diagonal  butti-eM 
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is  opposed  to  the  thrust  of  each  groin,  and  to  the  combined  thrusts 
of  the  two  archways  which  abut  against  it.  The  breadth  of  the  dia- 
gonal buttress  being  the  resultaM  of  the  breadths  of  the  compound 
buttresses,  its  thickness  is  simply  equal  to  theirs. 

230.  Clustered  Arches  are  arched  ribs,  of  which 
several  spring  from  one  buttress,  as  is  shown  in  plan 
in  fig.  IIL  The  thrust  against  the  buttress  is  the 
resultant  of  the  thrusts  of  the  ribs;  the  vertical 
pressure  is  the  sum  of  their  loads. 

231.  Piers  of  Arches. — A  pier  is  a  pillar  against 
which  two  or  more  arches  abut,  in  such  a  manner  *^'  * 
that  their  horizontal  thrusts  balance  each  other,  so  that  the  pier 
has  only  to  sustain  the  vertical  pressure  of  the  half-arches  which 
rest  on  it.  The  piers  of  a  bridge  or  viaduct  are  usually  oblong 
walls,  of  a  length  equal  to  that  of  the  soffits  of  the  arches,  two  of 
which  spring  from  the  opposite  sides  of  each  pier.  It  is  customary 
to  make  the  thickness  of  a  pier,  at  the  springing  of  the  arches,  from 
one-sixth  to  one-ninth  of  the  span  of  the  arches  which  it  sustains. 
Mr.  Hosking,  in  his  Treatise  on  Bridges,  has  pointed  out,  that  this 
thickness  is  usually  greater  than  is  necessary ;  and  that  there  is  in 
general  no  reason  that  the  thickness  of  the  pier  should  be  more  than 
is  just  sufficient  to  support  the  rings  of  arch-stones  that  spring  from  it. 

If  one  of  two  arches  which  abut  against  the  same  pier  falls,  the 
other  arch,  having  its  thrust  unbalanced,  usually  overthrows  the 
pier,  and  consequently  falls  also ;  so  that  if  a  viaduct  consists  of  a 
series  of  arches  with  piers  between,  the  fall  of  a  single  arch  causes 
the  destruction  of  the  whole  viaduct.  To  lessen  the  damage  caused 
by  accidents  of  this  kind,  it  is  customary  in  long  viaducts,  to 
introduce  at  intervals  what  are  called  ahidment  piers,  which  have 
stability  sufficient  to  resist  the  thrust  of  a  single  arch;  so  that 
when  an  arch  falls,  the  destruction  is  limited  to  the  division  of  the 
viaduct  between  the  two  nearest  abutment  piers. 

In  some  important  bridges  over  large  rivers,  where  it  has  been 
considered  advisable  to  spare  no  expense  in  order  to  render  the 
structure  durable,  each  pier  is  an  abutment  pier. 

232.    Open  and  Hollofr  Piers  and  Abutments. — In  SOme  cases  the 

piers  and  abutments  of  bridges,  in  order  to  save  materials,  and  to 
diminish  the  pressure  on  the  foundations,  are  made  with  arched 
openings  through  them,  or  with  rectangular  hollows  in  their  in- 
terior. The  bottoms  of  such  openings  or  hollows  should  be  closed, 
when  they  are  small  by  courses  of  large  stones,  and  when  they  are 
large  by  inverted  arches,  in  order  that  the  area  of  the  foundation, 
over  which  the  pressure  is  distributed,  may  be  as  large  as  if  the 
building  were  solid. 

The  moment  of  stability  of  an  abutment,  with  arched  oi^e;xdsY^ 
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through  it,  or  hollows  in  its  interior,  is  less  than  tliat  of  a  solid 
abutment  of  the  same  external  dimensions,  very  nearly  in  the  same 
ratio  in  which  the  moment  of  inertia  of  the  horizontal  section  of  the 
abutment  is  diminished  by  means  of  the  vacuities.  (See  Article  95.) 
233.  TuDiieU. — If  the  depth  of  a  tunnel  beneath  the  surface  of 
the  ground  is  great  compared  with  the  height  of  its  archway,  the 
proper  form  for  the  line  of  pressures,  which  must  lie  within  the 
middle  thu*d  of  the  thickness  of  its  arch,  is  the  elliptic  linear  arch 
of  Article  180,  in  which  the  ratio  of  the  horizontal  to  the  vertipal 
semi-axis  is  the  square  root  of  the  ratio  of  the  horizontal  to  the 
vertical  pressure  of  the  earth,  as  already  shown  in  Article  180, 
equation  5,  and  Article  197,  equation  3;  that  is  to  say, 

horizontal  semi-axis  __     /p^ /  /I  —  sin  ^  ^ 

vertical  semi-axis    "~     ""    y/  p^  ~~   \/    \1  +  sin  ^)  '"'^  '' 

^  being  the  angle  of  repose. 

If  the  earth  is  firm,  and  little  liable  to  be  disturbed,  the  propor- 
tion of  the  half-span,  or  horizontal  semi-axis,  to  the  rise  or  vertical 
semi-axis,  may  be  made  greater  than  is  given  by  the  preceding 
equation,  and  the  earth  will  still  resist  the  additional  horizontal 
thrust;  but  that  proportion  should  never  be  made  less  than  the 
value  given  by  the  equation,  or  the  sides  of  the  tunnel  will  be  in 
danger  of  being  forced  inwards. 

In  a  drainage  tunnel,  the  entire  ellipse  may  be  used  as  the  figure 
of  the  arch  ;  but  in  a  railway  tunnel,  where  it  is  necessary  to  have  a 
flat  floor,  the  sides  and  roof  of  the  tunnel  comprise  in  height  the 
upper  two-thirds,  or  three-fourths,  of  the  ellipse,  which  is  closed 
below  by  a  circular  segmental  inverted  arch  of  a  slight  curvature, 
its  depression  being  one-eighth  of  its  span,  or  thereabouts.  By  this 
mode  of  construction,  the  vertical  pressure  of  the  sides  of  the 
tunnel  is  concentrated  upon  foundation  courses  directly  below 
them,  from  which  they  spring.  The  ratio  which  the  entire  width 
of  the  tunnel,  measured  outside  the  masonry  or  brickwork,  bears  to 
the  joint  width  of  that  pair  of  foundations,  must  not  exceed  the 
limit  of  the  ratio  of  the  weight  of  a  building  to  the  weight  of  earth 
displaced  by  it,  as  given  by  Article  199,  equation  3.  The  inverted 
arch  serves  to  prevent  the  foundations  of  the  sides  of  the  tunnel 
from  being  forced  inwards  by  the  horizontal  pressure  of  the  earth. 

The  exact  form  for  the  line  of  pressures  in  the  sides  and  roof 
of  a  tunnel  is  the  geostatic  arch  of  Article  184.  This  principle 
requires  attention  when  the  roof  of  the  tunnel  is  near  the  surface. 
Let  Xq  be  the  depth  of  the  crown  of  the  tunnel,  and  a;,  that  of  its 
greatest  horizontal  diameter,  beneath  the  surface.  From  those 
ordinates  as  data,  design  a  hydrostatic  archj  either  by  the  ex2U3t 
method  of  Ai^ticle  183,  or  by  the  approximate  method  of  Ai-ticle 
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Fig.  112. 


188 ;  contract  the  horizontal  co-ordinates  of  that  arch  in  the  ratio 
c=  \/  —  ,  and  the  result  will  be  the  geostatic  arch  required. 

234.  Domes. — A  true  dome  is  a  shell  of  masonry  or  brickwork, 
of  the  figure  of  a  solid  of  revolution  with  a  vertical  axis ;  that  is, 
it  is  spherical,  spheroidal,  conoidal,  or  conical,*  and  is  circular  in 
plan.  Its  tendency  to  spread  at  its  base  is  resisted  by  the  stability 
of  a  cylindrical  wall,  or  of  a  series  of  buttresses  surrounding  the 
base  of  the  dome,  or  by  the  tenacity  of  a  metal  hoop  encircling  the 
base  of  the  dome. 

The  conditions  of  stability  of  a 
dome  are  ascertained  in  the  fol- 
lowing manner: — Let  ^^,  112 
represent  a  vertical  section  of  a 
dome,  springing  from  a  cylindrical 
wall  B  B.  The  shell  of  the  dome 
is  supposed  to  be  thin  as  compared 
with  its  external  and  internal  di- 
mensions. Let  the  centre  of  the 
crown  of  the  dome,  O,  be  taken  as 
origin  of  co-ordinates ;  let  x  be  the  depth  of  any  circular  joint 
in  the  shell,  such  as  C  C,  below  O,  and  y  the  radius  of  that  joint. 
Let  i  be  the  angle  of  inclination  of  the  shell  at  C  to  the  horizon, 
and  d  8  the  length  of  an  elementary  arc  of  the  vertical  section  of 
the  dome,  such  as  C  D,  whose  vertical  height  is  c?  aj,  and  the  differ- 
ence of  its  lower  and  upper  radii  dy  :  so  that 

dy         .      .    ds 

-— -  =  cotan  i:  — —  =  cosec  i, 

dx  dx 

Let  P,  be  the  weight  of  the  part  of  the  dome  above  the  circular  joint 
C  C.  Then  the  total  thrust,  in  the  direction  of  a  set  of  tangents  to 
the  dome,  radiating  obliquely  downwards  all  round  the  joint  C  0,  is 

F,  •  -7—  =  P,  •  cosec i: 
dx  ' 

and  the  total  horizontal  component  of  that  radiating  thrust  is 

P-  •  -~-  =  P,  •  cotan  iL 
ax 

Let  j9y  denote  the  intensity  of  that  horizontal  radiating  thrust,  per 
unit  of  periphery  of  the  joint  C  C  ;  then  because  the  periphery  of 
that  joint  is  2  ^  y  (  =  6*2832  y),  we  have 

P,  cotan  { 
^'=-277- (^-i 
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.  It  has  been  shown  in  Article  179,  that  if  there  be  an  inward 
radiating  pressure  upon  a  ring,  of  a  given  intensity  per  unit  of  arc, 
there  is  a  thrust  exerted  all  round  that  ring,  whose  amount  is  the 
product  of  that  intensity  into  the  radius  of  the  ring.  The  same 
proposition  is  true,  substituting  an  outward  for  an  inward  radiating 
pressure,  and  a  tension  all  round  the  ring  for  a  thrust.  If,  there- 
fore, the  horizontal  radiating  pressure  of  the  dome  at  the  joint 
C  C  be  resisted  by  the  tenacity  of  a  hoop,  the  tension  at  each  point 
of  that  hoop,  being  denoted  by  P,,  is  given  by  the  equation 

P^  cotan  i  .^. 

Now  conceive  the  hooj)  to  be  removed  to  the  circular  joint  D  D, 
distant  by  the  arc  c?  s  from  C  C,  and  let  its  tension  in  this  new 
position  be 

The  difference,  d  P^,  when  the  tension  of  the  hoop  at  C  C  is  the 
greater,  represents  a  thrust  which  must  be  exerted  all  round  the 
ring  of  brickwork  C  C  D  D,  and  whose  intensity  per  vmt  of  length 
o/SiecMTC  CD  is 

^•=  S  =  T^-  ^(J"-""*^*") (3-) 

Every  ring  ofhrichworJc  for  which  p^  is  either  nothi/ngy  or  positive^ 
is  stable,  independently  of  the  tenacity  of  cement ;  for  in  each  such 
ring  there  is  no  tension  in  any  direction. 

When  p,  becomes  negative,  that  is,  when  P,,  has  passed  its  maxi- 
mum, and  begins  to  diminish,  there  is  tension  horizontally  round 
each  ring  of  brickwork,  which,  in  order  to  secure  the  stability  of 
the  dome,  must  be  resisted  by  the  tenacity  of  cement,  or  of  external 
hoops,  or  by  the  resistance  of  abutments. 

Such  is  the  condition  of  stability  of  a  dome.  The  inclination  to 
the  horizon  of  the  surface  of  the  dome  at  the  joint  where  p^  =  0, 
and  below  which  that  quantity  becomes  negative,  is  the  a/ngle  of 
ruptwre  of  the  dome ;  and  the  horizontal  component  of  its  thrust 
at  that  joint,  is  its  total  horizontal  thrust  against  the  abutment^ 
hoop,  or  hoops,  by  which  it  is  prevented  from  spreading. 

A  dome  may  have  a  circular  opening  in  its  crown.  Oval  arched 
openings  may  also  be  made  at  lower  points,  provided  at  such  points 
there  is  no  tension  j  and  the  ratio  of  the  horizontal  to  the  inclined 
axis  of  any  such  opening  should  be  fixed  by  the  equation 


horiz.  axis 


inclined  axis 


L=c=a/-^^. (4) 

IS  V    2?,  sec  1  ^   ' 


DOMES^   SPHERICAL  AND  CONICAL. 


26; 


Ecfcample  L  Spherical  Dome. — Uniform  thickness,-^;  weight  of 
material  per  unit  of  volmne,  w ;  radius,  r, 

x  =  r{l  —cost);  y  =  rsini;  ds  =  rdi, 

P,  =  2  V  w  1 7^  (I  —cos  i) ; 

wtT^  cos  isiai 
1  +  cos  i       ' 


wtr  cos  i 


^»'  ""  1  +  cos  i'^''^ 


d  P,,  cos'  i  +  cos  I  —  1 

^       rd%  1  +  cos  * 

Tlie  angle  of  rupture,  for  whicli  |?,  =  0,  is 

to  =  axe -cos  N/^  =  5r49'j, 


.(5.) 


.(6.) 


and  from  this  angle  we  obtain,  for  the  horizontal  thrust  of  the 
dome,  per  unit  of  periphery  at  the  joint  of  rupture. 


(7.) 


1?^  =  0-382  W7^r; 
and  for  the  tension  on  a  hoop  to  resist  that  thrust, 

Py  =  0-3«;«r». 

Example  II.  Truncated  Conical  Dome  (^g.  113). — Apex,  O. 
Depth  of  top  of  dome  below  apex,  x^ ;  of  base  of  dome,  x^ ;  i,  \mi- 
form  inclination ;  t,  uniform  thickness ;  y  =  a  cotan  i^ 

Then  at  the  base  of  the  dome. 


^•=^^^'^!(^'-^5)r 


w  t  cos  i  /        ajo\ 

'        2  snr  ^   ^  ^ 

p,  =  wt(Ci'  cotan'  i. 


...(8.) 


Fig.  113. 


p^  being  everywhere  positive,  there  is  in  this  dome  no  joint  of 
rupture. 

Example  III.    Truncated  Conical  Dome,  supporting  07i  its  summit 
a  turret  or  "  lantern"  of  tlie  weiglU  L. 
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sin'  1  ^ 


w  t  cos  i  (       a;5\    y_     I^ 


2*  a?/         [.  (9.) 

__  ^?  <  cos'  i  ,   I^  cotan  ^  . 

'"   2siiiS    ^^^"^•^^^       2«-      ' 

p^  =  wtxi'  cotan^  i. 

235.  Strength  of  Abntments  and  Vaults. — The  dimensions  required 
in  an  abutment,  arch,  or  dome,  to  insure  stability,  are  in  most 
cases  sufficient  to  insure  strength  also  ;  but  instances  occur,  in 
which  the  condition  of  sufficient  strength  requires  to  be  indepen- 
dently considered,  and  it  may  be  convenient  here  so  far  to  antici- 
pate the  subject  of  strength  as  to  state  that  condition,  viz.,  that  the 
intensity  of  the  thrust  in  the  materials  shall  at  no  point  exceed  a 
certain  limit,  found  by  dividing  the  resistance  of  the  material  to 
crushing  by  a  number  called  the  factor  of  safety.  The  factor  of 
safety  in  existing  bridges  ranges  from  3  or  4  to  50  and  upwards. 
In  tunnels  it  is  about  4.  Tredgold  considers,  that  in  bridges  the 
best  value  for  the  factor  of  safety  is  about  8  {Treatise  on  Masonry), 
The  resistance  of  some  of  the  most  important  materials  of  masonry 
to  crushing  is  stated  in  a  table  at  the  end  of  this  volume ;  but  a 
prudent  engineer,  who  contemplates  a  great  work  in  masonry,  will 
not  trust  to  tables  alone,  but  will  ascertain  the  strength  of  the 
materials  at  his  command  by  direct  experiment. 

235  A.    Transformation  of  Structures  in  nTasonrj. — ^The  principle 

already  stated  in  Article  126,  that  to  determine  the  intensity  of  a 
force  in  a  transformed  structure,  the  projected  line  representing  the 
amovM  of  the  force  must  be  divided  by  the  projected  a/rea  over 
which  it  is  distributed,  requires  special  attention  in  considering  the 
strength  of  transformed  structures  of  masonry. 

To  exemplify  the  application  of  that  principle,  conceive  a  rec- 
tangular prism  whose  dimensiong  are  a,  y,  Zy  x  being  vertical :  its 
volume  \sY  ^=xyz.  Let  w  be  the  weight  of  unity  of  volume  of 
the  material  of  which  it  is  composed ;  and  let  the  weight  of  the 
prism  be  represented  by  a  line  parallel  to  a;,  of  the  length  "W;  then 

W  =  wxyz, (1.) 

The  ojnount  of  an  upward  vertical  pressure  on  the  base  of  this 
prism,  which  balances  W,  will  be  represented  by  a  line  equal  and 
opposite  to  "W  :  that  is 

P  =  -W; (2.) 


* 
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and  the  intensity  of  that  pressure  will  be 

p  =  —  =  —wx (3.) 

"       yz  ^    ^ 

"Now  let  there  be  a  parallel  projection  of  this  prism,  whose  dimen- 
sions, x'  =  ax,  y  =  by,  z  =  cz,  are  oblique  to  each  other.  The 
weight  of  the  new  prism  will  be  represented  by  a  line  parallel  to  a/, 
of  the  length 

W  =  aW (4.) 

Let 

C  =  1  —  cos-  y'  z*  —  cos^  z'  x'  —  cos-  a/i/ 

«          A,           A             A  , 
+  2  cos  y  z  '  cosz  x"  *  cosx' y (5.) 

Then  the  volume  of  the  new  prism  is 

V  =  a'2/V  ^"0"=  Y-abc  J'O', (6.) 

consequently  the  intensity  of  its  weight  is 

"V'      ahcJC'Y      he  JO  ^'^ 

The  area  of  the  lower  surface  of  the  new  prism  is 

y^  i^  '  sin  y'  s!  =  y  z  'h  csm  y  «';.... .(8.) 

The  a/mount  of  the  stress  on  that  area  is 

-  W  =  F=  aP  =  apyz (9.) 

being  represented  by  a  line  P,  which  is  the  projection  of  P,  and 
parallel  to  a/. 

The  intensity  of  this  new  stress  is 

P'=  ^  =  "^    A    (10.) 

1/  sf  '  smy  s!      h  c  '  m^.'i/  i^ 

and  if  we  consider  the  relation  between  stress  and  weight, 

F  =  -  W, 

that  is, 

p'  2/  ^  sin  /«'  =  -  w;'  aV  ^  n/C. (11.) 

we  find 

p  =     :    A— (12.) 

sm  y  z 
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CHAPTER  m. 

STBENOTH  AND  STIFFNESS. 

Section  1. — Swmma/ry  of  the  Theory  of  Elasticity  cls  applied  to 

Strength  and  Stiffiveae,  ^ 

236.  The  Theory  of  Elasticity  relates  to  the  laws  whicli  conneGt 
the  stressed,  or  pressures  and  tensions,  which  act  at  the  surfiax^  and 
in  the  interior  of  a  body,  with  the  alterations  of  dimensions  and 
figure  which  the  body  and  its  parts  simultaneously  undergo.  That 
theory,  therefore,  is  the  foundation  of  the  principles  of  the  strength 
and  stijB&iess  of  materials  of  construction.  The  theory  of  elasticity 
has  many  other  applications, — ^to  crystallography,  to  light,  to  sound, 
to  heat,  and  to  other  branches  of  physics.  Its  full  discussion  would 
of  itself  require  a  voluminous  work;  in  the  present  section,  its 
principles  are  to  be  briefly  summed  in  so  feir  as  they  are  appli- 
cable to  the  strength  and  stifi&iess  of  structures. 

237.  EiaMtcitf  is  the  property  which  bodies  possess  of  occupying, 
and  tending  to  occupy,  portions  of  space  of  determinate  volume  and 
figure,  at  given  pressures  and  temperatures,  and  which,  in  a  homo- 
geneous body,  manifests  itself  equally  in  every  part  of  appreciable 
magnitude. 

238.  An  EhMtic  Force  is  a  force  exerted  between  two  bodies  at 
their  surface  of  contact,  or  between  two  parts  into  which  a  body 
either  is  divided  or  is  capable  of  being  (Hvided  at  the  sur&.ce  of 
actual  or  ideal  separation  between  those  parts.  The  intensity  of  an 
elastic  force  is  stated  in  v/mte  of  weight  per  wait  of  a/rea  of  the 
surface  at  which  it  acts.  That  kind  of  force  is  in  fact  identical 
with  stress,  the  statical  laws  of  which  have  already  been  explained 
in  Part  I.,  Chapter  V.,  Sections  2,  3,  and  4,  Articles  86  to  126. 

239.  Fluid  EiasticitF. — ^The  elasticity  of  a  perfect  Jhiid  is  such 
that  its  parts  resist  change  of  volume  only,  and  not  change  of 
figure ;  whence  it  follows,  that  the  pressure  exerted  by  a  perfectiy 
fluid  mass  is  wholly  perpendicular  to  its  surfexje  at  every  point : 
principles  which  form  the  basis  of  hydrostatics  and  hydrodynamics. 
Fluids  are  either  gaseous  or  liquid.     A  gaseous  flvifid  is  one  whose 

arts  (so  &x  as  is  known  by  experiment)  exert  a  piressure  against* 
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each  other  and  against  the  vessel  containing  them,  how  great  soever 
the  volume  to  which  they  are  expanded.  See  Arts.  110,  and  117 
to  124. 

240.  liiqnid  Eiasacitf. — The  elasticity  of  a  perfect  liquid  resists 
change  of  volume  only,  and  differs  from  that  of  a  gaseous  fluid 
chiefly  in  this  :  that  the  greatest  variations  of  the  pressure  which 
it  is  possible  to  apply  to  a  Hquid  mass  produce  very  small  variations 
of  its  volume. 

The  compression  undergone  by  a  liquid  mass  in  consequence  of 
the  application  of  a  given  pressure  over  its  surface,  is  measured  by 
the  ratio  of  the  diminution  of  volume  produced  by  the  given  pres- 
sure to  the  entire  volume  of  the  mass  :  a  ratio  which  is  always  a 
very  small  fraction.  The  compressibility  of  a  given  liquid  is  the 
compression  produced  by  a  unit  of  elastic  pressure ;  in  other  words, 
the  ratio  of  a  compression  to  the  pressure  producing  it.  The 
rrwdvlus  or  co-efficient  of  daslA/:ity  of  a  liquid  is  the  ratio  of  a  pressure 
applied  to  and  exerted  by  the  liquid,  to  the  accompanying  compres- 
sion, and  is  therefore  the  reciprocal  of  the  compressibility.  The 
following  empirical  formula  for  the  compressibility  of  pure  water 
at  any  temperature  between  32°  and  128°  Fahrenheit  has  been 
deduced  from  the  experiments  of  M.  Grassi  ((Jomptes  Rendus,  XIX,; 
Philos,  Mag,,  Jiine,  1851). — Compressibility  per  AtTnosphere, 

1 

"40(T  +  46r)-D* 

T,  temperature  in  degrees  of  Fahrenheit.  D,  density  of  water  at 
that  temperature  under  one  atmosphere,  the  maximum  density  of 
water  under  the  pressure  of  one  atmosphere  being  taken  as  unity. 
See  Art.  123,  equation  5.  At  the  temperature  of  maximum  densi^, 
39*1  Fah.,  the  compressibility  of  water  per  atmosphere  is  0*00005, 
and  its  modulus  of  elasticity,  20,000  atmospheres,  or  294,000  lbs. 
per  sqxiare  inch. 

CompressihUities  of  some  Liquids,  per  Atmosphere,  from 

M,  Grass€s  experiments. 

Saturated  aqueous  solution  of  nitrate  of  potash, 0*0000306565 

Saturated  aqueous  solution  of  carbonate  of  potash,.... 0*0000303 2 94 

Artificial  sea  water, 0*0000445029 

Saturated  aqueous  solution  of  chloride  of  calcium,.... 0*0000 209830 

-^ther, 0*00011x37  to  0*00013073 

Alcohol, 0*00008245  to  0*00008587 

The  compressibility  of  aether  and  alcohol  increases  with  the  pressure. 

241.  Rigidity  or  StiiEkieas. — A  solid  body,  besides  resisting  change 
of  volume  like  a  liquid,  possesses  also  rigidity^  or  tiaa  "^xo^e^^  ^V 
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Tosisting  change  of  figura  As  in  the  case  of  liquids,  the  utmost 
alteration  of  volume  of  which  a  solid  body  is  capable  by  any  pressure 
which  can  be  applied  to  it,  is  always  a  very  small  fraction  of  its 
entire  volume.  The  stresses  at  the  surface  of  a  solid  body  or  particle 
are  not  necessarily  normal,  but  may  have  any  direction,  from  normal 
to  tangentiaL 

242.  Strain  and  Fracture. — In  popular  language  the  words  strain 
and  stress  are  applied  indifferently  to  denote  either  the  system  of 
forces  at  the  surface  of  a  solid  body  whereby  its  volume  and  figure 
are  altered,  or  the  alteration  of  volume  and  figure  of  the  body  and 
its  parts  thereby  produced.  For  the  sake  of  clearness  in  scientific 
language,  certain  authora  liave  recently  endeavoured  to  appropriate 
the  word  strain  to  the  alterations,  of  what  nature  soever,  in  the 
volume  and  figure  of  a  solid  body  and  of  its  parts,  produced  by 
forces  applied  to  it,  and  the  word  stress  as  formerly  defined.  This 
nomenclature  will  be  used  in  the  present  treatise.  Frac^wre  of  a 
solid  occurs  when  a  strain  is  carried  so  far  as  to  cause  actual  division 
of  the  solid  into  parts.  The  strains  and  fractures  to  which  a  solid, 
considered  as  a  whole,  is  subject,  may  be  classified  according  to  the 
following  table.  To  each  kind  of  strain  there  corresponds  a  kind 
of  stress ;  being  the  external  force  which  produces  that  strain,  and 
the  equal  and  opposite  force  wherewith  the  solid  resists  that  strain : — 

Strain.  Fracture. 

J       •+  rl'     1         f  Extension     Tearing. 

Xjongi  uoma |  Compression Crushing  and  Cleaving. 

C  Distortion    Shearing. 

Transverse <  Torsion         Wrenching. 

(  Bending        Breaking  across. 

243.  Perfect  and  Imperfect  Elastlcitf.    PlasticUjr. — ^A  body  is  Said 

to  be  perfectly  elastic,  which,  if  strained  at  a  constant  temperature 
by  the  application  of  a  stress,  recovers  its  original  volume,  or  volume 
and  figure,  when  such  stress  is  withdrawn.  Deviations  from  this 
property  constitute  imperfect  elasticity.  Gases,  and  liquids  perfectly 
free  from  viscosity,  are  perfectly  elastic. 

The  elasticity  of  every  solid  is  sensibly  perfect  when  the  strain 
does  not  exceed  a  certain  limit.  This  has  been  proved  to  be  the 
case  even  for  solids  so  plastic  as  moistened  clay.  For  every  solid 
there  are  limits,  which  if  a  strain  exceed,  set,  or  permanent  altera- 
tion of  volume  or  figure,  is  produced ,  and  such  limits  of  elasticity 
are  less,  and  often  considerably  less,  than  the  strains  required  to 
produce  fracture.  It  has  been  proved  by  Mr.  Hodgkinson  that 
these  limits  depend  on  the  duration  of  the  strain,  being  less  for  a 
long-continued  stmin  than  for  a  brief  strain.    The  elasticity  ofvolwnm 
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in  solids  is  in  general  much  more  nearly  perfect  than  the  elaaticity 
of  figure.  It  is  true  that  the  density  of  many  metals  is  perma- 
nently increased  by  hammering,  rolling,  and  wiredrawing,  and  that 
of  some  other  materials  by  intense  pressure  (Fairbaim ;  Report  of 
the  British  Association,  1854) ;  but  the  stresses  which  operate 
during  these  processes  are  very  great.  A  body  which  is  capable  of 
undergoing  great  alterations  of  figure,  and  whose  elasticity  of  figure 
is  very  imperfect,  is  a  plastic  soUd.  The  gradations  are  insensible 
between  plastic  solids  and  viscous  liquids,  in  which  there  is  a  resist- 
ance to  change  of  figure,  but  no  tendency  to  recover  any  particulai 
figure. 

Hise  of  temperatn/re,  so  far  as  we  yet  know,  increases  elasticity  of 
volume  in  all  substances,  and  at  the  same  time  diminishes  the 
amount  and  the  perfection  of  elasticity  of  figure,  so  as  to  make 
solids  more  plastic  and  liquids  less  viscous. 

244.  The  intimate  Strength  of  a  solid  is  the  stress  required  to 
produce  fracture  in  some  specified  way.  The  Proof  Strength  is  the 
stress  required  to  produce  the  greatest  strain  of  a  specific  kind 
consistent  with  safety;  that  is,  with  the  retention  of  the  strength 
of  the  material  imimpaired.  A  stress  exceeding  the  proof  strength 
of  the  material,  although  it  may  not  produce  instant  fracture,  pro- 
duces fracture  eventually  by  long-continued  application  and  fre- 
quent repetition.  Strength,  whether  tdtimate  or  proof,  is  the 
product  of  two  quantities,  which  may  be  called  Tonghnem  and 
i*»tiirncsii.  Toughness,  ultimate  or  proof,  is  here  used  to  denote  the 
greatest  strain  which  the  body  will  bear  without  fracture  or  with- 
out injury,  as  the  case  may  be  :  stiffness,  which  might  also  be  called 
hardness,  is  used  to  denote  the  ratio  borne  to  that  strain  by  the 
stress  required  to  produce  it, — being,  in  fact,  a  modulus  of  elasticity 
of  some  specified  kind.  MaUeahle  and  ductile  solids  have  ultimate 
toughness  greatly  exceeding  their  proof  toughness.  Brittle  solids 
have  their  ultimate  and  proof  toughness  equal  or  nearly  equal. 

Kesillence  or  Spring  is  the  quantity  of  mechanical  work  required 
to  produce  the  proof  strain,  and  is  equal  to  the  product  of  that 
strain,  by  the  meam,  stress  in  its  own  direction  which  takes  place 
during  the  production  of  that  strain, — such  stress  being  either 
exactly  or  nearly  equal  to  one-half  of  the  stress  corresponding  to 
the  proof  strain.  Hence  the  resilience  of  a  solid  is  exactly  or 
nearly  one-half  of  the  product  of  its  proof  toughness  by  its  proof 
strength ;  in  other  words,  one-half  of  the  product  of  the  square  of 
its  proof  toughness  by  its  stiffiiess. 

Each  solid  has  as  many  different  kinds  of  stiffness,  toughness, 
strength,  and  resilience  as  there  are  different  ways  of  straining  it, 
as  the  following  table  shows.  In  that  table  pliability  is  used  as  a 
general  term  to  denote  the  inverse  of  stiffness : — 

T 
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Stren 

Strain. 

StiAieaa. 

Pliability. 

f^nctnre. 

1 
Strengfh. 

Poll 

Stretching  or 
Extension. 

••• 

Extensibi- 
lity. 

Tearing. 

Teaaakj. 

Thrntt 

Squeezing  or 
Compres- 
sion. 

•*• 

Compressibi- 
Uty. 

Crashing. 

— 

Shearing. 

Distortion. 

••• 
* 

••• 

Shearing. 

••• 

TwistiDg. 

Twisting  or 
Torsion. 

.*• 

■•• 

Wrenching. 

••• 

1 

Bending. 

Bending. 

Transverse 
Stiffness. 

Flexibility. 

Breaking 
Across. 

••• 

Those  kinds  of  stiffness  and  strengtli  whicli  have  no  single  word  to 
designate  them,  are  called  resistance  to  the  kind  of  strain  or  £cao- 
ture  to  which  they  are  opposed. 

245.  DetermiiiattoB  of  Proof  scMiigth. — It  was  formerly  supposed 
that  fche  proof  strength  of  any  material  was  the  utmost  stress*  con- 
sistent with  perfect  elasticity ;  that  is,  the  utmost  stress  which  does 
not  produce  a  «e^,  as  defined  in  Article  243.  Mr.  Hodgkinson, 
however,  has  proved  that  a  set  is  produced  in  many  cases  by  a 
stress  perfectly  consistent  with  safety.  The  determination  of  proof 
strength  by  experiment  is  now,  therefore,  a  matter  of  some  obscu- 
rity ;  but  it  may  be  considered  that  the  best  test  known  is,  the  noi 
producing  cm  increasing  set  hy  repeated  application, 

246.  The  irorking  stress  on  the  material  of  a  structure  is  made 
less  than  the  proof  strength  in  a  certain  ratio  determined  by  prac- 
tical experience,  in  order  to  provide  for  imforeseen  contingencies. 

247.  Factors  of  Safetr  are  of  three  kinds,  viz. : — the  ratio  in 
which  the  vltvmaite  strength  exceeds  the  proof  strength,  the  ratio  in 
which  the  idtimate  strength  exceeds  the  working  stress,  and  the 
ratio  in  which  the  proof  strength  exceeds  the  ivorking  stress.  The 
following  table  gives  examples  of  the  values  of  those  factors  which 
occur  in  practice  :— 

UltStrend^      Ult  Strength.     Proof  Strengdi. 


Strongest  sted, 

Ordinary  steel  and  wr.  iron,  steady  bad, 
**  "  moving  load, 

Wrought  iron  boilers, 

Cast  iron,  steady  load, 

"        moving  load, 

Timber;  average, 

Stone  and  brick, 


roofStrougth. 

Working  Streaa 

Working  Streii 

2 

... 

•  •  • 

3 

4  to  6 

2  to  3 

2 

8 

4 

2to3 

3  to  4 

about  1 1 

•  •  • 

6  to  8 

2  to  3 

3 

10 

H 

about  2 

4tol0,ay.abt8 

ay.  about  4 
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248.  ]>iTisioBs  of  the  IVatheinatical  Theofy  «f  Elasticity. — The 

theory  of  the  elasticity  of  solids  has  been  reduced  to  a  body  of 
matlieTnatical  principles  applicable  to  those  cases  in  which  the 
strains  of  the  particles  of  the  body  are  so  small,  that  quantities 
in  the  stresses  depending  on  the  squares,  products,  and  higher 
powers  of  the  strains  may  be  neglected  without  appreciable  error, 
and  that,  consequently.  Hookers  Law — "  td  tenaio  sic  vis  " — ^is  sen- 
sibly true  for  all  relations  between  strains  and  stresses.  This  con- 
dition is  fulfilled  in  nearly  all  cases  in  which  the  stresses  are 
within  the  limits  of  proof  strength — the  exceptions  being  a  few 
substances,  very  pliable,  and  at  the  same  time  very  tough,  such  as 
caoutchouc.  The  mathematical  theory,  as  thus  limited,  consists  of 
three  parts,  viz.,  the  resolution  and  composition  of  stresses,  the 
resolution  and  composition  of  strains,  and  the  relations  between 
strains  and  stresses.  The  resolution  and  composition  of  stresses 
has  already  been  fully  discussed  in  Part  I.,  Chapter  V.,  Section  3. 

249.  BesolntloB  and  ComposltlOB  m€  Stvalas. — Let  a  Solid  of  any 

figure  be  conceived  to  be  ideally  divided  into  a  number  of  inde* 
finitely  small  cubes  by  three  series  of  planes  parallel  respectively 
to  three  co-ordinate  planes.  Each  such  elementary  cube  is  dis- 
tinguished by  means  of  the  distances,  a?,  y,  z,  of  its  centre  from  the 
three  co-ordmate  planes.  If  the  solid  be  strained  in  any  manner, 
each  of  the  elementary  cubical  particles  will  have  its  dimensions 
and  figure  changed,  and  will  become  a  paraUelopiped,  which  may 
be  right  or  oblique — ^its  size  being  conceived  to  be  so  smaU,  that 
the  curvature  of  its  faces  is  inappreciable.  The  smvple  or  elementary 
strains  of  which  a  particle,  cubical  in  its  free  state,  is  susceptible, 
are  six  in  number,  viz. : — ^three  longitudinal  or  di/rect  strains,  being 
the  three  proportional  variations  of  its  linear  dimensions,  which  are 
elongations  when  positive,  and  compressions  when  negative ;  and 
three  transverse  strains,  being  the  three  distortions,  or  variations  of 
the  angles  between  its  faces  from  right  angles,  which  are  considered 
as  positive  or  negative  according  to  some  arbitrary  but  fixed  rule, 
and  are  expressed  by  the  proportions  of  the  arcs  subtending  them 
to  radius.  When  the  values  of  those  six  strains  for  every  particle 
are  expressed  by  functions  of  the  co-ordinates,  x,  y,  z,  the  state  of 
strain  of  the  solid  is  completely  expressed  mathematically.  The 
six  elementary  strains,  in  the  cases  to  which  the  theory  is  limited, 
are  very  small  fractions. 

The  method  of  reducing  the  state  of  strain  of  the  solid  at  a  given 
point,  as  expressed  by  a  system  of  six  elementary  strains  relatively 
to  one  system  of  rectangular  axes,  to  an  equivalent  system  of  six 
elementary  strains  relatively  to  a  new  system  of  rectangular  axe% 
is  founded  on  the  following  theorem.  Let  «,  /3,  y,  be  the  longitu- 
dinal strains  of  the  dimensions  of  a  given  particle  aloii^  ^>'\1>*» 
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X,  fjt,  p,  the  distortions  of  its  angles  in  the  planes  y  »,  z  x,  x  y.    Con- 
ceive the  surface  of  the  second  order  whoso  equation  is 

eta*  +  fiy^  +  ya*  +  y<yz  +  ftzx  +  pxy  ^  1, 

Transform  this  equation  so  as  to  refer  the  same  surface  to  the  new 
axes  of  co-ordinates ;  the  six  co-efficients  of  the  transformed  equa- 
tion will  be  the  elementary  strains  referred  to  the  new  axes. 
Other  ways  of  resolving  strains  have  been  pointed  out  by  Professor 
W.  Thomson,  Cambridge  and  Dublin  Mathematical  Joumaly  May, 
1855. 

The  sum  of  the  direct  strains  et  +  fi  +  y  represents  the  cubic  dila- 
tation of  a  particle  when  positive,  and  the  cubic  compression  when 
negative.  The  state  of  strain  of  a  transparent  body  may  be  ascer- 
tained experimentally  by  its  action  on  polarized  light.  On  this 
subject  experiments  have  been  made  by  Fresnel,  Sir  D.  Brewster, 
M.  Wertheim,  and  Mr.  Clerk  Maxwell. 

250.  iMspiaceiiienu. — ^Let  5,  »»,  ^,  be  the  projections,  parallel  to 
fic,  y,  z,  respectively,  of  the  displacement  of  a  particle  in  a  strained 
solid  &om  its  position  when  the  solid  is  free,  expressed  as  functions 
of  X,  y\  z.     Then 

d^        _^dvi         ^  d^ 
*~5^^    ^~"d^'    ^"Jl' 

di      dyi  di      d^ 

dy      dz^  dz      dx' 

d  n       di 
dx       dy 

251.  Analogr  of  StreMes  and  Strains* — It   has  been   shown   in 

Article  104,  that  the  elastic  forces  exerted  on  and  by  an  originally 
cubical  particle,  which  constitute  the  state  of  stress  of  the  solid  at 
the  point  where  that  particle  is  situated,  may  be  resolved  into  six 
elementary  stresses y  viz.; — three  normal  stresses,  perpendicular  re- 
spectively to  the  three  pairs  of  feujes,  and  tending  directly  to  alter 
the  three  linear  dimensions  of  the  particle — and  three  pairs  of 
tangential  stresses  acting  along  the  double  pairs  of  faces  to  which 
they  are  applied,  and  tending  directly  to  alter  the  angles  made  by 
such  double  pairs  of  faces.  To  reduce  the  state  of  stress  at  a  given 
point  expressed  by  a  system  of  six  elementary  stresses  referred  to 
one  system  of  rectangular  co-ordinates  to  an  equivalent  system  of 
elementary  stresses  referred  to  a  new  system  of  rectangular  co-ordi- 
nates, equations  have  been  given  in  Articles  105,  106,  107,  108, 
109,  and  112.  The  whole  of  those  equations  are  virtually  compre- 
hended under  the  following  theorem : — Let  p,„  p„,  p,„  bo  tha 
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three  noniial  stresses,  and  p^,,  p,„  p^,  the  three  tangential  stresses; 
conceive  the  surface  whose  equation  is 

P,,^^  +  P^y^  +  P»^  +  2jp„y«  +  2p„zx  +  2p^xy  ==  ]. 

Ti-ansfonn  this  equation  so  as  to  refer  the  same  surface  to  the  new 
set  of  axes ;  the  six  co-efficients  of  the  transformed  equation  will 
be  the  six  elementary  stresses  referred  to  the  new  axes.  For  the 
complete  investigation  of  this  subject,  see  M.  Lamp's  Leqons  sur  la 
TMorie  mathetnatiqiie  de  VEldaticite  dea  Corps  solides,  Paris,  1852. 
The  above  equation  is  transformed  into  the  equation  of  Article  249 
by  substituting  respectively  «,  /3,  y,  ^i,  fc,  p,  for  p„,  p^,  p„,  2p^„ 
2p„,  2p^;  and  by  making  correspondii^  substitutions  in  all  the 
equations  of  Articles  105,  106,  107,  108,  109,  and  112,  they  are 
made  applicable  to  strains  instead  of  stresses. 

252.  The  Potential  Bnergy  of  Biasticitjr  of  an  Originally  cubic 
particle  in  a  given  state  of  stitdn  is  the  toork  which  it  is  capable  of 
performing  in  returning  from  that  state  of  strain  to  the  free  state ; 
and  is  the  product  of  the  volume  of  the  particle  by  the  following 
function : — 

1 

"^  =  2  (""P"  +  ^Pit^  +  yjp«  +  ^Pp*  +  f^PM>  +  »Psv)' 

This  function  was  first  employed  by  Mr.  Green,  Cambridge  Tra/nS" 
actions,  vol.  viL 

253.  Co-efficients  of  Biasticitr. — According  to  Hooke's  Law,  each 
of  the  six  elementary  stresses  may,  without  sensible  error,  be 
treated  as  a  Hnear  function  of  the  six  elementary  stiuins,  each 
multiplied  by  a  particular  co-efficient  or  raodvlua  of  elasticity.  By 
expressing  all  the  stresses  in  terms  of  the  strains,  the  potential 
energy  U  is  transformed  into  a  homogeneous  quadratic  function  of 
the  six  elementary  strains,  which  must  have  twenty-one  terms, 
and  consequently  twerUy-one  co-efficierUs,  multiplying  respectively 
the  six  half-squares  and  the  fifteen  binary  products  of  the  six  ele- 
mentary strains.     The  co-efficient  of  -  «^  in  XJ  is  that  of  »  in 

p„ )  the  co-efficient  of  «  ^  in  U  is  that  oi  am,  p„  and  also  that  of 
/3  in  p„ ;  and  so  on. 

254.  €o-efficients  of  Pliability. — ^According  to  Hooke's  Law  also, 
each  of  the  six  elementary  strains  may  be  treated,  without  sensible 
error,  as  a  linear  function  of  the  six  elementary  stresses,  so  as  to 
transform  XJ  to  a  homogeneous  quadratic  function  of  the  elemen- 
tary stresses  p,,,  &c.,  having  twenty-one  terms,  and  twenty-one  co- 
efficients expressing  different  kinds  of  pliability.  The  word  "  plia- 
bility "  is  here  used  in  an  extended  sense,  to  include  liability  to 
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alteration  of  figure  of  every  kind^  whether  by  elongatioziy  linear 
compression,  or  distortion. 

Co-efficients,  whether  of  elasticilr  or  of  pliability,  may  be  thus 
classified : — Direct^  or  longittidiTud,  when  they  express  relations 
between  longitudinal  strains,  and  normal  stresses  in  the  same 
direction;  laieral,  when  they  express  relations  between  longitu- 
dinal strains,  and  normal  stresses  in  directions  at  right  angles  to 
the  strains ;  transverse,  when  they  express  relations  between  dis- 
tortions, and  tangential  stresses  in  the  same  direction  ;  Miqite, 
when  they  express  any  other  relations  between  strains  and  stresses. 

255,  Am  Axis  •€  Bburticity  is  any  direction  in  a  solid  body,  with 
respect  to  which  some  kind  of  symmetry  exists  in  the  relations 
between  strains  and  stresses.  An  aans  of  direct  dasticity  is  a  direc- 
tion in  a  solid  body,  such  that  a  longitudinal  strain  in  that  direc- 
tion produces  a  normal  stress,  and  no  tangential  stress  on  a  plane 
normal  to  that  direction.  Every  such  axis  is  a  direction  of  maxi* 
mum  or  minimum  direct  elasticity  relatively  to  the  directions 
adjacent. 

By  the  aid  of  the  calculus  of  forms,  and  of  an  improvement  in 
the  geometry  of  oblique  co-ordinates,  it  has  been  shown  that  every 
homogeneous  solid  must  have  at  least  three  axes  of  direct  elasticity, 
which  may  be  rectangular  or  oblique  with  respect  to  each  other, — 
that  the  number  of  such  axes  increases  as  the  symmetry  of  the 
action  of  elastic  forces  becomes  greater, — and  that  their  various 
possible  arrangements  correspond  exactly  with  those  of  the  normals 
to  the  faces  and  edges  of  the  various  primitive  crystalline  forms 
{PhU,  Trans,,  1856-7). 

25Q,  In  an  isotropic  or  Amorphons  Solid  the  action  of  elastic 
forces  is  alike  in  all  directions.  Every  direction  is  an  axis  of  elas- 
ticity. The  co-efficients  of  oblique  elasticity  and  oblique  pliability 
are  all  null.  The  number  of  different  co-efficients  of  elasticity,  and 
of  different  co-efficients  of  pliability,  is  three.  The  following  nota- 
tion and  equations  show  their  relations  to  each  other : — 

Elasticities. 

Direct, A  = ^"^ • 

' a^-afj-2||2' 

Lateral B=  -= = — — -=; 

^  a'-ab-2y 

Transverse, 0=  — - — ; 

Elasticity  of  volume, -  = — . 


MODULUS   OP  ELASnCITT — CO-EFFICIENTS.  (279 

Pliabilities, 
Direct, a  = 


A»  +  AB-2B«' 

(otherwise,  the  extensibility.) 

B 


Lateral, fi  = 


A2  +  AB-2B'' 


u 


Transverse, C  =  p  =  2(a  +  b); 

Cubic  compressibility, tl  =  3  a  — 6  ft. 

257.  iKiAdains  %t  Eiastfcitr. — The  quantity  to  which  the  term 
modvZus  of  elasticity "  was  first  applied  by  Dr.  Young,  is  the 

reciprocal  of  the  extensibility,  or  longitudinal  pliability;  that  is 
to  say, 

a  A  +  B 

This  quantity  expresses  the  ratio  of  the  normal  stress  on  the  trans- 
verse section  of  a  bar  of  an  isotropic  solid  to  the  longitudinal 
strain,  only  when  the  bar  is  perfectly  free  to  vary  in  its  tram>sverse 
dijnensions,  but  not  under  other  circumstances.  The  values  of 
Young's  modulus  have  been  determined  experimentally  for  almost 
every  solid  substance  of  importance,  and  a  table  of  them  is  given 
at  the  end  of  the  volume. 

258.  Examples  of  Co-efficients. — ^The  only  complete  sets  of  co- 
efficients of  elasticity  and  pliability  which  have  yet  been  computed 
are  those  for  brass  and  crystal,  deduced  from  the  experiments  of 
M.  "Wertheim  {Annales  de  Ghimie,  3d  series,  voL  xxiii.),  and  are  as 
follows — ^the  unit  of  pressure  being  one  poimd  on  the  squa/re  inch: — 

Brass.  CrystaL 

A 22,224,000  8,522,600. 

B 11,570,000 4,204,400. 

C 5,327,000  2,159,100. 

1 

rj 15,121,000  5,643,800. 

1 

- 14,300,000     e 5,740,000. 

a 

a 0*0000000699 0*0000001740. 

ft 0-0000000239 0*0000000575. 

t 0*0000001877 0*0000004631. 

t 0*0000000661 0*0000001772. 
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259.    The  General  Problem  of  the  Internal  BqniUbriuH  •Tmi  KIro- 

Uc  Solid  is  this  : — Given  the  free  form  of  a  solid,  the  values  of  its 
co-efficients  of  elasticity,  the  attractions  acting  on  its  partideet,  and 
the  stresses  applied  to  its  surface  :  to  find  its  change  of  form,  and 
the  strains  of  all  its  particles.     This  problem  is  to  be  solved,  in 
general,  by  the  aid  of  an  ideal  division  of  the  solid  (as  already 
described)  into  molecules  rectangular  in  their  free  state,  and  re- 
ferred to  rectangular  co-ordinates.     For  isotropic  solids,  some  par- 
ticular cases  are  most  readily  solved  by  means  of  spherical,  cylin- 
drical, or  otherwise  curved  co-ordinates.     The  general  equation  of 
internal  equilibrium  in  a  solid  acted  on  by  its  own  weight,  has 
already  been  given  in  Article  116,  equation  2.     If,  in  that  equa- 
tion, the  values  of  the  stresses  in  terms  of  the  strains,  expressed,  as 
in  Article  250,  in  terms  of  the  displacemerUa  of  the  particles,  be 
introduced,  equations  are  obtained,  which  being  integrated,  give 
the  displacements,  and  consequently  the  strains  and  stresses.     The 
general  problem  is  of  extreme  complexity ;  but  the  cases  which 
occur  in  practice,  and  to  which  the  remainder  of  this  chapter  re- 
lates, can  geneitdly  be  solved  with  sufficient  accuracy  by  compara- 
tively simple  approximate  methods.     Most  of  those  approximate 
methods  are  analogous  to  the  "  method  of  sections "  described  in 
its  application  to  framework  in  Ai-ticle  161.     The  body  under 
consideration  is  conceived  to  be  divided  into  two  parts  by  an  ideal 
plane  of  section ;  the  forces  and  couples  acting  on  one  of  those 
two  parts  are  computed,  and  they  must  be  equal  and  opposite  to 
the  forces  and  couples  resulting  from  the  entire  stress  at  the  ideal 
sectional  plane,  which  is  so  found.      Then  as  to  the  distribiUum 
of  that  stress,  direct  and  shearing,  some  law  is  assumed,  which  if 
not  exactly  true,  is  known  either  by  experiment  or  by  theory,  or 
by  both  combined,  to  be  a  sufficiently  close  approximation  to  the 
truth. 

Except  in  a  few  comparatively  simple  cases,  the  strict  method 
of  investigation,  by  means  of  the  equations  of  internal  equilibrium, 
has  hitherto  been  used  only  as  a  means  of  determining  whether  the 
ordinary  approximative  methods  are  sufficiently  close. 

Section  2. — On  Edaiions  between  Strain  and  Stress. 

260.  BUipso  of  Strain — In  Articles  249,  251,  252,  253,  254, 
256 y  and  257,  of  the  preceding  section,  certain  general  principles 
respecting  the  relations  amongst  strains,  and  the  analogies  and 
other  relations  between  strain  and  stress,  are  stated  without  a 
detailed  demonstration.  In  the  present  section  the  more  simple 
cases  of  those  principles,  to  which  there  will  be  occasion  to  refer  in 
the  sequel,  are  to  be  demonstrated. 
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Let  a  solid  body  be  supposed  to  undergo  &  stmin,  or  Bmall 
filteration  of  dimensions  and  figure,  of  such  a  nature  that  all  the 
displacements  of  its  particles  from  their 
original  positions  are  parallel  to  one 
pkme ;    and  let  that  plane  be  repre- 
sented  by  the  plane  of  the  paper  in 
fig.  Hi.     In  the  first  instance,  let  the 
state  of  strain  of  the  body  be  nniform 
throughout;  that  ia,  let  all  parts  of  the 
body  which  originally  ■were  equal  and 
simUar  to  each  other,  continue  equal  {L 
!ind  similar  to  each  other  notwithst^d- 
ing  their  alteration  of  dimensions  and 
figure. 

Bound  any  centre  O,  with  the  radius 
unit^,  let  a  circle  be  traced  amongst  the 
particles  of  the  body,  B  C  A  F.  Because 
of  the  uniformity  of  the  strain,  this 
circle  will  be  changed  into  a  parallel 
projection  of  a  circle;  that  is,  into  an  **  ^'*' 

ellipse.  Let  b  c  a/  be  that  ellipse,  and  O  a 
and  06  its  semi-axes,  the  body  being  so  placed 
in  ite  strained  condition  that  the  central  par- 
ticle 0  may  remain  unchanged  in  position,  in 
order  that  the  circle  and  ellipse  may  be  the 
more  easily  compared.  Then  the  particle  which 
was  at  A  ia  displaced  to  a,  and  the  pari^icle 
which  was  at  B  is  displaced  to  6;  and  particles 
which  were  at  points  in  the  circle,  such  as  C 
and  F,  are  displaced  to  corresponding  points 
in  the  ellipse,  such  as  c  and^t 

In  the  direction  0  A,  the  body  has  undergone  the  extension 


^  A.  oA/ 


and  in  the  direction  0  B,  at  right  angles  to  O  A,  the  extension 

B6  =  (3; 
and  the  combination  of  those  two  extenaons  or  elementary  direct 
strains,  in  rectangular  directions,  constitutes  the  state  of  strain  of 
the  body  parallel  to  the  given  plane;  that  state  of  strain  bemg 
completely  known,  when  «,  ?,  and  the  directions  of  the  pair  of 
rectangular  axes  of  strain  0  A,  OB,  are  known. 

One  or  both  of  the  elemeutary  strains  might  have  been  compres- 
sive, instead  of  tensile,  in  which  case  one  or  both  of  the  quantities  de- 
noting thorn  would  have  been  negative,  to  express  diminution  oE  »a». 
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■ 

A  square  whose  sides  are  unity^  and  parallel  to  O  A  and  OS^ 
iH'ing  traced  amongst  the  particles  of  the  body  in  the  firee  atate^  is 
couvortod  by  the  strain  into  a  rectangle  whose  aides  are  1  4~  *  ud 
1  +  /3,  and  still  parallel  to  0  A  and  O  R 

Let  it  now  be  required  to  express  the  state  of  strain  of  the  bodf 
with  rt»fon»nce  to  two  new  rectangular  axes,  O  C  and  O  F,  thatk 
t()  say,  to  find  the  alterations  of  dimensions  and  figure  produced  bf 
the  strains  on  a  figure  originally  square,  described  on  O  C  and  0  F, 

Let  .T  =  O  X,  f/  =  O  Y,  be  the  original  co-ordinates  of  C,  and  a/ 
=  OX\  i/  =  (T  Y',  those  of  F;  and  let  the  angle  A  O  C  =  90*  - 
A  O  F  =i  f     Then 

X  =  cos  ^  =  —  y' 

2/  =  sin  ^  =  sc'. 

Also,  let  a;  +  S  =  YD,  y  +  ji  =  OY  +  Dc,bethe  co-ordinateB  d 
o,  the  new  position  of  C;  and  let  ic'  +  f  :=  Y'G,  ^  +  u*  ==  O  T  + 
QJ\  be  the  co-ordinates  of ^  the  new  position  of  F.  Then  becaoas 
of  the  uniformity  of  the  strain,  the  coToponemb  displacementa  ^n^tt 
u*,  have  the  following  values  : — 


(1.) 


S-  CD  =  «aj  =  acos^; 
Ji  =  Dc  =  i8y  =  /3sin^; 
f=  FG  =  «a/  =  «y  =  «sin^; 

r!  =  G7=  /3  2/'  =  -  /3C0S^. 

O  c  and  O/are  the  sides  of  the  oblique  parallelogram  into  whidi 
the  square  on  OC  and  OF  has  been  transformed  by  the  straiiL 
The  relations  between  the  new  and  the  original  figure  are  difitin- 
guishod  into  two  direct  strains  and  a  distortion,  in  the  following 
manner : — 

From  c  let  fall  c  M  perpendicular  to  O  C  M;  and  fromy  let  &I1 
/K  perpendicular  to  O  F  N.     Then 

«  =  C  M  is  the  extension  of  O  C; 

/S'  =  FN  is  the  extension  of  CTF; 

and  »'  =  c  M  +/N"  is  the  distortion  or  deviation  from  rectaa- 
gularity ;  and  the  values  of  those  three  new  elementary  strain^ 
relatively  to  the  pair  of  axes  which  make  the  angle  i  with  the 
pri^idpaZ  aoces  O  A,  O  B,  in  terms  of  the  principal  deTnerUary  streuet, 
«e,  13,  ai*e  as  follows  : — 


ELUFSOID  OF  STRAIN.  2S3 


«e'  =  Scos^  +  «sm^=«  cos'  ^  +  /3  sin'  ^  j  " 
/S^  :=  f  sin  ^  —  n'  cos  ^  =  «  sin' '  +  /9  cos*  ^ ; 
i^  =  Ssin^  —  ucos^+ffcos^  +  i/sin^ 
=  2  («e  —  /3)  cos  ^  sin  ^. 


"  •.•.(2.^ 


Those  three  equations  are  exactly  analogous  to  the  equations  3 
and  4  of  Article  112,  j&x)m  which  they  may  be  formed  by  substituting 
»  for  'p„  and  ^  for  ^,  in  both  equations;  and  then,  in  the  first  place, 

«'  for  ^„,  and  ^  for  a? « ;  in  the  second  place,  ^  for  p^  and  (90°  —  ^ 

for  X  n,  and  in  the  third  place,  v*  for  jp<,  and  ^  for  a?  w. 

This  illustrates  the  general  principle  of  analogy  of  stresses  and 
strains  stated  in  Article  251.  That  principle  is  fui'ther  illustrated 
by  the  following  geometrical  construction  of  the  preceding  problem. 

In  ^g,  115,  make  oa  =  a,  ob  =zfi, and  draw  the  ellipse  b c a/,  and 
the  circumscribing  circle  C  a  F.  Let  .^e^::  a  o  C  =  ^,  and  let  o  F  be 
perpendicidar  to  o  C,  so  that  those  lines  represent  the  direction  of 
the  new  rectangular  axes,  to  which  the  strain  composed  of  a  and  /3 
is  to  be  referred.  Draw  C  c,  Ff,  parallel  to  o  6,  cutting  the  ellipse 
in  c  andyj  j&om  which  points  respectively  draw  c  m  JL  o  C,  and/N 
-1-  o  F.     Then 

om=:et\on=zfi,2cm  =  2/n  = »', 

are  the  components  of  the  strain,  referred  to  the  new  axes ;  and  the 
ellipse  of  strain  b  c  af  is  analogous  to  the  ellipse  of  stress  of  Article 
112. 

The  results  of  the  preceding  investigation  are  applicable  not  only 
to  an  uniform  state  of  strain,  but  to  a  state  of  strain  varying  from 
point  to  point  of  the  body,  provided  the  variation  is  continuous,  so 
that  it  shall  be  possible,  by  diminishing  the  space  under  considera- 
tion, to  make  the  strain  within  that  space  deviate  from  uniformity 
by  less  than  any  given  deviation. 

261.  Ellipsoid  of  Strain. — A  strain  by  which  the  size  and  figure 
of  a  body  are  altered  in  three  dimensions  may  be  represented  in  a 
manner  analogous  to  that  of  the  preceding  Article,  by  conceiving  a 
sphere  of  the  radius  unity  to  be  transformed  by  the  strain  into  an 
ellipsoid,  and  considering  the  displacement  of  various  particles, 
from  their  original  places  in  the  sphere,  to  their  new  places  in  the 
ellipsoid.  The  three  axes  of  the  ellipsoid  are  the  principal  axes  of 
strain,  and  their  extensions  or  compressions,  as  compared  with  the 
coincident  diameters  of  the  sphere,  are  the  three  principal  elementary 
strains  which  compose  the  entire  strain.  It  is  by  this  method,  which 
it  is  unnecessary  here  to  give  in  detail,  that  the  genei*al  principles 
stated  in  Articles  249  and  251  are  anivcd  at. 
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262.  TmnsTcne  Elasticity   of  an  Isotropic   Snbslance. — ^Let  the 

two  principal  elementary  strains  in  one  plane  be  of  equal  magnitude, 
but  opposite  kinds;  that  is,  supposing  the  strain  in  fig.  114  along 
O  A  to  be  an  extension,  «,  let  the  strain  along  O  B  be  a  compression, 
/3  =  —  «.  The  ellipse  will  fall  beyond  the  circle  at  A,  and  as 
much  within  it  at  B,  and  will  cut  it  at  an  intermediate  point  near 
the  middle  of  each  quadrant. 

Take  a  pair  of  new  axes  bisecting  the  right  angles  between  the 
original  axes ;  that  is,  let  t  =  45°;  then  the  equations  2  of  Article 
260  give  the  following  result : — 

«'  =  0;  i3^=0;  i''=2«; (1.) 

that  is  to  say,  an  eoctension,  and  an  equal  compression,  along  a  pair 
of  rectangvla/r  axes,  a/re  equivalent  to  a  simple  distortion  reUUivdy  to 
Oj  pair  ofaoces  making  angles  of  45°  with  the  original  aaces;  and  the 
amounJt  of  the  distortion  is  double  that  of  either  of  the  tux>  direct  sl/rains 
which  compose  it ;  a  proposition  which  is  otherwise  evident,  by  con- 
sidering that  a  distortion  of  a  square  is  equivalent  to  an  elongation 
of  one  diagonal,  and  a  shortening  of  the  other,  in  equal  proportions. 
The  body  being  isotropic,  or  equally  elastic  in  fdl  directions,  let 
A  be  its  direct  and  B  its  lateral  elasticity;  then  the  pair  of  principal 
strains  «,  ^  =  —  «,  will  be  accompanied  by  a  pair  of  principal  stresses 
along  O  A  and  OB  respectively,  given  by  the  following  equations : — 

alongOA,jt?,  =  A«  +  B/3  =  (A  -  B)  «  ; 

OB,jo^  =  B«  +  A/3=:(B  -  A)«=  -p,; (2.) 

that  is  to  say,  there  will  be  a  pidl  along  O  A,  and  an  equal  thrust 
along  0  B. 

It  has  already  been  proved,  in  Article  111,  that  such  a  pair  of 
principal  stresses,  of  equal  intensities  and  opposite  kinds,  are 
equivalent  to  a  pair  of  shearing  stresses  of  the  same  intensity  on  a 
pair  of  planes  making  angles  of  45°  with  the  axes  of  principal 
stress;  or  taking  ^^  to  represent  the  intensity  of  the  shearing  stress 
on  each  of  a  pair  of  planes  normal  to  the  new  pair  of  axes, 

^,=p,  =  (A-B)«; (3.) 

but  if  C  be  the  co-efficient  of  transverse  elasticity  of  the  substance, 
we  have  also 

P.  =  G>'; (4.) 

and  consequently,  for  an  isotropic  substance, 

c=^; («.) 
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or  the  trcmsverae  dasticUy  is  Jialfthe  difference  of(ke  direct  and  lateral 
elaeticitiea. 

This  is  the  demonstration  of  a  principle  already  stated  in  Article 
256.  The  corresponding  principle  for  pliabilities,  viz.  : — ^that  the 
traneverse  pliability  is  tifnce  the  smn  of  the  direct  and  lateral  extensi- 
bilitieSf  is  demonstrated  by  a  similar  process,  of  which  the  steps  nuiy 
be  briefly  summed  as  follows  : — 

fi  =  up,  —  ip,  =  —  (a  +  i)p,  =  —  »; 
.'.i^'  =  2a  =  2{a  +  i)p,=z2{a  +  b)pt  =  tpt, 

.•.c  =  2(a  +  Ii).— Q.  KD (G.) 

263.  CnMc  Biasticiif. — If  the  three  rectangular  dimensions  of  a 
body  or  particle  are  changed  in  the  respective  proportions  1  +  «, 
1  +  /8,  1  +  y,  its  volume  is  altered  in  the  proportion 

(l  +  «)(H-/3)(l+y); 

and  when  the  elementary  strains  «,  fi,  y,  arc  very  small  fractions 
this  is  sensibly  equal  to 

1  +  «  +  /3  +  y. 

Consequently,  as  in  Article  249, 

»  +  /3  +  y 

may  be  called  the  cubic  strain,  or  alteration  of  volume. 

In  an  isotropic  substance,  the  three  rectangular  direct  stresses 
which  accompany  those  three  sti*ains  are 

;>„==A«  +  B(/3  +  y);  x 

p„  =  Afi  +  B{y  +  cL);  I  (1.) 

;>„=Ay  +  B(«  +  /3);  j 

Tlie  third  part  of  the  sum  of  those  stresses,  which  may  be  called  tlio 
mean  direct  stress,  has  the  following  value  ; — 

Pil±P_^-±PlLj±±^.{»  +  fi  +  y); (2.) 

The  co-efficient  contained  in  this  expression,  being  the  ratio  of  the 
mean  direct  stress  to  the  cubic  strain,  is  the  cubic  dasticity,  or 
dasticity  of  volume,  already  mentioned  in  Ai-ticle  25C,  its  reciprocal 
being  the  cubic  compressibility, 

204.  Fluid  Eioaiiciif. — The  distinction  between  solids  and  fluids 
is  well  illustrated  by  applying  to  fluids  the  equations  of  Articles  2G2 
and  2C3.  Fluids  offer  no  resistance  to  distortion,  that  is,  they  have 
no  transverse  elasticity;  therefore  for  them 

C  =  ^~?  =  0;  orA  =  R 


286  THEORY  OF  STBUCTUBES. 

Introducmg  this  into  the  equations  1  and  2  of  Article  263,  we  find 

and  the  cubic  elasticity 

A  +  2B      ^ 

The  equality  of  the  pressures  in  all  directions  at  a  given  point  in  a 
fluid  has  already  been  proved  by  another  process  in  Article  110. 
The  equations  of  Article  256  show  the  pliahilities  of  a  perfect 

fluid  to  be  infinite,  with  the  exception  of  the  cubic  oompressibilityy 

1 
which  is  tt  • 

Section  3. — On  Eesistance  to  Stretching  a/nd  Tearing, 

265.    Stiffnera  and   Strength   of  a   Tie-Bar. — If   a   cylindrical   CfT 

prismatic  bar,  whose  cross  section  is  S  (as  in  Article  97,  fig.  46),  be 
subjected  to  a  pull  whose  resultant  acts  along  the  axis  of  figure  of 
the  bar,  and  whose  amount  is  P,  the  intensity  of  the  pull  will  be 
uniform  on  each  cross  section  of  the  bar,  and  will  have  the  value 

p=l (1) 

This  direct  stress  will  produce  a  strain,  whose  principal  element 
will  be  a  longitudinal  extension  of  each  unit  of  length  of  the  bar, 
of  the  value 

•  =  ap=| (2.) 

where  a  denotes  the  direct  eoctensibUity,  and  E  its  reciprocal,  ihe 
modulus  of  elasticiti/y  or  co-efficient  of  resistcmce  to  stretching^  as 
explained  in  Articles  256  and  257. 

Let  X  denote  the  length  of  the  bar,  or  of  any  portion  of  it,  in  the 
free  or  unloaded  state;  that  length,  imder  the  tension  p,  becomes 
{I  +  »)x. 

The  co-efficient 

is  nearly  constant  imtil  p  passes  the  limit  of  the  proof  stress/  but 
after  that  limit  has  been  passed,  that  co-efficient  diminishes ;  that 
is  to  say,  the  extension  «  increases  faster  than  the  intensity  of  the 
stretching  force  p,  until  the  bar  is  torn  asunder. 

The  vltimcUe  strength  of  the  bar,  or  the  total  pull  required  to 
tear  it  instantly  asunder — ^the  proof  strength,  or  the  greatest  pull 
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of  -which  it  can  safely  bear  the  long-continued  or  repeated  applica- 
tion— and  the  xixyrhing  load — are  computed  by  means  of  the  formula 

p=/,orP=/S, (3.) 

where  y  represents  the  vltirrwtie  tefna/niy^  the  proof  tenacity y  or  the 
working  stress,  as  the  case  may  be. 

The  toughness  of  the  bar,  or  the  extension  corresponding  to  the 
proof  load,  is  given  by  the  formula 

-=i (^0 

where^is  \he  proof  tenacity » 

2QQ,  The  Resilience,  or  spring  of  the  bar,  or  the  work  performed 
in  stretching  it  to  the  limit  of  proof  strain,  is  computed  as  follows  : 
— X  being  the  length,  as  before,  the  elongation  of  the  bar  under  the 
proof  load  is 

the  force  which  acts  through  this  space  has  for  its  least  value  0,  for 
its  greatest  value  P  =/S,  and  for  its  mean  value  ^  j  so  that  the 
work  perfoimed  in  stretching  the  bar  to  the  proof  strain  is 

/S   fx       f^    Sx 


.(1.) 


2   •  E  ""  E  '  2    

The  co-eiEcient  —,  by  which  one-half  of  the  volume  of  the  bar  is 

multiplied  in  the  above  formula,  is  called  the  Modulus  op  Resi- 
lience. 

/*S 
267.  Sodden  Pnll* — A  pull  of  —-,  or  one-holf  of  the  proof  load, 

being  suddenly  applied  to  the  bar,  will  produce  the  entire  proof 
f 

strain  of  ^,  which  is  produced  by  the  gradual  application  of  the 
111 

proof  load  itself;  for  the  work  performed  by  the  action  of  the  con- 

stant  force  ^  through  a  given  space,  is  the  same  with  the  work 

performed  by  the  action,  through  the  same  space,  of  a  force  increas- 
ing at  an  uniform  rate  fix)m  0  up  toyS.  Hence  a  bar,  to  resist 
with  safety  the  sudden  application  of  a  given  pull,  requires  to  have 
twice  the  strength  that  is  necessary  to  resist  the  gradual  applica- 
tion and  steady  action  of  the  same  pulL 

The  principle  here  applied  belongs  to  the  subject  of  dynamics^ 
and  is  stated  by  anticipation,  on  account  of  its  importance  as^ 
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respects  the  strength  of  materials.  It  is  the  chief  reason  for  mak- 
ing the  factor  of  safety  for  a  moving  load  considerably  greater  than 
for  a  steady  load  (see  Article  247). 

2GS.   A  Table  of  the  Rf^sistance  of  materiab  to  StvetcMag  mmd 

Tearing,  by  a  direct  piill,  in  pounds  per  square  inch^  is  given  at  the 
end  of  the  volume. 

The  tenacity,  or  resistance  to  tearing,  given  in  that  table,  is  in 
each  case  the  ultimate  tenacity/,  being  the  quantity  as  to  vhidi 
experimental  data  are  most  abundant  and  precise.  The  proof  ten- 
acity and  working  tension,  when  required,  are  to  be  found  br 
dividing  the  ultimate  tenacity  by  the  proper  factors,  according  to 
Article  247. 

The  modulus  of  elasticity  in  each  case  is  given  from  experiments 
made  within  the  limits  of  proof  strain. 

Both  co-efficients,  for  fibrous  substances,  have  reference  to  the 
effects  of  tension  acting  along  tliejibres,  or  "  grain."  Both  the  ten- 
acity and  the  elasticity  of  timber  against  forces  acting  across  the 
grain  are  much  smaller  than  against  forces  acting  along  the  grain, 
and  are  also  of  uncertain  amount,  the  results  of  experiments  being 
few  and  contradictory. 

269.  Additional  Data.  —  The  following  are  a  few  experimental 
results  in  addition  to  those  given  in  the  table  : — 

Welded  joint  of  a  wrought  iron  retort. — Ultimate  tena- 
city, by  a  single  experiment,  in  lbs.  per  square  inch,.,.  30750' 

Iron  wire-ropes, — Strength  in  lbs.,  for  each  lb.  weight  per 

fathom, Ultimate,    4480' 

Proof,....    2240- 
Working  load  \  of  ultimate,  or  ^3  of  proof  strength. 

Jleinpen  cables, — Ultimate  strength  =  (girth  in  inches)'  x  448  Ih 

Leathern  belts. — ^Working  tension  in  lbs.  per  square  inch, 

according  to  General  Morin 285* 

Chain  cableSy  when  the  tendency  of  each  link  to  collapse  is 
resisted  by  means  of  a  cross-bar,  as  shown  in  fig.  116, 
liave  a  strength  per  square  inch  of  cross  section  of  the 
link  equal  to  that  of  the  iron  of  which  they  are  made, 
when  it  is  in  the  form  of  bars. 

270.   The  strength  of  Rirettcd  Joints  of  iron  plates 

is  given  in  the  table,  in  lbs.  per  sqvure  inch  of  section 
of  the  plate,  from  the  experiments  of  Mr.  Fairbaim. 
The  strength  of  a  double-rivetted  jpint  is  seven-tenths 
of  that  of  the  iron  plate,  simply  because  of  three-tenths 
of  the  breadth  of  the  plate  being  punched  out  in  each 
Fiff.  116.  row  of  rivet-holes.  The  strength  of  a  single-rivettod 
joint  is  diminished  not  merely  by  the  removal  of  the  iron  at  the 
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rivet-holes,  but  by  the  unequal  distribution  of  the  stress.    Ri  vetted 
joints  will  be  further  considered  in  the  sequeL 

271.     Thin  Hollow  Cyllndera;  BoUen;  Pipes.  —  Let     q     denote 

the  uniform  intensity  of  the  pressure  exerted  by 
a  fluid  which  is  confined  within  a  hollow  cylin- 
der of  the  radius  r,  and  of  a  thickness,  t,  which 
is  small  as  compared  with  that  radius.  [(  ♦— r...iU 

The  demonstration  in  Article  179  shows,  that 
if  we  consider  a  ring,  being  a  portion  of  the  cylin- 
der of  the  length  unUy,  the  tension  on  that  ring 
will  be  Fig.  117. 

^=qr, (1.) 

being  the  force  per  unit  of  length  with  which  the  internal  pressure 
tends  to  split  the  cylinder  from  end  to  end. 

The  sectional  area  of  the  ring  under  consideration  is  t.  Then 
assuming,  what  is  very  nearly  correct,  that  the  tension  is  uniformly 
distributed,  the  intensity  of  that  tension  is 

P='-f (2.) 

The  ratio  of  thickness  to  radius,  which  a  thin  hollow  cylinder 
requires,  to  fit  it  for  a  given  intensity  of  hv/rsting  'pressure,  proof 
pressure,  or  vxyrhing  pressure,  is  given  by  the  formula 

H-' : :<»•> 

y  being  the  vlti/mate  teimcity,  the  proof  tension,  or  the  working  terir 
sion,  as  the  case  may  be. 

It  is  considered  prudent,  in  steam-boilers,  to  make  the  working 
tension  only  one-eighth  of  the  ultimate  tenacity.  The  joints  of 
plate  iron  boilers  are  single-rivetted ;  but  from  the  manner  in 
which  the  plates  break  joint,  analogous  to  the  bond  in  masonry, 
the  tenaciiy  of  such  boilers  is  considered  to  approach  more  nearly 
to  that  of  a  double-rivetted  joint  than  that  of  a  single-rivetted  joint. 
Ml'.  Fairbaim  estimates  it  at  34,000  lbs.  per  square  inch ;  so  that 
the  values  of  y*  for  wrought  iron  boilers  may  be  thus  stated : — 

Bursting  tension, 34,000 

Proof  tension, 17,000 

Working  tension, 4,250 

For  CAST  IRON  WATER  PIPES,  the  "«rorking  tension  may  be  made 
cne-siocth  of  the  bursting  tension,  which  for  cast  iron,  on  an  avei-age, 
is  16,500  lbs.  per  square  inch ;  that  is  to  say,  the  values  of/ are 

Bursting  tension, 16,500 

Proof  tension  (one-third), 5,500 

"Working  tension, 2,750 

U 
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For  stcam-pipcs,  as  for  steam-boilers,  the  fiusior  of  aafeby  should  lie 
aglU. 

272.  Tkis  Hon«w  SphevM. — ^Let  £lg.  117  now  be  oancemdto 

represent  a  diametral  section  of  a  thin  hollow  sphero,  jSUed  inA  • 
iluid  which  presses  from  within  with  the  intensity  q.  The  wcm  d 
the  fluid  cut  by  the  section  is 

hence  the  whole  force  to  be  resisted  by  the  tenacity  of  the  seetia 
of  the  Hi)lierical  shell  is 

P  =  »S'r»  (L) 

The  area  of  the  section  of  the  spherical  shell,  supposing  the  thick- 
nesB  ^  to  be  small  as  compared  with  the  radins  r,  is  very  nearly 

S  =  2*r«; (1) 

hence  assuming,  what  is  very  nearly  correct,  that  the  tensioa  ii 
uniform,  its  intensity  is 

^  =  l  =  l7' (^) 

or,  (me-halfoi  the  tension  round  a  cylindrical  sheU  having  the  sMne 
internal  pressure,  and  the  same  proportion  of  thickness  to  radiiit; 
so  that,  in  these  circumstances,  the  sphere  is  twice  aa  strong  as  the 
cylinder. 

Equation  3  gives  also  the  longitvdinal  tension  in  a  thin  hoUow 
cylinder,  which,  being  only  one-half  of  the  circumferential  tension 
i-ound  the  cylinder,  does  not  require  to  be  considered  in  practice. 

Tlio  proper  ratio  of  thickness  to  radius  in  a  thin  hollow  v^ben 
is  given  by  the  formula 

T^^Tf ^^^ 

f  being  the  bursting,  proof,  or  working  tension,  according  as  a  b 
the  bursting,  proof,  or  working  pressure. 

273.  Thick  Hollow  Cyiimier. — ^The  assumption  that  the  Gmsmft- 
forential  tension,  or  hoop-tension  as  it  may  be  called,  in  a  hoUov 

cylinder  is  imiformly  distributed,  is  approxh 
mately  true  only  when  the  thickness  is  small  as 
compared  with  the  radius ;  for  if  a  ring  of  the 
o. — j^; — ]»  cylinder  be  conceived  to  be  divided  into  several 
concentric  hoops,  one  within  another,  the  tension 
of  the  innermost  hoop  balances  part  of  the  radial 
pressure  of  the  con&ied  fluid,  so  that  a  dimin- 
Fig.  118.  ished  radial  pressure  is  transmitted  to  the  second 

hoop,  which  has  therefore  a  less  tension  than  the  first  hoop,  and 

so  on. 
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Equation  2  of  Article  271  gives  the  meam,  hoop-tension  in  a 
thick  as  well  as  in  a  thin  cylinder ;  but  it  is  not  the  mean,  but  the 
greatest  hoop-tension  (that  is,  the  tension  round  the  inner  surface 
of  the  cylinder),  which  is  limited  by  the  strength  of  the  material 
The  object  of  the  present  investigation  is  to  show  what  law  the 
variation  of  hoop-tension  follows,  and  thence^  what  relation  the 
maximum  tension  bears  to  the  fluid  pressure. 

To  make  the  solution  perfectly  general,  it  will  be  supposed  that 
the  cylinder  is  pressed  £rom  without  as  well  as  from  within.  Let 
fig.  118  represent  a  cross  section  of  the  cylinder;  let  R  denote  its 
external  and  r  its  internal  radius.  Let  ^o  denote  the  fluid  pressure 
from  within,  and  q^  that  from  without;  po  the  hoop-tension  at  the 
inner  surface  of  the  cylinder,  and^x  the  hoop-tension  at  the  outer 
surface. 

Consider,  as  before,  a  ring  whose  length,  parallel  to  the  axis  of 
the  cylinder,  is  imity.  The  radial  section  of  that  ring,  from  r  to 
K  in  fig.  1 1 8,  has  to  sustain  the  difference  between  the  total  pressures 
from  within  and  without,  in  a  direction  perpendicular  to  the  radius 
O  r  K,  on  a  quadrant  bounded  by  that  radius.     That  diflerence  is 

Conceive  the  ring  to  be  divided  into  an  indefinite  number  of  con- 
centric hoops,  each  of  the  thickness  dr^  and  exerting  a  tension  of 
tiie  intensity  j9;  then  the  total  hoop-tension  will  be 


j^pdr  =  qor  —  q,B, (1.) 


From  the  sfymmetiy  of  the  ring  and  /  the  fiirces  acting  on  it  in 
all  directions  round  the  centre  O,  it  is  obvious  that  the  axes  of 
stress  of  any  particle  of  metal  must  be  respectively  in  the  direction 
of  a  radius,  and  perpendicular  to  that  direction.  The  principal 
stresses  at  any  particle  are  a  radial  preasiure,  q  (which  for  each 
particle  at  the  inner  surface  is  goy  <^<^  ^^  ^a^  particle  at  the  outer 
surface,  qi)  and  a  hoop-tendon  p. 

As  in  the  case  of  the  ellipse  of  stress,  Article  112,  we  may  con- 
ceive this  pair  of  principal  stresses  to  be  made  up  of  two  component 
pairs,  viz.  : — 

A  pair  of  equal  stresses  of  the  same  kind,  constituting  a  Jluid 
pressure  or  tension,  whose  conmion  intensity,  stated  so  as  to  be  a 
tension  when  positive,  a  pressure  when  negative^  is 

p  —  q 
^=m; 

and  a  pair  of  equal  stresses  of  contrary  kinds,  whose  oonmioiL 
intensity  is 
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*_ _*  — n, 

2 

Thus  we  have  ^  =  7i  +  m,  grssw  —  m;  and  the  problem  is  to  be 
solved  by  first  supposing  m  to  act  alone,  then  supposing  n  to  act 
alone,  and  lastly  combining  their  effects ;  observing,  that  the  onfy 
solutions  of  equation  1  which  are  admissible,  are  those  which  are 
true  for  all  values  of  B  and  r. 

Case  1.  Equal  cmd  simUa/r  stresses,  orn  =  0.     In  this  case 

p  =  —  q  =  m, 

showing,  that  instead  of  a  radial  pressure,  there  is  a  radial  tenfflon 
equal  to  the  hoop-tension,  and  constituting  along  with  it  simply  a 
fluid  tension  of  the  intensity  m  at  each  point.  Equation  1  is  ful- 
filled by  making 

p=z  —  g  =  m  =  constant, (2.) 

which  reduces  both  sides  of  equation  1  to 

m  (R  —  r). 

Oase  2.  Equal  a/nd  contra/ry  stresses,  or  ?»  =  0.     In  this  case 

X>=zq=:n, 
and  the  solution  of  equation  1  is 

p  =  q  =  n  =  ^, (S.) 

a  being  an  arbitraiy  constant,  and  r^  any  value  of  the  radincf,  from 
r  to  It  inclusive;  for  this  reduces  both  sides  of  equation  1  to 

Case  3.  General  soluMon,    By  combining  the  two  partial  solo" 
tions  of  equations  2  and  3  together^  we  find 

Hadial  pressure,  q=zn  —  m=:-^  —  m; 


(*-) 


Hoop-tension,  p=:in  +  m  =  -^  +  m; 

To  determine  the  constants  a  and  m  we  have  the  equations 


^—m  =  qo;  ^  —  m  =  qi; 


whence  we  obtain  by  elimination 
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„_(go  — gQR^r'. 

971r  =  ^— =- • 


(6.) 


giving,  finally,  for  the  Tnaammm  hoop-temUm^ 

^      ^4.^      go(B'  +  r^  — 2giR'  ,., 

^0  =  ^  +^=  R«  — fi ~ t^-^ 

The  mean  hoop-tension  is 

gpr  — g|R 
R  — r     ' ^'-^ 

which  is  exceeded  by  the  mflvinmiTn  in  the  proportion 

(<?„r-g,E)(R  +  r)' ^''•-' 

a  proportion  which  tends  towards  equality,  as  R  and  r  become 
more  nearly  equal 

A  transposition  of  equation  6  gives  the  following  value  of  the 
ratio  of  the  external  to  the  internal  radius,  required  in  order  that 
p^  may  be  =^  the  bursting,  proof,  or  working  tension,  as  the  case 
may  be : — 


5  =  V{7^Sf5V,} « 


In  most  cases  which  occur  in  practice,  the  external  fluid  pressure 
5'i  is  so  small  compared  with  the  internal,  that  it  may  be  neglected. 

One  important  consequence  of  equation  9  is,  that  if  the  internal 
presav/re  q^  is  equal  to  or  greater  tham,  the  ««m  f  +  2  qi  of  the  co- 
efficient of  strength  a/nd  ttuice  the  external  pressmre^  m>  thickness,  how 
great  soever,  tviU  enable  the  cylinder  to  resist  the  pressure. 

The  following  is  a  geometrical  representation  of  the 
foi-egoing  solution.  In  ^,  119,  let  O  represent  the 
centre  of  the  cylinder;  O  r  its  internal,  and  O  It  its 

a 

external  radius.     To  represent  the  value  of  ti  =— , 

draw  two  ordinates  r  A,  It  B,  at  right  angles  to  the 
direction  of  those  radii,  such  that 

r~A  :  RB  :  :  R» :  r». 

Then  A  and  B  will  be  points  in  a  hyperbola  of  the 
second  order,  A  B,  which  has  the  property  that 


Fig.  119. 
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area  rABR  =  rxrA  —  RxE-B; 

80  iJiat  it  represents  case  2. 

Draw  C  D  II  O  r  B^  cutting  off  from  the  ordinates  the  parts  C  A, 
D  B,  whicli  bear  to  each  other  the  proportions 


0  A  :  DB  :  :^o  •'  9i- 

Then  r  C  =  B  D  will  represent  m,  the  solution  of  case  1.    Draw 

E  F  II  O  r  B  at  the  same  distance  r  E  =  r  0  on  the  opposite  side. 
Then  if  any  ordinate  be  drawn  across  the  two  straight  lines  E  F 
and  C  D,  and  the  curve  A  B^  at  a  given  distance  ?  from  O,  the 
segment  of  that  ordinate  between  C  D  and  A  B  will  represent  the 
radial  pressure  q,  and  the  entire  ordinate  from  E  F  to  A  B  will 
represent  the  hoop-tension  j9^  at  that  distance  from  O;  and  in  par- 
ticular E  A  will  represent  the  maximum  hoop-tension  Pq. 

The  formulse  of  this  Article  are  the  same  with  those  given  by 
M.  Lam6  in  his  Trodte  de  rEltzsticUi;  but  they  are  arrived  at  in  a 
different  manner. 

274.  Cylinder  of  Siraiiied  Ring*. — To  obviate^  in  whole  or  in 
part^  the  imequal  distribution  of  the  hoop-tension  in  thick  hollow 
cylinders  for  withstanding  great  pressures,  it  has  been  proposed  to 
construct  such  cylinders  of  concentric  hoops  or  rings  built  together, 
the  outer  hoops  being  " sJiru/nk^^  on  to  the  inner  hoops,  in  such  a 
manner,  that  before  any  internal  pressure  is  applied,  the  hoops 
within  a  certain  distance  of  the  centre  may  be  in  a  state  of  circum- 
ferential compression,  and  those  beyond  that  distance  in  a  state  of 
circimiferential  tension.  If  the  stress  thus  produced  by  the  mutual 
action  of  the  concentric  hoops  could  be  adjusted  with  such  accuracy, 
as  to  be  at  each  point  exactly  equal  and  opposite  to  the  difference 
between  the  actual  hoop  tension  at  the  same  point  due  to  the 
internal  pressure,  as  given  by  equations  4,  5,  and  6,  of  Article  273, 
and  the  mean  hoop-tension  as  given  by  equation  7,  then  upon 
applying  the  proper  internal  pressure,  there  would  result  simply  an 
umform  tension  equal  to  the  mean,  and  the  formulae  of  Article  271 
would  become  applicable  to  thick  as  well  as  to  thin  cylinders. 
Even  although  it  may  be  impracticable  to  adjust  the  previous  stress 
with  the  accuracy  above  described,  any  approach  to  its  proper 
distribution  must  increase  the  strength  of  the  cylinder.  This 
method  of  constiniction  has  been  carried  into  effect  in  Captain 
Blakely's  gun,  Mr.  Mallet's  mortar,  and  some  other  pieces  of  artillefy. 

The  only  equation  which  the  stress  of  the  concentric  hoops  will 
of  itself  fulfil  is 


/    pdr=zQ, 


THICK  HOLLCyW  SPHEBX.  29^ 

275.  Thick  Koiiow  Sphere. — ^Let  fig.  118  HOW  represent  a  diame- 
tral section  of  a  hollow  sphere,  the  fluid  pressures  "within  and 
without  being  g'o  and  2iy  ^  before.  The  pressure  to  be  resisted  at 
the  section  is 

and  if  the  section  of  the  metal  be  conceived  to  be  divided  into  an 
indefinite  number  of  concentric  rings,  the  breadth  of  one  of  these 
rings  being  dr,  its  radius  r^,  and  the  tension  at  it  p,  it  appears  that 
the  total  resistance  of  the  section  will  be 


2x 


/   pr'dr; 

J  r^ 


and  hence  the  equation  to  be  fulfilled,  for  all  values  of  qo,  g,,  r,  and 
B,  is 


2 


jyr'dr^q.f^  —  q.W (1.) 


From  symmetry  it  appears,  that  the  axes  of  stress  at  any  particle 
must  be,  one  in  the  drrectian  of  a  radius,  with  the  pressure  q  along 
it,  and  the  other  two  in  any  two  directions  perpendicular  to  the 
first  and  to  each  other,  with  equal  tensions  p  along  them.  Two 
partial  solutions  are  obtained  in  the  following  manner : — 

Let  2  »  —  q 

3  ' 

80  that 

p=in-\'my  q=:2n  —  rrk 

Case  1.   w  =  0,  p  =  —  3^  =  ^;  being  the  case  of  b, fluid  tension, 
equal  in  all  directions.  In  this  case,  equation  1  is  solved  by  making 

p  =  —  g' =  m  =  constant, (2.) 

which  reduces  both  sides  of  that  equation  to 

Case  2.  m^O,  p=^=n;  being  the  case  of  a  pair  of  circumfer- 

ential  tensions,  each  equal  to  half  of  the  radial  pressure.  In  this 
case,  equation  1  is  solved  by  making 

P  =  J  =  ^  =  ^^■'  (3) 

'which  reduces  both  sides  of  that  equation  to 
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Case  3.  General  soltition. 


The  constants  a  and  m,  deduced  from  the  equations 

2a  2a 

are  found  bj  elimination  to  have  the  following  values :-« 


m=-2 — :^^ — ii= — 


(5.) 


giving  finally,  for  the  maximum  tension, 

a   .  go(R'  +  2r')— 3^|R»  ,^. 

A  transformation  of  this  equation  gives  the  following  value  of 
ratio  of  the  external  to  the  internal  radius  of  the  sphere,  required 
in  order  that  po  iJ^y  ^  ^  fy  ^^  bursting,  proof,  or  working  ten- 
sion, as  the  case  may  be  : — 

h</{^^^} <'•) 

This  equation  shows,  that  if 

gro=  or:::5^2/+3gri, 

no  thickness  will  be  sufficient  to  enable  the  sphere  to  withstand 
the  pressure. 

The  formulae  of  this  Article  agree  with  those  given  by  M.  Lam^ 
though  arrived  at  by  a  different  process. 

276.  BoUer  Stays. — The  sides  of  locomotive  fire-boxes,  the  ends 

of  cylindrical  boilers,  and  the  sides  of  boilers  of  irregular  figures 

like  those  of  marine  steam  engines,  are  often  made  of  flat  plates, 

r — ■}    which  are  fitted  to  resist  the  pressure  firom  within 

o     o     o  i^ooj    ijy  ijeing  connected  together  across  the  water^spaoe 

o     o     o    o      or  steam-space  between  them  by  tie-bars,  called 

stays  when  long,  bolts  when  short     For  example, 

fig.  120  represents  part  of  the  fiat  side  of  a  looo- 

e     o     o    o      motive  fire-box,  and  shows  the  arrangement  of  the 

Fig.  120.         bolts  by  which  it  is  tied  to  the  fiat  plate  at  the 

Br  side  of  the  water-space. 
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Each  of  these  bolts  or  stays  sustains  the  pressure  of  the  steam 
against  a  certain  area  of  the  plate  to  which  it  is  attached.  Thus, 
in  fig.  120,  the  bolt  a  resists  the  pressure  of  the  steam  on  the  square 
area  which  surrounds  it,  and  whose  side  is  equal  to  the  distance 
from  centre  to  centre  of  the  bolts. 

Let  a  be  the  sectional  area  of  a  stay ;  A,  that  of  the  portion  of 
flat  plate  which  it  holds ;  q,  the  burning,  proof,  or  working  pres- 
sure, and/ the  idtimate,  proof,  or  workii^  tension  of  the  material 
of  the  stay.     Then 

/a  =  gr  A. 

The  proper  factor  of  safety  is  eight,  as  for  other  parts  of  boilers. 
Experience  has  shown,  that  the  plate,  if  its  material  is  as  strong  as 
that  of  the  stay,  should  have  its  thickness  equal  to  hcUf  the  dixx^ 
TTveter  of  the  stay.  If  the  plate  be  of  a  weaker  material  than  the 
stay,  its  thickness  should  be  proportionally  increased. 

The  flat  ends  of  cylindrical  boilers  are  sometimes  stayed  to  the 
cylindrical  sides  by  means  of  triangular  plates  of  iron  called  "  gus- 
sets^  These  plates  are  placed  in  planes  radiating  from  the  axis  of 
the  boiler,  and  have  one  edge  flxed  to  the  flat  end,  and  the  other 
to  the  cylindrical  body.  Each  gusset  sustains  the  pressure  of  the 
steam  against  a  Bector  of  the  flat  circular  end.  Considering  that 
the  residtant  tension  of  a  gusset  must  be  concentrated  near  one 
edge,  it  appears  advisable  that  its  sectional  area  should  be  three  or 
four  times  that  of  a  stay-bar  suited  for  sustaining  the  pressure  on 
the  same  area. 

The  best  experimental  data  respecting  the  strength  of  boilers  are 
due  to  the  researches  of  Mr.  Fairbaim,  especially  those  recorded  in 
his  work  called  Useful  InfcynnMionfor  Erigineers, 

277.   Suspenalon   Rod    of  Uniform   Strength. — ^In  flg.  121,  let  W 

be  a  weight  hung  from  the  lower  end  of  a  vertical  rod 
B  C,  whose  weight  per  imit  of  volume  is  w,  and  let  it  be 
required  to  find  how  the  transverse  section  S  of  the  rod 
miist  vary  with  the  height  x  above  B,  in  order  that  the 
tension  may  be  everywhere  of  equal  intensity  y! 

The  total  load  at  any  point  is,  W  from  the  weight  hung 

at  B,  t&  /  ^dx  from  the  weight  of  the  rod  for  a  height  x 
above  B;  and  this  must  be  equal  to  the  pull  y*S.     Hence 

W  +  w  jydx=f^; (1.)       Fig.121. 

which  being  solved,  gives  for  the  cross  section  of  the  rod, 

s  =  ^.«/; (2.) 
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and  for  its  weiglit,  for  a  height  x  above  B, 

/S  — W  =  W  {eT—  1)  (3.) 

The  most  useful  application  of  this  is  to  the  detennination  of  the 
dimensions  of  the  pump-rods  of  deep  mines.  They  are  not  made 
•with  the  section  varying  continuously,  according  to  the  foiiniila  2, 
but  in  a  series  of  divisions,  each  of  imiform  scantling ;  nevertihe- 
less  that  formula  will  serve  to  show  approximately  the  law  -wiiicih 
the  dimensions  of  those  divisions  should  follow. 

Section  4. — On  Emstcmce  to  SJi^earing, 

278.  CoadittoB  of  Uniform  intenritr- — ^The  present  section  refen 
to  those  cases  only  in  which  the  shearing  stress  on  a  body  is  tuii- 
form  in  direction  and  in  intensity.  The  effects  of  shearing  stress 
varying  in  intensity  will  be  considered  under  the  head  of  Resost- 
ance  to  Bending,  which  is  in  general  accompanied  by  such  a  stress ; 
and  the  effects  of  shearing  stress  varying  in  direction  as  weU  as  in 
intensity  under  the  head  of  Resistance  to  Torsion. 

It  has  been  shown  in  Article  103  that  shearing  stresses  can  only 
exist  in  pairs,  eveiy  shearing  stress  on  a  given  plane  being  neces- 
sarily accompanied  by  a  shearing  sti*ess  of  equal  intensity  on 
another  plane.  In  Article  112,  Problem  IL,  it  is  shown  that  for 
any  combination  of  stress  parallel  to  a  given  plane,  the  planes  rela- 
tively to  which  the  shearing  stress  is  greatest  are  at  ri^t  angles  to 
each  other,  and  make  angles  of  45°  with  the  axes  of  principal  stresBL 

When  equal  forces  are  applied  to  the  opposite  sides  of  a  wedge^ 
bolt,  rivet,  or  other  body,  in  such  a  manner  as  to  tend  to  shear  it 
into  two  parts  at  a  particular  transverse  plane  of  section,  then  at 
any  given  point  in  that  transverse  sectional  plane  the  shearing 
stress  is  of  equal  intensity  relatively  to  that  plane  itself,  and  to  a 
longitudinal  plane  traversing  the  same  point,  perpendicular  to  the 
direction  of  the  externally-applied  shearing  forces.  If  the  wedge, 
bolt,  or  rivet  is  loose  in  its  hole  or  socket  at  and  near  the  plane  of 
shearing,  there  can  be  no  shearing  stress  on  those  free  parts  of  its 
external  surfe.ce  which  are  at  right  angles  to  the  direction  of  the 
external  shearing  force ;  and  hence  the  intensity  of  the  shearing 
stress  at  the  plane  of  shearing,  how  great  soever  it  may  be  in  the 
internal  parts  of  the  body,  must  diminish  to  nothing  at  certain 
jDarts  of  the  external  edges  of  that  sectional  plane,  and  must  be 
unequally  distributed;  so  that  the  most  intense  shearing  stress 
must  be  greater  than  liie  intensity  of  a  stress  of  equal  amount  uni- 
formly distributed. 

To  insure  uniform  distribution  of  the  stress,  it  is  necessary  that 
"■he  rivet  or  other  fastening  should  fit  so  tight  in  its  hole  or  socket^ 
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that  the  friction  at  its  sur&ce  may  be  at  least  of  «qual  intensity  to 
the  shearing  stress.     When  this  condition  is  fulfilled,  the  intensity 

of  that  stress  is  represented  simply  by  -3 ;  F  being  the  shearing 

force,  and  S  the  sectional  area  which  resists  it. 

279.  A  Table  of  the  Resistance  of  ]IIaterlals  to  8hearlii|i;  and  I>is- 

tortion,  in  Ibs.  avoirdupois  per  square  inch,  is  given  at  the  end  of 
the  volume.  It  is  of  small  extent,  because  of  the  small  mmiber  of 
substances  whose  resistances  to  shearing  and  distortion  have 
been  ascertained  by  satisfactory  experiments.  The  resistance  of 
timber  to  shearing  is  in  each  case  that  which  acts  between  conti- 
guous layers  of  fibres. 

280.  Sconomy  of  material  in  Bolts  and  Blrets. — There  are  many 

structures,  such  as  boilers,  wrought  iron  bridges,  and  frames  of  tim- 
ber or  iron,  in  which  the  piincipal  pieces,  such  as  plates,  links,  or  bars, 
being  themselves  subjected  to  a  direct  pull,  are  connected  with  each 
other  at  their  joints  by  fastenings,  such  as  rivets,  bolts,  pins,  or 
keys,  which  are  under  the  action  of  a  shearing  force.  It  is  in  every 
such  case  important,  that  the  pieces  connected  and  their  fastenings 
should  be  of  equal  strength ;  for  if  the  fastenings  be  the  weaker, 
eithet  the  whole  structure  is  insufficiently  strong,  or  the  material 
which  gives  the  additional  strength  to  the  plates  or  bars  is  wasted : 
and  if  the  fsistenings  be  the  stronger,  the  plates  and  bars  are  weak- 
ened more  than  is  necessary  by  the  holes  or  sockets ;  and  as  before, 
either  the  structure  is  too  weak,  or  material  is  wasted. 

Let  f  denote  the  resistance  per  square  inch  of  the  material  of 
the  principal  pieces  to  tearing  ;  S,  the  total  sectional  area,  whether 
of  one  piece  or  of  two  or  more  parallel  pieces,  which  must  be  torn 
asunder  in  order  that  the  structure  may  be  destroyed;  f^  the 
resistance  per  square  inch  of  the  material  of  the  fastenings  to  shear- 
ing j  S',  the  total  sectional  area  of  fastenings  at  one  joint,  which 
must  be  sheared  across  in  order  that  the  structure  may  be  destroyed ; 
then,  if  the  conditions  of  uniform  distribution  of  stress  are  fulfilled, 
the  principal  pieces  and  their  fiistenings  ought  to  be  so  propor- 
tioned, that 

/S=/S';or|-'=^ (1.) 

For  wrought  iron  rivetted  plates,  taking  the  value  of/'  from  the 
table  (as  determined  by  the  experiments  of  Mr.  Doyne),  we  have 

^,=  1  nearly,  and  .  •.  S'=  S (2.) 

For  wrought  iron  bars  connected  by  bolts  or  rivets,  we  have 

•(,=:Jnearly,aiid.-.  S'  =  |  S (3,^ 

Jo  O 
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Example  I.  PkU&jomt  overlapped,  aingle^rwetted.     Fig.  128.  iL^ 

front  view ;  B,  side  view.    Let 
h  ^  =  thickness  of  plate, 

r         c?  =  diameter  of  rivet. 
'^       c  =  distance  from  centre  to  centre  of  rivets 
Then 


o  o  o  o  o 


A 

Fig.  122. 


i  =  e= 


Sectional  area  of  one  rivet 


S       Sectional  area  of  plate  between  two  holes 

07854  d* 


—  t{c^d)  ' 

so  that^  d  and  t  being  given,  and  c  required,  we  have 

0-7854  £?» 


(^) 


+  d 


(5.) 


d  in  practice  is  usually  from  2t  to  1^  < ;  and  the  overlap  from  c 

to  lA-  <5. 


o      o      o     o 
coo 


Fig.  123. 

1  =  1  = 


*         Example  II.  Plate-joint  overlapped,  douHe- 
®  nixj«ec?.     Fig.  123. 

Sectional  area  of  two  rivets 

S       Sectional  area  of  plate  between  two  holes  in  same  line 

1-5708  <?" 


t{c—d)  ' 
1-5708  e? 


.'.  c  = 


t 


+  d 


(&) 

(7.) 


Overlap  in  practice  =  If  c  to  If  c. 

Example  III.  P^o^  BvU-joi/nt,  with  a  pair 

of  covering  plcUes,  si/ngle-rivetted,    Fig.  124 

\  Here  each  rivet  can  give  way  only  by  being 

,  sheared  across  in  two  places  at  once  ;  there* 

^  fore 


o      o      o     o      o 
o      o      o     o      o 


B 


1-^' 

s 


Fig.  124. 

2  X  Sectional  area  of  rivet 

Sectional  area  of  plate  between  two  holes        t  (c — d) 

1-5708  <?• 


1-5708  c«« 


;...(&) 


.•.  c  = 


t 


+  d 


.(9.) 


^  of  each  covering  plate  =  2  x  overlap  =  from  2  c  to  2j  & 
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Eocamph  lY.  Phite  BuU-jomt^  with  a  pair  of  coverimg  plates,  chublo- 
rivetted.    Fig.  125. 


1=1  = 


4  X  Sectional  area  of  rivet 


S       Sectional  area  of  plate  between  two  holes  in  one  row 


3-1416  (P 
t{c  —  d) '' 

3-1416  (^' 
■"        t 


.(10.) 


+  d (11.) 


Length  of  each  covering-plate  =  2  x  overlap 

=  from  3J  to  3^  c. 

Note. — The  hnglh  of  a  rivet,  before  being  clenched,  measuring 
from  the  head,  is  about  4^  t  for  overlapped-joints,  and  5^  t  for 
butt-joints  with  covering-plates. 

Examiple  V.  Suspension  bridge  chain-joint.  The  chain  of  a  sus- 
pension bridge  consists  of  long  and  short  links  alternately.  Each 
long  link  consists  of  one  or  more,  say  of  n,  parallel  flat  bars,  of  a 
shape  resembling  fig.  64,  Article  138,  placed  side  by  side;  each  bar 
has  a  round  eye  at  each  end.  Each  short  link  consists  of  n+  I 
pai-allel  flat  bars,  with  round  eyes  at  their  ends,  which  are  placed 
between  and  outside  of  the  ends  of  the  parallel  bars  of  the  long 
links;  so  that  the  end  of  each  long  bar  is  between  the  ends  of  a 
pair  of  short  bars.  The  eyes  of  the  long  and  short  bars  at  each 
joint  form  one  continuous  cylindrical  hole  or  socket,  into  which  a 
bolt  or  pin  is  fitted,  to  connect  the  links  together.  To  break  the 
chain  at  a  joint,  by  the  giving  way  of  the  bolt,  that  bolt  must  be 
sheared  across  &t2n  places  at  once.  Hence,  let  S  denote  the  total 
sectional  area  of  the  bars  in  a  link,  and  d  the  diameter  of  the  bolt; 
then  ^'  =  2n  X  0-7854  d^  ==  1-5708  n  d'y  and  because  S'  should 

be  =  -  S,  we  have 
5 


d 


=Vr 


s 
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(12.) 


281.  Fastenings  of  Timber  Ties. — In  timber  framing,  a  tie  may 
be  connected  with  the  adjoining  pieces  of  the  frame  either  by  having 
their  ends  abutting  against  notches  cut  in  the  tie  (as  shown  at  A,  A, 
fig.  81,  Article  161),  or  by  means  of  bolts  or  pins.  In  either  case, 
the  tie  may  yield  to  the  stress  in  two  ways,— by  being  torn  asunder 
at  the  place  where  its  transverse  section  is  least  (that  is,  where  it  is 
notched  or  pierced,  as  the  case  may  be), — or  by  having  the  part 
beyond  the  notch,  or  beyond  the  bolt-hole,  sheared  off  or  sheared 
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ottt,  as  the  case  may  be.  In  order  that  the  material  may  be  eoono- 
micaUj  used,  equation  1  of  Article  280  should  be  fulfilled^  viz. : — 

/S=/S';or|'=^ (1.) 

This  condition  serves  to  determine  the  distance  of  the  notch,  or  of 
the  bolt-hole,  or  of  the  nearest  bolt-hole  where  there  are  more  thsii 
one,  from  the  end  of  the  tie,  in  the  following  manner  : — 

Let  h  be  the  effective  depth  of  the  tie,  left  after  deducting  the  depth 
of  the  notch,  or  the  diameters  of  bolt-holes,  and  d  the  distaaioe  of 
the  notch,  or  of  the  nearest  bolt-hole,  from  die  end  of  the  tie;  then 
for  a  notch 

and  for  bolt-holes,  if  r&  be  their  number, 

S=-^'-^=2^^ <^> 

In  determining  the  number  n,  it  is  to  be  observed,  that  if  two  or 
Tnore  hdUa  pierce  the  awme  layer  of  fibres,  the  resistaDce  to  the  gTiAartng 
out  of  the  part  of  that  layer  between  the  end  of  the  tie  and  the  mosfe 
distant  of  the  bolts  is  nearly  the  same  as  if  that  bolt  existed  aloufi; 
so  that  the  most  distcmt  ordy  of  such  a  set  of  holts  is  to  he  reckoned  in 
using  equation  3.  In  general,  the  piercing  of  the  same  layer  of 
fibres  by  more  than  one  bolt  is  un&.yourable  to  economy. 

Segtioit  5. — On  Eesistance  to  Direct  Compression  and  CrvMmg^ 

282.  RcsiattiMce  to  CmnprcMtoB,  when  the  limit  of  proof  stresB  is 
not  exceeded,  is  sensibly  equal  to  the  resistance  to  extension,  and  is 
expressed  by  the  same  ^^  modulus  of  elasticity ^^  already  mentKmed 
and  explained  in  Articles  257,  265,  266,  and  268.  Whsa  that 
limit  is  exceeded,  the  irregular  alterations  undergone  by  the  figure 
of  the  substance  render  the  precise  deteirmination  of  the  resistance 
to  compression  difficult,  if  not  impossible. 

283.  modes  of  Cmshing. — SpllttlM^  Sh«urteg»  Bvlgteg^  liadklftqb 

CroM-breaking. — Crusihing,  Or  breaking  by  compression,  is  not  a 
simple  phenomenon  like  tearing  asunder,  but  is  more  or  less  oomplez 
and  varied,  according  to  the  texture  of  the  substance.  The  modes 
in  which  it  takes  place  may  be  classed  as  follows  : — 

I.  Crushiri/g  hy  splittvng  (fig.  126)  into  a  number  of  prismalao 

fn^onents,  separated  by  smooth  surfaces  whose  general  direction  is 

vparaJld  to  the  direction  of  the  crashing  force^  is  choracteristio 
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of  hard  homogeneous  substances  of  a  glassy  textnre^  such  as  vitrified 
bricks. 


Fig.  126.  Kg.  127. 


Fig.  128. 


11.  Crushing  hy  ahea/ring  or  sliding  of  portions  of  the  block  along 
oblique  surfaces  of  separation  is  characteristic  of  substances  of  a 
granular  texture,  like  cast  iron,  and  most  kinds  of  stone  and  brick. 
Sometimes  the  sliding  takes  place  at  a  single  plane  surface,  like 
A  B  in  ^.  127 ;  sometimes  two  cones  or  pyramids  are  formed^  like 
c,  c,  in  ^g,  128,  which  are  forced  towards  each  other,  and  split  or 
drive  outwards  a  number  of  wedges  surrounding  them,  like  w,  w,  in 
the  same  figure.  Sometimes  the  block  spHts  into  four  wedges,  as 
in  ^g,  129. 

The  surfaces  of  shearing  make  an  angle  with  the  direction  of  the 
crushing  force,  which  Mr.  Hodgkinson  (who  first  fully  investigated 
those  phenpmena)  found  to  have  values  depending  on  the  kind  and 
quality  of  material.  For  different  qualities  of  cast  iron,  for  example, 
that  angle  ranges  from  42°  to  32°.  The  greatest  intensity  of  shearing 
stress  is  on  a  plane  making  an  angle  of  45°  with  the  direction  of  the 
crushing  force ;  and  the  deviation  of  the  plane  of  shearing  from  that 
angle  shows  that  the  resistance  to  shearing  is  not  purely  a  cohesive 
force,  independent  of  the  normal  pressure  at  the  plane  of  shearing, 
but  consists  partly  of  a  force  analogous  to  friction,  increasing  with 
the  intensity  of  the  normal  pressure. 

Mr.  Hodgkinson  considers  that  in  order  to  determine  the  true 
resistance  of  substances  to  direct  crushing,  experiments  should  be 
made  on  blocks  in  which  tlie  proportion  of  length  to  diameter  is  not 
less  than  that  of  3  to  2,  in  order  that  the  material  may  be  free  to 
divide  itself  by  shearing.  When  a  block  which  is  shorter  in  pro- 
portion to  its  diameter  is  crushed,  the  friction  of  the  flat  surfaces 
between  which  it  is  crushed  has  a  perceptible  effect  in  holding  Us 
pwrts  together,  so  as  to  resist  their  separation  by  shearing;  and  thus 
the  apparent  strength  of  the  substance  is  increased  beyond  its  real 
strength. 

In  all  substances  which  are  crushed  by  splitting  and  by  shearing, 
the  resistance  to  crushing  considerably  exceeds  the  tenacity,  as  an 
examination  of  the  tables  will  show.  The  resistance  of  cast  iron 
to  crushing,  for  example,  was  found  by  Mr.  Hodgkinson  to  be 
somewhat  more  than  disc  times  its  tenacity. 
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III.  Crualiifng  hy  bulging,  or  lateral  swelling  and  spreading  of 
the  block  which  is  crushed,  is  characteristic  of  ductile  and  too^ 
materials,  such  as  wrought  iron.  Owing  to  the  gradual  manner 
in  which  materials  of  tins  nature  give  way  to  a  crushing  foioe,  it 
is  difficult  to  determine  their  resistance  to  that  force  exactly;  t^t 
resistance  is  in  general  less,  and  sometimes  considerably-  less,  than 
the  tenacity.  In  wrought  iron,  the  resistance  to  the  direct  cmdi- 
ing  of  short  blocks,  as  nearly  as  it  can  be  ascertained,  is  firam 

-  to  p  of  the  tenacity. 

lY.  Crushing  hy  hucMing  or  crippling  is  characteristic  of  fibrooB 

substances,  under  the  action  of  a  thrust  along  the  fibres.    It  consisfeB 

in  a  lateral  bending  and  wrinkling  of  the  fibres,  sometimes  acoom- 

panied  by  a  splitting  of  them  asunder.     It  takes  place  in  timber, 

in  plates  of  wrought  iron,  and  in  bars  longer  than  those  which  give 

way  by  bulging.     The  resistance  of  fibrous  substances  to  crashing 

is  in  general  considerably  less  than  their  tenacity,  especially  where 

the  lateral  adhesion  of  the  fibres  to  each  other  is  weak  compared 

with  their  tenacity.     The  resistance  of  most  kinds  of  timber  to 

1       2 
crushing,  when  dry,  is  from  5*^0^^  *^6  tenacity.   Moisture  in  the 

timber  weakens  the  lateral  adhesion  of  the  fibres,  and  reduces  the 
resistance  to  crushing  to  about  one-half  of  its  amount  in  the  dry 
state. 

V.  Grvsfdng  hy  cross-hreoMng  is  the  mode  of  fi'acture  of  columns 
and  struts  in  which  the  length  greatly  exceeds  the  diameter.  Under 
the  breaking  load,  they  yield  sideways,  and  are  broken  across  like 
beams  under  a  transverse  load  This  mode  of  crushing  will  be  con- 
sidered after  the  subject  of  resistance  to  bending. 

284.  A  Table  of  the  Besiatance  of  ITIaterials  to  Cmnhtats  ^7  * 

Direct  Thmst,  in  pounds  avoirdupois  per  square  inch,  is  given  at 
the  end  of  the  volume.  So  far  as  that  table  relates  to  the  strength 
of  brick  and  stone,  reference  has  already  been  made  to  it  in  Article 
235.  It  is  condensed  from  the  experimental  data  given  by  varions 
authorities,  especially  by  Tredgold,  Mr.  Fairbaim,  Mr.  Hodgkinsou, 
and  Captain  Fowke. 

285.  Unequal  ]>istribation  of  the  Preasnre  on  a  pillar  arises  from 

the  line  of  action  of  the  resultant  of  the  load  not  coinciding  with 
the  axis  of  figure  of  the  pillar,  so  that  the  centre  0/ pressure  of  a 
cross  section  of  the  pillar  does  not  coincide  with  its  centre  of  figure, 
but  deviates  from  it  in  a  certain  direction  by  a  certain  dii^faiiiiw^ 
which  may  be  denoted  by  rQ. 
In  this  case  the  strength  of  the  pillar  is  diminished  in  the  i^nM* 
'ao  in  which  the  mean  intensity  of  the  pressure  is  less  than  the 
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maximiiin  intensity;  that  is  to  say^  in  a  ratio  which  may  be 
denoted  by 

mean  intensity    p^ 

maximum  intensity"" ^^* 

That  ratio  may  be  found  with  a  precision  sufficient  for  practical 
purposes,  by  coi^dering  tlie  press^  at  any  cross  section  of  the 
})illar  as  an  uniformly  varying  stresSy  as  defined  in  Article  94. 
Consequently  the  following  is  tiie  process  to  be  pursued  : — 

Find,  by  the  methods  of  Article  95,  the  principal  axes  and 
moments  of  inertia  of  the  cross  section  of  the  pillar ;  and  thence 
determine  the  neutral  axis  conjugate  to  the  direction  of  the  devia- 
tion Tq.  Let  fi  be  the  angle  made  by  that  axis  with  the  direction  of 
the  deviation  Vq  ;  then  the  perpendicular  distance  of  the  centre  of 
pressure  firom  the  neutral  axis  will  be 

a?o  =  i'o  sin  ^. 

Find  the  moment  of  inertia  of  the  cross  section  relatively  to  the 
neutral  axis,  and  denote  it  by  I ;  then  from  equations  1,  2,  and  4 
of  Article  94,  it  appears  that  if  o^i  be  the  greatest  peij[>endicul(M' 
dista/nce  of  the  edge  of  the  cross  section  from  ttie  neutral  axis  in  the 
same  direction  with  ocq,  the  greatest  intensity  of  pressure  will  be 

.      ,.  ,  o^P  S      •  (1.) 

mwhich  »  =  -^  =  i*'bi'o    y-j 

P  being  the  total  pressure,  and  S  the  area  of  the  section  of  the 
pillar.     Consequentiiy  the  ratio  required  is 

^  = ^—^ (2.) 

Values  of  S,  for  certain  symmetrical  figures,  and  of  I  for  the 

principal  axes  of  these  figures,  have  already  been  given  in  the  table 

of  Article  205,  from  which  are  computed  the  following  values  of  the 

X  S 
factor  -—-  in  the  denominator  of  the  preceding  formula  : — 

X  S 
FiGUEE  OF  Cross  Section.  — j-. 

I.  Bectangle,  hh;  b,  neutral  axis, )  6 

II.  Square,  A", , j  f^' 

III.  Ellipse :  neutral  axis,  h ;  other  axis,  h;)  S 

IV.  Circle :  diameter,  A, j '^' 

X 
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V,  Hollow  rectangle :  outside  dimensions,  hjh;)  6h{hh  —  h'h') 
inside  dimensions,  h',  V ;  neutral  axis,  6,...  J     h^  ft  —  ^'»  y  ' 

6A 
VI.  Hollow  square,  A*  —  ^'*, » ,,,,,,. 

8  A 
VII.  Circular  ring  :  diameter,  outside,  h ;  inside.  A',       ,,  _.       . 


286.    liinliattoni  of  die  Preceding  ForamlaB. — The  fonntl]»  of 

the  preceding  Article  of  this  section  have  reference  to  direct  cnuih- 
ing  only,  and  are  therefore  limited  in  their  application  to  those 
cases  in  which  the  pillars,  blocks,  or  struts  along  which  the  prefl- 
sure  acts  are  not  so  long  in  proportion  to  their  diameter  as  to  haTe 
a  sensible  tendency  to  be  crushed  by  bending.  Those  cases  com- 
prehend— 

Stone  and  brick  pillars,  and  blocks  of  ordinary  proportions ; 

Pillars  and  struts  of  cast  iron,  in  which  the  length  is  not  more 
than  five  times  the  diameter,  ai 


Pillars  and  struts  of  wrought  iron,  in  which  the  length  is  not 
more  than  ten  times  the  diameter,  approximately ; 

Pillars  and  struts  of  dry  timber,  in  which  the  length  is  not  mon> 
than  about  twenty  times  the  diameter. 

287.  Cmshlng  and  Collapsing  of  Tnbeiiv^— When  a  hollow  Cylin- 
der is  exposed  to  a  pressure  from  without,  there  is  a  circumferen- 
tial thrust  round  it,  whose  greatest  intensity  takes  place  at  the 
inner  sur&x»  of  the  cylinder,  and  may  be  computed  by  soitabfy 
modifying  the  formulse  of  Article  273.  That  is  to  say,  let  R  and 
r  denote  respectively  the  outer  and  inner  radii  of  the  cylinder, 
qi  the  intensity  of  the  radial  pressure  from  without,  q^  that  of  the 
radial  pressure  from  within,  and  let  p^  tww  denote,  not  a  tenmifm, 
but  a  th/rust,  viz.,  the  maximum  circumferential  thrust  which  acta 
round  the  inner  surface  of  the  cylinder.  Then  reversing  the  aigni 
of  the  second  side  of  equation  6  of  Article  273,  we  obtain 

-ro  -  R2_^  \H 

When  the  pressure  from  within  is  null  or  insensible,  this  beoomee 

_  2  gi  R\ 
^0  -  E«Z7^' - W 

and  snjuppomvg  the  material  to  gi/oe  way  hy  direct  cruMing^  Ae 
proper  ratio  of  the  internal  to  the  external  radius  is  given  ly 
the  equation 
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i  -  V'-^' pt 

^1  being  the  working,  proof,  or  crushing  external  pressure,  and  / 
the  working,  proof,  or  crushing  thrust  of  the  matenal,  as  the  case 
may  be. 

This  formula  gives  correct  results  for  thick  hollow  cylinders.  But 
where  the  thickness  is  small  (as  in  the  internal  flues  of  boilers),  the 
cylinder  gives  way,  not  by  direct  crushing,  but  by  collapsing,  which, 
as  it  consists  in  an  alteration  of  figure,  is  analogous  to  crushing  by 
bending.  According  to  Mr.  Fairbaim's  experiments,  published  in 
the  FhUosophiccd  Trfmsctctiona  for  1858,  the  intensity  of  the  pressure 
from  without  which  makes  a  thin  wrought  iron  tube  collapse  is  in- 
versely as  the  length,  inversely  as  the  i-adius,  and  directly  as  the 
power  of  the  thickness  whose  index  is  2-19.  In  most  calctdations 
for  practical  purposes,  the  aqwjt/re  of  the  thickness  may  be  used  in- 
stead of  that  power.  For  plate  iron  flues,  let  I  be  the  length,  d  the 
diameter,  t  the  thickness,  all  in  the  same  xmits  of  measure,  and  let 
q  be  the  collapsing  pressure  in  lbs.  on  the  square  inch ;  then 

^  =  9,672,000^nearly (4.) 

L  Cv 

Mr.  Fairbaim  strengthens  long  flues  by  means  of  rings  of  T-iron  ; 
in  which  case  I  is  the  distance  between  two  adjacent  rings. 

Section  6. — On  Remtcmce  to  Bendmg  cmd  Gross-BreoJemg. 

2SS,  Shearias  Fivrce  aMd  Bending  moment  In  GeneraL — ^It  has 

already  been  shown,  in  Articles  14J  and  142,  how  to  determine  the 
proportions  between  the  resultant  of  the  gross  load  of  a  beam  and 
the  two  forces  which  support  it, — ^whether  those  three  forces  are 
perpendicular  or  obHque  to  the  beam, — ^and  whether  they  are  par- 
allel or  inclined  to  each  other.  In  the  present  section  those  cases 
alone  will  be  considered  in  which  the  loading  and  supporting  forces 
are  pei*pendicular  to  the  beam,  and  parallel  to  each  other,  and  in  one 
plane ;  for  such  forces  alone  tend  simply  to  bend  the  beam,  and  if 
sufficiently  great,  to  break  it  across. 

In  Article  161  it  has  been  shown  how  to  determine  the  resist- 
ances exerted  by  the  pieces  of  a  frame  which  are  cut  by  an  ideal 
sectional  plane,  in  terms  of  the  forces  and  couples  which  act  on  one 
of  the  portions  into  which  that  plane  of  section  divides  the  frame ; 
and  in  Articles  162,  163,  164,  and  165,  that  rmthod  of  sections,  as 
it  is  called,  has  been  applied  to  the  determination  of  the  stresaesk 
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acting  along  the  bars  of  half-lattice  or  Warren  girders  and  of  lattice 
girders. 

The  method  followed  in  determining  the  effect  of  a  transvene 
load  on  a  continuous  beam  is  similar ;  except  that  the  resistance  at 
the  plane  section^  which  is  to  be  determined,  does  not  consist  of  a 
finite  number  of  forces  acting  along  the  axes  of  certain  bars,  but  of 
ft  distributed  stress,  acting  with  various  intensities,  and,  it  may  b^ 
in  various  directions,  at  different  points  of  the  section  of  the  beam. 

In  what  follows,  ike  load  of  the  beam  will  be  conceived  to  con- 
sist of  weights  acting  vertically  downwards,  and  the  snppoitiiig 
forces  will  also  be  conceived  to  be  vertical  The  longitudinal  axis 
of  the  beam  being  perpendicular  to  the  applied  forces,  will  accord- 
ingly be  horizontal  The  conclusions  arrived  at  will  be  applicable 
to  cases  in  which  the  axis  of  the  beam  and  the  direction  of  the 
applied  forces  are  inclined,  so  long  as  they  are  perpendicular  to 
each  other. 

Let  any  point  in  the  longitudinal  axis  of  the  beam  be  taken  as 
the  origin  of  co-ordinates ;  and  at  a  given  horizontal  distance  x 
from  that  origin,  conceive  a  vertical  section  perpendicular  to  the 
longitudinal  axis  to  divide  the  beam  into  two  parts.     To  fix  the 

ideas,  let  horizontal  distances  to  the  <  *  1.4.  f  ^  considered  as 
(  SS  } '  ^®*  "^'^''^  distances  and  forces  in  an  {  ^1^^^^  } 
direction,  be  considered  as  <  i^otive  i  ^  ^'^^  ^®*  ^®  moments  of 

-"P^-^  {n^it:}  according  as  they  a«  1,^^'^}. 

Let  F  denote  the  resultant  of  all  the  vertical  forces,  whether 
loading  or  supporting,  which  act  on  the  part  of  the  beam  to  the 
left  of  the  vertical  plane  of  section,  and  let  a/  be  the  horizontal 
distance  of  the  line  of  action  of  that  resultant  from  the  origin. 

If  the  beam  is  strong  enough  to  sustain  the  forces  applied  to  il^ 
there  will  be  a  shea/ring  stress  whose  amount  is  equal  to  F,  distii- 
buted  (in  what  manner  will  afterwards  appear)  over  the  given 
vertical  section  j  and  that  shearing  stress,  or  vertical  reaistanoa 
will  constitute,  along  with  the  applied  force  F,  a  couple  whoss 
moment  is 

M  =  F(af-rB) (L) 

This  is  called  the  bending  momemi  or  mrnnent  offlexfwre  of  the  bena 
at  the  vertical  section  in  question ;  and  it  is  refflsted  by  the  noonul 
stress  at  that  section,  in  a  manner  to  be  explained  in  the  seqneL 

If  the  bending  moment  is   |  ^^^®  I ,  it  tends  to  tni^y^  ftg 


SUEAJEUNG  FORCE  AND  BENDUTG  MOMENT.  309 

originally  straight  longitudinal  axis  of  the  beam  become  concave 

(    upwards    ) 

(  downwards  \  ' 

The  detenmnation  of  the  magnitude  and  position  of  the  resultant 
F  consists  simply  in  finding  the  resultant  of  a  number  of  parallel 
forces  in  one  plane,  as  explained  in  Article  44^  the  supporting 
forces  having  first  been  found  by  the  principles  of  Articles  39  and 
141.  These  processes  are  expressed  by  general  formidse  as  folr» 
lows : — 

Case  1.  The  load  applied  at  detcuJied  points, — Let  W  denote  one 
of  the  weights  of  which  the  load  consists ;  os^  its  horizontal  distance 
from  the  origin ;  then 

—  2  *  W  is  the  total  load,  made  nq^ve  as  acting  downwards ; 
and 

—  2  •  as"  W  is  its  moment  relatively  to  the  origin. 

Let  Xi  and  o^  be  the  horizontal  distance  of  the  points  of  support 
from  the  origin,  and  let  Fj,  P^^  be  the  supporting  forces ;  then  to 
determine  those  forces  we  have  the  conditions  of  equilibrium 

Pi  +  P«  -  2-W  =  Oj 
a;,P, +a?2P2-  s-a^W  =  0; 

from  which  follow  the  equations 


Pi  = 


P.= 


.(2.) 


To  show  how  the  shearing  force  and  moment  of  flexure  at  any 
cross  section  are  found,  let  W  be  applied  to  the  left  of  the  origin^ 
and  let  the  plane  of  section,  whose  distance  from  the  origin  is  a;,  lie 
between  P)  and  Pg ;  then  the  force  acting  on  the  beam  to  the  left 
of  a?  will  be 

F  =  Pi-3;'W; 
and  the  moment  of  flexure  <-  (3.) 

the  symbol  ^l^*  denoting  in  each  case,  that  the  summation  extends 
to  that  part  of  the  beam  only  which  lies  between  the. given  plane 
of  verticil  section  and  the  point  of  support  (if  any)  to  the  left  of 
that  plane. 

Case  2.  Ths  load  contmuumsly  distr^nUed, — ^On  any  indefinitely 
abort  division  of  the  beam  whose  length  iB  doc,  and  distance  from 
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the  origin  «",  let  the  intensity  of  the  load  per  unit  of  length  be  « 
Then  in  the  equations  2  and  3,  given  above^  it  is  only  necessary  to 

substitute  wdx  for  W,  and  the  sign  j  for  the  sign  z 

289.  In  Wft  vised  at  One  End  Only,  and  loaded  on  the  pfo- 
jecting  portion^  as  in  fig.  67  of  Article  141,  and  figs.  133  to  136  ^ 
a  subsequent  Article,  the  shearing  force  and  moment  of  flexure  can 
be  determined  for  any  vertical  section  of  the  projecting  part  of 
the  beam,  without  considering  the  supporting  pressures. 

Let  the  plane  at  which  the  beam  is  fixed  be  taken  as  the  origin; 
let  e  be  the  length  of  the  projecting  part  of  the  beam.  The  results 
in  the  cases  most  important  in  practice  are  given  in  the  following 
table : — 


EXA¥PT.». 

SHEABDia  FOBCB 

F 

U 

Anywhere. 
F 

Greatest 

Anywheca 
M 

Gnateit 

I.   Loaded  at  extreme 
end  with  W, 

II.   Uniform  load  of  in- 
tensity u^, 

— W 

— W 

—(c— «)W 

—cW 

tD(c — X) 

— wo 

w(c — sc)* 
2 

2 

III.   Uniform  load  of  in- 
tensity Wj  and  ad- 
ditional   load    at 
extreme  end  W, 

— W— w(o— «) 

— W— wc 

w(c — xf 
2 

^y/c^"^ 

290.  In  JBcams  Supported  at  Both  Ends,  and  loaded  on  the  inter- 
mediate portion,  like  those  represented  in  fig.  ^Q  of  Article  141, 
and  in  figs.  138  and  140  of  a  subsequent  Article,  it  is  most  conve- 
nient to  take  the  middle  of  the  beam  as  the  origin  of  oo-ordiiiate& 
Then  let  c  denote  the  luxlf-epcm  of  the  beam,  so  that  2  c  is  the  tpan, 
or  distance  between  the  points  of  support;  the  positions  of  those 
points  will  be  expressed  by 


Xi  =  c;  X.J  =  — cj  ajj  — a5|  =  2o;, 


.(1.) 


which  substitutions  convert  equation  2  of  Article  288  into  the 
following :— . 


"i  =  — s r 


P.= 


2       '        2c 
2  •  W      2  •  a"  W 


2 


2c 


(2.) 
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If  the  load  is  ^ymmetaicall}-  distributed, 

2-«"W  =  0, 
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and 


Pi  =  p.  = 


sW 


2     =^-^ (2  a.) 

The  equations  3  of  Article  288  also  become 


.} 


(3.) 


M  =  (c-«)Pj-3i-(a;"-.a;)W 

and  for  a  symmetrically  distributed  load, 

F  =  3j-W;  M  =  (c-a;)2j-W-3l-(a/'-a)W....(3  a.) 

The  results  in  the  cases  most  important  in  practice  are  given  in 
the  following  table  : — 


EXAUFLB. 

SHSABraO  FOBCB 

Bbhdzvo  MOHKirT 

Anywhere. 
P 

Greatest 
Fi  or  Fa 

Anywhere. 
M 

Greatest 
M,  or  M* 

IV.   Single  load,  W,  in 
middle — 
Left  of  0, 

Bight  of  0, 

V,  Single  load,  W,  ap- 
plied at  a/' — 
Left  of  a/', 

Eight  of  a:^', 

VI.   Uniform  load  of  in- 
tensity. tOt .,,, 

W 

2 

W 

2 

W 

2 

W 
2 

2 

2  "^ 

(c+aj")W 

2c 
-(c-a/OW 

(c+a/OW 
2c 

(c+ar)((>—xyw 

(c«— a/«)W 

2c 
(p—af')(c +xyw 

2c 

=  M"  at  of' 

2c 

2c 

2c 

tox 

VJC 

tt,(c*__aj2) 
2 

2          « 

291.    mEoineiits  of  Flexore   in  Terms  of  Ijoad  and  Ijength. — ^For 

practical  purposes,  it  is  often  convenient  to  express  the  greatest 
bending  moment  of  a  beam  in  terms  of  the  total  load,  W,  and  wnr 
supported  length,  I,  of  a  beam,  by  means  of  a  formula  of  this  kind. 

Mo  =  wiW?, (1.) 

where  m  is  a  numerical  factor.     For  beams  fixed  at  one  end,  2 = c ; 
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for  beams  supported  atbothends,Z  =  2e- the  span;  for  an  xmi&nn 
load^  W  =  to  Z.  Hence^  comparing  equation  1  with.  Examples  L, 
n.,  IV.,  v.,  and  VL  of  Articles  289  and  290,  we  find  the  Ibllair- 
isg  values  of  the  factor  m  : — 

L  Beam  £xed  at  one  end,  loaded  at  the  other, 1. 

IL  Beam  fixed  at  one  end,  loaded  uniformly,. ^ 

IV.  Beam  supported  at  both  ends,  loaded  in  the  )  1 

middle, J  4* 

V.  Beam  supported  at  both  ends,  loaded  at  05" )    1  /       4  ai"\ 
from  the  middle, J    4  \    """7*/* 

VL  Beam  supported  at  both  ends,  imiformly  loaded,  -. 

o 

292.  Vniforai  moment  of  Fienre. — ^If  a  pair  of  equal  and  oppo- 
site couples,  acting  in  the  same  longitudinal  plane,  be  applied  ai 
or  near  the  ends  of  a  beam,  the  part  of  the  beam  intermediaiB 
between  the  portions  to  which  the  couples  are  applied  is  under  tlis 
influence  of  an  vmiform  moment  offlexwre,  and  of  no  sheasring  firc^ 

An  illustration  of  this  is  the  condition  of  that  part  of  the  axis 
of  a  railway  carriage  which  li6s  between  the  pair  of  wheelsy  if  ilia 
bearings  are  outside  of  the  wheels,  or  between  the  bearinga  if  tba 
bearings  are  inside  of  the  wheels.     Let  W  be  the  weight  which 

"W 

rests  on  one  pair  of  wheels ;  then  ~  is  the  weight  resting  on  each 

wheel,  and  on  each  bearing.  Let  I  be  the  distance  frt)m  the  oenln 
of  each  wheel  to  the  middle  of  the  adjoining  bearing.  Then  a  pair 
of  equal  and  opposite  couples,  each  of  the  moment^ 

2  ^ 

are  applied  to  the  two  ends  of  the  axle  j  and  this  is  the  nnifinrm 
moment  of  flexure  of  the  portion  of  the  axle. lying  between  ths 
portions  acted  upon  by  the  forces  which  constitute  the  coapilea; 
and  the  shearing  for6e  on  the  same  portion  is  nulL 

293.  Besistaiice  of  Flexure  means,  the  moment  of  the  resistamoa 
which  a  beam  opposes  to  being  bent  or  broken  across ;  and  if  tho 
beam  is  strong  enough,  that  moment,  at  each  cross  section  of  the 
beam,  is  equal  and  opposite  to  the  moment  of  the  bending  fbioea 
at  the  same  cross  section. 
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Fig.  180*. 


Let  fig.  130  represent  a  side  view  of  part  of  a  beam  which  is  of 
tmifomi  cross  section,  and  which  is  sub- 
jected to  an  uniform  moment  of  flexure; 
and  let  fig.  130*  represent  the  cross  sec- 
tion of  the  same  beain.  It  is  self-evident 
that  the  curvature  produced  in  the  part 
of  the  beam  in  question  must  be  uniform ; 
that  is  to  say,  that  any  longitudinal  line  in  ^fe*  l^O* 

the  beam,  such  as  its  upper  edge  A  A',  or  its  lower 
edge  B  B',  which  in  the  free  condition  of  the  beam 
is*  straight,  must  be  bent  into  an  arc  of  a  circle  ;  and 
that  any  surface  originally  plane  and  longitudinalj 
and  perpendicular  to  the  plane  in  which  the  curva- 
ture takes  place,  such  as  the  upper  surface  A  A',  or 
the  lower  surface  B  B',  must  be  bent  into  a  cylin- 
drical form :  and  the  cylindrical  surfaces  so  produced 
^  hare  a  common  ais. .  Any  two  t^asverSe  sectional  planes,  such 
as  A  B  and  A'  B',  which  in  the  free  state  of  the  beam  are  parallel  to 
each  other,  will  have,  in  the  curved  state  of  the  beam,  positions 
radiating  from  the  axis  of  curvature. 

Therefore,  if  the  portion  of  the  beam  between  the  transverse 
planes  A  B,  A'  B',  be  conceived  to  be  divided  into  layers,  such  as 
C  C,  originally  plane,  parallel,  and  of  equal  length,  these  layers, 
in  the  bent  condition  of  the  beam,  must  have  lengths  proportional 
to  their  distances  from  the  axis  of  curvature.  The  layers  near  the 
concave  side  of  the  beam,  A  A',  are  shortened  by  the  bending,  and 
the  layers  near  the  convex  side,  B  B',  lengthened ;  and  there  must 
be  some  intermediate  layer  which  is  neither  lengthened  nor  short- 
ened, but  preserves  its  free  lengtL  Let  0  (X  be  the  surface  origi- 
nally  plane,  now  curved,  at  which  that  layer  is  situated ;  this  is 
called  the  neutral  swrfoLce  of  the  beam,  and  the  line  0  O,  fig.  130% 
in  which  it  intersects  a  given  cross  section,  is  called  tiie  neut/rd 
aacia  of  that  section. 

The  direct  strains,  or  proportionate  elongations  and  compressions, 
of  the  layers  of  the  be^n  are  proportional  to  their  distances  below 
and  above  the  neutral  surface;  and  hence,  within  the  limits  of 
proof  stress,  the  direct  stresses,  or  tensions  and  pressures,  at  the 
different  points  of  the  cross  section  AB,  fig.  130*  ha/ve  intensities 
sensibly  proportional  to  iJieir  distamces  from  tJie  neutral  axis  O  O. 

Therefore  the  direct  stress  at  each  section,  such  as  A  B,  whose 
moment  constitutes  the  resistance  to  bending,  is  an  wnifomfdy-va/ry- 
ing  stress,  as  defined  in  Article  91 ;  and  in  order  that  the  longi- 
tudinal  resvlta/nt  of  that  stress  may  be  null,  the  neutral  axis  (as 
shown  in  that  Article)  must  traverse  the  cenl/re  of  gravity  of  the 
cross  section  A  B. 
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The  momenl  of  a  bending  stress  has  already  been  given  in  Aitida 
92,  equations  3  and  4 ;  and  the  methods  of  determining  the  inte- 
grals I  and  K,  which  occur  in  those  equations^  have  been  tx^^^m^ 
and  illustrated  in  Article  95. 

To  apply  the  equations  of  those  Articles  to  the  present  punoM^ 
let  p  be  the  intensity  of  the  direct  stress  at  a  layer  of  the  bem 
whose  distance  from  the  neutral  axis  is  y :  height  above  the  neotal 
axis  being  considered  as  positive^  and  depth  below  it  as  negBtht 
Then  because  a  moment  of  flexure  tending  to  make  the  beam  ooft- 
cave  upwards  has  been  treated  as  positLve^  it  is  convenient,  in  ends 
to  avoid  the  imnecessary  use  of  negative  signs,  to  consider  the  oaft> 

stant  ratio  ^  as  positive  when  it  is  such  as  to  give  resistanoe  to  tt 

upward  moment  of  flexure ;  that  is^  when  p  is  a  throst  for  posiiifo 
values  of  y,  and  a  pull  for  negative  values  j  consequently,  piBio 

be  considered  as|P^^2^^|accordingafi  it  isaj*^ 

This  being  understood,  we  have,  for  the  moment  of  the  lesisiBiM 
opposed  by  the  beam  to  bending, 

M  =  |.V(I'  +  K'); (1.) 

and  for  the  angle  made  by  the  neutral  axis  with  the  diiectiaii  of 
the  axes  of  the  bendiag  couples, 

^  =  -  arc  •  tan  y ; (i) 

I  and  K  being  found  by  the  methods  of  Article  95. 

In  some  cases,  a  more  convenient  form  of  equation  2  is  tint 
which  gives  ^,  the  angle  made  by  the  neutral  axis  with  its  C(n^ 
gate  axis,  in  which  the  plane  of  the  bending  forces  cuts  the  plasfl 
of  section  A  B,  viz.  : — 

XT 

cotan  •  ^  =  Y  (3«) 

In  almost  every  case  which  occurs  in  practice,  the  plane  of  the 
bending  forces  cuts  each  cross  section  of  the  beam  in  one  or  otba 
of  its  principal  aoces,  for  which  K  =  0,  ^  =  0,  tf  =  90<>  j  and  then  eqnfr 
tion  1  becomes 


M=Pl 


y   : <*•) 


In  beams  whose  transverse  sections  and  moments  of  flexure  aie  noil 
imiform,  no  error  appreciable  in  practice  is  produced  by  applyii^ 
equation  4  to  each  cross  section,  and  to  the  moment  of  flexuz^  whid 


TBANSTEBSE  STBENGTHi  315 

acts  upon  it,  as  if  the  given  section  and  moment  belonged  to  an 
uniform  beam  with  an  imiform  moment  of  flexure. 

294  The  Transrerse  Strength  of  a  beam,  tdtimate,  proof^  or  work- 
ing, as  the  case  may  be,  is  the  load  requted  to  break  it  across,  or 
to  produce  the  proof  stress  or  the  working  stress,  as  the  case  may 
be.  It  is  found  by  equating  the  greatest  moment  of  flexure,  ex- 
pressed in  terms  of  the  load  and  length,  as  in  Article  291,  to  the 
moment  of  resistance  at  the  cross  section  where  that  moment  of 
flexure  acts :  such  moment  of  resistance  being  found  from  the  equa- 
tions of  Article  293,  by  putting  for  p  the  tdtimate,  proof,  or 
working  direct  stress  of  the  material,  as  the  case  may  be,  and  for 
y  the  dLtance  from  the  neutral  axis  to  the  point  in  the  given  cross 
section  where  the  limiting  stress  p  is  first  attained.     That  point 

will  be  at  the  <  ^^^^^^  I  gide  of  the  beam,  accordinir  as  the  mate- 

I  convex   \  r  T^  ^^ 

•  1    •  ^    -X       j-i    X    I  pressure.  | 

nai  gives  way  most  readily  to  'j  i^ension.    J 

In  fig.  131,  A  represents  a  beam  of  a  granular  material,  like  cast 
iron,  giving  way  by  the  crushing 
of  the  concave  side,  out  of  which 
a  sort  of  wedge  is  forced.  B  re- 
presents a  beam  giving  way  by 
the  tearing  asunder  of  the  con-  Fig.  181. 

vex  side. 

In  a  beam  symmetrical  above  and  below,  or  otherwise  of  such  a 
form  that  the  neutral  axis  is  at  the  middle  of  the  depth  of  the 
cross  section,  if  ^  is  that  depth, 

and  the  limitiQg  value  of  p  is  the  resistance  to  pressure  or  to  ten- 
sion, whichever  is  least. 

For  other  forms  of  section,  let 

y  =  y^  for  the  concave  side  j  and 
=  ^ft  for  the  convex  side ; 

and  let  the  limiting  stresses  be 

p  ^=.fa  for  pressure  j  and 
=:^  for  tension; 

{c}*^        i « 

This  point  having  been  determined,  the  equation  from  which  the 
strength  of  the  beam  may  be  found  is 
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Mo=  mWl  =  ^ ^ (i) 

y 

When  the  breaking  load  is  in  question,  the  co-efficienty  is  wbtfc 
is  called  the  modulus  o/ruptfwre  of  the  materiaL  It  does  not  alwftji 
agree  with  the  resistance  of  the  same  material  to  direct  Gmghingor 
direct  tearing,  but  has  a  special  value,  which  can  be  found  bv 
experiments  on  cross-breaking  only.  One  of  the  causes  of  tioi 
phenomenon  is  probably  the  fact,  already  stated  in  Artdde  2ff7» 
that  the  resistance  of  a  material  to  a  direct  stress  is  increased  hj 
preventing  or  diTninishiTig  the  alteration  of  its  transverse  dimoh 
sions ;  and  another  cause  may  be  the  fact,  that  the  strengih  of 
masses  of  metal,  especially  when  cast,  is  greater  in  the  eztenial 
layer,  or  skm,  than  in  the  interior  of  the  mass.  When  a  bar  ii 
directly  torn  asunder,  the  strength  indicated  is  that  of  the  weakart 
part  of  the  mass,  which  is  in  the  centre ;  when  it  is  broken  wcanm, 
the  strength  indicated  is  that  either  of  the  skin,  which  is  tliB 
strongest  part,  or  of  some  part  near  the  skin  (See  the  Article  2961 

When  the  proof  load  or  working  had  is  in  question,  the  co-effi- 
cient/is the  modulus  of  rupture  divided  by  a  suitable  fiuior  if 
safety y  as  to  which  see  Article  247. 

295.  Tranarcrse  Strength  in  Terms  of  Breadth  and  Ifryfli,      From 

the  principles  explained  in  Article  95,  it  is  obvious  that  the 
moments  of  inertia,  I,  of  similar  sections  are  to  each  other  as  Ad 
breadths,  and  as  the  cubes  of  the  depths.  If,  therefore,  6  be  ilia 
breadth,  and  h  the  depth,  of  the  rectangle  circumscribing  the  aos 
section  of  a  given  beam  at  the  point  where  the  mo|pent  of  fleznn 
is  greatest,  we  may  put 

l^n'hh' (1.) 

ri  being  a  numerical  factor  depending  on  the  form  of  the  seoidoBi 
It  is  also  evident,  that  for  similar  figures,  the  values  of  y  are  ai 
the  depths ;  so  that  we  may  put 

y^^trilh (2.) 

ttC  being  another  numerical  &.ctor  depending  on  the  form  of  sedaoo. 
If  the  section  is  symmetrical  above  and  below,  trS  :=  ^.  Thus  it 
appears,  that  the  resistances  qf  fleocwre  ofsimila/r  cross  aecUona  an 
as  their  breadths  a/nd  as  the  squa/res  of  their  depths,  and  that  equatkii 
2  of  Article  294,  which  expresses  equality  between  the  greateifc 
moment  of  flexure,  as  stated  in  terms  of  the  load  and  length,  and 
the  resistance  of  the  cross  section  where  that  moment  acts^  is  equi- 
valent to  the  following : — 

Mo  =  w  W  Z  =  nfbV •••(&> 
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where  w  =  —  is  a  numerical  factor  depending  on  the  form  of  cross 

section  of  the  beam^  and  m  is  the  numerical  factor  depending  on 
the  mode  of  distribution  of  the  loading  and  supporting  forces,  of 
-which  examples  have  been  given  in  Article  291. 

The  following  table  gives  examples  of  the  values  of  the  three 
fectors,  n',  m',  n,  for  some  of  the  more  usual  forms  of  cross  section : 


FoRitf  OP  Ceoss  Sections. 
I.  Kectansrle  b  h ) 

"-6A8- 

^'  y. 

I 

r 

12 

1 
2 

1 
2 

1 
6 

(including  square)        J 

II.  Ellipse- 
Vertical  axis  h, \ 

Horizontal  axis  b,  ...  > 
(including  circle)      j 

III.  Hollow  rectangle,  b  h ' 
— b'h!',  also  I-formed 
section,  where  5' is  the  ■ 
sum  of  the  breadths  of 
the  lateral  hollows, . . . 

rV.  Hollow  square —           ) 
h^-K^ / 

V.  Hollow  ellipse, 

VI.  Hollow  circle.  

1 

64  ~  20-4 
=  0-0491 

X         1 

32     10-2 
=   0-0982 

Vl    ^'-"S 
12  V     hhy 

1 
2 

6\     bhy 

12  \       W 

1 
2 

6   V       W 

1   ^^J'h^\ 
20-4\       bhV 

1 
2 

1  r^jK^x 

10-2\       bhV 

1    (l^K'\ 
20-4V        AV 

1 
2 

1    (l^^'\ 
10-2  V        AV 

In  using  the  equation  3  for  any  of  the  purposes  to  which  it  may 
be  applied — such  as  computing  the  strength  of  a  beam  of  which 
the  dimensions  and  figure  are  given,  or  fixing  the  transverse  dimen- 
sions of  a  beam  of  which  the  strength,  length,  and  figure  are  given 
— care  is  to  be  taken  to  use  the  same  unit  ofmeoMure  throughout 
the  calculation;  that  is  to  say,  when  the  transverse  dimensions,  as 
is  usually  the  case,  are  stated  in  inches,  and  the  co-efficient  of 
strength  /in  pounds  on  the  square  inch,  the  length  I  should  be 
stated  in  inches  also.  This  caution  is  necessary  on  account  of  that 
diversity  of  xmits  which  is  characteristic  of  British  measurea 

296.   A  Table  of  the  Beatslaiice  of  materials  to  Breaking  Across 

is  given  ^t  the  end  of  the  volume.     It  gives  values  of  the  mod\il>3a. 
of  rupture,  being  that  for  which  the  co-efficient /afeaii<SLaVxL  ^j^asS^^ 
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294^  equation  2,  and  in  Article  295,  equation  3,  when  mWIkfhi 
breaking  moment.  It  will  be  observed^  that  this  modulnB  ii^  fir 
most  materials,  intermediate  between  the  tenacity  and  the  reaktafli 
to  direct  crushing. 

297.  CwM  iMK  BcuM« — ^The  yalnes  of  the  xnoduluB  of  nrnfan 
for  cast  iron  require  special  remark.  It  had  for  some  tiiiieim 
known,  that  while  the  direct  tenacity  of  cast  iron  (as  detenninedligf 
Mr.  Hodgkinson)  is  on  an  average  16,500  lbs.  per  square  inchitti 
modulus  of  rupture  of  rectangular  cast  iron  besmoLS  is  on  an  aYengi 
about  40,000  lbs.  per  square  inch,  or  two  and  a-half  times  as  goA 
This  was  supposed  to  be  accounted  for  by  the  assumption,  th^  tiie 
stress  on  a  cross  section  of  a  cast  iron  beam  is  not  an  xuaiarn^ 
varying  stress,  and  that  the  neutral  axis  does  not  traverse  tiiB 
centre  of  gravity  of  the  section.  But  in  1855,  Mr.  William  HeaiJ 
Barlow,  by  experiments  of  which  an  account  is  published  in  ilis 
Philosophical  Trcmsactions  for  that  year,  showed, — ^in  the  first  pSsoei 
that  the  stress  is  an  imiformly  varying  stress,  and  that  the  neotal 
axis,  in  symmetrical  sections  at  all  events,  iraverses  the  oentn  d 
gravity  of  the  section, — and  in  the  second  place,  that  the  modohi 
of  rupture  has  various  values,  ranging  firom  the  mere  direct  tenad^ 
of  the  iron  up  to  about  two  and  a-third  times  that  tenacity^  aooora* 
ing  to  the  figure  of  the  cross  section  of  the  beam. 

The  beams  on  which  the  experiments  of  Mr.  Barlow,  now  refemd 
to,  were  made,  were  in  some  cases  of  a  solid  rectangcQar  aedioDy 
and  in  other  cases  of  an  open-work  rectangular  section,  oonsisiing  of 
equal  rectangular  upper  and  lower  horizontal  bars,  with  altemiB 
open  spaces  and  vertical  connecting  bars  between.  As  far  as  thotf 
experiments  went,  they  were  in  accordance  with  the  foUowiatf 
empirical  formula : — 

/=/o  +f  '  J  y (1.) 

where/  is  the  modulus  of  rupture  of  the  beam  in  question;  /^  tlis 
direct  tenacity  of  the  iron  of  which  it  is  made ;  /*,  a  oo-effioient 

determined  empirically ;  and  -j- ,  the  ratio  which  the  depth  qfsM 

7n£tal  H  in  the  cross  section  of  the  beam  bears  to  the  total  dmA  ^ 
section  h  The  following  were  the  values  of  the  constants  for  tiM 
cast  iron  experimented  on  : — 

Direct  tenacity,     ^  =  18,750  lbs.  per  square  inch ;  \ 

/'==  23,000  lbs.  per  square  inch  i  > fl^j 

=^l\fo  nearly.  J 

Mr.  Barlow  has  since  made  further  experiments  on  -cast  Jna 
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beams  of  Tarious  fonxus  of  section^  and  also  experiments  on  wrought 
iron  beamSj  showing,  though  not  so  conclusivelj,  variations  in  the 
modulus  of  rupture  of  wrought  iron  analogous  to  those  which  have 
been  proved  to  exist  in  the  case  of  cast  iron ;  but  as  those  further 
experiments,  though  communicated  to  the  Eoyal  Society,  have  not 
yet  been  published  in  detail,  it  would  be  premature  to  ma^e  remarks 
on  them  here. 

Mr.  Barlow  has  proposed  a  theory  of  those  phenomena,  to  the 
effect  that  the  curvature  of  the  layers  of  the  beam  produces  a 
peculiar  kind  of  resistance  to  bending,  distinct  from  that  which 
arises  from  the  direct  elasticity;  and  he  adduces  in  support  of  that 
theory  the  fact  that  the  additional  strength  represented  by  the 
second  term  of  equation  1  increases  with  the  ultimate  curvature  of 
the  beam ;  that  is,  its  curvature  just  before  breaking.  Another 
conceivable  theory  has  already  been  mentioned  in  Article  294,  viz., 
that  the  strength  of  a  metal  bar,  and  in  particular  of  a  cast  iron 
bar,  is  greatest  at  the  skin,  and  diminished  towards  the  interior ; 
that  the  tenacity  found  by  directly  tearing  a  bar  asunder,  yj^  is  the 
tenacity  of  the  interior;  that  the  modulus  of  iiipture  of  a  solid 
rectangular  beam,yi  +  /',  is  the  tenacity  of  the  skin,  and  that  the 
modulus  of  rupture  of  an  open-work  beam  is  the  tenacity  at  a 
distance  from  the  skin  depending  on  the  form  of  section.  But  unfil 
conclusive  experimental  data  shall  have  been  obtained,  all  theories 
on  the  subject  must  be  considered  as  provisional  only. 

298.  The  Section    of  Equal  Strength    for   Cast  Iron   Beams  was 

first  proposed  by  Mr.  Hodgkinson,  in  consequence 
of  his  discovery  of  the  fact,  that  the  resistance  of 
cast  iron  to  direct  crushing  is  more  than  six  times 
its  resistance  to  tearing.     It  consists,  as  in  fig.  132, 

of  a  lower  flange  B,  an  upper  flange  A,  and  a  vertical    o 

web  connecting  them.     The  sectional  area  of  the 

lower  flange,  which  is  subjected  to  tension,  is  nearly 

six  times  that  of  the  upper  flange,  which  is  subjected         ^*^"  ^^^' 

to  thrust.     In  order  that  the  beam,  when  cast,  may  not  be  liable 

to  crack  from  unequal  cooling,  the  vertical  web  has  a  thickness  at 

its  lower  side  equal  to  that  of  the  lower  flange,  and  at  its  upper 

side  equal  to  that  of  the  upper  flange. 

The  tendency  of  beams  of  this  class  to  break  by  tearing  of  tho 
lower  flange  is  slightly  greater  than  the  tendency  to  break  by 
crushing  of  the  upper  flange;  and  their  modulus  of  rupture  is  equal, 
or  nearly  equal,  to  the  direct  tenacity  of  the  iron  of  which  they  are 
made,  being,  on  an  average  of  diflerent  kinds  of  iron,  1G,500  lbs. 
per  square  inch. 

Let  the  aix*as  and  depths  of  the  parts  of  wliich  the  section  in  fig. 
132  consists  be  denoted  as  follows  : — 
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Areas.         Depths. 

Upper  flange, A^,  A^. 

Lower  flange, Ag,  h^ 

Vertical  weh, A3,  iL, 

Totals,...Ai  + A2  + AgsrA,^^  +  Ag  +  ^3=^ 

No  appreciable  error  will  arise  from  treating  the  section  of  tlie 
vertical  web  as  rectangular  instead  of  trapezoidal.  The  height  of 
the  neutral  axis  above  the  lower  side  of  this  section  is 

h _ (^3  +  ^)  Ag— (^2+/^^)  A^—{K - ^h)  -^8  l\\ 

^*  2  2^.  ^  ' 

Then  by  applying  the  formula  of  Article  95,  Example  VI.,  to  ihi« 
case,  the  moment  of  inertia  of  the  section  is  found  to  be  as  follows :— 

+  A^A^{K+hf+^^{h  +  1^]-> (3.) 

and  the  strength  of  the  beam  is  expressed  by  the  equation 


.(a) 


It  is  seldom  necessary,  however,  to  use  the  formulsa  I  and  S  in 
all  their  complexity;  the  following  approximate  formula  beiqg 
usually  sufficiently  near  the  truth  for  practical  purposes,  and  ita 
error  being  on  the  safe  side.  Let  h'  be  the  depth  from  the  middb 
of  the  upper  flange  to  the  middle  of  the  lower  flange ;  then 

Mo  =  mWZ=/,A'A2 (4) 

299.  Beams  of  Vnifona  Strength  are  those  in  which  the  dimen- 
sions of  the  cross  sectioft 
'^  I- ^->  are  varied  in  such  a  mu* 

ner,  that  its  ultimate  or 
proof  resistance  bean  ik 
each  point  of  the  beam  thi 
same  proportion  to  tbl 
moment  of  flexure.  TM 
resistance,  for  fiffora  d 
the  same  kind,  being  pm* 
portional  to  ihe  brerak 
and  to  the  square  of  tbi 
depth,  can  be  varied  eitte 
by  varying  the  breidfl^ 
the  depth,  or  both«    Qlj 


Fig.  138. 


Fig.  134. 


Fig.  185. 


Fig.  IJC. 
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law  of  variation  depends  upon  the  mode  of  variation  of  the  moment 
of  fexure  of  the  beam  from  point  to  pointy  and  this  depends  on  the 


via     -7 


Fig.  137. 


Fig.  138. 


Fig.  139. 


distribution  of  the  load  and  of  the  supporting  forces,  in  a  way 
which  has  been  exemplified  in  Articles  289  and  290.  When  the 
depth  of  the  beam  is  made  uniform,  and  the  breadth  varied,  the 
vertical  longitudinal  section  is  rectangular,  and  the  plan  is  of  a 
figure  depending  on  the  mode  of  variation  of  the  breadth.  When 
the  breadth  of  the  beam  is  made  xmiform,  and  the  depth  varied, 
the  plan  is  rectangular,  and  the  vertical  longitudinal  section  is  of  a 
figure  depending  on  the  mode  of  variation  of  the  depth.  The 
following  table  gives  examples  of  the  results  of  those  principles  : — 


Mode  of  Loading 
and  Supporting. 

proportional  to 

Depth  h  constant; 
FfgoreofPlan. 

Breadth  b  constant; 

Figure  of 

Vertical  Longitudinal 

Section. 

L  (Figs.   133,  134). 
Fixed  at  A,  load- 
ed at  B 

Distance  from  B. 

Triangle,  apex  at 
B,  fig.  138. 

Parabola,  vertex 
at  B,  fig.  134. 

n.  (Figs.  135,  136). 
Fixed  at  A,  uni- 
formly loaded,... 

III.  (Figs.  137,  138). 
Supported  at  A 
and  B,  loaded  at 
c 

Square  of  distance 
from  B. 

Pair  of  parabolas, 

vertices  touching 

each  other  at  B, 

fig.  185. 

Triangle,  apex  at 
B,  fig.  136. 

Distance  from 

ac^acent  point  of 

support 

Fair  of  triangles, 

common  base  at 

C,  apices  at  A  and 

B,  fig.  137. 

Pair  of  parabolas, 

vertices  at  A  and 

B,  meeting  at  C, 

fig.  138. 

IV.  (Figs.  139,  140). 
Supported  at  A 
andBjUnifoimfy 
joacieQ,  ......•••••• 

Product  of  dis- 
tances from  points 
of  support. 

Pair  of  parabolas, 

vertices  at  C,  C, 

in  middle  of  beam; 

common  base  A  B, 

fig.  139. 

Ellipse  A  D  B, 
fig.  140. 
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The  formulsa  and  figures  for  a  comx^MmJt  depth,  are  applicable  to  the 
breadths  of  the  flanges  of  the  j^-shaped  girders  described  in  Article 
298.  In  applying  the  principles  of  this  Article,  it  is  to  be  borne 
in  mind,  that  the  ahea/rmg  force  has  not  yet  been  taken  into  account; 
and  that,  consequently,  the  figures  described  in  the  above  table 
require,  at  and  near  the  places  where  they  taper  to  edges,  some 
additional  material  to  enable  them  to  withstand  that  force.  In 
figs.  137  and  139,  such  additional  material  is  shown,  disposed  in 
the  form  of  projections  or  palms  at  the  points  of  support,  which 
serve  both  to  resist  the  shearing  force,  and  to  give  lateral  steadiness 
to  the  beams. 

300.  Proof  DeiiectioK  of  Beams. — Eeverting  to  fig.  130,  it  is 
evident  that  if  »  represents  the  proportionate  elongation  of  the 
layer  C  C,  whoso  distance  from  the  neutral  surface  O  O'  is  y,  and 
if  r  be  the  radius  of  curvature  of  the  neutral  surface,  we  must  have 

1  :l  +  «:  :r:r  +  y; 

and  consequently,  the  radius  of  curvature  is 

and  the  cwrwxtwrey  which  is  the  reciprocal  of  the  radius  of  curvaton^ 
is  expressed  by  the  equation 

1_« 

f  —  y  • 

Let  p  be  the  direct  stress  at  the  layer  C  (7,  and  E  the  modvilMi 
ofdoB^icUy  of  the  material;  then  «  =  ^ ,  and  consequently,  the  cut' 
vature  has  the  following  values  : — 

\        p        U 


Ey     EI' 


(1.) 


the  second  value  being  deduced  from  the  first  by  means  of  equatiflA 
4  of  Article  293. 

n       M 

When  the  quantity  -  =  y  "^^^  ^^^  different  points  of  thebea% 

^  if 

the  curvature  varies  alsa 

Suppose  now  that  the  beam  is  under  its  proof  loctdy  and  let  ll| 
denote  the  greatest  moment  of  flexure  arising  from  that  load,  J^  tiM 
moment  of  inertia  of  the  cross  section  at  which  that  moment  acti^ 
and  2/o  the  distance  from  the  neutral  axis  of  that  section,  to  tb' 
layer  where  the  limiting  intensity /of  the  stress  is  attained.  Thfl 
tbe  curvature  will  be, 
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at  the  section  of  greatest  stress,  — 


at  any  other  section, 


1-  ^ 
r  ■"  EI 


.(2.) 


The  exact  integration  of  this  equation  for  slender  springs,  in 
certain  cases,  will  be  considered  in  a  sabeequent  Article.  For 
beams  it  is  integrated  approximately  in  the  following  manner : — 

Let  the  middle  of  the  nentral  axis  of  the  section  of  greatest  stress 
be  taken  as  the  origin  of  co-ordinates,  and  represented  by  A  in  figs. 


Fig.  141. 


Fig.  142. 


141  and  142.  For  a  beam  supported  at  both  ends  and  symme- 
trically loaded,  A  is  in  the  middle  of  the  beam  (fig.  141).  For  a 
beam  fixed  at  one  end  and  projecting,  A  is  at  tne  fixed  end  (fig. 
142).  Let  the  beam  be  so  fixed  or  supported  that  at  this  point  its 
neutral  suiface  shall  be  horizontal,  and  let  a  horizontal  tangent, 
A  X  C,  to  that  surfiu^  at  that  point  be  taken  as  the  axis  of  abscissss. 

Let  A  C,  the  horizontal  distance  from  the  origin  to  one  end  of  the 
beam,  be  denoted  by  c,  which,  as  in  Articles  289  and  290,  is  the 
length  of  the  projecting  portion  of  a  beam  fixed  at  one  end,  and  the 
half-span  of  a  beam  supported  at  both  ends  and  symmetrically 

loaded.  Let  A  X,  the  abscissa  of  any  other  point  in  the  beam  =  oe. 
Let  A  B  D  be  the  curved  form  assumed  by  the  neutral  surface  when 
the  beam  is  bent,  which  form,  in  a  beam  supported  at  both  ends,  is 
concave  upwards,  as  in  fig.  141,  and  in  a  beam  fixed  at  one  end 

concave  downwards,  as  in  fig.  142.  Let  X  B  ^  v  be  the  ordinate 
of  any  point  B  in  the  curve  A  B  D;  being  the  difference  of  level 

between  that  point  and  the  origin  A.  Let  0  D  =  V|  be  the  greatest 
ordinate :  this  is  what  is  termed  the  dtfiedtwn. 

The  irvdwaliom,  of  the  beam  at  any  point  B,  is  expressed  by  the 
equation 


»r=arc  tan 


dx' 


and  the  cwrvaifwrty  being  the  rate  of  variation  of  the  inclination  in 
a  given  length  of  the  curve,  is  expressed  by 
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1 
T 


di 
da 


di 


^'V'  +  d? 


But  in  cases  which  occur  in  practice,  the  curvature  of  tlie  beam  ii 
so  slight,  that  the  arc  i  is  sensibly  equal  to  its  tangent,  the  dopB 

-;— ;  and  the  elementary  arc  d8\&  sensibly  equal  to  its  horizontal 
dx 

projection  cf  a? ;  so  that  the  following  equations  may  be  used  without 
sensible  error : — 


Slope, 


Curvature, 


dv 


1 
r 


dx' 

di  _d^v 
dx      dx^' 


(3.) 


Therefore,  when  the  curvature  at  each  point  is  given  by  equation 
2,  the  slope  and  the  ordinate  are  to  be  found  by  two  sucoessrve 
integrations,  as  shown  by  the  following  equations  : — 


Slope, 


Ordinate, 


*-;o   r   -Eyo'.'olilo-'**' 

v=  \    idx=:S—'\     I    Til?"*'- 
Jo  Ey,  yoJoIMo 


.(4.) 


The  greatest  slope  ii — that  is,  the  slope  at  D — ^and  the  deflediiB 
or  greatest  ordinate  Vi,  are  found  by  performing  the  complete  inte- 
grations between  the  limits  x  =  0  and  x=^c. 

[Headers  who  are  not  familiar  with  the  integral  calculus  an 
reierred  to  Article  81  for  ezplanatdons  of  the  nature  of  the  proooi 
of  integration.] 

ML 

In  both  the  integrals  of  the  formukB  4,  the  quantity  f^^i>  * 

'wumerical  ratio  depending  on  the  mode  of  distribution  of  the  loadr 
ing  and  supporting  forces,  and  the  mode  of  variation  of  the  sectioA 
of  the  beam.  Hence  it  is  evident  that  we  must  have  the  compkte 
integrals 

/;^.^»  =  W'c;/.;/'^..«.  =  «V; (5.) 

where  m"  and  n"  are  two  nvmerical  factors  depending  on.  the  &* ! 
tribution  of  the  forces  and  the  figure  of  the  beam;  so  that  ttej 
greatest  slope  and  the  deflection  are  given  by  the  equationa 
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^  =  -E]^^^^=-E^ <^-) 

For  beams  of  similar  figures,  and  similarly  loaded  and  supportedy 

/o  is  as  the  depth,  and  c  as  the  length ;  hence,  for  such  beams,  the 

jrecUest  dope  under  the  proof  had  is  directly  as  the  length,  and 

Inveredy  as  the  depth ;  amd  the  proof  deflection  is  directly  a>8  the 

^qua/re  of  the  length,  arid  inversely  ae  the  depth 

The  following  table  gives  the  values  of  the  ^EU^tors  m'*  and  rtS'  for 

iome  of  the  more  ordmary  cases  of  beams  of  uniform  section,  in 

ML  .  M 

which  the  ratio  jnr?,  being  simply  equal  to  =^,  depends  on  the 

iistribution  of  the  load  alone,  and  may  be  found  by  the  aid  of  the 
tables  of  Articles  289  and  290. 


M 

m" 

w" 

I.  Constant  moment  of  flexure, 

1 

1 

1 
2 

Fixed  at  One  End. 
11.  Loaded  at  extreme  end, 

1-5 
c 

1 
2 

1 
3 

IIL  TJniformlv  loaded 

(■-9* 

1 
3 

1 
4 

Supported  at  Both  Ends. 
IV.  Loaded  in  the  middle, 

1-5 

c 

1 
2 

2 
3 

1 
3 

V.  TJniformlv  loaded. 

'-f 

5 
12 

For  a  beam  of  uniform  strength  and  uniform  depth,  the  quantity 

=-  is  constant ;  hence  in  every  such  beam,  in  what  manner  soever 

t  may  be  supported  and  loaded,  the  curvature  is  uniform,  as  in  the 
Ase  of  Example  I.  of  the  above  table.     For  a  beam  of  uniform 

trengtii  and  uniform  breadth,  the  quantity  —=-    is  constant ;  and 

iiercfore  in  sucli  bcams^ 

MIo_Ao  . 

lMo""A  ' ^^'^ 
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Ao  being  the  depth  at  the  section  of  greatest  bending  moment,  and 
h  the  depth  at  any  other  section.  The  following  table  shows  sonie 
of  the  consequences  of  these  principles : — 


1 

VI.     Uniform   strength 
and  uniform  depth^.... 

VII.    Uniform  strength, 
uniform  breadth ;  fixed 
at  one  end,  loaded  at 
the  other,.... 

VIII.    Uniform  strength, 
uniform  breadth ;  sup- 
ported at  both   ends, 
loaded  in  the  middle... 

IX.    Uniform  strength, 
uniform  breadth ;  fixed 
at  one  end,  uniformly  ^ 
loaded, 

X.    Uniform  strength, 
uniform  breadth ;  sup- 
ported at  both  ends, 
uniformly  loaded, 

MIo 
IMo 

m" 

n" 

1 

1 

1 
2 

Vt^ 

2 

2 
3 

\/f^ 

2 

2 
3 

c 

C — X 

Infinite. 

1 

c 

%  1-5708 
it 

J-l  =  O-5708 

Jc^     x" 

It  is  to  be  borne  in  mind,  that  the  values  of  th"  and  ri*  for  beams 
of  xmiform  strength,  as  given  in  the  above  table,  are  somewhai 
less  than  those  which  occur  in  practice,  because,  in  computing  tlie 
table,  no  account  has  been  taken  of  the  additional  material  whidi 
is  placed  at  the  ends  of  such  beams,  in  order  to  give  sufficient 
re^stance  to  shearing. 

The  error  thus  arising  applies  chiefly  to  m",  the  factor  for  tiw 
TTift-ginniTn  slope.  For  the  &ctor  for  the  deflection,  n",  the  error  H 
inconsiderable,  as  experiment  has  shown. 

301.  Deflection  foand  by  Gra|^kic  ConstrvctloK. — ^The  great  lengtt 

of  the  radii  of  curvature,  which  are  the  reciprocals  of  the  corvir 
tures  given  by  equation  2  of  Article  300,  and  the  smallness  of  tlis 
ordinates  of  the  curve  of  the  neutral  surface,  in  all  cases  whick 
occur  in  practice,  render  it  neither  practicable  nor  useful  to  d»ir 
the  figure  of  that  curve  in  its  natural  proportions.  But  the  following 
process,  invented,  so  far  as  I  am  aware,  by  Mr.  0.  H.  Wild,  enabki 
a  diagram  to  be  drawn,  which  represents,  with  a  near  approach  to 
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it  curye,  tvUh  its  vertical  dimenaiona  exaggerated,  i 
ncaously  the  slopes  and  ordinates 
by  equation  2  of  Article  300^  the  radii  of  curvatiii, 
of  eqiii-distant  points  in  the  beam.     Diminish  all  thoso^ 
ij  proportion  which  may  be  convenient,  and  draw  a  curve 
of  small  circular  arcs  with  the  diminished  radii    Then  in 
le  ratio  that  the  radii,  as  compared  with  the  horizontal  scale 
'drawing,  are  diminished,  will  the  vertical  scale  of  the  draw- 
)rding  to  which  the  ordinates  are  shown,  be  exaggerated. 

32.  Tke  ProporcioK  of  the  Greatest  Depth  of  a  Beam  to  the  Spaa 

JO  regulated,  that  its  greatest  deflection  shall  not  exceed  a  cer- 
Jdl  proportion  of  the  span  which  experience  has  shown  to  be  con- 
itent  with  convenience.    That  proportion,  from  various  examples^ 
appears  to  be — 

tj  11 

For  the  working  load,  ^  =  from  ^^  to  j^^. 

For  the  proof  load, ...  A  =  from  —  to  ^^. 

The  determination  of  the  proportion,  ^— ,  of  the  greatest  depth  of 

the  beam  to  the  span,  so  as  to  give  the  required  stiflhess,  is  effected 
by  the  aid  of  equation  6  of  Article  300,  from  which  we  obtain 

2c""2Eyo' 

Now  Vo  =  m'^  m'  being  a  numerical  factor,  which  for  symmetri- 

1 

cal  sections  is  -s- ;  and  consequently  the  required  ratio  is  given  by 

the  equation 

K  _     Vo  n"fc    _  w"/       2  c  .J . 


2  c""2m'^'"2'//i'Evi     4m'E'   v^' 


n" 


an  expression  consisting  of  three  factors :  a  fiEtctor,  -j — },  depending 

on  the  distribution  of  the  load  and  the  figure  of  the  beam ;  a  fJEU^tar^ 

— ,  being  the  prescribed  ratio  of  the  span  to  the  deflection ;  and  a 

factor,  -^,  being  the  'proof  strain,  or  the  working  strain,  of  the 
ill 

material,  as  the  case  may  be. 

To  illustrate  this,  let  the  beam  be  under  its  worhmg  had,  uni- 

fonnly  distributed,  and  let  it  be  of  uniform  section,  alike  above  and 
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7i^W.    Thenw''= -,  m'  =  -.    Let -?  =:  1000  be  the pracriM 

^icio  of  the  span  to  tlie  working  deflection.     Iiet  the  matenal  I* 

'  wrought  iron^  for  which  o?^  is  a  safe  value  for  the  wotidiig  stna 

Ao_£  1222  — £ L 

2c  ""  24*  3000  "  72  "~  14-4  ^ 

which  is  very  nearly  the  average  proportion,  of  depth  to  qpn 
adopted  for  wrought  iron  girders  in  practice. 

303.  The  Slope  and   Delle€;tioia  of  a  BcsHi  mjgr   wOKf  tiai  m 

given  by  the  following  formulte  : — 


(!•) 


To  integrate  these  equations^  it  is  only  necessary  to  substitote 

f 
for  the  constant  factor  —,  in  the  equations  4,  5,  6,  Article  300,  ill 

Ma  yo 

equivalent  -=r^,  M©  being  now  not  the  jproo/*  moment  of  flexure,  bnli 

the  actual  moment  of  flexure  at  the  point  where  the  beam  is  hoo- 
zontal  j  that  is  to  say^ 

Greatest  slope  I'l  =     ^^^-  ;  deflection  Vi  =  — ^etf^-X^) 

m"  and  n"  being  factors  depending  on  the  distribution  of  the  load, 
and  having  the  values  given  in  the  table  of  Article  300.  Now  the 
value  of  the  moment  of  flexure  is  given  in  terms  of  the  load  and 
length  by  equation  1  of  Article  291^  and  the  ensuing  table,  vii., 
Mq  =  mWl;  and  the  value  of  lo,  in  terms  of  the  dimensions  of 
the  rectangle  circumscribing  the  cross  section,  is  given  by  equatkn 
1  of  Article  295,  and  the  ensuing  table,  viz.,  Iq  =  n'  6  A'  ;  hence  tba 
above  equations  2  become 


t^= 


m"mWlc      .       nf'mWld' 


1  ^n?i.  7.a    y 


^^=    «/E/iZ3  (3.) 


w'E6/i"   '     '""    n'Ehli!' 


Moreover,  ^ = c,  or  =2c,  according  as  the  beam  is  fixed  at  one  eai 
only,  or  supported  at  both ;  so  that  if  m'",  n"',  be  a  pair  of  numed* 
cal  flEictors,  whose  values  are,  for  beams  fixed  at  one  end  only, 
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m"'  =  m^mi  n"'  =  n"m; 
and  for  beams  supported  at  both  ends^ 

7n!"  =  2mrm'y  nl"  =  2n''m; 
the  equations  3  become 

Whence  it  appears,  that  the  deflections  of  similar  beams  imder 

equal  loads  are  as  the  cubes  of  their  lengths,  and  inversely  as  iikdr 

breadths  and  the  cubes  of  their  depths, 

I 
The  values  of  n'  =  r-~,  for  the  ordinary  forms  of  cross  section,  are 

given  in  the  table  of  Article  295.  The  following  table  gives  the 
values  of  m'"  and  n'"  for  different  modes  of  loading  and  support- 
ing, for  beams  of  uniform  cross  section,  and  for  beams  of  uniform 
strength : — 

m  n 

^     __  ^  r>.  Factor  for    Factor  for 

A.  Uniform  Cross  Section.  slope.      Deflection. 

1  1 

L  Fixed  at  one  end,  loaded  at  the  other, --     >. 

J»  o 

1  1 

II.  Fixed  at  one  end,  loaded  uniformly, ^    -. 

III.  Supported  at  both  ends,  loaded  in  the  middle,  ^    ^. 

IV.  Supported  at  both  ends,  imiformly  loaded,.,  g     j^. 

B.  Uniform  Strength  and  Uniform 

Depth. 

V.  Fixed  at  one  end,  loaded  at  the  other, 1  -. 

VI.  Fixed  at  one  end,  loaded  uniformly, -  j. 

VII.  Supported  at  both  ends,  loaded  in  the  middle,  -  -. 

VIII.  Supported  at  both  ends,  loaded  uniformly,.,  j  ^. 
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C.  XJniporm  Strength  and  XJniforic      Factor  fcr    Factor  fer 

Breadth.  Slope.      Ddhete 

IX.  Fixed  at  one  end,  loaded  at  the  other^ 2     s. 

X.  Fixed  at  one  end,  uniformly  loaded, innnite. ^ 

XL  Supported  at  both  ends,  loaded  in  the  middle,  1      ^ 

XII.  Supported  at  both  ends,  uniformly  loaded,  0*3927  ...  0*1487. 


304.  DeflecUoB  with  Uaiform  iHonmit. — ^Li  Article  292  the  Gtte 

has  already  been  described,  in  which  a  beam  or  bar  of  mufiam 

section  has  a  pair  of  equal  and  opposite  couples  in  the  aa^in^  phM 

applied  to  its  ends,  and  the  same  case  is  the  first  given  in  the  itUe 

<^  Article  300.     In  this  case,  M  and  I  are  constants,  ti^"  =  1,  ail 

1 
n"  =  ^ ;  and  accordingly,  if  c  be  the  length  of  the  part  of  the  beia 

under  consideracion,  and  t'l  the  slope,  and  i/i  the  deflection,  of  one 
end  relatively  to  a  tangent  at  the  other, 

*i-  EI'   *'^'"2Er 


305.  The  Rcatuence  Mr  Spriac  •€  a  bmuh  is  the  f/oovh  pa/mmtJ 
in  bending  it  to  the  proof  deflection.  This,  if  the  load  is  oonoeB- 
tratcd  at  or  near  one  point,  is  the  product  of  half  the  pioof  loi^ 
into  the  proof  deflection ;  that  is  to  say, 

V 0) 

If  the  load  is  distributed,  the  length  of  the  beam  is  to  be  dirided 
into  a  number  of  small  elements,  and  half  the  proof  load  on  eic& 
element  multiplied  by  the  distance  through  which  that  element  ii 
moved  diuing  the  proof  deflection  of  the  beam.  Let  u  be  ♦Vn^  dv- 
tance ;  then  for  beams  flxed  at  one  end, 


u  =  v; 


and  for  beams  supported  at  both  ends, 


(i) 


Let  dx  be  the  length  of  an  element  of  the  beam;  to  the  . 
of  the  load  on  it,  per  unit  of  length;  then  the  resilienoe  is 
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1     " 

•^  /  uw'dx (3.) 

The  cases  in  which  the  determination  of  resilience  is  most  useful 
in  practice  are  those  in  which  the  load  is  applied  at  one  point. 

Let  the  beam  be  fixed  at  one  end  and  loaded  at  the  other,  c 
being  the  length  of  its  projectiug  part.  Then  by  Article  295, 
equation  3  (observing  that  m=  1, 7=  c), 

c     ' 

(n  being  given  by  the  table  of  Article  295),  and  by  Article  300, 
equation  6, 

Vi  =  — - —  =  — - — 
'        Ey,       m'EA' 

(t^"  being  given  by  the  table  of  Article  300,*  and  m'  by  that  of 
Article  295).     Consequently, 


Resilience  = 


Wi?! 


2  'i.'wi    E 

It  will  be  observed  that  this  expression  consists  of  three  factors, 

viz.: — 

(1.)   The  volume  of  the  prism  circumscribed  about  the  beam, 

chh. 

P  ,  .1 

(2.)  A  Modvlus  of  Resilience^  •=,  of  the  kind  already  mentioned 

E 

in  Article  266. 

(3.)  A  numerical  factor,  ^ — , ;  in  which  n  and  m'  (Article  295) 

depend  on  the  form  of  cross  section  of  the  beam,  and  w"  (Article 
300)  on  the  form  of  longitudinal  section  and  of  plan.  The  follow- 
ing are  values  of  this  compound  factor  for  a  rectangvla/r  cross 

section,  for  which  w  =  7;,  m'  =  rr,  and  therefore  ^ — >  =  -^ : — 

6  2  2m      6 

n" 
T 

I.  Uniform  breadth  and  depth, — . 

lo 

11.  Uniform  strength,  uniform  depth,  ^. 

III.  Uniform  strength,  uniform  breadth, '^. 
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If  a  heam  be  supported  at  both  ends  and  loaded  in  tlie  mifldk^ 

its  length  being  ^  =  2  c,  its  proof  deflection  is  the  same  with  that  of 

a  beam  of  the  same  transverse  dimensions  and  of  the  lengtili  c^ 

fixed  at  one  end  and  loaded  at  the  other ;  and  its  proof  loid  ii 

double  of  that  of  the  latter  beam  ;  therefore  its  reailienoe  is  doohk 

of  that  of  the  latter  beam.    Consequently,  for  rectangular  he^na  d 

the  half-span  c,  supported  at  both  ends  and  loaded  in  the  middk^ 

we  have  the  following  values  for  the  nmnerical  &€tor  of  tlw 

resilience : —  , 

ft 

T 

TV.  Uniform  breadth  and  depth, -. 

V.  Uniform  strength,  uniform  depth, p 

VI.  Uniform  strength,  imiform  breadth, y 

306.     A  tInddeiily-Applied  Transrerae  liOad*  like    the    suddoohf- 

applied  pull  of  Article  267,  produces  at  first  double  the  maximma 
stress,  and  double  the  strain,  which  the  application  of  a  loid 
gradually  increasing  from  nothing  to  the  amount  of  the  given 
load  would  produce.  It  is  unnecessary  to  demonstrate  this  in 
detail,  the  reasoning  being  the  same  with  that  employed  in  Artiok 
267. 

The  contingency  of  the  sudden  application  of  a  moving  load  ii 
provided  for  by  the  factor  of  safety,  which  expresses  the  ratio  of 
the  proof  load  to  the  working  load  (Article  247). 

The  action  of  the  rolling  load  to  which  a  railway  bridge  is  sob- 
jected  is  intermediate  between  that  of  an  absolutely  sudden  losd 
and  a  perfectly  gi-adual  load.  It  has  been  investigated  mathematb 
cally  by  Mr.  Stokes,  and  experimentally  by  Captain  Qalton,  and 
the  results  are  given  in  the  Keport  of  the  Commissioners  on  the 
Application  of  Iron  to  Railway  Structures.  The  practical  con- 
clusion to  be  drawn  from  them  is,  that  a  moving  load  requires  a 
larger  factor  of  safety  than  a  steady  load. 

307     Beam  Fixed  at  Both  Ends. — A  beam  is  Jlxcd,^  aS   Well  88 

jc supported,  at  both  ends,  when 

a  pair  of  equal  and  oppositB 

couples  are  made  to  act  on  the 

Fig.  143.  '  '       vertical  sectional  planes  at  its 

points  of  support,  of  magnitude 
sufficient  to  maintain  its  longitudinal  axis  horizontal  there,  and  m 
*o  diminish  the  deflection,  slope,  and  curvature  of  its  middle  por- 
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tion.  This  is  generally  accomplished  by  making  the  beam  form 
part  of  one  continuous  girder  with  several  points  of  suppoi'fc,  or  by 
making  it  project  on  either  side  beyond  its  points  of  support,  and 
so  fastening  or  loading  the  projecting  portions,  that  their  loads,  or 
the  resistance  of  their  fastenings,  shall  give  the  required  pair  of 
couples. 

In  fig.  143,  let  CBABC  represent  a  beam  supported  at  the 
points  C,  C,  loaded  along  its  intervening  portion,  and  so  fixed  or 
loaded  beyond  these  points  that  at  them  its  longitudinal  axis  is 
horizontal,  instead  of  having  the  slope  t|,  which  it  would  have 
if  the  beam  were  simply  supported  at  C,  C,  and  not  fixed.  At  each 
of  the  vertical  sections  above  the  points  of  suppoi-t,  C,  C,  there  is 
an  unifoTTrdy-viwying  horissontdl  stress,  being  a  puU  above  and  a 
thrust  below  the  neutral  axis;  and  the  moment  of  that  pair  of 
stresses  is  that  of  the  pair  of  equal  and  opposite  couples  which 
maintain  the  beam  horizontal  at  the  points  of  support.  It  is  re- 
quired to  find, — ^in  the  first  place,  that  resisting  moment  at  the 
vertical  planes  of  support  (from  which  the  stress  on  the  material 
there  may  at  once  be  found);  and  secondly,  the  eflfect  of  that 
moment  on  the  curvature,  slope,  deflection,  and  strength  of  the 
beam. 

The  general  method  of  solution  of  this  question  is  as  follows  : — 
Compute,  by  equation  3  of  Article  303,  i*!,  the  slope  which  the 
neutral  surface  of  the  beam  would  have  at  the  points  C,  C,  if  it 
-were  simply  supported  there,  and  not  fixed.  Then,  by  Article 
304,  find  the  uniform  moment  of  flexure,  which,  if  it  acted  on  the 
beam  in  such  a  manner  as  to  make  it  become  convex  upwards, 
would  produce  a  slope  at  the  points  C,  C,  eqrml  cmd  contra/ry  to 
i\.  This  will  be  the  required  moment  of  resistance  at  the  vertical 
sections  C,  C,  from  which  the  greatest  stress  on  the  material  at 
those  sections  can  be  found  by  equation  4  of  Article  293.  It  will 
afterwards  appear  that  this  is  the  greatest  stress  on  the  beam  ;  so 
that  by  putting  it  instead  of  M^  =  m  W  Z  in  equations  2  of  Article 
294,  and  3  of  Article' 295,  the  conditions  of  strength  of  the  beam 
are  determined.  Denote  this  moment  by  —  Mj,  the  negative  sign 
denoting  that  it  tends  to  produce  convexity  upwards,  while  the  load 
on  the  beam  tends  to  produce  convexity  downwards. 

Let  M  be  what  the  moment  of  flexure  at  any  point  of  the  beam 
would  be,  if  it  were  simply  supported  at  C,  C.  Then  the  actual 
moment  of  flexure  is 

M-Mi, 

and  by  substituting  this  for  M  in  the  equations  of  Articles  300  and 
303,  the  curvature,  slope,  and  deflection,  with  the  proof  load,  or 
with  any  load,  are  found. 


334  THEORY  OF  STRUCTUBES. 

Where  M  is  the  greater,  as  aib  A,  the  beam  is  oonvez  dcnm- 
waixls.  Where  Mi  is  the  greater,  as  at  0,  the  beajn  is  oanreci:  in- 
wards. There  are  a  pair  of  points,  B,  B,  at  which  M  =  M„  m 
that  the  moment  of  flexure,  and  consequently  the  cnrvatare^  Tvmh, 
and  the  beam  is  subjected  to  a  shearing  force  alone;  these  an 
called  the  points  of  contra/ry  flexure;  and  they  divide  the  middle 
part  of  the  beam,  which  is  convex  downwards,  j&oni  the  two  end> 
most  parts,  which  are  convex  upwards. 

In  expressing  the  solution  of  this  problem  by  formtdsB,  firar 
cases  will  be  taken  into  consideration,  viz.: — 

1.  The  case  of  an  uniform  beam,  with  a  symmetrical  load  in 
general 

2.  Beam  of  uniform  section,  loaded  in  the  middla 

3.  Beam  of  uniform  section,  loaded  imiformly. 

4.  Beam  of  imiform  strength  and  imiform  depth,  tmifonnlj 
loaded. 

Case  1.  Syrwm£tHctd  had  on  a  hewm  of  v/niform,  sedwn,  Ify 
Article  303,  equation  3,  observing  that  ^  =  2  c,  we  have 

.,  _27n!'m     Wc« 

and  by  Article  304, 

Mj  = ?= i; 

e  c         ' 

consequently, 

Mi==2m"77iWc=:m"-mW^  =  m"-MQ, (1.) 

Mo  being  what  the  moment  of  flexure  at  A  would  ha/oe  been,  had- 
the  beam  been  simply  supported. 

The  values  of  m  are  given  in  Article  300. 

Let  M'o  be  the  actual  moment  of  flexure  at  A.     Then 

M'o  =  (1— m")  Jklo (2.) 

The  greatest  moment  of  flexure  must  be  either  at  A  or  O,  or  at 
both,  if  the  moments  at  these  sections  be  equal  and  opposita  •  But 

for  beams  of  uniform  section,  m"  is  never  less  than  ^ ;  therefore 

the  greatest  moment  of  flexure  is  at  C,  or  both  at  0  and  A,  and 
never  at  A  alone. 

The  strength  of  the  beam  is  expressed  by  the  following  formuliy 
obtained  by  putting  M,  instead  of  mW  Lin  equation  3  of  Azticfe 
295:—  '        ^ 

M^  =  m''mWl=nfhh^;  W  =  -4^ (S.) 
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f  being  the  limit  of  proof  or  working  stress,  as  the  case  may  be, 
and  n  a  factor  suitable  to  the  form  of  section  of  the  beam,  as  given 
by  the  table  of  Article  295. 

Hence  it  appears,  that  hy  facing  the  ends  of  an  v/niform  hea/m,  so 
that  they  shall  he  horizontal^  its  strength  is  increased  in  the  ratio  1 :  m". 

The  deflection  is  found,  by  subtracting  that  due  to  the  uniform 
moment  Mi  from  that  which  the  load  would  produce  if  the  beam 
were  simply  supported  at  C  and  C.  The  former  of  these  quan- 
tities, according  to  Article  304,  is 

2EI""    2EI    ' 
and  the  latter,  according  to  Article  303,  equation  2,  is 

EI     ~  m"EI  ' 
so  that  the  deflection,  their  difference,  is 

^'=  K^-v  •  et=  r— 2-;  •  et (^•) 

From  the  last  of  those  expressions,  it  appears  that  by  fixing  the 
ends  horizontal,  an  uniform  beam  is  made  stiffer  under  a  given 
load  in  the  ratio 


„• ,  {.-^). 


If,  in  the  first  expression  for  the  deflection,  it  be  considered  that 
Ml  is  the  moment  of  resistance  corresponding  to  the  proof  or  limit- 
ing stress  at  the  section  C,  we  may  make 

I  ~yo  ' 

so  as  to  obtain  the  following  expression  for  the  deflection  under  the 
proof  load : — 

'^=W-F)fe <^> 

being  less  than  the  proof  deflection  of  a  beam  simply  supported,  as 
given  by  equation  6,  Article  300,  in  the  ratio 


The  points  of  contrary  flexure  are  to  be  foimd  in  each  particular 
case  by  solving  the  equation 

M-M,  =  0 .......(6.^ 
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Case  2.   Uniform  section,  loaded  in  the  middle. 


1 


1 


1 


1    /c* 


...(7.) 


The  points  of  contraiy  flexuie  are  midway  behreea  A  and  CL 
Case  3. — Uniform  section,  vmifcrmiy  loaded, 

Vf=z2ev> 
1.2,5 


»,  =  -  . 


8  "Eyo' 


•  •«•• 


(&) 


The  points  of  contrary  flexure  are  thus  found.     By  the  taUe  oc 
Article  300,  case  5, 

M=(i-J)m.=  |(i-5)m.; 

80  that  in  order  to  have  M  =  Mj,  we  must  make 

a?      2                c 
1  --I  =  3;  ^^^  =  ~7=b  =  0"577c; ^ (J.) 

which  equation  gives  the  distance  of  each  of  the  points  of  contnr 
flexure  B,  from  A,  the  middle  of  the  beam. 

Case  4.   Uniform  strength,  uniform  depth,  vmform  loetcL     In  tU 
case  the  uniformity  of  strength  is  attained  by  making  the  biQadd 

at  each  point  proportiQiia 
to  the  moment  of  flezun^ « 
c  shown  in  the  plan,  fiff.  ]  44 
preserving,  at  the  pamts  0 
contrary  flexure  jB,  SL  i 
^'S.  144.  sufficient  thicknen  onlty  « 

resist  the  shearing  force. 
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As  shown  in  Article  300,  case  6,  the  curvature  of  the  beam  is 
Tiniform  in  amount,  changing  in  direction  only  at  the  points  of 
contrary  flexure.  Therefore,  in  fig.  143,  CB  and  BA,  at  each 
side  of  the  bean;i,  are  two  arcs  of  circles  of  equal  radii,  horizontal 
at  A  and  C,  and  touching  each  other  at  B;  therefore  those  arcs 
are  of  equal  length ;  therefore  each  point  of  contrary  flexure  B  is 
midway  between  the  middle  of  the  beam  A  and  the  point  of  sup- 
port C. 

It  is  evident  also,  that  the  proof  deflection  of  the  beam  must  be 
double  of  that  of  an  uniformly  curved  beam  of  half  the  span,  sup- 
ported at  the  ends  without  being  flxed ;  that  is  to  say,  one-half  of 
that  of  an  uniformly  curved  beam  of  the  same  span,  supported  but 
not  fixed;  or  symbolically 

The  actual  moment  of  flexure  at  A  must  be  the  same  as  in  an 

W 

uniformly  loaded  beam,  with  the  same  intensity  of  load  w  =  -^r-, 

2  c 

supported,  but  not  fixed  at  B,  B;  that  is  to  say, 

^0—   16  32         4 ^^^'^ 

end  therefore,  the  moment  of  flexure  at  C  is 

^7.  12      TUT       Ti/r        TUT'       ^ Mo       3Wc       3W^    ,,.. 

hi  being  the  breadth  of  the  beam  at  C^  which  is  three  times  the 
Inreadth  bo  at  A. 

To  find  the  breadth  at  any  other  point,  it  is  to  be  observed,  that 
the  moment  of  flexure  at  the  distance  x  £rom  A  is 

M  -  M.  =  -A_ ; 8~  V3  ~  3?;  ^»  ^••••(^^•) 

and  that  consequently  the  breadth  h,  which  is  proportional  to  the 
moment  of  flexure,  is  given  by  the  equation 

In  using  this  equation,  the  positive  or  negative  sign  of  the  result 
merely  indicates  the  direction  of  the  curvature. 

According  to  equation  14,  the  figure  of  the  beam  in  plan  {fig. 
144)  consists  of  two  parabolas,  having  their  vertices  at  A,  and 

z 
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intersecting  each  other  in  the  points  of  contrary  flexure,  B,  S,  ^m 

The  breadth  vhich  must  be  left  at  B,  to  i-cast  shearings  «{B 
appear  frcmi  the  next  Article. 

308.  A  It(an  Fliad  at  One  End  and  Snvputed  bI  Balk  is  senabl; 

in  the  Bame  condition  with  the  part  0  B  A  B  of  the  beam  in  fig. 
143,  extending  from  one  of  the  fixed,  points  C  to  the  farther  point 
of  contrary  flexure,  -which  now  representa  a  point  swppoTted,  hvt  fM( 
fixed.  Hence  if  a  continuous  gii\ler  be  supported  on  a  series  of 
piera,  the  span  of  each  of  the  endmoat  baya  should  be  to  the  BpsQ 
of  each  intermediate  bay,  in  the  ratio  c + £%  1 3  c,  where  x^  is  tli<> 
distance  A  B  fix>ni  the  lowest  point  to  a  point  of  contrary  flex«r'' 

309.  Hhouing  Strew  ttt  Benmib— It  has  already  been  ehown.  i 
Article  288,  how  to  find  the  amount  F  of  the  shearing  force  uc  .- 
given  vertiwd  croBO  section  of  a  beam ;  and  examples  of  that  form 
in  particular  cases  have  been  given  in  Articles  289  and  390.  The 
object  of  the  present  Article  is  to  show  the  manner  in  which  ttie 
stroBB  which  resists  that  force  is  distributed. 

In  Article  lOi  it  has  been  shown,  that  the  intensitiea  of  the  Imi- 
gential  stresses  at  a  given  point,  on  a  pair  of  planes  at  right  angles 
to  each  other  and  to  the  plane  parallel  to  which  the  streaaea  act, 
are  nece?saiily  equal.  Hence,  in  order  to  determine  the  inteuaitj  of 
the  vertical  shearing  stress  at  a  given  point  in  a  vertical  section  of 
1  beam,  such  as  the  pomi 
E)  in  the  vertical  section 
G  E  B  of  the  beam  repre- 
_  eented  in  fig.  145,  it  9 
sufficient  to  hnd  the  equal 
intensity  of  the  horizontal 
shearing  stress  at  tiie  sanu 
point  E  in  the  horizontal  plane  E  F,  The  existence  of  that  hori- 
zontal shearing  stress  is  fe,niiliarly  known  by  the  fact,  that  if  > 
beam,  instead  of  being  one  continuous  mass,  be  divided  into 
separate  horizontal  layers,  those  layers  will  slide  on  cadi  other  likT 
the  layers  of  a  coach  spring.  The  intensity  of  that  stress  is  fouml 
as  follows  : — 

Let  H  F  D  be  another  vertical  section  near  to  G  E  B.  If  ttai 
moment  of  flexure  at  H  F  D  differs  fium  that  at  G  E  B,  there  ^H 
be  a  corresponding  difiTerence  in  the  amount  of  the  direct  stM^^I 
two  corresponding  parts  of  the  planes  of  section,  such  aa  Q  ^^H 
H  F,  (In  the  case  shown  in  the  figure,  that  direct  strem  is  a  t^^H 
and  18  greatest  at  Q  E).  That  difference  constitutes  a  hori^^| 
'   force  acting  on  the  aoUd  H.  ¥  1£i  ^ ',  &Tid  iu  order  to  maiDtai^^H 


Fig.  J45. 
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equilibrium  of  that  solid,  the  amount  of  shearing  stress  on  the  plane 
F  E  must  be  equal  and  opposite  to  that  horizontal  force.  That 
amount  being  divided  by  the  area  of  the  plane  F  E,  gives  the 
intensity  of  the  shearing  stress. — Q.  E.  L 

From  the  foregoing  solution  it  is  obvious,  that  the  shearing  stress 
is  nothing  at  the  upper  and  lower  surfaces  of  the  beam;  because  the 
entire  direct  stress  on  each  cross  section  is  nothing.  This  might 
also  be  proved  by  reasoning  like  that  of  Article  278.  It  is  also 
obvious  that  the  shearing  stress  in  the  vertical  layer  between  the 
tvro  planes  of  section  is  greatest  at  D  B,  where  they  cut  the  neutral 
surface  O  C,  at  which  the  direct  horizontal  stress  changes  from 
thrust  to  pull;  for  at  that  surfeu^  the  horizontal  force  to  be 
balanced  by  the  shearing  stress  reaches  its  maximum. 

To  express  this  solution  symbolically  in  the  case  of  a  beam  of 

uniform  cross  section;  let  O B  =  a?,  O  C  =  c,  SE  =  y,  B  G  =  yi, 
B  D  =  E  F  (sensibly)  z=  dXy  let  the  breadth  of  the  beam  at  any 
point  E  be  denoted  by  z,  and  at  the  neutral  surface  by  Zq. 

Let  p  be  the  intensity  of  the  direct  horizontal  stress  at  E,  q  that 
of  the  shearing  stress  at  E,  and  ^o  ^^^^  o^  the  maximum  bearing 
stress  at  B.     Then  by  equation  4  of  Article  293, 

M 

and  the  amount  of  the  direct  stress  on  the  sectional  plane  between 
G  and  E  is 

M    fy,  J 

-J  J  ^  yz'dy. 

The  horizontal  force  by  which  the  solid  H  F  E  G  is  pressed  from  O 
towards  C,  is  the  excess  of  the  value  of  the  above  quantity  for  G  E 
above  its  value  for  H  F;  which  excess  arises  fit)m  the  excess  of  the 
moment  of  flexure  M  at  G  E  B  above  the  moment  of  flexure  at 
H  FD,  farther  from  the  middle  of  the  beam  by  the  distance  dx. 
That  diflerence  of  the  moments  of  flexure  is  obviously  equal  to 

'^  dx. 

F  being  the  a/mount  of  the  shearing  force  at  the  vertical  layer  in 
question;  consequently,  the  horizontal  force,  which  the  shearing 
stress  on  the  plane  F  E  is  to  balance,  is 

Fdx  f»i         J 

Dividing  this  by  the  area  of  the  plane  F  E,  which  is  «  c?  a:,  the 
•equired  intensity  of  the  shearing  stress  is  found  to  be 
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P 


^nl'!'-^"''^^' <^-> 


and  the  maximmxi  value  of  that  intensity,  for  the  given  vertical 
layer,  which  acts  at  D  B  in  the  neutral  surface,  is 

^"=1^1  o''^"''^ 'J (2-) 

The  same  results  are  in  every  case  obtained,  whether  the  upper  or 
the  lower  surface  of  the  beam  be  taken  as  the  limit  of  int^pratioa 

indicated  by  j/i;  the  complete  integral  /  y  z  '  dy^  for  the  whole 

cross  section  of  the  beam,  being  =  0,  because  of  y  being  measured 
from  the  neutral  axis,  which  traverses  the  centre  of  gravity  of  that 
section. 

Let  S  =  /  ^  dy  be  the  area  of  the  cross  section  of  the  beam. 

Then  the  rrbecm  intensity  of  the  shearing  stress  is 

F 

S' 

and  the  maaimum  intensity  exceeds  the  mean  in  the  foUowiiig 
ratio  : — 

T-=r^i.y'"'^2'' w 

a  ratio  depending  wholly  on  the  figure  of  the  cross  section  of  the 
beam.     The  following  table  gives  some  of  its  values  : — 


Figure  op  Cross  Section. 


L  Hectangle,  ^iq  =  5,, 


n.  Ellipse,, 


F  • 

3 

2* 

4 

3" 


m.  Hollow  Hectangle — 

This  includes  I-shaped  sec- 
tions,  


3   (f>h-'VK)'{f>W-.h'lP) 


lY.  HoUow  square. /..-A", |(l+^) 

V.  VI.  Hollow  ellipse  and  hollow  circle;  the  numerical  fector-z; 

V 

the  symbolical  factor,  the  same  as  for  the  hollow  rectaudl 
and  hollow  sc^oaxe  respectively. 
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For  beams  of  variable  cross  section,  the  preceding  results,  thougli 
not  absolutely  correct,  are  near  enough  to  the  truth  for  practical 
purposes. 

When  a  beam  consists  of  strong  upper  and  lower  flanges  or 
horizontal  bars,  connected  by  a  thin  vertical  web  or  webs,  like  the 
wrought  iron  plate  girders  to  be  treated  of  in  a  subsequent  section, 
the  shearing  force  is  to  be  treated  as  if  it  were  entirely  borne  by  the 
vertical  web  or  webs,  and  uniformly  distributed. 

310.   liines  of  Principal  Strew  in  Beams. — ^Letj^bethe  intensity 

of  the  direct  horizontal  stress,  and  q  that  of  the  shearing  stress,  at 
any  point,  such  as  E,  fig.  145,  in  a  beam.  Then  the  axes  of  principal 
stress  at  that  point,  and  the  intensities  of  the  pair  of  principal  stresses, 
may  be  found  by  Article  112,  Problem  IV.,  case  4.  In  the  equa- 
tions 21,  12,  23,  which  solve  that  problem,  forp^  the  normal  com- 
ponent of  the  stress  on  a  vertical  plane,  is  to  be  putp;  forjt>'»,  the 
normal  component  of  the  stress  on  a  horizontal  plane,  is  to  be  put 
0;  and  for  ^t,  the  common  tangential  component,  is  to  be  put  q, 
X  and  y  having  already  been  taien  to  denote  the  horizontal  and 
vertical  co-ordinates  of  the  point  E,  ^,  and  p2  may  be  taken  to 
represent  the  greatest  and  least  principal  stresses  instead  ofp^  and 
p^y  and  tj  the  angle  which  the  axis  of  greatest  stress  makes  with 

the  horizon,  instead  of  xn. 

Then  equation  21  of  Article  112  becomes 

Pl+P2_  P. 

2      "2' 

equation  22  becomes 

from  which  we  have 


.(1.) 


rhese  equations  show,  that  the  greatest  principal  stress  is  of  the 
jame  kind  with  the  direct  horizontal  stress,  and  the  least  principal 
jtress  of  the  contrary  kind.     Further,  equation  23  becomes 

tan  2  ii  =  — i (2.) 

p  ^   ^ 

yt  in  another  form  
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f  i,  be  the  angle  which  the  axis  of  least  Btreas  makes 
torizon,  then,  because  I'l  —  i,  ^  90°,  we  have 


:ix  =  V'+3$- 


2  ?      "        ^*' 


tna 


Equations  3  and  4  show  that  the  axes  of  greatest  and  least 
ara  inclined  opposite  ways  to  the  horiion  (as  indeed  they  must  be, 
being  perpendicular  to  each  other),  the  inclination  of  the  axis  of 
least  stress  being  the  steeper. 

If  those  inclinationa  be  computed  for  a  number  of  different  points 
in  the  vertical  section  of  a  beam,  and  the  directions  of  the  axes  of 
stress  at  those  points  laid  down  on 
a  drawing,  a  network  of  lines,  con- 
sisting of  two  series  of  lines  inter- 
secting each  other  at  right  angles 
iig.  liu.  ag  in  gg_  145^  may  be  drawn,  so  that 

each  line  shall  touch  the  axes  of  stress  traversing  a  series  of  pointy 
and  so  that  the  tangents  to  the  pair  of  lines  which  cross  at  any 
given  point  shall  be  the  axes  of  stress  at  that  point.  These  IfnM 
may  be  called  the  linea  of  princjp^  stress.  For  a  beam  supported 
at  the  ends,  the  lines  convex  upwards  are  lines  of  thrust,  and  those 
convex  downwards  lines  of  tenAon.  They  all  intersect  the  nential 
surface  a.t  angles  of  45°.  The  stress  along  each  of  those  lines  ia 
greatest  where  it  is  horizontal,  and  graduaUy  diminishes  to  nothing 
\  at  the  two  ends  of  the  line,  where  it  meets  the  surface  of  the  beam 
"n  a  vertical  direction. 

311.  Direct  vemeBi  BtrcHu — It  is  to  be  observed,  that  no  acoouiiC  . 
I  has  yet  been  taken  of  the  t^ect  iiertical  stress  upon  such  plauu^ 

r  E  (fig.  145)  in  a,  loaded  beam,  that  stress  having  been  ti 
tihe  last  Article  as  if  it  were  nulL     The  reasons  for  this  a 
That  the  direct  vertical  stress  is  in  most  practical  cases  o 
intensity  compared  with  the  other  elements  of  stress ;  i 
That  the  mode  c#  its  distribution  can  be  modilied  in  an  i 
variety  of  ways  by  tlje  modes  of  placing  the  load  on  or  t 
it  to  the  beam,  so  thai  formulte  applicable  to  one  of  those  i 
would  not  be  applicable  to  another — (in  fact,  by  a  certain  i 
loading,  it  can  even  be  Kiduced  to  nothing)  j  and  thii-dly,  ThatJ 
introduction  would  complicate  the  formidae  without  adding  n 
rially  to  their  accuracy. 

312.  SmaU  EITcGI  of  Shes'rlBB  SIreH  npan  nrflecUaB. A  st 

stress  of  the  intensity  g  produces  a  distortion  represented  I 

C  being  the  transverse  elasticity,  as  already  explained  lu  ja>h 
""*      The  slope  ot  any  ^ven  originally  horizontal  layer  ota 
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am  at  a  given  point  will  be  increased  by  this  distortion  to  the 
tent  denoted  by 

lich  additional  slope  is  to  be  added  to  the  slope  due  to  the  bend- 
7  stress,  in  order  to  find  the  total  slope.  The  curvature  of  the 
T^er' will  also  be  increased  by  the  amount 

dir  _d¥      1     r» 

'  uniform  beams,  and  to  nearly  the  same  amount  for  other  beams  ; 
d  there  will  be  an  additional  deflection  of  the  layer  ujider  con- 
ieration,  of  the  amount 

v\  =  j\i'dx o (3.) 

serving  that  /  'F  dx=z  M^,  the  above  equation  becomes,  for 
iform  becmis, 

'"^=^J>^-^y -(*•) 

pposing  the  beam  to  be  under  the  proof  load,  we  may  put  for 
•  its  value  — ,  making  the  equation 


^"^=ch-l>"'^ <^-> 


e  greatest  value  of  this  is  that  for  the  neutral  surface,  for  which 
;  limits  of  integration  are  0  and  yi.  To  compare  this  additional 
lection  due  to  distortion  with  that  due  to  flexure  proper,  let  us 

:e  the  case  of  a  rectangular  beam,  in  which  yi  =  »,  z  =  h9  f'^yz 

=  -^.     Then 
o 

""'=1^ •, <«•) 

r  the  same  beam,  according  to  equation  6  of  Article  300,  we  have 
f  proof  deflection  due  to  flexure  proper, 

that  the  ratio  of  those  two  parts  of  the  deflection  is 


),igLt  i 


mple)  —  =  about  3.      Suppose  -.1 


wbicli  IB  an  ordinaiy  proportion 


980     155 


nearly,  a  quantity  practically  inappreciable. 

It  appears,  then,  that  the  distortion  prodnced  by  the  aheaiing 
atreaa  in  beams,  even  at  the  neutral  auriace,  ■where  it  is  greatest, 
produces  a  deflection  which  ia  very  Bmall  compared  ■with  that  doe 
to  the  bending  action  of  the  load ;  and  that  the  alteration  of  the 
external  figure  of  the  beam  must  be  smaller  still ;  from  ■which  it 
may  be  concluded,  that  in  ordinary  practical  cases  'there  is  no  ocia- 
sion  to  compute  the  additional  deflection  due  to  the  shearing  stress. 

313,  poriiBiir-Losdcd  Ream. — In  designing  beams  for  ■the  sup- 
port of  roada  and  raOwaya,  or  for  any  other  aitnation  in  ■which  one 
part  of  a  beam  may  be  loaded  and  another  unloaded,  it  is  necessary 
to  consider  whether  a  partial  load  may  or  may  not  produce,  at  aaj 
point  of  the  beam,  a  more  intense  stress  than  an  umform  load  over 
the  ■whole  beam. 

The  case  of  this  kind,  ■which  is  moat  important  in  practice,  is 
that  in  which  a  beam  aupport«d  at  both  ends  is  uniformly  loaded 
throughout  a  certain  portion  of  its  length  and  unloaded  throughont 
the  remainder ;  and  its  solution  depends  on  two  theorems. 

Theokem  I.  I'or  a  given  intendty  of  load  per  unit  of  lengt/i,  an 
uniform,  load  over  the  wlmle  beam  produces  a  greater  tnmnent  o/ 
jlemire  at  eac/i  cross  section  than  any  piwtifd  load. 

Let  the  two  ends  of  the  beam  be  called  C  and  D,  and  aoy  int«- 
mediate  cross  section  E.  Then  for  an  uniform,  load,  the  momenl 
of  flexure  at  E  is  an  upward  moment,  being  equal  to  the  upward 
moment  of  the  supporting  force  at  either  of  the  ends  relatively  ta 
E,  mi'jMM  the  downward  moment  of  the  uniform  load  between  that 
end  and  K  A  partial  load  is  produced  by  removing  the  tmiform 
load  from  part  of  the  beam,  situated  either  between  E  and  C,  be- 
tween E  and  D,  or  at  both  sides  of  E.  First,  let  the  load  Ifl 
removed  from  any  part  of  the  beam  between  E  and  0.  Then  tiji- 
downward  moment,  relatively  to  E,  of  the  load  between  E  and  U  is 
unaltered ;  and  the  upward  moment,  relatively  to  E,  of  the  euppoi't- 
ing  force  at  D  is  diniiniahed,  in  consequence  of  the  diminution  vi 
that  force ;  therefore  the  moment  of  flexure  is  diminished.  A  simUnr 
demonatration  applies  to  the  case  in  which  the  load  is  removeJ 
from  a  part  of  the  beam  between  E  and  D  ;  and  the  combined  effei't 
of  those  two  operations  takes  place  when  the  load  is  removed  from 
\  portions  of  the  beam  lying  at  both  sides  of  E ;  so  that  the  removd 
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of  th^  load  from  any  portion  of  the  beam  dimimah/ea  the  moment  of 
flexure  at  each  point, — Q.  E.  D. 

Hence  it  follows,  that  if  a  beam  be  strong  enough  to  bear  an  uni- 
form load  of  a  given  intensity y  it  unU  bear  any  partial  load  of  the 
same  intensity. 

Theorem  IL  For  a  given  intensity  of  load  per  unit  of  length,  the 
greatest  shearing  force  at  any  given  cross  section  of  a  bea/m  takes  place 
when  the  longer  of  the  two  parts  imJto  which  that  section  divides  the 
heamt  is  loaded  and  the  shorter  unloaded. 

Let  the  ends  of  the  beam,  as  before,  be  called  C  and  D,  and  the 
given  cross  section  E  ;  and  let  C  E  be  the  longer  part,  and  E  D  the 
shorter  part  of  the  beam.  In  the  first  place,  let  C  E  be  loaded  and 
E  D  unloaded.  Then  the  shearing  force  at  E  is  equal  to  the  support- 
ing force  at  D,  and  consists  in  a  tendency  of  E  D  to  slide  upwards 
relatively  to  C  E.  The  load  may  be  altered,  either  by  putting 
weight  between  D  and  E,  or  by  removing  weight  between  C  and  E. 
If  any  weight  be  put  between  D  and  E,  a  force  equal  to  pa/rt  of 
that  weight  is  added  to  the  supporting  force  at  D,  and  therefore  to 
the  shearing  force  at  E;  but  a  force  equal  to  the  whole  of  that 
-weight  is  taken  away  from  that  shearing  force ;  therefore  the  shear- 
ing force  at  E  is  diminished  by  the  alteration  of  the  load.  If 
weight  be  removed  from  the  load  between  C  and  E,  the  shearing 
force  at  E  is  diminished  also,  because  of  the  diminution  of  the 
supporting  force  at  D.  Therefore  any  alteration  from  thai  distri- 
bution of  the  load  in  which  the  longer  segment  C  E  ts  loaded,  and  the 
sTiorter  segment  E  D  unloaded,  diminislies  the  shearing  force  ai  E. 
— Q.  E.  D. 

In  designing  beams  where  the  shearing  force  is  borne  by  a  thin 
vertical  web,  or  by  lattice  work  (as  in  plate,  lattice,  and  other 
compound  gii'ders,  to  be  considered  more  fully  in  a  subsequent  sec- 
tion), it  is  necessary  to  attend  to  this  Theorem,  and  to  provide 
strength,  at  each  cross  section,  sufficient  to  bear  the  shearing  force 
which  may  arise  from  the  longer  segment  of  the  beam  being  loaded 
and  the  shorter  unloaded. 

To  find  a  formula  for  computing  that  force,  let  c  be  the  half-span 
of  the  beam,  x  the  distance  of  the  given  cross  section,  E,  from  the 
middle  of  th«  beam,  and  w  the  imiform  load  per  unit  of  length  on 
the  loaded  part  of  the  beam  C  E.     The  length  of  that  part  is 

CE  =  c  +  a;; 

Bind  the  amoimt  of  the  load  upon  it, 

w{c  +  xy^'^ 

The  centre  of  gravity  of  that  load  lies  at  a  distance  jfrom  the  end, 
O,  of  the  beam  which  is  represented  by 
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and  therefore  the  upward  supporting  force  at  the  other  end  of  fte 
beam,  D,  which  is  also  the  shearing  force  at  E,  is  given  hj  fte 
equation 

F  =  «7(c  +  a)--2-  •r-2e=     ^^^       (1.) 

It  has  akeady  been  shown,  in  Article  290,  that  the  ahearing  fbne 
at  a  given  cross  section  with  an  uniform  load  is  F  =  ti;  a; ;  henee 
the  €0X688  of  the  greatest  shearing  force  at  a  given  cross  aectiflt 
with  a  partial  Icmd,  above  the  shearing  force  at  the  same  eoB 
section  with  an  uniform  load  of  the  same  intensity,  is 


F-F  =  ?^^' (1) 


4o 

At  the  ends  of  the  beam  this  excess  vanishes.  At  the  middk^it 
consists  of  the  whole  shearing  force  "F  =  jw  c,  or  one  quarter  d 

the  shearing  force  at  the  ends ;  that  is^  one-eighth  of  the  uaaa^ 
of  an  xmif orm  load. 

314.  Aiiewuice  fmr  "Weight  of  Beam. — ^When  a  beam  is  of  gnik 
span,  its  own  weight  may  bear  a  proportion  to  the  load  whidi  it 
has  to  cany,  sufficiently  great  to  require  to  be  taken  into  accoimtii 
determining  the  dimensions  of  the  beam.  Before  the  "weight  of  At 
beam  can  be  known,  however,  its  dimensions  must  have  been  ^ 
termined,  so  that  to  allow  for  that  weight,  an  indirect  process  moik 
be  employed. 

As  already  explained  in  Article  302,  the  depth  of  a  beam  is  ^ 
termined  by  the  deflection  which  it  is  desired  to  allow  ;  and  At 
hrectdth  remains  to  be  fixed  by  conditions  of  strength^  the  straigft 
being  simply  proportional  to  the  breadth. 

Let  h'  denote  the  breadth  as  computed  by  considering  the  » 
ternal  had  aloney  W^     Compute  the  weight  of  the  beam  £rom  tkt 

B' 

provisional  breadth,  and  let  it  be  denoted  by  B'.     Then  ==  ia  tfc» 

proportion  which  the  weight  of  the  beam  must  bear  to  the  Ailirvtf 

gro88  load  which  it  is  calculated  to  support ;  and  ==7 — ^  is  tk 

proportion  in  which  the  gross  load  exceeds  the  external  losi 
Consequently,  if  for  the  ^nrovisional  breadth  V  there  be  sabstztatal 
the  exact  breadth,  tw€ 

h'W 


i  _    o  yy  -- . 


I 
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the  beam  will  now  be  strong  enough  to  bear  both  the  proposed 
external  load  W,  and  its  own  weight,  which  will  now  be 

B' W 
^^W-B^' ^^'^ 

and  the  true  gross  load  will  be 

^  ~  W-lBf ^^'^ 

In  the  preceding  formulse,  both  the  external  load  and  the  weight 
of  the  beam  are  treated  as  if  uniformly  distributed — a  supposition 
-which  is  sometimes  exact,  and  always  sufficiently  near  the  truth 
for  the  purposes  of  the  present  Article. 

315,  liimiting  i<eDgtift  of  Beani. — The  gross  load  of  beams  of 
similar  figures  and  proportions,  varying  as  the  breadth  and  square 
of  the  depth  directly,  and  inversely  as  the  length,  is  proportional 
to  the  square  of  a  given  linear  dimension.  !lie  weights  of  such 
beams  are  proportional  to  the  cubes  of  corresponding  linear  dimen- 
sions. Hence  the  weight  increases  at  a  faster  rate  than  the  gross 
load ;  and  for  each  particular  figure  of  a  beam  of  a  given  material 
and  proportion  of  its  dimensions,  there  must  be  a  certain  size  at 
•which  ihe  beam  will  bear  its  own  weight  only,  without  any  addi- 
tional load. 

To  reduce  this  to  calculation,  let  the  gross  working  uniformly- 
distributed  load  of  a  beam  of  a  given  figure,  as  in  Article  295,  be 
expressed  as  follows  : — 

W  =  ^^^i ^jj 

I,  h,  and  h  being  the  length,  breadth,  and  depth  of  the  beam,  /  the 
limit  of  working  stress,  and  n  a  faxitor  depending  on  the  form  of 
cross  section.     The  weight  of  the  beam  will  be  expressed  by 

B  =  kv^lbh; (2.) 

w/  being  the  weight  of  an  unit  of  volume  of  the  material,  and  k  a 
factor  depending  on  the  figure  of  the  beam.  Then  the  ratio  of  the 
weight  of  the  beam  to  the  gross  load  is 

WSn/h' ^'^ 

which  increases  in  the  simple  ratio  of  the  length,  if  the  proportion 

—  is  fixed.  When  this  is  the  case,  the  length  L  of  a  beam,  whose 
n 
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weight  (treated  as  tmiformly  distributed)  is  its  -^orkiiig  load,  ii 

given  by  the  condition  =-_  =  !;  that  is, 

w 

L  =  ««/f  =  ^^ (4) 

This  limiting  length  having  once  been  determined  for  a  given  dais 
of  beams,  may  be  used  to  compute  the  ratios  of  the  gross  load, 
weight  of  the  beam,  and  external  load  to  each  other,  for  a  beam  of 
the  given  class,  and  of  any  smaller  length,  I,  according  to  the  fol- 
lowing proportional  equation : — 

L  :l  'L-l  :  :W  :  B  ;  W-B (5.) 

To  illustrate  this  by  a  numerical  example,  let  the  beams  in  ques- 
tion be  plain  rectangular  cast  iron  beams,  so  that  t*  =  -,  jfe  =  1, 

6 

eo'  =  0-257  lb.  per  cubic  inch ;  let  40,000  lbs.  per  square  inch  be 
taken  as  the  modulus  of  rupture,  and  4  as  the  factor  of  safety,  so 

thaty*  =  10,000  lbs.  per  square  inch ;  and  let  y  =  =-^     Then 

L  =  3,459  inches  =  288  feet,  nearly. 

316.  A  Sloping  Beam,  like  that  represented  in  fig.  G8,  Article 
142,  is  to  be  treated  like  a  horizontal  beam,  so  far  as  the  bending 
stress  produced  by  that  component  of  the  load  which  is  normal  to 
the  beam,  is  concerned.  The  component  of  the  load  which  acts 
along  the  beam,  is  to  be  considered  as  producing  a  direct  thrust 
along  the  beam,  which  is  to  be  combined  with  the  stress  due  to  the 
bending  component  of  the  load. 

317.  An  Originally  Cnrred  Beam,  at  any  given  cross  Section  made 
at  right  angles  to  its  neutral  sm*face,  so  far  as  the  bending  stress  is 
concerned,  is  in  the  same  condition  with  an  originally  straight 
beam  at  a  similar  and  equal  cross  section  to  which  the  same 
moment  of  flexure  is  applied.  Beams  are  sometimes  made  with  a 
slight  convexity  upwards,  called  a  camber,  equal  and  opposite  to 
the  curvature  which  the  intended  working  load  would  produce  in 
an  originally  straight  beam.  The  effect  of  this  is  to  make  the 
beam  become  straight  under  the  working  load,  instead  of  ciunred, 
and  to  diminish  the  additional  stress  due  to  rapid  motion  of  the 
load,  which  additional  stress  arises  partly  from  the  curvature  of  the 
beam. 

318.  The    Expansion  and   Contraction  of  Ijong  BMUMsb   whioh 
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arise  from  the  changes  of  atmospheric  temperature,  are  usually  pro- 
vided for  by  supporting  one  end  of  each  beam  on  rollers  of  steel  or 
hardened  cast  iron.  The  following  table  shows  the  proportion  in 
-which  the  length  of  a  bar  of  certain  materials  is  increased  by  an 
elevation  of  temperature  from  the  melting  point  of  ice  (32°  Fahr., 
or  0°  Centigrade)  to  the  boiling  point  of  water  under  the  mean 
atmospheric  pressure  (212°  Fahr.,  or  100°  Centigrade);  that  is,  by 
an  elevation  of  180°  Fahr.,  or  100°  Centigrade  : — 

Metals. 

Brass, •00216 

Bronze, •00181 

Copper, •00184 

Gold, '0015 

Cast  iron, '00111 

Wrought  iron  and  steel, '00114  *o  '00125 

Lead, '0029 

Platiniun, '0009 

Silver, '002 

Tin, '002  to  '0025 

Zinc, '00294 

Eautht  Matebials. 

(The  expansibilities  of  stone  fi'om  the  expeiiments  of  'Mr.  Adie.) 

Brick,  common, '00355 

„      fire, -0005 

Cement, '0014 

Gl^ss,  average  of  different  kinds, '0009 

Granite, 'OooS  to  '0009 

Marble, '00065  to  'ooii 

Sandstone, '0009  to  *ooi2 

Slate, '00104 

(Expansion  along  the  grain,  when  dry,  according  to  Mr.  Joule, 

Proceed.  Boy.  Soc,  Nov.  5,  1857.) 

Baywood, '000461  to  '000566 

Deal, '000428  to  '000438 

Hiir.  Joule  found  that  moisture  diminishes,  annuls,  and  even  re- 
verses, the  expansibility  of  timber  by  heat,  and  that  tension  in- 
creases it. 

319.  The  Elastic  Cmnre,  in  the  widest  sense  of  the  term,  is  the 
figure  assumed  by  the  longitudinal  axis  of  an  originally  straight 
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bar  under  any  system  of  bending  forces.  All  the  trrmwnv^  cf  lb 
curvature^  slope,  and  deflection  of  beams  in  Article  3db  and  fli 
subsequent  Articles,  are  cases  in  which  the  elastic  corye  hai  bw 
determined  with  a  degree  of  approximation  sufficiently-  dose  imiv 
the  circumstances ;  t^t  is,  when  the  deflection  is  a  yearj  adl 
fraction  of  the  length.  The  present  Article  relates  to*  the  figure' 
the  elastic  curve  for  a  slender  Jlat  spring  of  vnifarsn  ^ecHong  lAs 
acted  upon  either  by  a  pair  of  equal  and  opposite  oouplefl^  orlfi 
pair  of  equal  and  opposite  forces. 

Tlie  general  equation  of  Article  300  applies  to  this  case;,  m:— 


1 
r 


.(L) 


I  being  the  uniform  moment  of  inertia  of  the  section  of  the  Bpa^ 
E  the  modulus  of  elasticity,  M  the  moment  of  fleziue  at  a  giw 
point,  and  r  the  radius  of  curvature  at  that  point. 

When  a  spring  is  under  the  action  of  a  pair  qf  equal  and  cppoii 
couples  applied  to  its  two  ends,  then,  as  in  Article  304,  M  is  ooiuM 
r  is  constant,  and  the  elastic  curve  is  a  circular  arc  of  the  radioir* 

When  a  spring  is  imder  the  action  of  a  pair  qf  equal  aj^oppoA 
forces,  let  A  and  B  denote  the  two  points  to  which  those  forces  aff 
r.pplied,  and  A  B  their  common  line  of  action.     The  figures  fios 


Fig.  146  a. 


Fig.  146  b. 


Fig.  146  c. 


Fig.  146  d 


Fig.  146  «. 


Fig.  146/ 

146  a  to  146  /  inclusive,  represent  various  forms  which  the  apni^ 
Boay  assume,  viz. : — 

.   X  When  the  forces  are  directed  towards  each  other^- 
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Ob  A  simple  axc^  like  a  bow^  meetdng  A  B  at  the  points  A  and  B 
only. 

b,  c  An  undulating  figure^  crossing  A  B  at  any  number  of  inter- 
mediate points. 

d.  The  points  A  and  B  coinciding,  which  may  give,  with  an 
endless  spring,  a  figure  of  8. 

II.  "Wlien  the  forces  are  directed  &om  each  other — 

e.  One  or  more  loops,  with  the  ends  and  intermediate  portions 
meeting  or  crossing  A  B. 

/,  The  forces  acting  from  each  other  at  the  points  A,  B,  in  two 
rigid  levers  A  D,  B  E,  to  which  the  spring  is  fixed  at  D  and  E  :  the 
spring  forming  one  or  more  looped  coils,  lying  altogether  atone  side 
of  the  line  of  action  A  B. 

Let  P  be  the  common  magnitude  of  the  equal  and  opposite  forces 
applied  at  A  and  B,  and  x  the  perpendicular  distance  of  any  point 
C  in  the  elastic  curve  from  the  line  of  action  A  B.  Then  the  mo- 
ment of  flexure  at  that  point  is  obviously 

M  =  a:P; (2.) 

and  consequently  the  radius  of  ciu'vature  at  that  point  is  given  by 
the  equation 

EI      EI  ,_ 

that  is  to  say,  the  radius  of  cfwrvat/wre  is  inversely  prop<yrticmal  to  the 
j)erpendicular  distance  from  the  line  qfa>ction  of  tlie  forces.  At  each 
of  the  points  in  figs.  146  a,  h,  c,  d,  and  e,  where  the  curve  meets  or 
crosses  A  B,  the  radius  of  curvature  is  infinite ;  that  is,  there  is  a 
point  of  contrary  flexure. 

The  above  geometrical  property  is  common  .to  all  the  varieties  of 
curves  formed  by  an  uniform  spring  bent  by  a  pair  of  forces,  and 
is  sufficient  to  enable  any  one  of  them  to  be  drawn  approximately, 
by  means  of  a  series  of  short  circular  arcs.  It  is  sufficient,  also,  to 
establish  aU  their  other  geometrical  properties,  such  as  the  rela- 
tions between  their  rectangular  co-ordinates,  and  the  lengths  of 
their  arcs.  These  are  expressed  by  means  of  elliptic  functions ; 
and  it  is  unnecessary  to  give  them  in  detail  in  this  treatise, 
except  in  one  case,  which  will  be  mentioned  in  the  next  Article, 
319  A. 

There  is  one  important  proposition,  however,  which  it  is  here 
necessary  to  prove ;  and  that  is  the  following 

Theorem.  That  a  spring  of  a  given  length  and  section^  to  the  ends 
of  whose  neutral  swrface  a  pair  of  forces  a/re  applied^  wiU  net  he  bent 
rf  those  forces  a/re  less  tha/n  a  certaJin  finite  magniinide.      Let  A  and ' 
B  in  fig.  146  a  be  the  two  ends  of  the  spring,  to  which  two  equal 
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and  opposite  forces  of  the  magnitude  P  are  applied,  diieciad  !§■ 
wards  each  other ;  the  spring  forming  a  single  arc  A  G  B,  of  lb 
length  L  x  being,  as  before,  the  ordinate  of  any  point  0,  let  yh 
the  distance  of  that  ordinate  &om  A. 

The  smaller  the  force  P,  the  more  nearly  'will  the  arc  A  CI 
approach  to  the  straight  line  A  B  ;  and  in  order  to  find  the 
est  value  of  P  which  is  compatible  with  any  bending  of  the  nni| 
that  force  must  be  computed  on  the  supposition  that  the  ma^ 
X  at  each  point  is  insensibly  small  compared  with  the  length  of  lb 
spring,  and  consequently,  that  the  length  of  the  arc  A  G  doeiMt 
sensibly  differ  from  that  of  its  abscissa  y.  This  being  the  case^  fli 
curvature  at  any  point  C  is  to  be  taken  as  sensibly  given  bffli 
following  equation : — 

1 d^^ 

which  value  being  inserted  in  equation  3,  gives 

d^x        P 


=  ;?r^  •iC 


df       EI 
The  integral  of  this  equation  m 


(1) 


y 

a;  =  a  •  sm  •  -, 


=v 


where  c  =  A  /  -p-. 


m 


In  order  that  x  may  be  =  0  at  the  points  A  and  B,  it  is 

4/ 

that  when  y  =  ^,  ^  should  be  =  9i  fr,  9i  being  any  'wbole  nnmbv; 

c 

and  consequently  that 


^ 

W*"' 


«=— w 


Now  of  all  the  possible  values  of  n,  that  which  gives  the  least  'nhi 
of  P  is  »  =:  1 ;  whence  we  find 

^  /EI       I         ,  _,       *'EI 

*'  =V   p"  =  :^ '  '^'^  ^  =  ~W~'' ^•) 

and  this^i^  quamt^y  is  the  amaUest  force  which  toiU  bend  the  gkB 
spring  in  the  manner  proposed. — Q.  E.  D. 

This  investigation  proves  the  Theorem  in  question,  and  mtf 
the  least  bending  force ;  but  as  it  leaves  the  constant  a  indcfaT- 


HYDROSTATIC  ARCH — TWISTISG  AND  WRENCHING.  353 

::  minate,  it  does  not  give  the  figure  assumed  by  the  spring,  which 
j  cannot  be  found  exactly  except  ly  the  use  of  elliptic  functions. 
z       319  A.  The  HydiwataUc  Arch,  described  in  Article  183,  is  of  the 

same  figure  with  the  coiled  and  looped  elastic  curve  represented  in 
.  fig.  146 y*;  for  its  radius  of  curvature  at  any  point  is  inversely  pro- 
u  portional  to  the  perpendicular  distance  of  that  point  from  a  given 
.-:  straight  line.  In  order  to  transform  all  the  equations  given  in 
:=  that  Article  for  the  hydrostatic  arch  into  the  corresponding  equa- 
■z.  fcions  for  the  coiled  and  looped  elastic  curve  of  fig.  146  ^  it  is  only 

necessary  to  put  for  the  constant  product  of  the  ordinate  and  radius 
.    of  curvature  the  following  value  : — 

EI 

An  instrument  consisting  of  an  uniform  spring  attached  to  a  pair 
of  levers,  might  be  used  for  tracing  the  figures  of  hydrostatic 
arches  on  paper. 

This  property  of  the  coiled  and  looped  elastic  curve  is  analogous 
to  that  discovered  by  James  Bemouilli  in  the  simple  bow  of  fig. 
146  a,  viz.,  that  it  is  the  figure  assumed  by  the  vertical  longitu- 
dinal section  of  an  indefinitely  broad  sheet,  containing  a  liquid 
mass  whose  upper  horizontal  siirface  is  represented  by  A  B. 


Section  7. — On  Resistance  to  Twisting  cmd  Wrenching. 

320.  The  Twisting  moment,  or  moment  of  torsion,  applied  to  a 
bar,  is  the  moment  of  a  pair  of  equal  and  opposite  couples  applied 
to  two  cross  sections  of  the  bar,  in  planes  perpendicular  to  the 
axis  of  the  bar,  and  tending  to  make  the  portion  of  the  bar  between 
those  cross  sections  rotate  in  opposite  directions  about  that  axis. 
In  the  following  Articles,  twisting  moments  are  supposed  to  be 
expressed  in  vmh-pcyvrnds. 

321.   Strengtli  of  a  CyUndrical  Axle.— A  cylindrical  axle,  A  B,  fig. 

147,  being  subjected  to  the  twisting 
moment  of  a  pair  of  equal  and  oppo- 
site couples  applied  to  the  cross  sec- 
tions A  and  B,  it  is  required  to  find 
the  condition  of  stress  and  strain  at 
any  intermediate  cross  section  such 
as  S,  and  also  the  angular  displace-  ^'^-  ^^^* 

ment  of  any  cross  section  relatively  to  any  other. 

From  the  uniformity  of  the  figure  of  the  bar,  and  the  uniformity 
of  the  twisting  moment,  it  is  evident  that  the  condition  of  stress 
and  strain  of  all  cross  sections  is  the  same  j  also,  because  of  the 

2a 
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circtilar  figure  of  each  cross  section,  the  condition  of  sfanai  wi 
strain  of  all  particles  at  the  samo  distance  from  the  axis  cf  fti 
cylinder  must  be  alike. 

Suppose  a  circular  layer  to  be  Incloded  between  the  crosi  aeciai 
S,  and  another  cross  section  at  the  distance  dx  from  it  Tb 
twisting  moment  causes  one  of  those  cross  sections  to  rotate  ni^ 
tively  to  the  other,  about  the  axis  of  the  cylinder,  throu|^  ■ 
angle  which  may  be  denoted  by  c^  i.  TlEien  if  there  be  two  poirii 
at  the  same  distance  r  from  the  axis  of  the  cylinder,  one  in  the  (V 
cross  section,  and  the  other  in  the  other,  which  points  were  oi^ 
nally  opposite  to  each  other,  in  a  line  parallel  to  the  axis,  iit 
twisting  moment  shifts  one  of  those  points  laterally,  relatiyeljto 
the  other,  through  the  distance  rc^i.  Consequently  the  part  of 
the  layer  which  lies  between  those  points  is  in  a  condition  of 
distortion,  in  a  plane  perpendicular  to  the  radius  r ;  and  the  <& 
toi-tion  is  expressed  by  the  ratio 


di 
dx 


»  =  r-^  (L) 


which  varies  proportiorudly  to  the  distcmcejrom  the  cucia.  Thenii 
therefore  a  shea/ring  stress  at  each  point  of  the  cross  section  Q 
whose  direction  is  perpendicular  to  the  radius  drawn  from  tt» 
axis  to  that  point,  and  whose  intensity  is  proportional  to  thai  radwti 
being  represented  by 

^=c-c-£ m 

The  STRENGTH  of  the  axle  is  determined  in  the  followiog 
manner : — Let  /  be  the  limit  of  the  shearing  stress  to  whkfc 
the  material  is  to  be  exposed,  being  the  vltmuUe  resistance  ii 
wrenching  if  it  is  to  be  broken,  the  proof  resistance  if  it  is  ii 
be  tested,  and  the  working  resistance  if  the  working  nioment  of 
torsion  is  to  be  determined.  Let  ri  be  the  external  radius  of  Ite 
axle.  Then  /  is  the  value  of  q  at  the  distance  r^  from  the  azka 
and  at  any  other  distance  r,  the  intensity  of  the  shearing  strass  ii 

fr 
^=- (3.) 

Conceive  the  cross  section  S  to  be  divided  into  narrow  coneenfav 
rings,  each  of  the  breadth  dr.  Let  r  be  the  meom  radivs  o£  one  flf 
these  rings.  Then  its  area  is  2  v  rdr;  the  intensity  of  the  shew* 
iBg  stress  on  it  is  that  given  by  equation  3,  and  the  leverage  of  tiiifc 
^itreBs  relatively  to  the  axis  of  the  cylinder  is  r;  consequently^  ttl 
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moment  of  €be  shearing  stress  of  the  ring  in  qoestion^  being  the 
product  of  those  three  quantities,  is 

ri 

which  being  integrated  for  all  the  rings  from  the  centre  to  the 
drcmnference  of  the  cross  section  S,  gives  for  the  moment  of 
torsion,  and  of  resistance  to  torsion, 


M=?^./;'.3<^r=^/il (4) 


(1=1-5708). 

If  the  axle  is  hoUow,  r©  being  the  radius  of  the  hollow,  the  integral 
is  to  be  taken  from  r  =  r©  to  r  =  ri ;  and  the  moment  of  torsion 
becomes 

M  =  ^./V<^r=--^<^-^°) (5.) 

It  is  in  general  more  conTcnient  to  express  the  strength  of  an 
axle  in  terms  of  the  diameter  than  in  terms  of  the  radius.  Let  hi 
be  the  external  diameter  of  the  axle,  and  Aq  ^ts  internal  diameter, 
if  hollow;  then 

For  a  solid  axle,  M  =  '^  ='^> 

For  a  holUyu)  aade,  M  =  -^VrV-^=    W  i. 

If  these  formulsB  be  compared  with  those  applicable  to  solid  and 
hollow  cylindrical  beams  in  Article  295,  it  will  be  seen  that  they 
differ  only  in  the  numerical  factor,  which,  for  the  moment  of 

flexure,  is  -_  =  — -,  and  for  the  moment  of  torsion,  jg-  =  ^. 

Hence  we  have  this  useful  principle,  that  for  equal  values  of  the 
limiting  stress  f,  the  resistance  of  a  cylinder,  solid  or  hollow,  to 
wrenching,  is  dovhle  of  its  resistance  to  breaking  across. 

Values  of  the  co-elficient  of  ultimate  resistance  to  shearing  for 
BBst  and  wrought  iron,  are  given  in  a  table  which  has  already  been 
referred  to.  The  co-efficient  for  cast  iron  is  somewhat  doubtful, 
Mcause  the  experiments  give  varying  results.     That  given  in  the 


(6.) 
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table,  viz.,  27,700,  is  adopted  on  the  authority  of  Mr.  Hodgkin- 
son's  work  On  Cast  Iron,  as  the  mean  of  the  experiments  considered 
by  him  the  most  trustworthy;  but  some  experiments  give  a  value 
as  low  as  24,000,  and  others  a  value  as  high  as  30,000. 

"With  respect  to  the  working  values  of  the  limiting  stress^  the 
following  are  those  adopted  by  Tredgold  in  his  practical  rules : — 

For  cast  iron, 7,650  lbs.  per  square  inch. 

For  wrought  iron, 8,570        „  „ 

This  amounts  to  allowing  a  factor  of  safety  of  about  4  for  cast 
iron  and  6  for  wrought.  Practical  experience  of  the  strength  of 
wrought  iron  axles  confirms  the  co-efficient  given  above  for  wrought 
iron  veiy  closely,  it  having  been  found  that  such  axles  bear  a  work- 
ing stress  of  9,000  lbs.  per  square  inch  for  any  length  of  time,  if 
well  manufactured  of  good  material.  The  co-efficient  for  cast  iron 
appears  to  leave  too  small  a  factor  of  safety  for  any  motion  except 
one  that  is  very  smooth  and  steady,  and  it  may  be  considered  that 
5,000  lbs.  per  square  inch  is  a  safer  co-efficient  for  general  use. 
Hence  we  may  put,  as  the  limit  of  working  stress  in  shafts, 

For  cast  iron, ./=  5,000  lbs.  per  square  inch. 

For  wrought  iron, /=  9,000         „  „ 

322.  Allele  of  Tonlon  of  a  Cylindrical  Axle. — Suppose  a  pair  of 

diameters,  originally  parallel,  to  be  drawn  across  the  two  circular 
ends,  A  and  B,  of  a  cylindrical  axle,  solid  or  hollow ;  it  is  proposed 
to  find  the  angle  which  the  directions  of  those  lines  make  with 
each  other  when  the  axle  is  twisted,  either  by  the  working  moment 
of  torsion,  or  by  any  other  moment. 

This  question  is  solved  by  means  of  equation  2  of  Article  321, 
which  gives  for  the  a/n^le  of  torsion  per  unit  of  lengthy 

di        q 
dx  "  Qr 

The  condition  of  the  axle  being  uniform  at  all  points  of  its  length, 
the  above  quantity  is  constant ;  and  if  a;  be  the  length  of  the  a^e, 
and  i  the  angle  of  torsion  sought,  expressed  in  length  of  arc  to 

radius  1,  we  have  —  =  -j-^  and  therefore, 

X     dx 

•=s « 

L  Let  the  moment  of  torsion  be  the  working  rruymentf  for  which 

I  J. 

r    r, 
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Then  the  angle  of  torsion  is 

fx     2fx 

'^'ci^rcX (^-^ 

and  is  the  same  whether  the  axle  is  solid  or  hollow. 

A  value  of  C,  the  co-efficient  of  transverse  elasticity  for  cast  ii-on, 
is  given  in  the  table ;  but  it  is  uncertain,  as  experiments  are  dis- 
cordant. For  wrought  iron,  that  constant  has  been  found  with 
more  precision,  its  mean  value  being  about  9,000,000  lbs.  per 
square  inch.  Hence,  for  the  worhmg  toraion  of  wrought  iron 
shafts,  we  may  make 


C  ~  1,006' 


.(3.) 


II.  Let  the  moment  of  torsion  have  any  amount  M  consistent 

with  safety.     Then  for  — ,  we  have  to  put  the  equal  ratio  deduced 

from  the  equations  4  and  5  of  Article  321,  by  substituting  q 
for  /  in  the  numerators  and  r  for  r^  in  the  denominators ;  that  is 
to  say, 

I'or  solid  ttodes,  -  =  — ^ ;  and 

r     9rr7 


._qx    2Ma;_32Ma;     ,^0^0; 
i^or  hollow  axles,  -  =  —7-5 — t-\  >  ^t^^ 


1  = 


qx  2Maj  32Ma:         ..^     Ma; 


Cr""«-C(r;-7^)"«-C(At-AJ)  C(A*-A*) 


(4.) 


323.   The  RenUlence  of  a  CyUndrical  Axle  is  the  product  of  one- 

half  of  the  greatest  moment  of  torsion  into  the  corresponding  angle 
oi  torsion  j  and  it  is  given  by  the  following  equation  : — 


Mt      f^h\Xj,  ,.j    1.   rx 

-rr-='^^  ,'    for  a  solid  shaft ;  or 
2        5*1 0 

^^flf\rJ§^  for  a  hoUow  shaft 
:i         5-1  OAf 


(1-) 
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324.  Azlca  not  Clrcnlar  la  Secttoa. — When  ihe  OTOflB  BeotiOACf 

shaft  is  not  circular,  it  is  certain  that  the  xatio  -  of  the  shfltti^ 

r 

stress  at  a  given  point  to  the  distance  of  that  point  from  tibeni 

of  the  shaft,  is  not  a  constant  quantity  at  different  points  oft 

cross  section,  and  that  in  many  cases  it  is  not  even  appniiiiiMM 

constant ;  so  that  formnlse  founded  on  the  assamption  of  its  Wl 

constant  are  erroneous.     The  mathematical  investigationB  of  K  ^ 

St.  Yenant  have  shown  how  the  intensity  of  the  shearing  sboii 

distributed  in  certain  cases. 

The  most  important  case  in  practice  to  which  M.  de  St.  Yeni^ 

method  has  been  applied  is  that  of  a  square  Bhait ;  and  it  appH 

that  its  moment  of  torsion  is  given  by  tibe  formula 

M  =  0-281 /A' nearly. 

325.  Bendiag  and  Twtotiaip  combiMedf  Cieak  mmA  AjcICii — A  M 

is  often  acted  upon  by  a  bending  load  and  a  pair  of  twisting  ooofi 
at  the  same  time.  In  that  case,  the  greatest  direct  stress  due  \ 
the  bending  load,  and  the  greatest  shearing  stress  due  to  the  moma 
of  torsion,  are  to  be  combined  in  the  manner  already  illustrated  i 
beams,  in  Article  310. 

That  is  to  say,  let  p  be  the  greatest  stress  due  to  bending,  ui 
that  due  to  twisting ;  letpi  be  the  intensity  of  the  greatest  leaal 
ant  stress,  and  i  the  angle  which  its  direction  makes  with  tbetf 
of  the  shaft     Then 


«=V  {?+'■}  ^iO 


■w 


tan  2iz= 


One  of  the  most  important  examples  of  this  is  illustrated: 

fig.  148,  which  represents  a  shaft  having  a  coi 
at  one  end.  At  the  centre  of  the  craiik-f 
P,  is  applied  the  pressure  of  the  oomiecti 
rod ;  and  at  the  bearing,  S,  acts  the  equal  > 
opposite  resistance  of  that  bearing.  Reprafli 
ing  the  common  magnitude  of  those  forces  hf 
they  form  a  couple  whose  moment  is 


M  =  P-SP. 

Draw  P N  perpendicular  to  SN,  the  ^-r^m  off 
shaft;  and  let  the  angle  P  SN  =sj.     Then  I 
couple  M  may  be  resolved  into 


Fig.  148. 
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A.  bending  couple  P  •  JST  S  =  M  cos  J;  and 
A  twisting  couple  P  •  N  P  =  M  sin  J. 

Eqtial  and  opposite  couples  act  on  the  fieurther  end  of  the  shaft. 
Leib  A  be  its  dmmeter. 

By  the  formulae  of  Article  295,  the  greatest  stress  produced  at  S 
by  -tiie  bending  couple  is 


10*2  M  cos  7'  ,„v 

p= — w—' ^^•> 


and  that  produced  by  the  twisting  couple^  according  to  Article 
321,18 

_  5-1  Msinj  _  pt&nj 

^  -  ]?         -  ""2~"  ' ^   -> 

consequently^  by  the  equations  1  of  this  Article,  the  residtant 
greatest  stress  at  B,  and  its  inclination  to  the  axis  of  the  shaft,  are 


5-1  M 


;>i  =  I (sec^  +  1)  =— ^  (1  +  cosy)  ; 


t  =  —  • 
2' 


(4.) 


and  by  making  j^^  =/,  the  proper  diameter  can  be  determined. 

These  residts  may  be  represented  graphically  as  follows  : — Draw 
S  Q  bisecting  the  angle  N  S  P,  and  P  Q  perpendicular  to  S  Q.  S  Q 
will  be  the  direction  of  the  resultant  greatest  stress  at  S,  and  the 
intensity  of  that  stress  will  be  the  same  as  if  it  were  caused  by  the 
bending  action  of  a  force  equal  to  P  and  applied  at  Q,  on  an  oblique 
section  of  the  shaft  perpendicular  to  S  Q  ;  and  also  the  same  as  the 
greatest  intensity  of  the  stress  which  would  be  produced  at  S  by 
the  direct  bending  action  of  a  force  equal  to  P  applied  at  M  in  the 
axis  of  the  shaft,  with  the  leverage 

_^_l+eosi^SP  +  SK (,^ 

326.  The  Teetk  of  Wheels  are  made  sufficiently  strong,  to  provide 
against  an  action  analogous  to  combined  twisting  and  bending, 
which  may  arise  from  the  whole  force  transmitted  by  a  pair  of 
wheels  happening  to  act  on  one  comer  of  one  tooth,  such  as  C 
or  D,  fig.  149. 

In  fig.  150,  let  the  shaded  part  represent  a  portion  of  a  cross 
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^^fir^ 


section  of  the  rim  of  the  wheel  A  of  fig.  149,  and  let  EHKP 

be  the  fkce  of  a  tooth,  on 
one  comer  of  which,  P,  adi 
the  force  represented  hj 
that  letter.  Conceiye  anj 
sectional  plane  E  E  to  iib 
tersect  the  tooth  from  tliA 
side  EP  to  the  crest  PK^ 
and  let  PG  be  perpendicular  to  that  plana 
Let  h  be  the  thickness  of  the  tooth,  and  let 

EF  =  6,  PG  =  Z. 

Then  the  moment  of  flexure  at  the  section 
EF  is  P^,  and  the  greatest  stress  produced  by  that  moment  of 
flexure  at  that  section  is 

6TI 


Fig.  149. 


JP  = 


2  9 


which  is  a  maximum  when 
then  the  value, 


bli; 


PEF  =  45^  and  6  =  2^  having 


Consequently,  the  proper  thickness  for  the  tooth  is  given  by  ths 
equation  

'^=V^ <^-> 

This  formula  is  Tredgold's ;  according  to  whom  the  proper  value 
for  the  greatest  working  stress  /is  4,500  lbs.  per  square  inch,  when 
the  tee&  are  of  cast  iron. 


Section  8. — On  Crushing  by  Bending. 


327. 


introdnctorj  Bemariu. — ^Pillars  and  struts  whoso  lengths 
exceed  their  diameters  in  considerable  proportions  (as  is 
ahnost  always  the  case  with  those  of  timber  and  metal), 
give  way  not  by  direct  crushing,  but  by  bending  sidewaji 
and  breaking  across,  being  crushed  at  one  side,  as  at  A, 
fig.  151,  and  torn  asunder  at  the  other,  as  at  B. 

There  does  not  yet  exist  any  complete  theory  of  this 

phenomenon.     The  formulaB  which  have  been  provisioii- 

Fie  161    ^^  adopted  are  founded  on  a  mode  of  investigatian 

partly  theoretical  and  partly  empirical     Those  which 

will  first  be  explained  are  of  a  form  proposed  by  Tredgold  on  theo* 

xetical  groimds.     Having  fallen  for  a  time  into  disuse,  th^  wers 
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revived  by  Mr.  Lewis  Gordon,  who  detenuined  the  values  of  the 
constants  contained  in  them  by  a  comparison  of  them  with  Mr. 
Hodgkinson's  experiments.  Then  will  be  given  Mr.  Hodgkinson's 
own  empirical  formulaB  for  the  ultimate  strength  of  cast  iron  pillars. 

328.   StremgUi  of  Iron  Pillan  and  StrnU« — Let  P  be  the  load  which 

acts  on  a  long  pillar  or  strut,  and  S  its  sectional  area.  Then  one 
part  of  the  intensity  of  the  greatest  stress  on  the  material  is  simply 
the  intensity  due  to  the  uniform  distribution  of  the  load  over  the 
section,  and  may  be  represented  thus  : — 

Another  part  of  the  greatest  stress  is  that  which  arises  from  the 
lateral  bending,  which  will  take  place  in  that  direction  in  which 
the  pillar  is  most  flexible ;  that  is,  in  the  direction  of  its  least  dia- 
meter, if  the  diameters  are  unequal.  Let  h  be  that  diameter,  and 
h  the  diameter  perpendicular  to  it  j  let  I  be  the  length  of  the  pillar, 
and  let  v  be  the  greatest  deflection  of  the  axis  of  the  pillar  from  its 
original  straight  position.  Then,  as  in  the  case  of  a  spring,  Article 
319,  the  greatest  moment  of  flexure  is  P  v ;  and  the  greatest  stress 
produced  by  that  moment  (which  will  be  denoted  by  p")  is  directly 
as  the  moment,  and  inversely  as  the  breadth  and  square  of  the 
thickness  of  the  pillar  (Article  295) ;  that  is. 


.// 


»   oc  ,- 


Vv 


bh^ 


But  the  greatest  deflection  consistent  with  safety  is  directly  as  the 
square  of  the  length,  and  inversely  as  the  thickness  (Article  300) ; 
that  is, 

also,  the  product  b  W  is  proportional  to  the  sectional  area  S  and  to 
the  thickness  /*.     Consequently  we  have  the  proportional  equation 

that  is,  the  additional  stress  due  to  bending  is  to  the  stress  dice  to 
direct  ^esswre^  in  a  ratio  which  increases  as  tlie  square  oftlie  propor^ 
tion  in  which  the  length  of  die  pillar  exceeds  Hie  least  diameter. 

The  whole  intensity  of  the  greatest  stress  on  the  material  of  tho 
pillar,  being  made  equal  to  a  co-efficient  of  strength  y)  is  expressed 
by  the  following  equation  : — 


/=p'  +  p'  =  |(i  +  «-p); (1-) 
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in  which  a  is  a  constant  co-efficient,  to  be  determined  by  ezpoi 
ment.    Hence  the  following  is  the  strength  of  a  long  pillar : — 


P  = 


/S 


1  +  a 


1^ 


.,(2) 


The  following  are  the  values  of/ and  a  for  the  vltimaie  stfm^ 
as  computed  by  Mr.  Gordon  from  Mr.  Hodgkinson's  experimeirti 
on  pillars  fixed  at  the  ends,  by  having  flat  capitals  and  baseSy 
as  in  fig.  152 : — 

/,  lbs.  per  inch.  a. 

WnmghJt  iron,  solid  rectangular  section,  36,000 


Cast  iron,  hollow  cylinder, 80,000 

soUd  , 80,000 


99 


>» 


3,000* 
1 

800' 
1 


A  pillar  BOvm>ED  at  both  ends,  as  in  fig.  154,  is  as  flexible  as 
a  pillar  of  the  same  diameter,  fixed  at  both  ends,  and  of  double  iSt» 

length;  and  its  strength  might  there- 

I  fore  be  expected  to  be  the  same;  a 

Ty^  conclusion  verified  by  the  expenmebtB 

of  Mr.  Hodgkinson.    Hence,  for  sndi 

pillars, 

•^^  (3.) 


I 


UJ 


P  = 


1  A         ^ 

1  +  4  a  — . 
h 


XI 


Mr.  Hodgkinson  found  the  strengiik 
^  o{a,-pil\ai^,fiaxd(U<meendandfvunM 

T    152       F    168      Fiff  164'  ^  ^^  ^^^  (^*  1^3)>  t»  be  a  mfitn 
^'      '        ^'       '  '  between  the  strengths  of  two  pillars  of 

the  same  length  and  diameter,  one  fixed  at  both  ends,  and  tiie  other 
rounded  at  both  ends. 

Taking  the  proof  load  as  one^half  of  the  breaking  load  for  wxoog^ 
iron,  and  one-third  for  cast  iron,  and  the  working  load  as  from  one- 
fourth  to  one-sixth  of  the  breaking  load  for  both  materialfl^  tho 
following  are  the  values  to  be  assigned  to  the  limit  of  stressy  under 
diflerent  circumstances : — 


Load — Breaking.  • 

Wrought  iron, 36,000 

Cast  iron, 80,000 


ProoC 

18,000 
26,700 


Woikiog. 

6,000  to    9,000 
13,300  to  20,000 
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In  usmg  the  formulaB  2  and  3^  the  ratio  -  is  generally  fixed  before- 

hand,  to  a  degree  of  approximation  sufficient  for  the  purposes  of  tho 
calculation. 

329.  c«iinectiiig  Bods  of  engines  are  to  be  considered  as  in  the 
condition  of  struts  rounded  at  both  ends ;  Piston  Bods,  as  in  the 
condition  of  struts  fixed  at  one  end  and  rounded  at  the  other. 

330.  Comparison  of  Cast  and  Wrought  Iron. — ^When  the  ultimate 

strength  per  square  inch  of  section  of  pillars  is  computed  by  means 
of  equation  2  of  Article  328,  it  appears  that  for  the  smaller  pro- 
portions of  length  to  diameter,  cast  iron  is  the  stronger  material ; 
but  that  its  strength  diminishes  as  the  proportion  of  length  to 
diameter  increases,  faster  than  that  of  wrought  iron ;  so  that  for 
the  proportion 

I :  h  :  :  J  695  :  1  :  :  26^  :  1  nearly, 

those  materials  in  the  shape  of  solid  pillars,  rectangular  for  wrought 
iron,  cylindrical  for  cast,  are  equally  strong,  and  beyond  that  pro- 
portion wrought  iron  is  the  stronger.  This  result  was  pointed  out 
by  Mr.  Gordon.     The  following  table  illustrates  it : — 


A 

Breaking  load, 
lbs.  per  square 

nich,  =  g, 


''Wrousjht, 
solid  rect- 
angular, 

Cast,  solid 
cylindrical, 


lo 


34,840 
64,000 


20 


31,765 


40,000 


331.   nr^  Hodgklnson's  Formniw  for  the  IJltinialo  Stren^h  of  Cant 

Iron  JPiiianh  as  deduced  by  that  author  from  his  own  experiments, 
are  as  follows  : — 

I.  When  the  length  is  not  less  than  thirty  times  tho  diameter. 

For  solid  cylindrical  pillars,  h  being  the  diameter,  in  inches,  and 
li  the  length  in  feet, 


P  -  A  -— 


(1.) 


For  hollow  cylindrical  pillars,  hi  being  the  external,  and  ^  tho 
internal  diameter^  in  vndi^s,  and  L  the  length  infect, 


P  =  A 


hr  -  K 

I  1*7 


S*0 


(2.) 


The  values  of  the  co-efidcient  A  are  as  follows  ; — 
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Toot. 

1.)  For  solid  pillars  with  rounded  ends, I4*9 

[2.)  „  „  flat  ends, 44"i^ 

[3.)  For  hollow  pillars  with  rounded  ends, 13*0 

(4.)  „  „  flat  ends, 443 

II.  When  the  length  is  less  than  thirty  times  the  diameter. 

Let  h  denote  the  breaking  load  of  the  pillar,  aa  computed  by  tlie 
preceding  formulse.  Let  c  denote  the  crushing  load  of  a  short  block 
of  the  same  sectional  area  S,  as  computed  by  the  foimula 

c  =  49  tons  X  S  in  square  inches (3.) 

Then  the  correct  crushing  load  of  the  pillar  is 

r-rV.- « 

332.  In  Wrought  Iron  Vramcwork,  the  bars  which  act  as  struts, 
in  order  that  they  may  have  sufficient  stiffness,  are  made  of  varioua 

figures  in  cross  section, 

#  of  which  some  examples 

n        are  given  in  figs.  155 
c=i}=M  (angle  iron),  156  (chatt- 
nel  iron),  157  (a  cross- 
Fig.  15G.        Fig.  157.      Fig.  158.    ^^^^  section,  used  in 

half-lattice  girders),  and  158  (T-iron).  In  some  large  lattice  girders 
the  struts  are  composed  of  a  pair  of  parallel  T-iron  bars,  such 
as  fig.  158,  with  their  middle  ribs  turned  towards  each  other, 
and  connected  together  by  a  lattice  work  of  small  diagonal  bar& 
In  applying  to  wrought-iron  struts  the  formulss  of  Article  328, 

pages  361,  362,  for  j-^  there  is  to  be  substituted  -r^-j',  J  being  the 

least  moment  0/ inertia  of  the  section  (Article  95,  pages  77-82). 
333.  iTronght  Iron  Cells  are  rectangular  tubes  (generally  square) 

composed  of  four  plate  iron  sides,  rivetted  to  angle  iron  hm  at  the 

comers,  as  shown  in  the  section,  fig.  159.  This 
mode  of  construction  was  designed  by  Mr.  Fair- 
bairn,  to  resist  a  thrust  along  the  axis  of  the  tube. 
The  vUimate  resistance  of  a  single  square  cell  to 
crushing  by  the  buckling  or  bending  of  its  ddes^ 
when  the  thickness  of  the  plates  is  not  less  than 
one-Mrtieth  of  the  diameter  o/tlie  ceUy  as  determined 
»e-  lo9.        \^j  -^j,^  Fairbaim  and  Mr.  Hodgkinson,  is 

27,000  lbs.  per  square  inch  section  of  iron  ; 
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but  when  a  number  of  cells  exist  side  by  side  in  one  girder,  their 
stiffness  is  increased,  and  their  ultimate  resistance  to  a  thrust  may 
be  taken  at 

33,000  to  36,000  lbs.  per  square  inch  section  of  iron. 

The  latter  co-efficients  apply  also  to  cylindrical  cells. 

334.  The  Hide*  of  Plate  Iron  Oirden  are  Subjected  to  a  diagonal 
thrust  arising  from  the  shearing  stress,  and  are  usually 
stiffened  by  means  of  T-iron  ribs,  in  the  manner  shown 
in  fig.  160.     The  entire  depth  across  the  ribs  may  be 
taken  to  represent  h  in  the  formula  of  Article  328. 

335.  Timber    Posts    and    Stmts.— The  following  for-    , 

mula  is  given  on  the  authority  of  Mr.  Hodgkinson's 
sxperiments,  for  the  ultimate  resistance  of  posts  of  oak 
md  red  pine  to  crushing  by  bending  : — 


( 


( 


P  =  a|'s; 


(1.) 


L 


Fig.  160. 


3  being  the  sectional  area  in  square  inches,  /*  :  I  the  ratio  of  the 
least  <Sameter  to  the  length,  and  A  =  3,000,000  lbs.  per  square 
inch. 

The  factor  of  safety  for  the  working  load  of  timber  being  10,  A 
Is  to  be  made  =  300,000  only,  if  P  is  the  working  load. 

For  square  posts  and  struts,  the  formula  becomes 


(2.) 


If  the  strength  of  a  timber  post  be  computed  both  by  this  formula 
md  by  the  formula  for  direct  crushing,  viz.  : — 

P=/S, (3.) 

he  lesser  value  should  be  adopted  as  the  true  strength. 

The  above  formulae  are  for  posts  and  struts  fixed  at  both  ends. 
For  those  which  are  freely  jointed  at  both  euds,  the  strength  is 

reduced  to  one  fourth.  i     .  j     x-    i 

Weisbach  applies  to  timber  posts  and  struts  a  formula  identical 

B^ith  equation  2  of  page  362,  with  the  following  values  of  the  con- 

jtants: —  ,  .    , 

/=  7,200  lbs.  on  the  square  inch. 

1 
a  =  — 

250 
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The  resistance  of  timber  to  crushing,  while  green,  is  about  one- 
half  of  its  resistance  after  having  been  dried 

Section  9.— On  CoTnpotmd  Girders,  Frames,  cmd  Bridges. 

336.  Componnd  Girders  te  Oeneral. — ^A   compound   girder    is  a 

structure  which,  as  a  whole,  acts  as  a  beam,  resisting  bending  and 
breaking  by  a  transverse  load  j  but  whose  parts  are  subjected  to 
a  variety  of  stresses  of  different  kinds,  requiring  to  be  separately 
considered;  such  as  the  Warren  girder  of  Articles  162  and  163, 
and  the  Lattice  girder  of  Articles  164  and  165. 

In  Part  IL,  Chapter  II.,  Section  1,  it  has  already  been  shown 
how  to  determine  the  total  stresses  which  act  on  the  several  pieces 
of  a  frame ;  in  section  6  of  the  present  chapter,  it  has  been  diiown 
how  the  stress  is  distributed  in  a  continuous  beam ;  and  in  that  and 
other  sections,  the  resistance  of  materials  to  the  various  kinds  of 
stress  has  been  considered.  The  principal  object  of  the  present 
section  is  to  indicate,  by  referring  back  to  previous  Articles,  where 
the  data  and  formulsB  for  determining  the  strength  of  the  different 
parts  of  certain  compound  structures  are  to  be  found 

A  girder  consists  of  three  principal  parts  :  a  loioer  rib,  to  resifli 
tension ;  an  lipper  rib,  to  resist  thrust ;  and  a  vertical  web  arjrams, 
to  resist  shearing  force. 

337.  Plate  Iron  oirders  are  treated  of  in  this  section  rather  than 
in  section  6,  because  the  slender  proportions  of  the  parts  subjected 
to  a  thrust  sometimes  render  it  necessary  to  compute  their  sti^sngth 

according  to  the  laws  of  resistance  to 
crushing  by  bending,  explained  in  Ar- 
ticle 328.  Some  of  the  forms  of  cross  sec- 
tion employed  in  such  beams  are  shown 
in  figs.  161,  162,  163,  164,  and  165.  Kg, 
161  is  a  plain  I-shaped  beam,  rolled  in 
one  piece.  In  fig.  162,  the  upper  and 
lower  ribs  consist  each  of  a  flat  bar  or 
narrow  plate  rivetted  to  a  pair  of  angle 
irons,  the  two  pairs  of  angle  irons  beuig 
rivetted  to  the  upper  and  lower  edges  of 
the  vertical  web.  In  fig.  163  the  ooDr 
struction  is  the  same,  except  that  tiie 
Fig.  164.  vertical  web  is  double  :  this  is  the  "  box- 
^'^S'  163.  beam"  long  employed  in  the  platforms  of 

blast  furnaces,  and  first  used  in  a  railway  bridge  by  Andrew  Thom- 
son about  1832,  on  the  Pollok  and  Govan  Railway.      In  fig.  164^ 
the  upper  and  lower  ribs  ai-e  each  buUt  of  several  layers  of  narrow 
plates  or  fiat  bars,  rivetted  to  each  other  and  to  a  pair  of  angle 
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he  upper  and  lower  pairs  of  angle  iix)ns  are  rivetted  to  the 
id  lower  edges  of  lie  vertical  web,  and  the  plates  of  the 
web  are  connected  and  stiffened  at  each  of  their  vertical 
J  a  pair  of  T-irons,  in  the  manner  of  which  a  horizontal 
las  been  already  given  in  fig.  160,  Article  334.  The  object 
ng  the  larger  sizes  of  horizontal  ribs  in  layers,  instead  of 
them  in  one  piece,  is  to  make  them  of  those  sizes  of  iron 
m  easily  be  rolled  of  good  quality,  and  which  are  usually 

the  market.     Beams  resembling  fig.  164  are  sometimes 
th  a  double  vertical  web,  for  the  sake  of  lateral  stiffness. 
Q6  represents  the  general  form  of  the  cross  section  of  great 
or  cdlvla/r  qirdera.  characterized  by  Mr. 
son's  prindjle,  of  carrying  the  r^way 

the  interior  of  the  beam,  and  by  Mr. 
n's  principle,  of  giving  stifihess  by  means 

already  described  in  Article  333.      The 

the  cells  are  connected  and  stiffened  by 

plates  outside  as  well  as  angle  irons 
md  the  plates  of  the  two  sides,  which  form 
:  vertical  web,  are  stiffened  and  connected 
ns,  like  those  of  fig.  164. 

er  ceUular  girders  are  sometimes  used,  in  

le  top  alone  consists  of  one  or  two  lines  ^.    ... 

the  ^er  in  other  respects  being  similar         ^*  ""' 
64,  with  either  a  single  or  a  double  vertical  web. 

plate  iron  girders,  the  joints  exposed  to  tension  should  have 
;  plates,  double  rivetted  if  the  stress  is  great  enough  to 
Lt,  which  is  almost  always  the  case  in  the  lower  rib  (see 
280).  The  joints  exposed  to  thrust  shoidd  be  exactly  plane, 
perpendicular  to  the  direction  of  the  thrust,  accurately 
ad  perfectly  close,  that  the  surfaces  may  abut  equally  over 
lole  extent.  Should  open  or  irregular  abutting  joints  be 
ed  after  the  girder  has  been  put  together,  they  should  be 
;,  and  a  flat  plate  of  steel  driven  tight  into  each  opening. 
3es  or  bars  of  which  built  ribs  are  composed  shoidd  break 
a  manner  similar  to  the  bond  of  brickwork, 
ite  iron  girders  generally,  it  is  sufficiently  accurate  for  prao« 
rposes  to  consider  the  whole  bending  moment  M  at  any 
section  as  borne  by  the  upper  and  lower  ribs,  and  the  whole 

stress  F  by  the  vertical  web ;  and  also  to  consider  the 
50  of  each  of  the  horizontal  ribs  as  concentrated  at  the 
I  gravity  of  its  section.  Let  h  be  the  vertical  depth  between 
res  of  gravity  of  the  sections  of  the  upper  and  lower  ribs  ; 
!  common  value  of  the  thrust  along  the  compressed  rib^  and 
Lon  along  the  stretched  rib,  is 
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Let  Si  be  the  sectional  area  of  the  compressed  rib^^  its  rosistanoe 
to  crushing  per  square  inch,  S,  the  sectional  area  of  the  stretched 
rib,^  its  resistance  to  tearing  per  square  inch;  then 

P       M  P        M 

^'^A  ^'M'  ^'^A  ^M ^^^ 

Tlie  values  of  the  tenacity^  have  already  been  considered  in  sec- 
tion 3.  For  plate  beams  with  double-rivetted  covering  plates,  its 
ultimate  value  may  be  taken  at  about  45,000  lbs.  per  square  inch 
of  section  of  rib.  The  ultimate  resistance  to  crushing,  yj,  may  be 
taken  at  its  full  value  of  36,000  lbs.  per  square  inch  in  great  tabolar 
girders ;  but  when  the  compressed  rib  is  narrow  as  compared  with 
its  length,  the  tendency  to  lateral  bending  may  be  allowed  for  hj 
means  of  the  following  empirical  formula,  of  the  kind  already  ex- 
plained in  section  8,  Article  328 : — 

/i  =  — ^; (3.) 

where/ =  36,000,  a  =  ^wwrr.?  ^*'  =  t^e  breadtli  of  the  compreaaed 

L'ib,  and  I'  =  the  span  of  the  girder,  if  it  is  not  laterally  stiffisned 
by  framing.  In  cases  in  which  parallel  beams  are  stiffened  by  hori: 
zontal  diagonal  braces,  ^  may  be  taken  to  denote  the  distance  along 
the  rib  between  a  pair  of  the  points  to  which  braces  are  attached 

Let  t  be  the  thickness  of  the  vertical  web  if  single,  or  the  som 
of  the  thicknesses  if  double.  Then  its  sectional  area  is  ht  nearly; 
consequently,  if  ^  be  its  resistance  per  unit  of  section  to  the  shear- 
ing force, 

A«=|;and<  =  i:-; (4.) 

and  as  the  shearing  stress  is  equivalent  to  a  pull  and  a  thrust  ia 
directions  perpendicular  to  each  other,  and  at  angles  of  45**  to  the  . 
horizon,/  should  be  the  resistance  of  the  vertical  web  to  crushii^ 
as  determined  by  equation  2  of  Article  328,  page  362,  in  whidt, 

for  T  is  to  be  substituted  ,-^,  h  being  the  depth  of  the  web,  as  befion^ 

and  A"  the  width  across  the  flanges  of  the  stiffening  riba      ^.  . 

The  shearing  force  F  at  each  cross  section  is  to  be  com^ted  ts 
for  a  pa/riial  load,  extending  over  the  greater  of  the  two  s^pooents 
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into  which  the  section  dindes  the  beam,  as  explaioed  in  Aiijcla 
313.  The  weight  of  the  Itesm  itself  may  be  allowed  for,  either 
by  the  method  of  Article  314,  or  by  the  approumate  method  of 
Article  315. 

Owing  probably  to  the  yielding  of  the  joints,  it  is  found  that  in 
computing  the  deflection  of  plate  girders,  whea  first  loaded  (Articles 
300  to  303),  a  smaller  modulua  of  elasticity  ought  to  be  taken  than 
for  continuous  iron  bars.  Its  value  In  lbs.  per  square  inch  is  about 
two-thirds  of  the  vahie  for  a  continuous  bar,  so  that  the  deflection 
is  about  one-half  greater.  But  the  part  of  that  deflection  due  to 
the  yielding  of  the  joints  is  permanent;  so  that  after  the  joints 
have  "come  to  tbeir  bearing'  the  modulus  of  elasticity  becomes  the 
eame  as  fur  a  continuous  bar. 

336.  For  llBir-Lnnlce  Beams  and  I.Btllce  Benmi,  the  methods  of 

determining  the  total  stresses  have  been  fully  considered  in  Articles 
162,  163,  161,  and  165;  and  it  has  only  to  be  added  here,  that 
the  shearing  force  should  be  computed  for  a  partial  loud,  as 
in  Article  313.  The  ultimate  tenacity  of  the  tiea  may  be 
taken  at /j=  from  50,000  to  60,000  lbs.  per  square  inch.  The 
resistance  of  the  stmts  is  to  be  computed  as  in  Article  328.  The 
figure  of  the  sti-ut  diagonals  has  heen  considered  in  Article  332. 
The  compresaed  rib  may  be  a.  T-bar  in  small  beams,  and  in  larger 
beams  a  built  rib  or  a  cell.  The  remarks  made  in  the  last  Article 
ou  abutting  joints  and  on  deflection  are  equally  applicable  in  the 
present  case.  In  designing  those  joints  which  are  connected  by 
means  of  bolts,  rivets,  or  keys,  the  principles  of  Article  280  should 
be  observed. 

339.  A  Bsmtrias  Oirder  consists  of  an  arched  rib  resisting 
tbroBt ;  a  horizontal  tie  resisting  tension,  and  holding  together  the 
ends  of  the  arched  rib;  a  series  of  vertical  suspending  bars,  by 


Fig.  IGfl. 


^^Bb  the  platform  is  hung  &om  the  arched  rib,  and  a  seriea  of 
PH^nal  braces  between  the  suspending  bars.  Such  girders  are 
executed  in  timber  and  in  iron;  sometimes  the  arched  rib  is  made 
of  laist  iron,  aa  being  stronger  against  crushing  than  wrought  iron, 
i  the  remainder  of  the  structure  of  wrought  iron. 

B  arched  rib  may  be  treated  as  nnifonnly  loaded.     Accord- 
p  Article  178,  its  condition  in  like  tliat  of  an  unifoimly 
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loaded  chain  inverted,  and  its  proper  form  a  pa/rahola;  and  the 
thrust  along  it  at  each  point  is  to  be  found  by  the  fozmulBB  of 
Article  169.  The  tension  along  the  horizontal  tie  is  equal  to 
the  uniform  horizontal  component  of  the  thrust  along  the  arched 
rib. 

The  tension  on  each  vertical  suspending  bar  is  the  weight  of  thoBe 
portions  of  the  platform  and  of  the  tie  rod  which  hang  from  it 
To  give  lateral  stability  to  the  girder,  the  suspending  bars  are 
usually  made  of  considerable  breadth,  and  of  a  form  of  horizontal 
section  resembling  figs.  160  and  161,  and  are  firmly  bolted  to  the 
cross  beams  of  timber  or  of  wrought  iron  which  carry  the  roadway. 

When  the  beam  is  imiformly  loaded,  the  arched  rib  is  equilibrated, 
and  there  is  no  stress  on  the  diagonals.  The  strength  of  the  two 
diagonals  which  cross  each  other  at  a  given  plane  of  section  S  S^,  is 
to  be  adapted  to  sustain  the  excess  of  tlie  greater  shearing  force  due 
to  a  partial  load  above  tliat  due  to  a/a  uniform  load,  as  given  by  the 
formuloe  of  Article  313. 

340.  siioened  Suspension  Bridges. — The  suspension  bridge  is  that 
which  requires  the  least  quantity  of  material  to  support  a  given 
load.  But  when  it  consists,  as  in  Article  169,  solely  of  cables  or 
chains,  suspending  rods,  and  platform,  it  alters  its  figure  with  every 
alteration  of  the  distribution  of  the  load ;  so  that  a  moving  load 
causes  it  to  oscillate  in  a  manner  which,  if  the  load  is  heavy  and 
the  speed  great,  or  even  if  the  application  of  a  small  load  takes 
place  by  repeated  shocks,  may  endanger  the  bridge.  To  diminish 
this  evil,  it  has  long  been  the  practice  partially  to  stiffen  suspension 
bridges  by  means  of  framework  at  the  sides  resembling  a  lattice 
girder. 

It  was  formerly  supposed  that,  to  make  a  suspension  bridge  as 
stiff  as  a  girder  bridge,  we  should  use  lattice  girders  sufficiently 
stroDg  to  bear  the  load  of  themselves,  and  that,  such  being  the  case, 
there  would  be  no  use  for  the  suspending  chains.  But  Mr.  P.  W. 
Barlow,  having  made  some  experiments  upon  models,  finds  that 
very  light  girders,  in  comparison  with  what  were  supposed  to  be 
necessary,  are  sufficient  to  stiffen  a  suspension  bridge.  If  mathe- 
maticians had  directed  their  attention  to  the  subject,  they  might 
have  anticipated  this  result. 

The  present  is  believed  to  be  the  first  investigation  of  its  theory 
which  has  appeared  in  print. 

The  weight  of  the  chain  itself,  being  always  distributed  in  the 
same  manner,  resists  alteration  of  the  figure  of  the  bridge.  By 
leaving  it  out  of  account,  therefore,  an  error  will  be  made  on  th^ 
safe  side  as  to  the  stiffiiess  of  the  bridge,  and  the  calculation  will  be 
simplified. 

Let  fig.  167  represent  one  side  of  a  suspension  bridge,  in  which  a 
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^er  is  used  to  stiffen  the  bridge.     In  order  that  it  may  do  so 
effectually,  any  partial  or  concentrated  load  on  the  platform  must,  bv 


Fig.  168. 


Fig.  1G9. 


Fig.  170. 


Fig;  1G7, 

means  of  the  girder,  be  trans- 
mitted to  the  chain  in  such 
a  manner  as  to  be  uniformly 
distributed  on  the  chain. 

The  girder  must  have  its 
ends  so  iaxfid  to  the  piers  as 
to  be  incapable  of  rising  or 
falling.  Then  the  forces 
■which  act  upon  it  may  be 
thus  classed  : — donmioard, 
the  load  as  applied ;  douon- 
vxvrd  or  upward,  the  resistances  of  the  fastenings  of  the  ends  to 
their  vertical  displacement;  upwa/rd,  the  uniformly  distributed 
tension,  acting  through  the  suspension  rods,  between  the  girder 
and  the  chain. 

The  girder  -will  be  supposed  to  be  of  uniform  section  throughout 
its  length. 

Two  cases  will  be  considered  : — first,  that  in  which  a  given  load 
is  concenti-ated  in  the  middle  of  the  ^rder;  and  secon(Qy,  that  in 
which  a  given  portion  of  the  length  of  that  girder  is  uniformly 
loaded,  and  the  remainder  imloaded,  like  the  partially  loaded  beam 
of  Article  313.     The  second  case  is  the  most  important  in  practica 

In  each  case,  the  half-span  of  the  bridge  will  be  denoted  by  c^ 
and  the  horizontal  distance  of  any  point  &om  the  middle  of  the 
bridge  by  x. 

Case  I.  A  single  load  W,  applied  ai  the  centre  oftlie  girder,  tends 
to  depress  the  chain  in  the  middle,  and  consequently  to  raise  it  at 
the  sides,  and  along  with  it  to  raise  the  beam  near  the  ends;  but 
the  beam  being,  by  its  attachment  to  the  piers,  prevented  from 
rising  at  the  ends,  takes  a  form  like  that  represented  by  fig.  168  : 
depressed  in  the  middle  at  A,  and  concave  upwards;  elevated,  and 
convex  upwards  at  C,  C;  having  points  of  contrary  flexure  at  B,  B; 
and  again  depressed  at  D,  D,  the  points  of  attachment  to  the  piers. 
Now  this  curved  figure  is  the  effect  of  three  downward  forces, 
applied  at  D,  A,  D,  respectively,  and  of  an  uniformly  distributed 
upward  force,  acting  on  the  whole  length  of  the  ^dex.    'EaitS^^isML 
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of  the  girder^  therefore,  is  in  the  condition  of  the  beam  described  in 
Aiiicle  308^  inverted;  that  is  to  say^  the  half-girder  from  A  to  D, 
if  inverted^  becomes  a  beam  supported  at  D,  supported  and  find 
horizontal  at  A,  and  loaded  nmformly  between  A  and  D;  and 
hence  (referring  to  the  formulae  of  Article  307^  case  3,  aiid  of 
Article  308)  we  have  the  following  proportions  amongst  the  lengths 
of  the  parts  into  which  the  half-girder  is  divided  bj  the  highest 
point  C,  and  the  point  of  contrary  flexure  B, 

AC 


BC  =  CD=:=^,=  0-577x  AC; (1.) 

n/3 

and  consequently,  making  A  C,  the  -distance  between  the  loDixst 
and  highest  j^oints,  =  </,  we  have 


i=d^=l     =0-634 (2.) 

c      AD      1577  ^  ^ 

In  order  to  determine  the  greatest  moment  of  flexure^  and  the 

deflection,  of  the  stifiening  girder,  A  C  =  c'  is  to  be  taken  as  the 
half-span  of  a  girder  like  that  considered  in  Article  307,  case  3, 
fixed  at  both  ends^  and  loaded  with  an  uniform  load  of  the  intensiiy 

^~2c''^  1-268  c ^^'^ 

The  greatest  moment  of  flexure,  as  thus  detei-mined  by  the  for- 
mulae of  Article  307,  case  3,  is  at  the  point  A,  and  has  the  following 
value  : — 

M.  =  ^  =^  =  0-1057  c  W; (4.) 

and  to  that  moment  of  flexure  must  the  strength  of  the  stiflening 
girder  be  adapted. 

The  proof  deflection  may  be  measured  in  two  ways  :  either 
between  the  highest  and  lowest  points,  C  and  A,  or  between  the 
ends  and  the  lowest  point,  D  and  A.  The  first  may  be  called  Vq, 
and  the  second  v^.     Now  by  Article  307,  case  3,  we  have 

The  points  of  support  D  are  at  the  same  level  with  the  points 
of  contrary  flexure  B,  being,  in  fact,  points  of  no  curvature  than- 
selves  ;  and  from  this  it  is  easily  found  that 

*••>  =  i  ""  =  1-8  ■%  =  «-^223  X  g (6.) 
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Case  2.  The  girder  pcurtiaUy  loaded.  Let  E  B,  in  either  of  the 
figs.  169,  170,  represent  the  length  of  the  loaded  part  of  the 
stiffening  girder,  and  B  D  that  of  the  unloaded  part ;  let  t^  be 
the  uniform  intensity  of  the  load,  and  x  the  distance  of  the  point 
where  the  load  terminates  from  the  middle  of  the  beam ;  x  being 
considered  as  a  positive  quantity  when  the  loaded  part  is  the 
longer,  as  in  fig.  169,  and  as  a  negative  quantity  when  the  loaded 
part  is  the  shorter,  as  in  fig.  170. 

The  ends  E  and  D  of  the  beam  being  fastened  so  as  to  be  in- 
capable of  vertical  displacement,  the  loaded  segment  E  B  is  convex 
downwards,  and  the  unloaded  segment  B  D  convex  upwards :  the 
loaded  segment  is  in  the  condition  of  a  beam  supported  at  E  and 
•  3,  and  imiformly  loaded  with  the  excess  of  the  weight  sustained 
above  the  force  exerted  between  the  girder  and  the  chain ;  and  the 
unloaded  s^ment  is  in  the  condition  of  a  beam  lidd  down  at  B  and 
D,  and  loaded  with  an  uniformly  distributed  upward  force,  being 
that  exerted  between  the  girder  and  chain.  The  greatest  moment 
of  flexure  of  each  segment  is  at  its  middle  point,  being  A  for  the 
loaded  part,  and  C  for  the  unloaded  part. 

The  length  of  the  loaded  segment  being 

FB  =  c  +  ar, 

its  gross  load  is 

W  z=zv){c  +  x)i 

and  the  intensity  of  the  force  exerted  between  the  girder  and 
chain, 

.      w  {c  +  x)  .,  V 

This  is  the  intensity  of  the  upvoa/rd  load  on  the  segment  B  D, 
whose  length  is  B  D  =  c  —  a; ;  and  consequently,  according  to 
Articles  290  and  291,  the  greatest  moment  of  flexure  of  that  seg- 
ment, at  0,  is 

-^        tjcf{c-xy       w{c  +  x){c''xy  .^. 

^0= 8        ^  161  ^^'^ 

The  amourU  of  the  upward  force  exerted  between  the  chain  and 
BDis 

W:=w'{c-^x)  =  '^-^^^i (3.) 

and  this  also  is  ilie  amount  of  the  net  load  on  EB,  being  the  exoen 
of  the  gross  load  above  the  part  borne  by  the  chain.    The  h$^ 
of  this  quantity, 
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F=:f==i^ ,., 

18  the  value  at  once  of  the  Enipporting  force  exerted  Yjj  the  pier 
aeainst  the  girder  at  E,  of  the  shearing  force  between  the  two 
divisions  of  the  girder  at  B,  and  of  the  downward  force  hy  whidi 
the  end  D  of  the  girder  is  held  at  its  point  of  attachment  to  ili0 
pier. 

The  intensity  of  the  net  load  on  E  B  is 

„.«  =  Hfci), ,„ 

and  the  length  of  that  segment  being  o  +  a;,  its  greatest  moment  of 
flexure,  at  A,  according  to  Articles  290  and  291,  is 

^  8  16<?  ^  ' 

By  the  usual  process  of  finding  maxima  and  minima,  it  is  easily 
ascei'tained,  that  the  greatest  moment  of  flexure  of  the  loaded 

division  of  the  girder  occurs  when  aj  =:  ^ ;  or  when  two-thirds  of 

the  beam  a/re  loaded;  and  that  the  greatest  moment  of  flexure  of  the 

vmloaded  division  of  the  girder  occurs  when  a;  =  —-,  or  when 

o 

two-thirds  of  the  hea/nt  a/re  wrdoaded ;  and  further,  that  those  two 

greatest  moments  are  of  equal  magnitude  though  opposite  in 

direction,  viz. : — 

HIT  -RiT  ^W(?  ,^. 

max,  M^  =  -max.  Mq  =     g.      ; (7.) 

and  the  stiflening  girder  must  be  made  sufficiently  strong  to  bear 
this  bending  moment  safely  in  either  direction.  Now,  the  greatest 
moment  of  flexure  which  would  arise  from  an  uniform  load  of  the 
given  intensity  w  over  the  whole  beam  imsupported  by  the  chain  is 

wc? 

therefore  the  tra/nsverse  strength  of  the  stiffening  girder  shcnM  6« 
four  twe7vty-8ev€7Uh  paHs  oftliat  of  a  simple  girder  of  the  scrnie  spank 
suited  to  bear  an  waiform  load  of  the  sa^ne  intensity. 

The  greatest  value  of  the  shearing  force  F  in  equation  4  ocean 
when  on^lialfoi  the  girder  is  loaded,  or  a:  =  0,  and  its  amount  ia 
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nuuL  F  =  — (8.) 

When  two-tbirds  of  the  heam  are  loaded,  the  proof  deflection  of 
A  below  a  straight  line  joining  E  and  B,  according  to  Article 
300,  is 

5     /    (c  +  xY       4     5     fc'        5     fc' 

^       12    E       4y  9     12    E^j^27    Ey'"'^  ^^ 

or /(mr-ninihs  of  the  proof  deflection  of  a  beam  of  the  same  figure, 
uniformly  loaded,  of  the  span  2  c,  unsupported  by  a  chain.  At  the 
same  time,  the  elevation  of  C  above  a  straight  fine  joining  B  and 
D  is 

''^12    E       4y     —9    12    Ey"108    Ef/"'^^^'> 

The  proof  depression  of  the  lowest  point  of  the  beam,  A,  below 
the  highest,  C,  is  given  by  the  equation 


'five-nmtha 


*  In  tlie  precddiD^  solution  of  Case  2,  whicVappeared  in  the  first  edition  of  this  work 
the  eSect  oi  the  resistance  of  the  chain  to  disfigurement  upon  the  figure  of  the  auxiliar;.- 
girder  is  neglected;  and  hence  the  result  is  in  almost  every  case  an  approximation  only : 
Dot  it  can  be  shown  that  the  error  is  always  on  the  safe  side,  four  twenty-sevenths  or' 
the  strength  of  a  simple  ^der  being  somewhat  more  than  sufficient  for  the  strength  of 
the  Btififeninff  ^rder.  In  order  to  make  the  solution  exact,  the  extensibility  of  the 
chain  shonlcfDe  ao  great  as  to  make  its  proof  central  depression  nearly  equal  to  the 
proof  d^ection  of  the  sti£fening  girder;  but  in  practice  the  proof  depression  of  the 
diain  is  always  much  less. 

The  first  solution  in  which  the  action  of  the  chain  just  referred  to  is  taken  into 
aoooont  appeared  in  an  editorial  article  of  the  Civil  Engineer  and  Architect's  Journal 
for  Noyember  and  December,  1860 ;  and  this  is  done  by  introducing  into  the  conditions 
of  the  problem  an  equation,  expressing  that  under  all  the  alterations  of  the  figure 
of  the  chain  produced  by  the  oending  of  the  stiffening  girder,  the  span  continues 
constant. 

Having  applied  the  principle  just  stated  to  the  problem  of  Case  2,  the  author  of  this 
work  has  amved  at  the  following  results,  supposing  the  chain  to  be  inextensible. 

The  greatest  bending  moment  of  the  stress  on  the  stiffening  girder  takes  place  when 
0*417,  or  about  five-twelfths,  of  the  span  of  the  bridge  are  loaded,  and  0'583,  or  about 
seven-twelfths,  unloaded. 

That  moment  is  0*138  of  the  bending  moment  which  would  be  produced  by  an  unifonn 
load  of  the  same  intensity  on  a  girder  supported  at  the  ends  only. 

Hence  it  appears  that  if  the  chdn  be  supposed  inextensible,  the  proportion 
home  Dy  the  strength  of  the  stiffening  girder  to  that  of  a  simple  girder 
of  the  same  span,  smted  to  bear  an  uniform  load  of  the  same  intensity 

with  the  travelling  load,  ought  to  be. 0*188: 1| 

wlule  if  the  chain  is  supj^osed  very  extensible,  as  in  the  approximate  solu- 
tion, that  proportion  is  found  to  be  4: 27,  or O'li^^ 

■o  that  in  the  intermediate  cases  that  occur  in  practice  no  material  error  wiU 
be  eommittad  if  that  proportion  be  made  1 : 7,  or..M..«.—..., 
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341.  Bfl»bcd  ArchfM. — Bridges  are  frequently  oonstracted  "wImms 

arches  consist  of  iron  or  timber  ribs  springing  £rom  stone  abatmentB^ 

as  in  fig.  171.    In  such 

E-^^^OfTll  ^^^^^  ^*  ought  to  be 

considered,  that  eack 

rib  fulfils  at  once  the 

functions  of  an  egfW- 

I  librated  arch,  sustain^ 

pjg,  17X.  ing  an  uniform  load 

of  a  certain  inten8it7i 
and  having  a  certain  thrust  along  it,  to  be  computed  by  the  principles 
of  Articles  169  and  178,  and  those  of  a  stiffining  girder,  suited  to 
produce  an  uniform  distribution  of  a  partial  load,  according  to  the 
principles  of  Article  340.  Therefore,  in  designing  the  cross  sectioa 
of  a  rib  for  such  a  bridge,  a  provisional  cross  section  ought  first  to 
be  designed,  suitable  to  bear  a  bending  moment,  upward  or  dowih 
ward,  of  four  twenty-sevenths  of  that  which  an  uniform  load  of  the 
given  intensity  would  produce  on  a  straight  girder  of  the  same 
span ;  and  in  the  second  place,  it  should  be  determined  in  what 
proportion  the  thrust  along  the  rib,  considered  as  an  equilibrated 
arch,  will  increase  the  intensity  of  the  greatest  stress  on  the  pro- 
visional section  already  designed,  and  the  breadths  of  that  section 
should  be  increased  in  that  proportion,  to  obtain  the  final  oroBB 
section. 

Section  10. — MisceUanecrus  Eemarks  on  Strength  and  Stiffn/BU, 

m 

342.  Effects  of  Temperature. — At  a  temperature  of  600^  Fahren- 
heit, the  tenacity  of  iron  was  found  by  Mr.  Fairbaim  not  to  be 
diminished.  That  of  copper  and  brass,  at  the  same  temperatore^ 
is  reduced  to  about  two-thirds  of  its  ordinary  magnitude.  Sudden 
cooling  from  a  high  temperature  tends  to  make  most  substances 
hard,  stiff,  and  brittle ;  gradual  cooling  tends  to  make  them  soft 
and  tough ;  and  if  often  repeated  or  performed  slowly  from  a  veiy 
high  temperature,  to  weaken  them.  Yarious  effects  of  temperatoie 
on  the  elasticity  of  solids  have  been  ascertained  by  Dr.  Joule^  Dr. 
Thomson,  and  Professor  Kupfer ;  but  they  are  more  important  to 
the  science  of  molecular  physics  than  to  the  art  of  constructiQD. 

343.   The  Effect*  of  Repeated  Meltings  on  Coat  Inm    have    boiB 

ascertained  by  Mr.  Fairbaim.  Up  to  and  beyond  the  foniteeoiih 
melting  the  resistance  to  crushing  increases ;  but  the  resistanoe  to 
cross-breaking  reaches  its  maximum  about  the  twelfth  meltin^^  and 
afterwards  diminishes,  from  the  metal  becoming  brittle  and  cryi- 
talline. 

344.  The  Effects  of  Ductility  on  strength  form  the  subject  of  % 
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paper  "by  Professor  James  Thomson  in  the  Cambridge  and  Dvhlin 
Maihematical  Journal,  That  author  shows^  that  a  bent  bar  or  a 
twisted  rod  of  a  ductile  material,  by  being  slowly  and  gradually 
strained,  may  be  brought  into  such  a  condition  as  to  have  nearly 
the  whole  of  its  cross  section  in  the  condition  of  proof  or  limiting 
stress  instead  of  the  outer  layers  only,  and  may  thus  have  its 
strength  increased  much  beyond  that  given  by  the  ordinary  formulae. 

345.  Internal  Frictioii  is  a  term  which  may  be  used  until  a  better 
shall  be  devised  to  express  a  phenomenon  recently  observed  by  Sir 
William  Thomson  in  the  extension  of  copper  wire  by  a  direct  pulL 
The  tension  of  the  wire  is  increased,  step  by  step,  by  successive 
augmentations  of  the  load  within  the  limits  of  permanent  elasticity, 
and  the  elongation  is  observed  at  each  step.  Then  by  successive 
diminutions  of  the  load,  the  tension  is  duninished  by  the  same 
series  of  steps  in  the  reverse  order,  and  the  elongation  observed. 
When  the  load  is  completely  removed,  the  wire  recovers  its  original 
length  without  "  set "  or  permanent  elongation,  but  for  each  degree 
of  tension  the  elongation  is  greater  during  the  shortening  of  the 
wire  than  during  the  lengthening ;  as  if  there  were  some  molecular 
force  analogous  to  friction,  in  so  far  as  it  impedes  motion  both  ways, 
making  the  elongation  less  than  it  would  otherwise  be  while  the 
wire  is  being  elongated,  and  greater  than  it  would  otherwise  be 
while  the  wire  is  returning  to  its  original  length.  It  appears  also 
that  the  force  in  question  must  depend  in  some  way  on  the  stress, 
&om  its  disappearing  when  the  tension  is  removed. 

346.  It  must  be  obvious  that  much  of  the  subject  of  strength  and 
stifiness  is  in  a  provisional  state,  both  as  to  mathematical  theory 
and  as  to  experimental  data.  Oonsidei-able  improvement  in  both 
these  respects  may  be  anticipated  from  researches  now  in  progress. 

Condensed  Summary  op  Experiments  by  Messrs.  Robert  Napier 
AND  Sons  on  the  Tenacity  of  Iron  and  Steel. 

(For  details,  see  Transactions  of  the  Institution  of  Engineers  in  Scotland,  1858-59.) 


Tenticity  in  lbs  per 
■quare  iucli. 
Btronfrett         Weakest 
Steel  Dabs.  Quality.  Quality. 

Cut  steel 13'A90»  1)2,015 

Blistered  Steel  (one  quality 

only) 104,298 

BcMemei't          (do.)     ..  1»».**^^^„„, 

HoDMMreneoiis  Metal,   ....  90,647  89.724 

rndSedSteel 71,486  C2,7C'J 

IEOX  BABSt 

Toricdifra.    68,392  60,075 

Staffordabire, 62,231  56,715 

Lmarkabire,  64,795  £6,C.'>5 

LaacMhire. 60,110  53,775 

Swediah,  48,282  47,855 

KaaBtan;  66,805  49,564 

IlammeTtd  Scn]!. 55,878  58,420 

Cat  out  of  Iju-Ke  forged 

cnnk,   47,583  41,753 


Tenacity  tn  lb*,  per 
•quare  inch. 
Stronseat        Wealieit 
Stkel  PLATRS.  Quality.         Quality. 

CastSteel,    95.299  72,838 

Homogeneous  Metal,  ....  96.715  72,9U4 

Puddled  Steel,   93,979  72.366 


Isos  Plates. 

Yorkshire,   56,735  49,838 

Durham  (one  quality  only)  48,979 

Staffordsliiro, M,12ft  45,584 

Lanarkshire,  51,349  41,748 


InoN  Stoap?,  Ac 
Various  districts,  55,987  41,886 


TiM  itreogth  ot  each  quality  ii  the  mean  of  at  least  four  experiments,  and  sometimet  of  «ii.VwV 


PART  HI. 

IJINCIPLES  OF  CINEMATICS,  OR  THE  COMPARISON  OP 

MOTIONS. 

347.  iMrteion  of  the  Bu^eeu — ^The  science  of  cinematics,  and 
le  fundamental  notions  of  rest  and  motion  to  which  it  relates, 
aving  already  been  defined  in  the  Introduction,  Articles  8,  9,  10, 
I ;  it  remains  to  be  stated,  that  the  principles  of  cinematics,  or  the 
>mparison  of  motions,  will  be  divid^  and  arranged  in  the  present 
art  of  this  treatise  in  the  following  manner  : — 

L  Motions  of  Points. 

II Rigid  Bodies  or  Systems. 

HI Pliable  Bodies  and  Fluids, 

IV.       Connected  Bodies. 


CHAPTER  I. 

MOTIONS  OP  POINTS. 


Section  1. — Motion  of  a  Pair  of  Points, 

348.  Fixed  and  Nearly  Fixed  Directions. — From  the   definition 

•  motion  given  in  Article  9,  it  follows,  that  in  order  to  determine 
[e  relative  motion  of  a  pair  of  points,  which  consists  in  the  change 
length  and  direction  of  the  straight  line  joining  them,  that  line 
Ust  be  compared,  at  the  beginning  and  end  of  the  motion  cen- 
tered, with  some  fixed  or  standard  length,  and  with  at  least  two 
^ed  directions.  Standard  lengths  have  already  been  considered 
^  Article  7. 

An  oihaohddy  fixed  direcfion  may  be  ascertained  by  means  whoso 
•^ciples  cannot  be  demonstrated  until  the  subject  of  dynamics  is 
^iisidered.  For  the  present  it  is  sufficient  to  state,  that  when  a 
^lid  body  rotates  free  from  the  influence  of  any  external  force 
Ending  to  change  its  rotation,  there  is  an  absolutely  fixed  direction 
^ed  that  of  the  axis  of  angvlar  nwmenJtnmi^  which  bears  certain 
elations  to  the  successive  positions  of  the  body. 

A  nearly  fi^xed  direction  is  that  of  a  straight  line  joining  a  ^^aic 
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of  points  in  two  bodies  whose  distance  from  each  other  is  yoj 
great,  such  as  the  earth  and  a  fixed  star. 

A  line  fixed  rdativdy  to  tJie  earth  changes  its  absolute  diiectkn 
(unless  p£u:allel  to  the  earth's  axis)  in  a  manner  depending  on  the 
earth's  rotation,  and  returns  periodically  to  its  original  ahaoliiie 
direction  at  the  end  of  each  sidereal  day  of  86,164  seconds.  13di 
rate  of  change  of  direction  is  so  slow  compared  with  that  whidi 
takes  place  in  almost  all  pieces  of  mechanism  to  which  cinemflticil 
and  dynamical  principles  are  applied,  that  in  almost  all  quesiioDi 
of  applied  mechanics,  directions  fixed  relatively  to  the  earth  may 
be  treated  as  sufficiently  nearly  fixed  for  practical  parpose& 

When  the  motions  of  pieces  of  mechanism  relatively  to  eaoli 
other,  or  to  the  frame  by  which  they  are  carried,  are  under  consi- 
deration, directions  fixed  relatively  to  the  frame,  or  to  one  of  the 
pieces  of  the  machine,  may  be  considered  provisionally  as  fixed  ftr 
the  purposes  of  the  particular  question. 

349.  motion  of  B  Pair  of  Points* — In  fig.  172,  let  Aj  B|  repre- 
sent the  relative  situatum 
of  a  pair  of  points  at  one 
instant,  and  Aj  B^  the 
relative  situation  of  tiie 
same  pair  of  points  at  a 
later  instant.  Then  the 
change  of  the  straight  line 
AB  between  those  painfa^ 
from  the  lengtli  anddireg- 

Fig.  172.  Fig.  173.         ^v^.  174.       tion  represented  by  Ki 


to  the  length  and  direotaon 

represented  by  A2  B2,  constitutes  the  relative  motion  of  the  pair  rf 
points  A,  B,  during  the  interval  between  the  two  instants  of  time 
considered. 

To  represent  that  relative  motion  by  one  line,  let  there  be  diawn^ 

from  one  point  A,  fig.  173,  a  pair  of  lines,  ABi,  AB„  equal  aod 

parallel  to  Ai  Bi,  A3B2,  of  fig.  172 ;  then  A  represents  one  of  the 

•  pair  of  points  whose  relative  motion  is  under  consideration^  and 

B^,  B2,  represent  the  two  successive  positions  of  the  other  point  B 

relatively  to  A ;  and  the  line  BTBj  represents  the  motion  of  B  rah* 
tivdy  to  A. 

Or  otherwise,  as  in  ^^^.  174,  from  a  single  point  B  let  there  bl 

drawn  a  pair  of  lines,  B  Aj,  B  Ao,  equal  and  parallel  to  AiB,,  A^Bi 
of  fig.  172 ;  then  Aj,  Ag,  represent  the  two  successive  poeitiana  « 

A  relatively  to  B;  and  the  Hne  AjA,,  equal  and  parallel  to  BiBi4 
fig.  173,  hut  pointing  in  the  contrary  direction,  represents  ihe  mo^ 
gr  A  relatively  to  B, 
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350.  Fixed  Point  and  Moring  Point. — In  fig.    173,   A  is  treatea 

as  the  fixed  point,  and  B  as  the  moving  point ;  and  in  ^g.  174,  B 
is  treated  as  the  fixed  point,  and  A  as  the  moving  point ;  and  these 
are  simply  two  different  methods  of  representing  to  the  mind  the 
same  relation  between  tlie  points  A  and  B  (see  Article  10). 

351.  Component  and   Resnltant   motions.  —  Let    O    be    a    point 

assumed  as  fixed,  and  A  and  B  two  sue-  ::: 

cessive  positions  of  a  second  point  rela- 
tively to  O.  In  order  to  express  mathe- 
matically the  amount  and  direction  of 

AB,  the  motion  of  the  second  point 
relatively  to  O,  that  line  may  be  com- 
pared with  three  aoces,  or  lines  in  fixed 
directions,  traversing  the  fixed  point  O, 
snehasOX,  OY,  OZ. 

Through  A  and  B  draw  straight  lines 

AC,  B D,  parallel  to  the  plane  of  O  Y 
and  O  Z,  and  cutting  the  axis  O  X  in  C 
and D.    Then  CD  is  said  to  be  the  com-  ^*8  176. 
ponerU  of  the  motion  of  the  second  point  relatively  to  O,  along  or 
in  the  direction  o/*the  axis  O  X ;  and  by  a  similar  process  are  found 

the  components  of  the  motion  AB  along  O  Y  and  0  Z.     The  entire 

motion  A  B  is  said  to  be  the  reftultant  of  these  components,  and  is 
evidently  the  diagonal  of  a  parallelepiped  of  which  the  components 
are  the  sides. 

The  three  axes  are  usually  taken  at  right  angles  to  each  other ; 
in  which  case  A  C  and  B  D  are  perpendiculars  let  fall  from  A  and 
B  upon  OX;  and  if  «  be  the  angle  made  by  the  direction  of  the 

motion  A  B  with  O  X, 

CD  =  AB  •  cos  *. 

The  relations  between  resultant  and  component  motions  are 
exactly  analogous  to  those  between  the  lines  representing  resultant 
and  component  couples,  which  have  already  been  explained  in 
Articles  32,  33,  34,  35,  36,  and  37. 

352.  The  nicamirenient  of  Time  is  effected  by  comparing  the  events, 
and  especially  the  motions,  which  take  place  in  intervals  of  time. 

Equal  times  are  the  times  occupied  by  the  same  body,  or  by  equal 
and  similar  bodies,  imder  precisely  similar  circumstances,  in  per- 
forming equal  and  similar  motions.  The  standard  unit  of  time  is 
the  period  of  the  earth's  rotation,  or  sidereal  day,  which  has  been 
proved  by  Laplace,  from  the  records  of  celestial  phenomena,  not  to 
nave  changed  by  so  much  as  one  eiglU-mUlionth  pai-t  of  its  length 
in  the  course  of  the  last  two  thousand  years. 
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A  Bubordmate  unit  is  the  aeooTid,  being  the  time  of  one  swing  of 
a  pendulum,  so  adjusted  as  to  make  86,400  oscillations  in  1  O027S7dl 
of  a  sidereal  day  j  so  that  a  sidereal  day  is  86164*09  seoondiL 

The  length  of  a  solar  day  is  variable ;  but  the  mean  toiar  (faf^ 
being  the  exact  mean  of  all  its  different  lengths,  is  the  poM 
ali-eady  mentioned  of  1-00273791  of  a  sidereal  day,  or  86,400 
seconds.  The  divisions  of  the  mean  solar  day  into  24  li0iu%  d 
each  hour  into  60  minutes,  and  of  each  minute  into  60  seoondi^  m 
familiar  to  alL 

Fractions  of  a  second  are  measured  by  the  oscillations  of  fmnll 
pendulums,  or  of  springs,  or  by  the  rotations  of  bodies  so  oontavad 
as  to  rotate  through  equal  angles  in  equal  times. 

353.  Telocity  is  the  ratio  of  the  number  of  units  of  lengA 
described  by  a  point  in  its  motion  relatively  to  another  pointy  to 
the  niunber  of  units  of  time  in  the  interval  occupied  in  describiiig 
the  length  in  question ;  and  if  that  ratio  is  the  same,  whether  it  hi 
computed  for  a  longer  or  a  shorter,  an  earlier  or  a  later,  part  of  the 
motion,  the  velocity  is  said  to  be  uniform.  Velocity  is  ezpreand 
in  units  of  distance  per  unit  of  time.  For  different  purposes,  then 
are  employed  various  units  of  velocity,  some  of  which,  togetheririth 
their  proportions  to  each  other,  are  given  in  the  following  table  :— 

Comparison  of  Different  Measures  of  Velocity. 


Miles 
per  hour. 


Feet  Feet  Feet 

per  second.         per  imnnte.        per  bav. 

1-46    =88    =  5280* 
I   .   =  60    =  3600 

o'oi6  .  =   I   .  =  60 

I 


o-68i8 
o-oii36 

0*0001893  :^  0*00027  =    0*0l6  = 

1  nautical  mile  ] 
per  hour,  or  J>=  1*1507 
"knot,"..., 


/ 


=    1*6877       =    IOI'262    =    607574 


In  treating  of  the  general  principles  of  mechanics,  the^oo^  par  teoBtd 
is  the  imit  of  velocity  commonly  employed  in  Britain.  The  tmHi 
of  time  being  the  same  in  all  civilized  countries,  the  proportufli 
amongst  their  units  of  velocity  are  the  same  with  those  tmtfmgt 
their  linear  measures. 

Component  and  resultant  velocities  are  the  velocities  of  compoiMBl 
and  resultant  motions,  and  arc  related  to  each  other  in  the  atiM 
way  with  those  motions,  which  have  already  been  treated  of  il 
Article  351. 

354.  Uniform  motion  consists  in  the  combination  of  nnifiin 
velocity  with  imiform  direction ;  that  is,  with  motion  along  t 
rtraight  line  whose  direction  is  fixed. 
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Section  2. — Uniform  Motion  of  Several  Points, 

355.  n«tiMi  of  Tbrce  Vmimtm, — ^Theobek.     The  relative  motl(m8 
yf  three  points  in  a  given  interval  of  time 
wre  represented  in  direction  and  metgni-  * 

)ude  by  the  three  sides  of  a  triangle.  Let 
9,  Ay  By  denote  the  tlu<ee  points.  Any 
me  of  them  may  be  taken  as  a  fixed 
point;  let  O  be  so  chosen;  and  let  OX, 
O  Y,  O  Z,  fig.  176,  be  axes  trayersing 
Lt  in  fixed  directions.  Let  Ai  and  Bx 
be  the  positions  of  A  and  B  relatively  lig.  i<6. 

to  O  at  the  b^inning  of  the  given  interval  of  time,  and  A,  and  B2 

their  positions  at  the  end  of  that  interval  Then  A^  A,  and  Bi  !E^ 
are  the  respective  motions  of  A  and  B  relatively  to  O.     Complete 

the  parallelogram  Ai  B^  &  A2 ;  then  because  A^  &  is  parallel  and 
equal  to  Ai  Bi,  h  is  the  position  which  B  wonld  have  at  the  end  of 
the  interval,  if  it  had  no  motion  rdativdy  to  A;  but  Bg  is  the  actual 

position  of  B  at  the  end  of  the  inten-al ;  therefore,  6  B2  is  the  motion 
of  B  relatively  to  A.     Then  in  the  triangle  B^  h  Bg, 


Bi  6  =  Aj  A3  is  the  motion  of  A  relatively  to  O, 
6  B,  is  the  motion  of  B  relatively  to  A, 

Bi  Bj  is  the  motion  of  B  relatively  to  O; 

flo  that  those  three  motions  are  represented  by  the  three  sides  of  a 
triangle— Q.  E.  D. 

This  Theorem  might  be  otherwise  expressed  by  saying,  that  if 
Aree  moving  points  be  considered  in  any  order,  tlie  motion  of  the  third 
rdaiivdy  to  the  first  is  the  resultant  of  the  motion  oftlie  third  relatively 
to  the  second,  and  of  the  motion  of  the  second  relatively  to  tlie  first; 
the  word  ^^restUtant"  being  imderstood  as  already  explained  in 
Article  35L 

356.  Bi«tiMw  •r  m  flcKiM  •r  Poiata^ — CoBOLLARY.  If  a  Series  of 
jpoints  be  considered  in  any  order,  and  the  m/jtion  of  each  point  deter" 
mined  rdativdy  to  that  which  precedes  it  in  the  series,  and  if  the 
relative  motion  of  the  last  point  arid  tlie  first  point  be  also  determine/ I , 
then  toiU  those  motions  be  represented  by  Uie  sides  of  a  dosed  polygon. 
Let  O  be  the  fiirst  point,  A,  B,  C,  dec,  successive  points  foUowiij;.; 
xt^  M  the  last  point  but  one,  and  N  the  la«t  point;  and,  for  brevity  a 
■Jce,  let  the  relative  motion  of  two  points,  such  as  B  and  0^  U5 
denoted  thus  (B,  C).  Then  by  the  Theorem  of  Article  355  (0^  A), 
(A,  B),  and  (0,  B)  are  the  thre^^  sides  of  a  triangle ;  also  (O,  Bk 
(B^  C;,  and  (O,  C),  arc  the  three  sides  of  a  triangle;  therelb^ 
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(O,  A),  (A,  B),  (B,  C),  and  (O,  C),  are  the  four  side»  of  a 
lateral;  and  by  continuing  the  same  process,  it  is  shown,  thathcnr 
great  soever  the  number  of  points,  (0,  N),  is  the  dlosii]^  side  of  ft 
polygon,  of  which  (O,  A),  (A,  B),  (B,  C),  (C,  D),  &a,  ^  N)« 
the  other  sides. — Q.  E.  D.  In  other  words,  the  moHon  qftke  kd 
2>oint  relatively  to  the  first  is  the  resultcmt  of  the  motuma  ofeaAjM 
of  the  seriee  rdaiively  to  that  preceding  it. 

This  proposition  is  exactly  analogous  to  that  of  the  '' polygon  cf 
couples,"  Article  37. 

357.  The  Paraiieiopiped  of  motions  is  a  case  of  the  polygon  d 
motions,  analogous  to  the  paraiieiopiped  of  forces  in  Article  5L  1m 

fig.  177,  let  there  be  four  points,  O,  A,  B^C^ 
of  which  one,  O,  is  assumed  as  fixed,  and 
is  traversed  by  three  axes  in  fixed  dizw* 
tions,  O  X,  O  Y,  O  Z.    In  a  given  internl 

of  time,  let  A  have  the  motion  A,  if 
along  or  parallel  to  OX ;  let  B  have,  in  tli0 

same  interval,  the  motion  6  B^  paralkl  to 

O  Y,  and  relatively  to  A;  then  5^  *» 

diagonal  of  the  parallelogram  whose  sita 

Fig.  177.  are  B76  =  AT^^and  bB^  is  the  motkmrf 

B  relatively  to  O.     Let  C  have,  relatively  to  B,  the  motion  0C1 

parallel  to  O  Z;  then  Cj  C2,  the  diagonal  of  the  parallelopqMl 

whose  edges  are  A^  Ag,  2)  B2,  and  c  Cj,  is  the  motion  of  C  rebitiva|f 
to  O,  being  the  resultant  of  the  motions  represented  by  those  tinw 
edges.  This  is  a  mecJianical  explanation  of  the  compositiaB  d 
motions,  leading  to  results  corresponding  with  the  geonuirM 
explanation  of  Article  351. 

358.  Compamtire  motion  is  the  relation  which  exists  betwMn 
the  simultaneous  motions  of  two  points  relatively  to  a  third^ndikli: 
is  assumed  as  fixed.  The  comparative  motion  of  two  points  is  tBtr 
pressed,  in  the  most  general  case,  by  means  of  four  qnantitk% 
viz.  : — 

(1.)  The  velocity  raJtlo^  or  the  proportion  which  their  velociliBi ; 
bear  to  each  other. 

(2.)  (3.)  (4.^  The  directional  relation*  which  requires,  for  its 
plete  expression,  three  angles.    Those  three  angles  may  be  meuatti] 
in  different  ways,  and  one  of  those  ways  is  the  following  : — 

(2.)  The  angle  made  by  the  directions  of  the  compared  motifliij 
with  each  other. 

(3.)  The  angle  made  by  a  plane  parallel  to  those  two  diiTftty* 
with  a  fixed  plane. 

*  llicse  tenns  are  adopted  from  Mr.  Willises  work  on  MecfaaniaiL 
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(4.)  The  angle  made  by  the  intersection  of  those  two  planes  with 
a  fixed  direction  in  the  fixed  plane. 

Thus,  the  comparative  motion  of  two  points  relatively  to  a  third, 
is  expressed  by  means  of  one  of  those  groups  of  four  elements  which 
Sir  William  Ilowan  Hamilton  has  called  ^^  quaternions  "  In  most  of 
the  practical  applications  of  cinematics,  the  motions  to  be  compared 
are  Umited  by  conditions  which  render  the  comparison  more  simple 
than  it  is  in  the  general  case  just  described.  In  machines,  for 
example,  the  motion  of  each  point  is  limited  to  two  directions, 
forward  or  backward  in  a  fixed  path;  so  that  the  comparative 
motion  of  two  points  is  sufficiently  expressed  by  means  of  the 
Telocity  ratio,  together  with  a  directional  relation  expressed  by  +  or 
—  y  according  as  the  motions  at  the  instant  in  question  are  similar 
or  contrary. 

Section  3. — Varied  Motion  of  Points. 

359.   Te1«clcr  a«d  Dlrectien  of  Tarled  lfl«tl«ii. — The   motion   of 

one  point  relatively  to  another  may  be 
-varied,  either  by  change  of  velocity,  or 
by  change  of  direction,  or  by  both 
oombined^  which  last  case  will  now  be 
considered,  as  being  the  most  general. 

In  £g.  178,  let  O  represent  a  point 
assumed  as  fixed,  OX,  O  Y,  OZ,  fixed 
directions,  and  A  B  part  of  the  path  or 
orlnt  traced  by  a  second  point  in  its 
▼aried  motion  relatively  to  O.     At  the  Kg.  17». 

ipstant  when  the  second  point  reaches  a  given  position,  such  as  P, 
in  its  path,  the  direction  of  its  motion  is  obviously  that  of  P  T,  a 
tangent  to  the  path  at  P. 

To  find  the  velocity  at  the  instant  of  passing  P,  let  a«  denote  an 
interval  of  time  which  includes  that  instant,  and  a  s  the  distance 
traced  in  that  interval     Then 

Ti 
is  an  approocimaUon  to  the  velocity  at  the  instant  in  question,  which 
■will  approach  continually  nearer  and  nearer  to  the  exact  velocity  as 
the  interval  At  and  the  distance  a*  are  made  shorter  and  shorter; 

and  the  limit  towards  which  —  converges,  as  a  «  and  a  «  are  inde- 

finitely  diminished,  and  which  is  denoted  by 

ds 


"  =  57- 

2o 
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is  the  exact  ydodty  at  the  instant  of  passing  P.   This  fm  the 
called  "  diJerenticU/ion,^* 

Should  the  velocity  at  each  instant  of  time  be  known^  then  tin 
distance  s^  —  Sq,  described  during  an  interval  of  time  t^  —  ^  is  fimil 
by  integration  (see  Article  81),  as  foUows  : — 

81-80=  [^  vd t (I) 

360.  Components  of  Tnried  notion. — ^All  the  propositions  of  tie 
two  preceding  sections,  respecting  the  composition  and  resolntki 
of  motions,  are  applicable  to  the  velocities  of  varied  niotionsaift 
given  instant,  each  such  velocity  being  represented  by  a  line,  soflk 

as  P  T,  in  the  direction  of  the  tangent  to  the  path  of  the  point 
which  moves  with  that  velocity,  at  the  instant  in  question.  For 
example,  if  the  axes  OX,  O  Y,  O Z,  are  at  right  angles  to  eaefc  j 

other,  and  if  the  tangent  P  T  makes  with  their  directions  respec- 
tively the  angles  »,  ^,  y,  then  the  three  rectangular  components  cf 
the  velocity  of  the  point  parallel  to  those  three  axes  are 

V  cos  »;  V  cos  fi;  v  cos  y. 

Let  X,  y,  Zy  be  the  co-ordinates  of  any  point,  such  as  P,  in  ilia  piA 

A  P  B,  as  referred  to  the  three  given  axes.     Then  it  is  well  knows 

that 

d  X  d  y  d  z 

cos  «  =  ^-  ;  cos  /8  =  -=^  ;  cos  y  =  — -  : 
ds  de  de 

and  consequently  the  three  components  of  the  velocity  v  m 

dx  d  y  d  z 

i;  cos  «  =  -=—  :  v  cos  /3  =  — ^  :  v  cos  y  ==  -=- : 

dt'  dt'  dt* 

and  these  are  related  to  their  resultant  by  the  equatiou 

m'^iw^m'-- <« 

361.  Vnifonnij-Tnried  Teiocitf. — Let  the  velocity  of  a  point. 
either  increase  or  diminish  at  an  uniform  rate;  so  that  if  t  itr^ 
sents  the  time  elapsed  from  a  fixed  instant  when  the  velocity 
v^,  the  velocity  at  the  end  of  that  time  shall  be 


.(i) 


v  =  VQ  +  at; (L)    j 

a  being  a  constant  quantity,  which  is  the  rate  qfvariaium  of  tb 
velocity,  and  is  called  acceleration  when  positive,  and  retanUM* 
^vhen  negative.     Then  the  mean  velocity  during  the  time  t  is 


Vq  +  V 


=  Vo  + 


at 
7^' 


.(i) 
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the  distance  described  is 

s  =  v,t  +  — (3.) 

nd  the  velocity  of  a  point,  i^hose  Telocity  is  uniformly  varied, 
given  instant,  and  tiie  rate  of  variation  of  that  velocity,  let 
listances,  A«j,  A^j)  described  in  two  equal  intervals  of  time, 
equal  to  A^,  before  and  after  the  instant  in  question,  be 
nred.  Then  the  velocity  at  the  instant  between  those  inter- 
is 

A 5,  +  A «a  ,.  . 

*  =  — br- <*•> 

its  rate  of  variation  is 

Av  Afl2-^«l  /«r\ 

»  =   A^i  =  -^^i- (^•) 

12.    Taried  Bate  of  Twriatlon  •f  Tetocltr* — When  the  velocity 

point  is  neither  constant  nor  imiformly-varied,  its  rate  of 
itSon  may  still  be  found  by  applying  to  the  velocity  the  same 
i.tion  of  differerUiaiiony  which,  in  Article  359,  was  applied  to 
iistance  described  in  order  to  find  the  velocity.  The  result  of 
operation  is  expressed  by  the  symbols, 

dv  _  d^8  ^ 
It  "  d?* 

is  the  limit  to  which  the  quantity  obtained  by  means  of  the 

ula  5  of  Article  361  continuaUy  approximates,  as  the  interval 

ted  by  A  ^  is  indefinitely  diminish^ 

13.  vnifMni  Deriatimi  is  the  change  of  motlon  of  a  point  which 

es  with  uniform  velocity  in  a  circular 

.     The  rcUe  at  which  uniform  deviation 

B  place  is  determined  in  the  following 

ner. 

Bt  C,  fig.  179,  be  the  centre  of  the  cir- 

r  path  described  by  a  point  A  with  an 

>rm  velocity  v,  and  let  the  radius  0  A  be 

>ted  by  r.     At  the  beginning  and  end  of 

itervaJ  of  time  ^  ty  let  Ai  and  At  be  the 

ions  of  the  moving  point.     Then 

the  arc  Ai  A^  =  v^t;  and 

chord  Fig.  170» 

the  chord  A.  A,  =  v  a  «  • 

arc  • 

velocities  at  A|  and  At  are  represented  hf  Ite 
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JC^,  —  AjV,  =  V,  toTicliing  tha  circle  at  A,  and  A^  reaper 
tively.  From  A,  draw  A,  w  equal  and  parallel  to  A,  V„  and  join 
V\v.  Then  the  velocity  AjV,  may  he  considered  aa  coraponiiJpd 
of  AiV  and  f  V, ;  so  that  w  Vi  is  the  deviation  of  the  motion  dur- 
ing the  interval  ^l;  and  becaose  the  iaoBoeles  triangles  Aji'V 
0  Ai  Ai,  are  similar  ;— 


vV,= 


A,  T.  •  A,  A, 


A t    chord 


CA  ?■  arc 

and  the  approximate  rate  of  that  deviation  is 

hot  the  deviation  does  not  tato  place  by  InstAntaneons  cbauges  of 
Telocity,  bat  by  insensible  degrees ;  so  that  the  true  rate  of  deviation 
is  to  be  found  by  finding  the  limit  to  which  the  approximate  nte 
continually  approaches  as  the  interval  *(  ia  diminished  indefinitely. 

Now  the  factor  —  remains  unaltered  by  that  diminution ;  and  the 


ratio  of  the  chord  to  the  ai 

so  that  the  limit  in  qucstioii 


:  approximates  eontimially  to  eqnaht^; 
or  true  rede  ofdevialior',  ' 


r ('•> 

3G4.  varflskg  DcTtBiian. — Wiien  a  point  moves  with  a  varying 
velocity,  or  in  a  curve  not  circular,  or  has  both  these  variations  of 
motion  combined,  the  rate  of  deviation  at  a  given  instant  is  Etill 
represented  by  equation  1  of  Article  363,  provided  a  be  taken  to 
denote  the  velocity,  and  r  the  radius  of  cnrvature  of  the  path,  of 
the  point  at  the  instant  in  question. 

365.   The  BubIubi  Ilaie  of  TarlnilaB  of  the   motion   of  a  point 
ia  found  by  considering  the  rate  of  variation  of  velocity  and  ttfl 
rate  of  deviation  as  represented  by  two  lines,  the  former  in  t^l' 
direction  of  a  tangent  to  the  path  of  the  point,  and  the  lattfi 
the  direction  of  the  radius  of  curvature  at  the  instant  in  quci-li' 
and  taking  tlie  diagonal  of  the  rectangle  of  which  those  two  li: 
are  the  aides,  which  has  the  following  value  ; — 

3G6.  The  BBIC*«rTarliillan  oflbn  Cam|>onFiit  VHocllln  of  a  [«'::  ' 

paj'allel  to  three  rectangular  asea,  are  represented  as  follows :— 
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d'x     d^y     d'z 


dt"    di"  dfi  ' 


.(1.) 


and  if  a  rectangular  parallelopiped  be  constructed^  of  which  the 
edges  represent  &ese  quantities,  its  diagonal,  whose  length  is 

•will  represent  the  resuUcmt  rate  of  va/riation,  akeady  given  in 
another  form  in  equation  1  of  Article  365. 

367.   The  C^npartooB  •f  the  Varied  Bletieiis  of  a  pair  of  points 

relatively  to  a  third  point  assumed  as  fixed,  is  made  by  finding  the 
zatio  of  their  velocities,  and  the  directional  relation  of  the  tangents 
of  their  paths,  at  the  same  instant,  in  the  manner  already  described 
in  Article  358  as  applied  to  uniform  motions.  It  is  evident  that 
the  comparative  motions  of  a  pair  of  points  may  be  so  regulated  as 
to  be  constant,  although  the  motion  of  each  point  is  varied,  pro- 
idded  the  variations  tc^e  place  for  both  points  at  the  same  insist, 
and  at  rates  proportional  to  their  velocities. 


CHAPTER  n. 

MOnONB  OF  BIGm  BODIES. 

Section  1. — Si^id  £odies,  and  their  Translation. 

368.  Tb«  team  tttgU  BadT  jb  to  be  uaderatood  to  denote  a  body, 
or  an  aaaemblEtee  of  bodies,  or  a  system  of  pointa,  icbose  figine 
undergoes  no  atteration  durmg  the  motion  vhich  is  under  oni' 
idderation. 

369.  TrsBiuicM  or  HMUi^  is  the  motion  of  a  ri^d  bod7  nb- 
tivelf  to  a  fixed  poin^  when  the  points  of  the  rigid  body  baTO  no 
motion  relatively  to  each  other ;  that  b  to  say,  when  they  all  won 
with  the  same  velocifj  and  in  the  same  dire(;tion  at  the  bum 
instant,  so  that  no  line  in  the  rigid  body  changes  its  direction. 

It  is  obvious  that  if  three  points  in  the  rigid  body,  not  in  ths 
same  straight  line,  move  in  pai^ei  dircctiona  with  equal  velocitis 
at  each  instant,  the  body  must  have  a  motion  of  translation. 

The  paths  of  the  different  points  of  the  body,  provided  th^  an 
all  equal  and  similar,  and  at  each  instant  parallel,  may  have  ai^ 
figuru  whatsoever. 

Section  2. — Simple  Rotaiion. 

370.  KoiBtUv  or  Tnrniag  is  the  motion  of  a  rigid  body  when 
lines  in  it  change  their  direction.  Any  point  in  or  rigidly  attalched 
to  the  body  may  be  assumed  as  a  fixed  point  to  which  to  refer  the 
motions  of  the  other  points.   Such  a  point  is  called  eenire  o/rotaliM. 

371.  All*  of  BMaUsK. — Theokeu.  In  eoery  poseihle  dumgt  <^ 
position  of  a  riyid  body,  relatively  to  a  fixed  centre,  there  u  a  mi 

tiraveriing  that  centra  vjhote  dm^ 

Hon  ie  not  changed.     In  fig.  180^ 

let  O  be  the  centre  of  rotation,  mi 

!  let  A  and  B  denote  any  two  oAv 

points  in  the  body,  whoao.  nte- 

tions  relatively  to  0  are,  bdon 

the  turning,  A,,  B,,  and  aftertf' 

turning,   A^  B,      Join   A,i 

^^-  ""■  B,  B,,  forming  the  isoscelw  triu 

pfu)  A,  Ai,  OB,  B~     Bisect  thebaeesof  those  triangles  in  Cuuh 

1 
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D  respectivelyy  and  through  the  points  of  bisection  draw  two  planes 
perpendicular  to  the  respective  Ixises,  intersecting  each  other  in  the 
strught  line  O  E,  which  must  traverse  O.  Let  E  be  any  point  in 
tiie  line  O  E;  then  E  Ai  A,,  and  E  B|  B^,  are  isosceles  triangles ; 
and  E  is  at  the  same  distance  £rom  O^  A,  and  B,  before  and  afber 
th«  turning;  therefore  E  is  one  and  the  same  point  in  the  body, 
wliose  place  is  unchanged  by  the  turning;  and  this  demonstration 

applies  to  every  point  in  the  straight  line  O  E;  therefore  that  line 
is  unchanged  in  direction. — Q.  E.  D. 

CoBOLLABY.  It  is  evident  that  every  line  in  the  body,  parallel 
to  the  axis,  has  its  direction  tmchanged. 

372.  The  Plane  •€  Rotation  is  any  plane  perpendicular  to  the 
azi&  The  Angle  «f  Rotation,  or  angular  motion,  is  the  angle  made 
fay  the  two  directions,  before  and  after  the  turning,  of  a  line  per^ 
pendicular  to  the  axis. 

373.  The  Angular  Telocitf  of  a  turning  body  is  the  ratio  of  the 
angle  of  rotation,  expressed  in  terms  of  radius,  to  the  number  of 
unitB  of  time  in  the  interval  of  time  occupied  by  the  angular  motion. 
Speed  of  turning  is  sometimes  expressed  also  by  the  ntimber  of 
tarns  or  fractions  of  a  turn  in  a  given  time.  The  relation  between 
these  two  modes  of  expression  is  the  following  : — Let  a  be  the 
angnlar  velocity,  as  above  defined,  and  T  the  turns  in  the  same  unit 
of  time;  then 

T-  — • 

a  =  2  w-T; 
(2  ^  =  6-2831852). 

374.  iTniform  Rotation  consists  in  uniformity  of  the  angular  vclo- 
ciiy  of  the  turning  body,  and  constancy  of  the  direction  of  its  axis 
of  rotation. 

375.  Rotation  common  to  all  Parte  of  R4»d7. — ^Since  the  angular 

Qiotion  of  rotation  consists  in  the  change  of  direction  of  a  line  in 
%  plane  of  rotation,  and  since  that  change  of  direction  is  the  same 
llow  short  soever  the  line  may  be,  it  is  evident  that  the  condition 
frf  rotation,  like  that  of  translation,  is  common  to  every  particle^ 
'hofW  small  soever,  of  the  turning  rigid  body,  and  that  the  angular 
Velocity  of  turning  of  each  particle,  how  small  soever,  is  the  same 
^With  that  of  the  eutke  body  This  is  otherwise  evident  by  con- 
itideiing,  that  each  part  into  which  a  rigid  body  can  be  divided 
%anis  completely  about  in  the  same  time  with  every  other  part,  and 
VriCh  the  entire  body. 

376.  Right  and  iMtMannded  Rotation. — The  direction  of  rotation 
toand  a  given  axis  is  distinguished  in  an  arbitrary  manner  into 
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rights  !tanded  and  lejt-lianded.  One  end  of  the  ajds  is  cTi' 
that  from  whicli  an  observer  is  supposed  to  look  along  the  d 
of  the  axis  towards  tho  rotating  body.  Then  if  the  body  e> 
the  observer  to  turn  in  the  same  direction  in  which  the  su 
to  revolve  to  an  observei"  north  of  the  tropica,  the  rotation  iafl 
to  be  Tighl-ho/nd^d ;  if  in  the  contrary  direction,  lejl-handed  .-  1 
it  is  usiml  to  consider  the  angular  velocity  of  right-handed  rotaticn 
to  be  positive,  and  that  of  left-handed  rotation  to  be  negative 
but  this  is  a  matter  of  convenience.  It  is  obvions  that  the 
same  rotation  which  seems  right-handed  when  looked  at  from 
3  end  of  the  axis,  seems  left-handed  when  looked  at  fi-om  the 
other  end. 

n.    Hclailre  nolloB  of  a  Pair  •rPolntu  in  b  BaUUlaB  a»ar. — Let 

O  and  A  denote  any  two  points  in  a  rotating  body ;  and  conoder- 
ing  O  as  fixed,  let  it  be  required  to  determine  the  motion  of  A 
relatively  to  an  axis  of  rotation  drawn  through  O.  On  that  axia 
let  fall  a  perpendicular  from  A  ;  let  r  be  the  length  of  that  perpen- 
dicular. Then  the  motion  of  A  relatively  to  the  axis  traversing  0 
one  of  i-BvolnUion,  or  translation  in  a  eircidar  path  of  the  radin* 
;  the  centre  of  that  circular  path  being  at  the  point  where  tlie 
perpendicular  from  A  meets  the  axis.  If  a  be  the  angular  velodly 
of  the  body,  then  the  vdo&iy  of  A  relatively  to  the  axis  travermne 
Ois 

"  =  «'■; {'■) 

and  the  direelion  of  that  velocity  is  at  each  instant  perpendicul . 
□  the  plane  drawn  through  A  and  the  axis.  The  rate  o/deoiaii-  ■ 
of  A  in  its  motion  relatively  to  the  given  axis  is 


•■(-'■) 


in  which  the  first  expression  ia  that  already  found  ia  Article  3(13, 
and  the  second  ia  deduced  from  the  first  bj  the  aid  of  equation  1  oi' 
this  Article.  It  is  evident  that  for  a  given  rotation  the  motion  "t 
O  relatively  to  an  axis  of  rotation  traversing  A  is  exactly  the  saiitf 
with  that  of  A  relatively  to  a  parallel  axis  traversing  O  ;  for  i'- 
dependfl  solely  on  the  angular  velocity  o,  the  perpendicular  distaui-i 
r  of  the  moving  point  from  the  axis,  and  the  direction  of  the  axis ; 
all  which  are  the  same  in  either  case. 

r  is  called  the  Todivs-veclor  of  the  moving  point 

378.   Crliiidrlcal    SarfBce  of  Eqasl    Vclocllliw. — If  a    cylindnCld 

surface  of  circular  cross  section  be  described  about  an  axis  of  rota- 
tion, all  the  points  in  that  surface  have  equal  velocities  relativi'ly 
+"  *-he  axis,  and  the  direction  of  motion  of  each  point  in  the  cyliu- 
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drical  sui&ce  relatively  to  the  axis  is  a  tangent  to  the  surface  in  a 
plane  perpendicular  to  the  axi& 

379.  C«BipanUiTe  notions  of  Two  PoImm  vclatiTcly  to  an  Axis. — 

liCt  O,  A,  B,  denote  three  points  in  a  rotating  rigid  body ;  let  O  be 
considered  as  fixed,  and  let  an  axis  of  rotation  be  drawn  through 
it.  Then  the  cornparative  motions  of  A  and  B  relatively  to  that 
axis  are  expressed  as  follows  : — the  vdocUy-ratio  is  iJuU  oftlie  radii' 
vectores  of  the  poi/rUa,  and  the  directional  reUUion  consists  in  the 
angle  bettceen  their  directions  of  motion,  being  tlis  same  with  that 
between  Ihdr  radiirvectores.  Or  symbolically :  Let  ri,  rj,  be  the  per- 
pendicular distances  of  A  and  B  from  the  axis  traversing  O,  and 
Vi  and  V2  their  velocities ;  then 

v,      r,  ,   A  A 

-.  =  --;  and  v,Vg  =  rir^, 
Vi      ri 

380.  CJonipoiieiits  of  Telocity  of  a  Point  in  a  Rotating  Bodf  • — ^The 

component  parallel  to  an  axis  of  rotation,  of  the  velocity  of  a  point 
in  a  rotating  body  relatively  to  that  axis, 
is  nulL  Tliat  velocity  may  be  resolved 
into  components  in  the  plane  of  rotation. 
Thus  let  O,  in  fig.  181,  represent  an  axis 
of  rotation  of  a  body  whose  plane  of  rota- 
tion is  that  of  the  figure ;  and  let  A  be 
any  point  in  the  body  whose  radius-vector 
is  OA  =  r.  The  velocity  of  that  point 
being  t?  =  ar,  let  that  velocity  be  repre- 
sented by  the  line  A  Y  perpendicular  to 
O  A«  Let  B  A  be  any  direction  in  the  plane  of  rotation,  along 
which  it  is  desired  to  find  the  component  of  the  velocity  of  A ;  and 
let  ^.^YAJJ  =  ^  be  the  angle  made  by  that  line  with  AY.    JFrom 

Y  let  &I1  Y  TJ  perpendicular  to  B  A ;  then  A  TJ  represents  the 
component  in  question ,  and  denoting  it  by  u, 

u  =z  V  '  coa  4  =z  ar  '  cos  f (1.) 

From  O  let  fall  O B  perpendicular  to  B  A.  Then  .^AOB  = 
^^Y  A  TJ  =  ^ ;  and  the  right-angled  triangles  O  B  A  and  A  U  Y 
are  similar ;  so  that 

AY  :  AU  :  :  OA  :  OB  =  r  cos  $ (2.) 

Now  the  eifUvre  velocity  of  B  relatively  to  the  axis  O  is 

ar  cos  i  =zu, , (3.) 

80  that  Ihe  ecmtpcyMfni,  alxmg  a  given  straight  line  in  ihe  plane  of 
roiaiumy  of  ihe  vdoeity  of  amy  point  in  thai  line,  is  eqtuU  to  tlie  vdo' 
^ty  of  ihe  point  where  a  perpendicidwr  from  the  axis  meets  that  line. 


mm 
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Sectiok  3. — C(miUned  Rot<Uio7i8  cmd  Tran^aHont. 

381.  PMpertr  •fall  n*ti«in  •f Bigtdi  B^dUM. — The  f Qr^;oiiig  pio- 
pofidtion  may  be  regarded  as  a  particular  case  of  the  following,  whidi 
is  trae  of  all  motions  of  a  rigid  body. 

T?te  components,  cUong  a  given  straight  line  in  a  rigid  bodff,  of  A$ 
vdodtiea  of  the  points  in  that  line  relatively/  to  anypovnJb^  whether  in  or 
attached  to  tfie  body  or  otherwise,  are  all  equal  to  each  other;  fat 
otherwise,  the  distances  between  points  in  the  given  straight  line 
must  alter,  which  is  inconsistent  with  the  idea  of  rigidity. 

382.  0eiicai  motion. — Rotation  is  the  only  movement  which  a 
rigid  body  as  a  whole  can  have  relatively  to  a  point  belonging  to 
it  or  attached  to  it.  But  if  the  motion  of  the  body  be  determined 
relatively  to  a  point  not  attached  to  it,  a  translation  may  be  com- 
bined with  the  rotation.  When  that  translation  takes  place  in 
the  direction  of  the  axis  of  rotation,  the  motion  of  the  rigid  body  is 
said  to  be  helical,  or  screw-like,  because  each  point  in  the  rigid  boc^ 
describes  a  helix  or  screw,  or  a  part  of  a  helix  or  screw. 

Let  Vi  denote  the  velocity  of  translation,  parallel  to  the  axis  of 
rotation,  which  is  common  to  all  points  of  the  body ;  this  is  called 
the  velocity  of  advance.  The  advance  during  one  complete  turn  of 
the  rotating  body  is  the  piJtch  of  each  of  the  helical  or  screw-like 
paths  described  by  its  particles ;  that  is,  the  distance,  in  a  direo- 
tion  parallel  to  the  axis,  bet\v  een  one  turn  of  each  such  helix  and 

the  next;  and  a  being  the  angular  velocity,  so  that  —  is  the  time 

a 

of  one  turn,  the  value  of  the  pitch  is 

2  «•  v,        _  an 

p  =  -"^^  ^^«^^  ^1  =  si (!•) 

Let  r,  as  before,  be  the  radius-vector  of  any  point  in  the  body,  and 
let 

v^=zar (2.) 

denote  its  velocity  of  revolution,  or  velocity  relatively  to  the  axis, 
due  to  the  rotation  alone.  Then  the  resultant  velocity  of  that 
point  is 

»=V^f+^=«-y^{4^,+»^} (3.) 

The  inclination  of  the  helix  described  by  that  point  to  the  plane  of 
rotation  is  given  by  the  equation 

f  =  arc  'tan  •  —  =arc  'tan  •  ~— : (i,\ 
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the  tangent  of  that  angle  being  the  ratio  of  the  pitch  to  the  circum- 
ference of  the  circle  described  by  the  point  relatively  to  the  axis  of 
rotation. 

383.    Problem.      T«  Find  the  motion  of  a  Rigid  Body  Irom  the 
]lt«tlMM  of  Three  of  Its  Points. — 

Let  A,  B,  C,  fig.  182,  be  three 
points  in  a  rigid  body,  and  at  a 
given  instant  let  them  have  mo- 
tions relatively  to  a  point  indepen- 
dent of  the  body,  which  motions 
are  represented  in  velocity  and 

direction  by  the  three  lines  A  V., 
B  Vj,  C  V^  It  is  required  to  find 
the  motion  of  the  entire  rigid 
body  relatively  to  the  same  fixed 
point. 

Through  any  point  o,  ^g,  183, 
draw  three  lines  oa,ob,oc,  equal 
and  parallel  to  the  three  lines 

.  AV^  B  Vj,  C  Y^  Through  a,  h,  and  c,  draw  a 
plane  a  be,  on  which  let  fall  a  perpendicular  o  n 
from  0.  Then  o  n  represents  a  component,  which 
is  common  to  the  velocities  of  all  the  three  points 
A,  B,  C,  and  must  therefore  be  common  to  all  the 
points  in  the  body;  that  is,  it  is  a  velocity  of 
^Tomdation. 


Fig.  182. 


Fig.  188. 


Prom  the  points  V«  Y^,  Y„  draw  lines  Y^  XJ«  Y^  Uj,  Y,  U^ 
®<Jtial  and  parallel  to  on,  but  opposite  in  direction  to  it ;  and  join 

•A.  U„  B  U»,  OTJ«  which  will  aU  be  parallel  to  the  same  plane ; 
*"*t  is,  to  the  plane  a  be.  The  last  three  lines  will  represent  the 
^Jiaponent  velocities  which,  along  with  the  common  velocity  of 
^'^Dalation  parallel  to  on,  make  up  the  resultant  velocities  of  the 
^^^^  points.  Through  any  two  of  the  points  A,  B,  draw  planes 
P®T>endicular  to  the  respective  components  of  their  motions  which 
^parallel  to  a  be.  These  two  planes  will  intersect  each  other  in 
*liue  ODE,  which  will  be  parallel  to  on.  The  perpendicular 
^*^^tances  of  that  line  from  the  points  A,  B,  being  unchanged  by  the 
potion,  it  represents  one  and  the  same  line  in  or  attached  to  the 
'^d  body,  and  it  is  therefore  the  axis  of  rotation.     A  plane  drawn 

**^ugh  the  third  point  C,  perpendicular  to  C  U^,  will  cut  the  other 
*^o  planes  in  the  same  axis  :  the  three  revolving  component 
velocities 


AU^BTJj,  CXJ, 
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will  be  respectivelj  proportional  to  the  perpendicular  distanoei^  or 
radU-vectarea, 

AD,BE,CF, 

of  the  three  points  from  that  axis ;  and  the  angular  velodij 
will  be  equal  to  each  of  the  three  quotients  made  by  dividing  tfaid 
revolving  component  velocities  of  the  points  by  their  respective 
radii-vectores.  This  rotation,  combined  with  a  translation  paralld 
to  the  axis,  with  a  velocity  represented  by  o  n,  constitutes  a  helieal 
motion^  being  the  required  motion  of  the  rigid  body. — Q.  R  I. 

384.  Speciad  CaMs  of  the  preceding  problem  occur,  in  irhich 
either  a  more  simple  method  of  solution  is  sufficient,  or  the  geneEal 
method  fails,  and  a  special  method  has  to  be  employed. 

I.  When  the  motions  of  the  powta  of 
the  body  wre  hnovm  to  he  aU  pofraUd  to 
one  plane,  it  is  sufficient  to  know  the 
motions  of  two  points,  such  as  A,  B,  fig^ 
184.  Let  A  O,  B  O,  be  two  planes  tra- 
versing A  and  B,  and  perpendicular  to 
^  the  respective  directions  of  the  simul- 
taneous velocities  of  those  points ;  if  those 
planes  cut  each  other,  the  entire  motion 
is  a  rotation ;  the  line  of  intersection  of 
the  planes  O,  being  the  axis  of  rotation, 
and  the  angular  velocity,  are  foimd  as  in  the  last  Article.  If  the 
two  planes  are  parallel,  the  motion  is  a  translation. 

II.  If  three  points,  not  in  tlie  same  pla/ne,  have  pwraUeL  motionSf 
or  if  three  points  in  the  same  plane  have  parallel  motions  oblique  to 
the  plane,  the  motion  is  a  translation. 

III.  If  three  points  in  the  same  pla/ne  move  perpendicularly  to  tite 
plane,  as  A  B  C,  ^g.  184  a,  then  if  their  velocities  are  equal,  ike 


Fig.  184. 


Fig.  184  0. 


Fig.  184  c 


motion  is  a  translation;  and  if  their  velocities  are  unequal,  the 
motion  is  a  rotation  about  the  axis  which  is  the  intersection  of  tiM 
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plane  of  the  tliree  points  with  the  plane  drawn  through  the  extre- 
mities v.,  Yj,  V^  of  the  three  lines  which  represent  their  veloci- 
ties ;  the  angular  velocity  being  found  as  in  Article  383. 

If  the  plane  of  rotation  is  known,  then  the  simultaneous  veloci- 
ties of  two  points,  as  A  and  B  in  figs.  184  5  and  184  c,  are  sufficient 
to  determine  the  axis  O. 

385.    Rotation  Combined  -vrlth  Tmnslatloii  In  the  Sane  Plane. — 

Let  a  body  rotate  about  an  axis  C  (fig.  185), 
£xed  relatively  to  the  body,  with  an  angular 
velocity  a,  and  at  the  same  time  let  that  axis 
have  a  motion  of  translation  in  a  straight  path 
perpendicular  to  the  direction  of  the  axis,  with 
the  velocity  u,  represented  by  the  line  C  TJ.  It 
is  required  to  find  the  velocity  and  direction  of 
motion  of  any  point  in  the  body.  From  the 
moving  axis  draw  a  straight  line  C  T  perpendi- 
cular to  that  axis  and  to  C  U,  and  in  that  direction  into  which  the 
rotation  (as  represented  by  the  feathered  arrow)  tends  to  turn  C  TJ, 
and  make 

u 


CT=- (I.) 


a 


Then  the  point  T  has,  in  virtue  of  tra/nslation  along  with  the  axis 
C,  a  forwa/rd  motion  with  the  velocity  u ;  and  in  virtue  of  rotor 
turn  ahoui  that  axis,  it  has  a  backward  motion  with  the  velocity 


a  •  C  T  =  w, 

equal  and  opposite  to  the  former ;  and  its  resultant  velocity  is  0. 
BLence  every  point  in  the  body,  which  comes  in  succession  into  the 

pocdtion  T,  situated  at  the  distance  —  from  the  axis  C  in  the  direc- 

tion  above  described,  is  at  rest  at  the  insta/nt  of  its  a/rriving  at  thM 
position;  that  is,  it  has  just  ceased  to  move  in  one  direction,  and 
is  about  to  move  in  another  direction ;  and  this  is  true  of  every 
point  which  arrives  at  a  lins  ProAjersing  T  parallel  to  C.  Conse- 
quently the  resultant  motion  of  the  body,  at  any  given  instant,  is 
•die  same  as  if  it  were  rotating  about  the  line  which  at  the  instoM 
in  question  occupies  the  position  T,  parallel  to  C,  at  the  distance 

-  :  and  that  line  is  called  the  instantaneous  axis.  To  find  the 
a 

motion  of  any  point  A  in  the  body  at  a  given  instant,  let  fall  the 
perpendicular  A  T  from  that  point  on  the  instantaneous  axis ;  then 
the  motion  of  A  is  in  the  direction  A  V  perpendicular  to  the  plane 


S98 
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of  the  ingtantaneouB  axis  and  of  the  indamianKmB  nuBm-vmitf 
AT,  and  the  velocity  of  that  motion  is 


t;  =  a-AT, 


.(2.) 


386.  itoniBc  cyUadcrs  Trmsh^idL — Eveiy  straight  line  panlU 
to  the  moving  axis  C,  in  a  cylindrical  surface  described  about  C 

with  the  radius  -,  becomes  in  turn  the  instantaneous  axis.    Hence 

the  motion  of  the  body  is  the  same  with  that  produced  by  the  roll- 
ing of  such  a  cylindrical  sui&ce  on  a  plane  PTP  parallel  to  Oand 

u 

to  C  U,  at  the  distance  -. 

The  path  described  by  any  point  in  the  body,  such  as  A,  whiA 
is  not  in  the  mo\-ing  axis  C,  is  a  curve  well  known  by  the  name  of 
trochoid.  The  particular  form  of  trochoid  palled  l3ie  cydoid,  is 
described  by  each  of  the  points  in  the  rolling  cylindrical  sur£u»L 

387.    Pbme  B«UlBC  mm  Cylinders   Spiral  Path*. — ^Another  mods 

of  representing  the  combination  of  robi- 
tion  with  translation  in  the  same  plane 
is  as  follows  : — Let  O  be  an  axis  assumed 
as  fixed,  about  which  let  the  plane  0  C 
(containing  the  axis  O)  rotate  (right- 
handedly,  in  the  figure),  with  the  angu- 
lar velocity  a.  Let  a  rigid  body  have, 
reUUivdy  to  the  Totaling  pUme,  and  in  a 
direction  perpendicular  to  it,  a  transla- 
tion with  the  velocity  u.  In  the  plane 
O  C,  and  at  right  angles  to  the  axis  0, 


u 


Fig.  ISfi. 


take  O  T  =  -,  in  such  a  direction  that 
a 

the  velocity 

ft  =  a  •  or, 


whioh  the  point  Tin  the  rotcUmg  plane  has  at  a  given  instant,  shall 
be  in  the  contraiy  direction  to  the  equal  velocity  of  translatiop 
fi,  which  the  rieid  body  has  relatively  to  the  rotating  plane.  Then 
each  point  in  me  rigid  body  which  arrives  at  the  position  T,  or  at 
any  position  in  a  line  traversing  T  parallel  to  the  fixed  axis  O,  is 
at  rest  at  the  vnsta/rU  of  its  occupying  that  position  ;  therefore  the 
line  traversing  T  parallel  to  the  fixed  axis  O  \aihe  inatanUmMmB 
axis;  the  motion  at  a  given  instant  of  any  point  in  the  rigid  hodj, 
such  as  A,  is  at  right  angles  to  the  radius- vector  A  T  drawn  per- 
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pendicnlar  to  the  instantaneous  axis;  and  the  Yelocout  O  with 
motion  is  given  by  the  equation  ^^  rigi^  hodj 

^der^  attached 
-ixed. 


v  =  a'AT. 


AU  the  lines  in  the  rigid  body  which  succ^  cylinder;  in  ^g. 
position  of  instantaneous  axis  are  situated  in  p^  concave  cylinder ; 
FTP,  perpendicular  to  O  C  ;  and  all  the  pr  ^^  «•  smaUer  convex 
taneous  axis  are  situated  in  a  cylinder  descr 

radius  Of;  so  that  the  motion  of  the  rigirf^j?  '"''i^''''^  ^J^^ 
duced  by  the  roUin^  of  the  plane  P  P  (Wi  M^^f?^'  The  epitrochoid 
^  -y  ^       ^  ^^g  cylmder  is  an  epi- 

O  T  =  -.     Each  point  in  the  rigid  body,  bS 

plane  spiral  about  the  fixed  axis  O.  Por  each  Koajw  C  traces  a 
plane,  P  P,  that  spiral  is  the  involute  of  the  circle^ 
O  T.  Por  each  point  whose  path  of  motion  traverses  i^ve  cylinder 
O^  that  is,  for  each  point  in  a  plane  of  the  rigid  body  c^„  cylinder 
parallel  to  P  P,  the  spiral  is  Archimedean,  having  a  rau  diameter 
increasing  by  the  length  u  for  each  angle  a  through  'xylinder 
i-otates.  other 

388.   C«BiblBed  Parallel  R«tationii. — In  flgS.   187,  188,  and  ^^  Qf 

0. 


Fig.  188. 

let  O  be  an  axis  assumed  as  fixed,  and  O  C  a  plane  traversing  that 
axis,  and  rotating  about  it  with  the  angular  velocity  a.  Let  0  be 
an  axis  in  that  plane,  parallel  to  the  fixed  axis  O ;  and  about  the 
moving  axis  0  let  a  rigid  body  rotate  with  the  angidar  velocity  b 
rdativdy  to  the  plane  O  C ;  and  let  the  directions  of  the  rotations  a 
and  h  be  distinguished  by  positive  and  negative  signs.  The  body  is 
said  to  have  the  rotations  about  the  parallel  axes  O  and  C  combined 
€ft  eompoundedy  and  it  is  required  to  find  the  result  of  that  com- 
bination of  parallel  rotations. 

Fig.  187  i-eprescnts  tlio  case  in  which  a  and  5  are  similar  vx 
direction ;  ^g.  1 88,  that  in  wliich  a  and  &  are  m  o^^o^\a  d^x«^ 
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of  the  instantaneous  axis  and  of  the  vnOaniariMUS  ra^n^-vedor 

AT,  and  the  velocity  of  that  motion  is 

t;  =  aAT (2.) 

386.  Boiling  CyUnder;  TrochoidL — Eveiy  straight  line  parallel 
to  the  moving  axis  C,  in  a  cylindrical  surface  described  about  C 

with  the  radius  -,  becomes  in  turn  the  instantaneous  axi&     Henoe 

a 
the  motion  of  the  body  is  the  same  with  that  produced  by  the  roll- 
ing of  such  a  cylindrical  surfiM5e  on  a  plane  PTP  parallel  to  0  and 

u 

to  C  TJ,  at  the  distance  -. 

The  path  described  by  any  point  in  the  body,  such  as  A,  which 
is  not  in  the  moving  axis  C,  is  a  curve  well  known  by  the  name  of 
trochoid.  The  particular  form  of  trochoid  palled  the  Cf/doidy  is 
described  by  each  of  the  points  in  the  rolling  cylindrical  sui&oe. 

33^^    PUme  Boiling  on  Cylinder  $   Spiral  Paths. — ^Another  modo 

of  representing  the  combination  of  rota- 
tion with  translation  in  the  same  plane 
is  as  follows  : — Let  O  be  an  axis  assumed 
as  fixed,  about  which  let  the  plane  0  C 
(containing  the  axis  O)  rotate  (lif^t* 
handedly,  in  the  figure),  with  the  angu- 
lar velocity  a.  Let  a  rigid  body  have, 
rdaiivdy  to  Ihe  rotating  plcme,  and  in  a 
direction  perpendicular  to  it,  a  transla- 
tion with  the  velocity  ii.  In  the  plane 
O  C,  and  at  right  angles  to  the  azu  0, 

u 
take  O  T  =  -,  in  such  a  direction  that 

L'|_     ■*  Off  ^ 

^'      '  the  velocity 

w  =  a  •  or, 

whioh  the  point  T  mthe  rotating  plane  has  at  a  given  instant,  shall 
be  in  the  contraiy  direction  to  the  equal  velocity  of  tranalatioa 
fi,  which  the  rieid  body  has  relatively  to  the  rotating  plane.  Then 
each  point  in  me  rigid  body  which  arrives  at  the  position  T,  or  at 
any  position  in  a  line  traversing  T  parallel  to  the  fixed  axis  O,  is 
at  rest  at  the  instant  of  its  occupying  that  position ;  therefore  the 
line  traversing  T  parallel  to  the  &ed  axis  O  \Bthe  tnetaniamMm 
axis;  the  motion  at  a  given  instant  of  any  point  in  the  rigid  bod^y 
such  as  A,  is  at  right  angles  to  the  radius-vector  A  T  drawn  per- 
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pendiciilar  to  tlie  instantaneous  axis;  and  the  Yelo(/ity  of  that 
motion  is  given  by  the  equation 


All  the  lines  in  the  rigid  body  which  suc^i^Sssively  occupy  the 
position  of  instantaneous  axis  are  situated  in  A  plane  of  that  body, 
P  T  P,  perpendicular  to  O  C  ;  and  all  the  positions  of  the  instan- 
taneous axis  are  situated  in  a  cylinder  described  about  O  with  the 
radius  O  T  ;  so  that  the  motion  of  the  rigi^  body  is  such  as  is  pro- 
duced by  the  roUing  of  the  plane  TT  on  thB^Under  whose  radius  is 

O  T  =  -.     Each  point  in  the  rigid  body,  bnch.  as  A,  describes  a 

plane  spiral  about  the  fixed  axis  O.  Por  each  p>oint  in  the  rolling 
jjlane,  P  P,  that  spiral  is  the  involute  of  the  circk'  whose  radius  is 
O  T.  Por  each  point  whose  path  of  motion  traverses  i*fie  fixed  axis 
O,  that  is,  for  each  point  in  a  plane  of  the  rigid  body  fitfaversing  O 
parallel  to  P  P,  the  spiral  is  Archimedean,  having  a  nuiius-vector 
increasing  by  the  length  u  for  each  angle  a  through  ;yhich  it 
rotates.  ^ 

388.   CMiblned  Parallel  Rotatlonii. — In  figs.   1S7,  188,  and^4^^> 


IS 


Fig.  188. 


c 

Fig.  189. 


let  O  be  an  axis  assumed  as  fixed,  and  O  C  a  plane  traversing  that 
axis,  and  rotating  about  it  with  the  angular  velocity  a.  Let  C  be 
an  axis  in  that  plane,  parallel  to  the  fixed  axis  O ;  and  about  the 
moving  axis  C  let  a  rigid  body  rotate  with  the  angular  velocity  b 
rdalivdy  to  ilie  'plane  0  0;  and  let  the  directions  of  the  rotations  a 
and  h  be  distinguished  by  positive  and  negative  signs.  The  body  is 
said  to  have  the  rotations  about  the  parallel  axes  O  and  0  combined 
€ft  eompoundedi  and  it  is  required  to  find  the  result  of  that  com- 
bination of  parallel  rotations. 

Fig.  187  I'epresents  the  case  in  which  a  and  5  are  similar  in 
direction;  fig.  188,  that  in  which  a  and  h  are  in  opposite  direo* 
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of  the  instft  ^  ^?  greater ;  and  fig.  189,  that  in  which  a  and  h  an 

AT  and  the  'r^^^"^  ^^^  ^  ^  *^®  greater. 

'  ton  perpendicular  O  C  to  the  fixed  and  moving  ann 

T  by  a  straight  line  parallel  to  both  those  axeSyin 

at  the  distances  of  T  from  the  fixed  and  moving 

386    Billing  Cylli*^  ^  inversely  proportional  to  the  anguhr 

to  the  movinir  axis  (SP^nent  rotations  about  them,  as  is  expsened 

^  ^        Srtion: — 

with  the  radius  -,  beco.        .        =-=     =r-=r  . 

a  a  :b:  :  CT  :  OT (1.) 

the  motion  of  the  body  >.,...       i^miMivi.  r\      jn 

ing  of  such  a  cylindricff^^  ^  direchon,  let  T  fidl  betw^n  O  and  C. 

jTthey  are  toitrary,  beyond,  as  in  figs.  188  iiid 

to  0  U,  at  the  disjiflocity  of  theline  T  o/thejiane  O  C  is  a  -Of ; 

The  Dath  d#^— *^®  ^"^®  T  qf  the  rigid  body,  rdalivdy  to  Ab 
is  not  inthe  ^'  ^  ^'  equal  in  amoimt  and  contrary  in  directum  to 
trochoid.  V  *^®^^^^®  ®^^  ^®  ^^  ^®  ^&^  hodj  which  arrives  at 
described  V^  T  is  at  rest  at  the  instant  of  its  occupying  that  poai- 

%M  /is  then  the  instantaneous  axis.  The  resulta/nC  cmgular 
yOs  given  by  the  equation 

c=ia  +  b; (2.) 

x'egard  being  had  to  the  directions  or  signs  of  a  and  b ;  that  is  to 
say,  if  we  now  take  a  and  b  to  represent  oHtlimetical  magnitndoi 
and  affix  explicit  signs  to  denote  their  directions,  the  direction  of 
€  will  be  the  same  with  that  of  the  greater ;  the  case  of  ^g.  187 
will  be  represented  by  the  equation  2,  already  given ;  and  those  of 
figs.  188  and  189  respectively  by 

c  =  b  —  a;  c  =  a  —  b (2  A.) 

The  relative  proportions  of  a,  b,  and  c,  and  of  the  distances 
between  the  fixed,  moving,  and  instantaneous  axes,  are  given  \jf 

the  equation  

a:6:c::CT:0T:0  C (3.) 

The  motion  of  any  point,  such  as  A,  in  the  rigid  body,  is  at  eadi 
instant  at  right  angles  to  the  radius-vector  A  T  drawn  from  the 
point  perpendicular  to  the  instantaneous  axis ;  and  the  velocity  of 

that  motion  is  

v  =  c'AT (4.) 

389.    Cylinder  Billing  mi  Cylinder  $  Epilrocholds. — All  the  lines 

in  the  rigid  body  which  successively  occupy  the  position  of  instan- 
taneous axis  are  situated  in  a  cylindrical  surface  described  about  C 
with  the  radius  0  T ;  and  all  the  positions  of  the  instantaneooa 
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axis  are  contained  in  a  cylindrical  surface  described  about  O  with 

the  radius  O  T ;  therefore  the  resultant  motion  of  the  rigid  body- 
is  that  which  is  produced  by  rolling  the  former  cylinder,  attached 
to  the  body,  on  the  latter  cylinder,  considered  as  fixed. 

In  ^g,  187,  a  convex  cylinder  rolls  on  a  convex  cylinder ;  in  ^g, 
188,  a  smaller  convex  cyUnder  rolls  in  a  lai-ger  concave  cylinder; 
in  ^,  189,  a  larger  concave  cylinder  rolls  on  a  smaller  convex 
cylinder. 

Each  point  in  the  rolling  rigid  body  traces,  relatively  to  the 
fixed  axis,  a  curve  of  the  kind  called  epUrochoids,  The  epitrochoid 
traced  by  a  point  in  the  surface  of  ike  rolling  cylinder  is  an  epi- 
cydoid. 

In  ceiiiain  cases,  the  epitrochoids  become  curves  of  a  more  simple 
class.  For  example,  each  point  in  the  momng  axis  C  traces  a 
circle. 

When  a  cylinder,  as  in  fig.  188,  rolls  within  a  concave  cylinder 
of  dovhle  its  radius,  each  point  in  the  surface  of  the  rolling  cylinder 
moves  backwards  and  forwards  in  a  straight  line,  being  a  diameter 
of  the  fixed  cylinder;  each  point  in  the  axis  of  the  rolling  cylinder 
traces  a  circle  of  the  same  Kidius  with  that  cylinder,  and  each  other 
point  in  or  attached  to  the  rolling  cylinder  traces  an  ellipse  of 
greater  or  less  eccentricity,  having  its  centre  in  the  fixed  axis  O. 
This  principle  has  been  made  available  in  instruments  for  drawing 
and  turning  ellipses. 

390.   Cnrratare  of  Epitrochoids. — The  following  being  given  : — 

the  radius  of  the  fixed  cylinder,  O  T  =  rj ; 

the  radius  of  the  rolling  cylinder,  C  T  =  ^a  j 

the  instantaneous  radius- vector  of  a  tracing-point  A,  A  T  =  r  ; 

the  angle  made  by  that  radius-vector  with  the  rotating  plane, 

^CTA  =  ^; 

it  is  required  to  find  the  radius  of  curvature,  p,  of  the  path  of  the 
tracing-point  A,  at  the  instant  under  consideration. 

The  radius  of  a  convex  cylinder  is  to  be  considered  as  positive, 
and  that  of  a  concave  cylinder  as  negative ;  and  regard  is  to  be 

paid  to  the  principle,  that  cos  ^  is  <  ^      . .      >  according  as  ^  is 

(  acute  ) 
(  obtuse  j  * 
Let  rf  <  be  an  indefinitely  short  interval  of  time ;  then  during 
that  interval  the  tracing-point  A  moves  through  the  distance  crdt, 
TJet  the  direction  of  the  radius- vector  r,  which  is  perpendicular  to 
the  path  traced  by  A,  alter  in  the  same  time  by  the  angle  du 
Then  the  i-adius  of  curvature  of  the  path  of  A  is 

2d 


i 
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CTat  rt  \ 

P  =  -ST ^•> 

To  determine  the  angular  motion  di  of  the  radiiuhvectory  it  has  to 
be  considered,  that  the  absolute  angular  velocity  of  the  lolliDj 
cylinder  is  c,  which  gives  that  cylinder  an  angular  motion^  edtyk 
the  given  interval ;  and  also  that,  in  the  course  of  the  same  inter 
val,  a  new  line  comes  to  occupy  the  position  of  instantaneous  axis 
distant  from  the  original  line  by  the  length  br^dtfiiia,  diiecticn 
opposite  to  that  of  the  rotation  of  the  rolling  cylinder.  The  effiscl 
of  this  shifting  of  the  instantaneous  axis  is,  to  turn  the  angdai 
position  of  the  radius-vector  r,  in  a  negative  direction  relatively  tc 
the  rolling  cylinder,  through  the  angle 

5rsCos^  'dt 


which  being  combined  with  the  angular  motion  of  the  cylinder, 
edt,  gives  as  the  resultant  angular  motion  of  the  radius-vector, 


di=(aJj:i^'^dt; 


which  being  substituted  in  equation  1,  gives  for  the  radius  of  car- 
vature  of  the  path  traced  by  A, 

o= ^ = ^ (2.) 

^  br^coat      -     bra  cos  0 

e = 1 

r  er 

Now, 

(attention  being  paid  to  the  implicit  signs  of  n  and  r^) ;  and  cO^ 
sequently, 

^i  +  ^»  (3.) 


p  =  r' 


,  Ti  To  cos  f 


The  sign  of  this  result,  when  |  ^^^ive  } '  ^^^®  *^*  *^®  ^^^ 

traced  by  A  is  l^^^J^  \  towards  T.     The  foUowing  are  moP^ 

limited  cases : — 

L   When  Ike  tracmg-pomt  is  the  vwrfaoe  of  the  rolling  cyUnd^ 
r  =  2ra cos  fi ;  and  therefore. 
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p  =  2ncos..i^+^^; (*•) 

wihich  is  the  radius  of  curvature  of  an  e/picydoid, 

IL   Wlwa  a  cylmder  rolls  on  a  plane,  ri  becomes  infinitely  great 
BB  compared  widi  r^,  and  thus  reduces  equation  3  to 

p  =__!-_ (5.) 

-       Ta  COS  fi 
1 ' 

r 

which  is  the  radius  of  curvature  of  a  trochoid, 

__  » 

III.   W?ien  a  cylinder  rolls  on  a  plane,  ami  the  tra^dng-point  ta 

m  the  swrface  o/the  cylinder,  r  =  2ra  cos  fi,  and 

p=:2r  =  4raCos  ^, (6.) 

which  is  the  radius  of  curvature  of  a  cycloid. 

TV.  When  a  plamje  rolls  on  a  cylinder,  r,  becomes  infinitely  great 
as  compared  with  rj  and  r;  and  equation  3  becomes 

p  = , (7.) 

r 

vliich  is  the  radius  of  curvature  of  a  spiral  of  the  class  mentioned 
in  Article  387. 

y.  When  apkme  roUs  on  a  cylinder,  and  the  tracing-point  is  m 
^  plane,  cos  ^  =  0  j  and  equation  7  becomes 

P  =  r, (8.) 

^Hch  is  the  radius  of  curvature  of  iiie  iftvolute  of  a  cirde, 

yi.  When  a  plcme  rolls  on  a  cylinder,  and  the  tracing-pomt  is 
^  the  distance  ri  from  the  plane  on  the  side  next  the  cylinder,, 

^f=z i ;  and  equation  7  takes  the  following  form  : — 

^  =  rM^' ^^'^ 

^Uch  is  the  radius  of  curvature  of  an  ArMmedean  spiral.  Let  K 
^  the  distance  of  a  point  in  that  spiral  &om  the  fixed  axis  O  j  then 
•'^E'  +  riand 

c^+jfn (9A.) 

^  to  rolling  curves  in  general,  see  Professor  Clerk  Maxwell's  paper 
^^  Transactions  of  the  Royal  Society  of  Edinhv/rghf  vol.  xvi 
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391.  Eqanl  and  Opposite  Parallel   Botatioiu  ComblseJ. — ^Let  ft 

plane  0  C  rotate  with  an  angular  velocity  a  about  an  axis  O  con- 
tained in  the  plane,  and  let  a  rigid  body  rotate  about  the  axis  0 
in  that  plane  parallel  to  O,  with  an  angular  velocity  —  a,  equal  and 
opposite  to  that  of  the  plane.  Then  the  angular  velocity  of  the 
rigid  body  is  nothing ;  that  is,  its  motion  is  one  of  VranslaJtn/on  only, 

all  its  points  moving  in  equal  circles  of  the  radius  O  C,  with  the 

velocity  a  *  0  C.  This  case  is  not  capable  of  being  represented  by 
a  rolling  action. 

392.  Botatloas  about  latenecttng  Axes  Combined. — ^In  fig.   190, 

let  O  A  be  an  axis  assumed  as 
fixed ;  and  about  it  let  the  plane 
A  0  C  rotate  with  the  angular 
velocity  a.  Let  0  C  be  an  axis 
in  the  rotating  plane ;  and  abont 
that  axis  let  a  rigid  body  rotate 

with  the  angular  velocity  h  re- 

p.    jjjQ  latively  to  the  rotating  plane. 

Because  the  point  O  in  the 
rigid  body  is  fixed,  the  instantaneous  axis  must  traverse  that  point 
The  direction  of  that  axis  is  determined,  as  before,  by  consideiing 
that  each  point  which  arrives  at  that  line  must  have,  in  virtue  of 
the  rotation  about  O  C,  a  velocity  relatively  to  the  rotating  plane, 
equal  and  directly  opposed  to  that  which  the  coincident  point  of 
the  rotating  plane  has.  Hence  it  follows,  that  the  ratio  of  the  pe^ 
pendicular  distances  of  each  point  in  the  instantaneous  axis  nom 
the  fixed  and  moving  axes  respectively — ^that  is,  the  ratio  of  the 
sines  of  the  angles  which  the  instantaneous  axis  makes  with  the 
fixed  and  moving  axes — ^must  be  the  reciprocal  of  the  ratio  of  the 
component  angular  velocities  about  those  axes ;  or  symbolically,  if 
O  T  be  the  instantaneous  axis, 

sinAOT:sinCOT  ::5  \a (1.) 

This  determines  the  direction  of  the  instantaneous  axis,  which  may 
also  be  found  by  graphic  construction  as  follows  : — On  O  A  take 

O  a  proportional  to  a ;  and  on  O  G  take  0  h  proportional  to  b.  Let 
those  lines  be  taken  in  such  directions,  that  to  an  observer  looking 
from  their  extremities  towards  O,  the  component  rotations  seem 
both  right-handed.  Complete  the  parallelogram  Obca;  the  dia- 
gonal O  c  will  be  the  instantaneous  axis. 

The  resultant  angular  velocity  about  this  instantaneous  axis  is 
found  by  considering,  that  if  C  be  any  point  in  the  moving  axis, 
the  linear  velocity  of  that  point  must  be  the  same,  whether  com- 
puted from  the  angular  velocity  a  of  the  rotating  plane  about  the 
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fixed  axis  0  A,  or  from  the  resultant  angular  velocity  c  of  the  rigid 
body  about  the  instantaneous  axis.  That  is  to  say,  let  C  D,  C  E, 
be  perpendiculars  from  C  upon  0  A,  O  T,  respectively ;  then 

aCI)  =  c    CE; 


but  CD  :CE  ::sin.^AOC  :sin^:^COT;  and  therefore 

sin.:-::COT  :sin^:::AOC  :  :a  :c; 

and,  combining  this  proportion  with  that  given  in  equation  1,  we 
obtain  the  following  proportional  equation  : — 


sin^COT 


sin^c:^AOC 

(2.) 


sin^:::AOT 
:  :  a         :  h 

: :  Oa       :  06 

that  is  to  say,  the  anguUx/r  vdocitiea  of  the  component  omd  resultant 
rotcUions  a/re  each  proportional  to  the  sine  of  the  am>gle  between  the  axes 
of  the  oih£T  two  ;  and  th^  diagonal  of  the  pa/raUdogrcmi  O  b  c  a  repre- 
sents both  the  direction  oftlie  instamJtaneous  axis  amd  the  a/ngula/r  velo- 
city ahout  that  aads, 

393.  Boiling  Cones. — All  the  lines  which  successively  come  into 
the  position  of  instantaneous  axis  are  situated  in  the  siirface  of  a 
cone  described  by  the  revolution  of  0  T  about  0  C ;  and  all  the 
positions  of  the  instantaneous  axis  lie  in  the  surface  of  a  cone 
described  by  the  revolution  of  OT  about  OA,  Therefore  the 
motion  of  the  rigid  body  is  such  as  would  be  produced  by  the  roll- 
ing of  the  former  of  those  cones  upon  the  latter. 

It  is  to  be  understood,  that  either  of  the  cones  may  become  a 
flat  disc,  or  may  be  hollow,  and  touched  internally  by  the  other. 
For  example,  should  .^  A  O  T  become  a  right  angle,  the  fixed  cone 
would  become  a  flat  disc;  and  should  -ts^rrAOT  become  obtuse, 
that  cone  would  be  hollow,  and  would  be  touched  internally  by  the 
rolling  cone ;  and  similar  changes  may  be  made  in  the  rolling  cone. 

The  path  described  by  a  point  in  or  attached  to  the  rolling  cone 
is  a  spherical  epitrochoid;  but  for  the  purposes  of  the  present  trea- 
tise, it  is  imnecessary  to  enter  into  details  respecting  the  properties 
of  that  class  of  curvea 

394.   Analogy  of  Rotations  and  Single  Forces. — If  the  proportional 

equation  3  of  Article  388,  which  shows  the  relations  between  the 
component  angular  velocities  of  rotation  about  a  pair  of  parallel 
axes,  the  resultant  angular  velocity,  and  the  position  of  the  instan- 
taneous axis,  be  compared  with  the  proportional  equation  of  Article 
39,  by  means  of  which,  as  explained  in  Article  40,  the  magnitude 
and  position  of  the  resultant  of  a  pair  of  parallel  forces  are  found, 
it  will  be  evident  that  those  equations  are  exactly  analogous. 
The  residt  of  the  combination  of  a  rotation  with  a  translation  in 


■■I 
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the  same  plane,  in  producing  a  rotation  of  equal  angnlar  Teloci^ 
about  an  instantaneous  axis  at  a  certain  distance  to  one  side  of  iikD 
moving  axis,  as  explained  in  Article  385,  is  exactlj  analogous  to 
the  result  of  the  combination  of  a  single  force  with  a  couple  in  pro- 
ducing an  equal  single  force  transferred  laterally  to  a  certain  disr 
tancc,  as  explained  in  Article  41. 

The  result  of  the  combination  of  two  equal  and  opposite  rotations 
about  parallel  axes,  in  producing  a  translation  with  a  velodiy 
which  is  the  product  of  the  angular  velocity  into  the  distance 
between  the  axes,  as  explained  in  Article  391,  is  exactly  analogous 
to  the  production  of  a  couple  by  means  of  a  pair  of  equal  and  oppo- 
site forces,  as  explained  in  Article  25. 

The  result  of  the  combination  of  two  rotations  about  intersecting 
axes,  as  explained  in  Article  392,  is  exactly  analogous  to  the  result 
of  the  combination  of  a  pair  of  inclined  forces  acting  through  ono 
point,  as  explained  in  Article  51. 

The  combination  of  a  rotation  about  a  given  axis  with  a  transla- 
tion parallel  to  the  same  axis,  as  explained  in  Article  382,  is  exactlj 
analogous  to  the  combination  of  a  force  acting  in  a  given  line  with 
a  couple  whose  axis  is  parallel  to  the  same  line,  as  explained  in 
Article  60,  cases  4  and  5. 

It  thus  appears,  that  just  as  the  composition  and  resolution  of 
translations  are  exactly  analogous  to  the  composition  and  resolution 
of  couples,  so  the  composition  and  resolution  of  rotations  are  exactly 
analogous  to  the  composition  and  resolution  of  single  forces;  thatw 
to  say,  if  lines  be  taken,  representing  in  direction  axes  of  rotation, 
and  in  length  the  angular  velocities  of  rotation  about  such  axes,  all 
mathematical  theorems  which  are  true  of  lines  representing  single 
forces  are  true  of  such  lines  representing  rotations :  and  if  with  thtf 
bo  combined  the  principle,  that  all  mathematical  theorems  whiA 
are  true  of  lines  representing  in  direction  the  axes  and  in  length  the 
moments  of  couples  are  true  also  of  lines  representing  the  velocities 
and  directions  of  translations,  all  problems  of  the  resolution  and 
composition  of  motions  may  be  solved  by  referring  to  the  solution^ 
of  analogous  problems  of  statics. 

395.  ComparatiTe  Olotions  in  Conponnd  Rotation. — The  velocity' 

ratio  of  two  points  in  a  rotating  rigid  body  at  any  instant  is  that  o* 
their  perpendicular  distances  from  its  instantaneous  axis ;  and  tB^ 
angle  between  the  directions  of  motion  of  the  two  points  is  equ** 
fo  that  between  the  two  planes  which  traverse  the  points  and  tb® 
instantaneous  axia 

Section  4. — Vomed  Rotation. 

396.  Tariation  of  Angnlar  Telocity  is  measured  like  variation  o* 
linear  velocity,  by  comparing  the  change  which  takes  place  in  tb^ 
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aiigular  velocity  of  a  rotating  body,  a  a,  during  a  given  interval  of 
time,  with  the  length  of  that  interval,  a  t,  and  the  rcUe  of  vernation  is 
the  value  towards  which  the  ratio  of  the  change  of  angular  velocity  to 

the  interval  of  time,  — ,  converges,  as  the  length  of  the  interval  is 
indefinitely  diminished ;  being  represented  by 

da 

and  found  by  the  operation  of  differentiation. 

397.  Change  of  tbe  Axis  of  Botation  has  been  already  considered, 
so  far  as  it  is  consistent  with  uniform  angular  velocity,  in  the  pre- 
ceding section.  All  the  propositions  of  that  section  are  applicable 
also  to  cases  in  which  the  angvlar  velocity  is  va/ried,  so  long  as  the 
ratio  of  each  pair  of  component  angular  velocities,  such  as  a  :  &,  is 
constant. 

When  that  ratio  varies,  the  propositions  are  true  also,  provided 
it  be  understood,  that  the  rolling  cylinders  and  cones  with  circula/r 
haaeSy  spoken  of  in  section  3,  are  simply  the  osculating  cylinders  and 
comes  at  the  lines  of  contact  of  rolling  cylinders  and  cones  with  bases 
not  circular ;  and  that  r^,  rg,  in  each  case,  represent  the  values  of 
tbe  variable  radii  of  curvature  of  non-circular  cylinders  at  their 
lines  of  contact,  and  .*i^  A  O  T,  .^::r  C  O  T,  the  variable  angles  of 
obliquity  of  the  osculating  circular  cones  of  non-circular  cones. 

398.  CoBiponeiits  of  Varied  RotaUon. — The  most  convenient  way, 
bi  most  cases,  of  expressing  the  mode  of  variation  of  a  rotatory 
nw)tion,  is  to  resolve  the  angular  velocity  at  each  instant  into  three 
oomponeht  angular  velocities  about  three  rectangular  axes  fixed  in 
fection.  The  values  of  those  components,  at  any  instant,  show  at 
^ce  the  resultant  angular  velocity,  and  the  direction  of  the  instan- 
taneous axis.  For  example,  let  a,,  a^,  a,,  be  the  rectangular  com- 
ponents of  the  angular  velocity  of  a  rigid  body  at  a  given  instant. 

rotation  about  x  from  y  towards  «, 

about  y  from  z  towards  05, 

and  about  z  from  x  towards  y, 

"^  considered  as  positive ;  then 

a=^{al+al  +  a^ (1.) 

^  the  resultant  angular  velocity,  and 

cos«=:— ;  cos/3  =  -i':  COSy  =  - j (2.) 

a  a  a 

.  *^  the  cosines  of  the  angles  which  the  instantaneous  axis  makes 
^th  the  axes  of  a,  y  and  «,  respectively. 
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CHAPTER  IIL 

MOTIONS  OF  PLIABLE  BODIES,  AND  OF  FLUIDft 

399.  DiTiBioii  of  the  Sabject. — ^The  subject  of  the  present  chapter, 
80  far  as  it  comprehends  the  relative  motions  of  the  points  of 
pliable  solids,  has  been  already  treated  of  in  those  portions  of  the 
Tliird  Chapter  of  Part  II.  which  relate  to  strains.  There  renwin 
now  to  be  considered  the  following  branches  : — 

I.  The  Motions  of  Flexible  Cords. 
II.  The  Motions  of  Fluids  not  alteiing  in  Volume. 
III.  The  Motions  of  Fluids  altering  in  Volume. 

Section  1. — Motions  of  Flexible  Cords, 

400.  tJcHCTai  Principles. — As  those  relative  motions  of  the  pointe 
of  a  cord  which  may  arise  from  its  extensibility,  belong  to  the  sub- 
ject of  resistance  to  tension,  which  is  a  branch  of  that  of  strength 
and  stiffness,  the  present  section  is  confined  to  those  motioDB  of 
which  a  flexible  cord  is  capable  when  the  length,  not  merely  of  th^ 
whole  cord,  but  of  each  part  lying  between  two  points  fixed  in  ^ 
cord,  is  invariable,  or  sensibly  invariabla 

In  order  that  the  figure  and  motions  of  a  flexible  cord  may  be 
determined  from  cinematical  considerations  alone,  independently  o* 
the  magnitude  and  distribution  offerees  acting  on  the  coni,  its  weigW 
must  bo  insensible  compared  "with  the  tension  on  it,  and  it  mflsfc 
everywhere  be  ti{fht ;  and  when  that  is  the  case,  each  part  of  the 
cord  which  is  not  straight  is  maintained  in  a  curved  figure  by  pa*" 
ing  over  a  convex  surface.  The  line  in  which  a  tight  cord  lies  on  * 
convex  surface  is  the  sliortest  line  which  it  is  possible  to  draw  ott 
that  surface  between  each  pair  of  points  in  the  course  of  the  corf. 
(It  is  a  well  known  principle  of  the  geometry  of  curved  surfacefli 
that  the  osculating  plane  at  each  point  of  such  a  line  is  peipendi' 
cular  to  the  curved  siirface.) 

Hence  it  appears,  that  ihe  motions  of  a  tight  flexible  cord  d 
invariable  length  and  insensible  weight  are  regulated  by  the  follow- 
ing principles : — 

I.  The  length  between  each  pair  of  points  in  the  cord  is  constant 

II.  T/tat  length  is  tJie  sliortest  line  which  can  be  drawn  between  t(9 
eostremities  over  tJce  surfaces  by  which  the  cord  is  guided. 
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401.  Motions  Classed. — The  motions  of  a  cord  are  of  two  kinds — 

I.  Travelling  of  a  cord  along  a  track  of  invariable  form;  in 
hicli  case  the  velocities  of  all  points  of  the  cord  are  equal. 

II.  Alteration  of  the  figure  of  the  track  by  the  motion  of  the 
liding  surfaces. 

Thofe  two  kinds  of  motion  may  be  combined. 

The  most  usual  problems  in  practice  respecting  the  motions  of 
>rds  are  those  in  which  cords  are  the  means  of  teinsmitting  mo- 
on between  two  pieces  in  a  train  of  mechanism.  Such  problems 
ill  be  considered  in  Part  IV.  of  this  treatise. 

Next  in  point  of  frequency  in  practice  are  the  problems  to  be 
>nsidered  in  the  ensuing  Article. 

402.  Cord  Onided  hj  Surfaces  of  ReTolntlon. — Let  a  COrd  in  SOme 

3rtions  of  its  course  be  straight,  and  in  others  guided  by  the  sur- 
Lces  of  circular  drums  or  pulleys,  over  each  of  which  its  track  is 
circular  arc  in  a  plane  perpendicular  to  the  axis  of  the  guiding 
irface.  Let  r  be  the  radius  of  any  one  of  the  guiding  surfaces, 
the  angle  of  inclination  which  the  two  straight  portions  of  the 
ord  contiguous  to  that  surface  make  with  each  other,  expressed  in 
3ngth  of  arc  to  radius  imity.  Then  the  length  of  the  portion  of 
he  cord  which  lies  on  that  surface  is  ri;  and  if  «  be  the  length  of 
ny  straight  portion  of  the  cord,  the  total  length  between  two  given 
oints  fixed  in  the  cord  may  be  expressed  thus  : — 

L  =  2  •  a  +  s  •  ri (1.) 

^  c  be  the  distance  between  the  centres  of  a  given  adjacent  pair 
>f  guiding  surfaces,  8  the  length  of  the  straight  portion  of  cord 
^hich  lies  between  them,  and  r,  /,  their  respective  radii;  then 
'Vidently 


8=  Jc^  +  {r±r'f (2.) 

^e  upper  signs  being  employed  when  the  cord  crosses,  and  the 
^wer  when  it  does  pot  cross  the  line  of  centres  c. 

N"ow  let  a  given  point  in  the  cord.  A,  be  considered  as  fixed,  and 
^6t  L  be  the  constant  length  of  cord  between  A  and  another  point 
^  the  cord,  B.  Let  one  of  the  guiding  surfaces  between  A  and  B 
5e  moved  through  an  indefinitely  short  distance,  c?  oj,  in  a  direction 
yMch  makes  angles,  J,/,  with  the  two  contiguous  straight  divisions 
i  the  cord  respectively.  Then,  in  order  to  keep  the  cord  tight,  B 
lUst  be  drawn  longitudinally  through  the  distance, 

dx  •  (cos  y  +  cos/)  ; (3.) 

id  consequently,  if  u  represent  the  velocity  of  tranalatioii  oi  \J!aft 
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guiding  suT&ce  in  the  given  direction,  and  v  the  longitudinal  velo- 
city of  the  point  B  in  fiie  cord, 

t7  =  w(cosJ+co8/); (4.) 

and  if  any  number  of  guiding  surfiEuses  between  A  and  B  be  trans- 
lated, each  in  its  own  direction, 

V  =  2  '  U  {cos  J  +  C08  f) (5.) 

The  case  most  common  in  practice  is  that  in  which  the  plies,  or 
straight  parts  of  the  cord,  are  all  parallel  to  each  other ;  so  that  % 
=  180°  in  each  case,  while  a  certain  number,  n,  of  the  gniding 
bodies  or  pulleys  all  move  simultaneously  in  a  direction  parallel  to 
the  plies  of  the  cord  with  the  same  velocity,  u.  Then  cos  J  =  cosf 
=  1 ;  aud 

v  =  2nu (6.) 

Section  2. — Motions  of  Fluids  o/ConstoM  DensiUy. 

403.  Fciocitr  and  Flow. — The  density  of  a  moving  fluid  mui 
may  be  either  exactly  invariable,  from  the  constancy  or  the  adjust- 
ment of  its  temperature  and  pressure,  or  sensibly  invariable,  from 
the  smallness  of  the  alterations  of  volume  which  the  actual  alten- 
tions  of  pressure  and  temperature  are  capable  of  producing.  Tha 
latter  is  the  case  in  most  problems  of  practical  mechanics  aiSectiog 
liquids. 

Conceive  an  ideal  surface  of  any  figure,  and  of  the  area  A,  to  be 
situated  within  a  fluid  mass,  the  parts  of  which  have  motion  rels- 
tively  to  that  surface ;  and  let  u  denote,  as  the  case  may  be,  thetfrf* 
f<ynn  velocity,  or  the  771€gwi  value  of  the  varying  velocity,  resolve<l 
in  a  direction  perpendicular  to  A,  with  which  the  particles  of  ^ 
fluid  pass  A.     Then 

Q=:wA (1.) 

is  the  volume  of  fluid  which  passes  from  one  side  to  the  other  of 
the  surface  A  in  an  imit  of  time,  and  is  called  the^/foit?,  or  mto  v 
-^owy  through  A. 

When  the  particles  of  fluid  move  obliquely  to  A,  let  ^  denote 
the  angle  which  the  direction  of  motion  of  any  particle  passing  -^ 
makes  with  a  normal  to  A,  and  v  the  velocity  of  that  partdcto} 
then 

w  ^v  •  cos  6 (2.) 

When  the  velocity  normal  to  A  varies  at  different  points,  either 
from  the  variation  of  i?,  or  of  ^,  or  of  both,  the  flow  may  also  be 
expressed  as  follows : — Let  A  be  divided  into  indefinitely  small 
elements,  each  of  which  is  represented  by  (i^  A ;  then 
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Q=  f  udA  =  f  vcoafi  *  dA; (3.) 

r  we  now  distinguish  the  mecm  normal  vdodty  from  the 
by  at  any  particular  point  by  the  symbol  u^  we  have, 

O        /  udA. 

''=l=f7Z <*•> 

.  PiiBcipie  Of  Continiiitf.— Axiom.  Whenthemotixmofajluid 
stcmt  density  is  considered  relatively  to  an  enclosed  space  of 
able  volwnhe  which  is  always  filed  tvith  the  fluid,  the  flow  i/rio 
ace  amd  the  flow  out  of  ity  in  am/y  one  given  interval  ofimySy 
be  equal — ^a  principle  expressed  symbolically  by 

sQ  =  0 (5.) 

)receding  self-evident  principle  regulates  all  the  motions  of 
of  constant  density,  when  considered  in  a  purely  cinematical 
er.  The  ensuing  articles  of  this  section  contain  its  most 
applications. 

».  Flow  im  a  Streain. — A  stream  is  a  moving  fluid  mass,  in- 
tely  extended  in  length,  and  limited  transversely,  and  having 
tinuous  longitudinal  motion.  At  any  given  instant,  let  A,  A', 
e  areas  of  any  two  of  its  transverse  sections,  considered  as 
;  u,  i£y  the  mean  normal  velocities  through  them ;  Q,  Q',  the 
of  flow  through  them ;  then  in  order  that  the  principle  of  con- 
y  may  be  fuMlled,  those  rates  of  flow  must  be  equal ;  that  is, 

uA  =  u'  A'  =  Q  =  Q'  =  constant  for  all  cross 

ns  of  the  channel  at  the  given  instant; (1.) 

(juently, 

^  =  ^; (2.) 

u       A 

e  nxyrmal  velocities  at  a  given  instant  a/t  two  fixed  cross  sections 
wersdy  as  the  areas  of  these  sections. 

3.   Pipes,   Channels,   Currents,  and   Jete. — When   a   stream   of 

completely  fills  a  pipe  or  tube,  the  area  of  each  cross  section 
Ten  by  the  figure  and  dimensions  of  the  pipe,  and  for  similar 
i  of  section  varies  as  the  square  of  the  diameter.  Hence  the 
normal  velocities  of  a  stream  flowing  in  a  full  pipe,  at  differ- 
Toss  sections  of  the  pipe,  are  inversely  as  the  squares  of  the 
eters  of  those  sections. 

channel  partially  encloses  the  stream  flowing  in  it,  leaving  the 
:  surface  free ;  and  this  description  applies  not  only  to  chasi- 
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nels  commonly  so  called,  but  to  pipes  partiallj  filled.  In  this 
the  area  of  a  cross  section  of  the  stream  depends  not  only  on  tb 
figui-e  and  dimensions  of  the  channel,  but  on  the  figoxe  and  deii' 
tion  of  the  free  upper  surface  of  the  stream. 

A  current  is  a  stream  bounded  by  other  portions  of  fluid  irhm 
motions  are  different. 

A  jet  iB  &  stream  whose  sur&oe  is  either  free  all  round,  or  ii 
touched  by  a  solid  body  in  a  small  portion  of  its  extent  only. 

407.  A  Badiatiiig  Cnnent  is  a  part  of  a  stream  which  mom 
towai*ds  or  from  an  axis.  It  is  evident  that  such  a  stream  ctimot 
extend  to  the  axis  itself,  but  must  turn  aside  into  a  different  ooma 
at  some  finite  distance  from  the  axis.  Conceive  a  radiating  cor 
rent  to  be  cut  by  a  cylindrical  surfieuM)  of  the  radius  r  ddoenboi 
about  the  axis,  and  let  h  be  the  depth,  parallel  to  the  axis,  of  tbe 
portion  of  that  surface  which  is  traversed  by  the  current ;  then 
the  mean  radial  component,  u,  of  the  velocity  of  the  current  it 
that  surface  has  the  value, 

^     (1.) 


u  = 


2v  rh 


408.  A  ¥«rtez,  Eddy,  or  Wbiri,  is  a  stream  which  either  retvii 
into  itself,  or  moves  in  a  spiral  course  towards  or  from  an  axiai  !■ 
the  latter  case  two  or  more  successive  turns  of  the  same  vortex  mif 
touch  each  other  laterally  without  the  intervention  of  any  aoBl 
partition. 

409.  Steady  oiotion  of  a  fluid  relatively  to  a  given  space  ooDsadafi 
as  fixed  is  that  in  which  the  velocity  and  direction  of  the  motion  of 
the  fluid  at  eaxihjixecl  point  is  uniform  at  every  instant  of  the  tiiBi 
under  consideration ;  jso  that  although  the  velocity  and  direction  rf 
the  motion  of  a  given  particle  of  the  fluid  may  vary  while  it  ii 
transferred  from  one  point  to  another,  that  particle  assumes,  at  ei4 
fixed  point  at  which  it  arrives,  a  certain  definite  velocity  9si 
direction  depending  on  the  position  of  that  point  alone ;  wUA 
velocity  and  direction  are  successively  assumed  by  ^ach  partid* 
which  successively  amves  at  the  same  fixed  point. 

The  steady  motion  of  a  stream  is  expressed  by  the  two  conditio^ 
that  the  area  of  each  fixt^d  cross  section  is  constant,  and  that  tlii 
flow  through  each  cross  section  is  constant ;  that  is  to  say, 

(1) 


dA  dQ 

-di=^'-d-i=^ 


If  u  represents  the  normal  velocity  of  a  fluid  moving  steadily,  fl* 
a  given  J^ced  point,  then 

du 


i 


\ 


dt=^'' 


.(i) 


XOTION  OP  PISTONS — DIFFEBENTIAL  EQUATIONS.  413 

the  condition  of  steady  motion.  Next,  let  u  represent  the 
normal  velocity,  not  at  a  given  fixed  point,  but  of  a  given  identicaZ 
partide  of  fluid;  then  the  variation  undergone  by  u  in  an  indefi- 
nitely small  interval  of  time,  dt,  is  that  arising  from  its  being 
transferred  from  one  cross  section  to  another,  whose  distance  down 
the  dfcream  from  the  former  is  d  a  =  u'  dt.     Hence,  denoting  by 

— -  'ds,  the  indefinitely  small  variation  of  velocity  which  takes 

place  from  this  cause,  and  by  -=— ,  the  rate  at  which  that  variation 
takes  place,  we  have 

d  'u __  du    ds  ^       du 

'dt  "  da'dl'^^'  77 ^^'> 

Most  of  the  problems  respecting  streams  which  occur  in  practice 
have  reference  to  steady  motion. 

410.  In  Unsteady  motion,  the  velocity  at  each  fioced  point  varies, 

at  a  rate  denoted  by  -j- ;  and  the  total  rate  of  variation  of  the 

Ct  V 

velocity  of  an  individiuU  pa/rticle  in  a  stream,  being  found  by  adding 
together  the  rates  of  variation  due  to  lapse  of  time  and  to  change  of 
position,  is  expressed  by 

d'u du j^du    ds^du.         du  .- . 

411.  notion  of  Pistonik — Let  a  mass  of  fiuid  of  invariable 
Tolume  be  enclosed  in  a  vessel,  two  portions  of  the  boundary  of 
which  (called  pistons)  are  moveable  inwards  and  outwards,  the  rest 
of  the  boundary  being  fixed.  Then,  if  motion  be  transmitted 
between  the  pistons  by  moving  one  inwards  and  the  other  outwards, 
it  follows,  frx)m  the  invariability  of  the  volume  of  the  enclosed  fluid, 
that  the  velocities  of  the  two  pistons  at  each  instant  will  bo  to  each 
other  in  the  inverse  ratio  of  the  areas  of  the  respective  projections 
of  the  pistons  on  planes  normal  to  their  directions  of  motion.  This 
is  the  principle  of  the  transmission  of  motion  in  the  hydraulic  press 
and  hydraulic  crane. 

The  flow  produced  by  a  piston  whose  velocity  is  u,  and  the  area 
of  whose  projection  on  a  plane  perpendicular  to  the  direction  of  its 
motion  is  A,  is  given,  as  in  other  cases,  by  the  equation 

Q  =  w  A. (1.) 

412.     General  Diflrrentlol    Kqaalions   of  Contlnnitr. — When  tho 

motions  of  a  fluid  of  invariable  density  are  considered  in  the  most 
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general  way,  the  principle  of  continuity  stated  in  Article  404  is 
expressed  symbolically  in  the  following  manner.  The  space  as- 
sumed as  fixed,  to  which  the  motion  of  ike  fluid  is  referred,  is  con- 
ceived  to  be  divided  into  indefinitely  small  rectangular  elcmentaiy 
spaces,  each  having  for  its  linear  dimensions,  dx,  dy,  dz,  and  for 
IJie  areas  of  its  three  pairs  of  faces,  dydz,  dzdx,  dxdy.    Let 

XyX  +  dXfhQ  the  co-ordinates  of  the  pair  of  &ces,  dydz] 
y^y  +  dy,  „  „  „  „  dzdx\ 

ZyZ  ->r  dZf  „  „  „  „  dxdy. 

Let  the  velocity  of  the  particles  of  water  at  any  point  be  resolved 
into  three  rectangular  components,  u,  v,  w,  parallel  respectively  to 
X,  y,  z,  with  proper  algebraical  signs.  Let  outward  flow  be  posi- 
tive, and  inward  flow  negativa  The  values  of  the  flow  for  the  six 
iaces  are  as  follows  : — 

Through  the  first  i^e  e? ^ e? «,   —wdydz; 

„        „    second  face  dydz,  (u  +  •^—  dx) dydz ; 

€u  X 

„        „    first  face  c? 2; c^fl^  ^vdzdx; 

„        „    second  face  dzdx,  {v  +  -^  dy)  dzdx; 

„        „    ^ist  fsLce  d  x  d  y,  —wdxdy; 

yy        „    second  fece  dxdy,  (to  +  -7-  dz)  dxdy. 

(t  z 

Adding  those  six  parts  of  the  flow  together,  and  equating  the 
result,  in  virtue  of  the  principle  of  continuity,  to  nothing,  we  find 
the  following  equation  : — 

(du      dv      dw\  jj    jj    J        A 
^-  +  -J—  +  -7—)  dxdydz=zO; 
dx      dy       dz) 

and,  striking  out  the  common  factor, 

du      dv      dw  -- . 

dx      dy       dz         ^  '' 

This  is  the  gerverod  differential  equation  of  c&ntinmty  in  a  fluid  of 
invariable  volume. 

413.   C^eneral  ]>iirerential  Eqnations  of  Stead f  IfloUoii. If  each 

particle  which  arrives  successively  at  a  given  point  assumes  a  velo- 
city and  direction  of  motion  depending  on  the  position  of  the  point 
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ind  not  on  the  lapse  of  time,  that  state  of  steady  motion  is 
nted  by  the  equations, 

dt    "'  dt     '  dt' ^^'' 

u,  V,  w,  are  the  component  velocities  at  a  fixed  point,  Next, 
of  the  velocities  at  a  fixed  point,  let  w,  t?,  w,  be  the  compo^ 
'XocUies  of  cm  individtuU  pa/rtide;  then  in  the  indefinitely 
nterval  dt,  the  co-ordinates  of  that  particle  alter  by  the 
;  dx=:udty  dy=:vdt,  dz  =  wdt;  and  it  assumes  the 
lent  velocities  proper  to  its  new  position,  differing  from  its 
1  velocities  by  quantities,  which,  being  divided  by  dt,  give 
es  of  variation  of  the  component  velocities  of  cm  vndividtwl 
},  viz.  : — 

d'u          du  .       du  .       du 
^u  -z \-  V    ,  -  +  w 


dt  dx  dy  dz 

d '  V  dv,       dv.       dv 

at  ax  dy  d z 

d'w  dw  ,       dw  ,       dw 

=  u  -= — t-v  -J \-w 


(2.) 


dt  dx  dy  dz' 

Oencral  ]>URereiitial  Eqnations  of  Viisteadly  AIolloB* — When 

tion  is  not  steady,  each  of  the  thi-ee  rates  of  variation  in  the 
•ns  2  of  Article  413  requires  the  addition  of  a  term  represent- 
!  rate  of  variation  of  velocity  due  to  lapse  of  time  indepenr 
o/cha/nge  o/position,  as  follows  ; — 

d'u      du  ,       du  ,       du  ,       du 
dt        dt  dx         dy  dz  ^   ' 

d ' V      .  d' w     . 
ailar  equations  for  — r—  and  — i—  :  the  presence  of  the  dot 

ig  that  the  velocities  are  those  of  an  individual  particle,  and 
ince,  that  they  are  those  at  a  fixed  point 
Eqnationa  of  DisplacemeMt. — In  all  the  preceding  Articles, 
id  z,  denote  the  co-ordinates  of  a  real  or  ideal  fixed  point  in 
ce  to  which  the  motions  of  the  fluid  are  referred;  and  the 

.tials  -;— ,  &c.  refer  to  the  differences  amongst  the  condi- 
dx 

f  the  fluid  at  different  points  in  that  space.     Let  £,  u,  ^, 

at  the  co-ordinates  of  an  individual  particle;  then  the  three 

.ents  of  the  velocity  of  that  particle  have  the  values 

di  d  n  dl  ,-  . 


41G 


PBINCIFLES  OF  GXHEMATIGB. 


and  the  three  components  of  the  rate  o/wmatum  of  its  motum,  ii 
deiiued  in  Article  3G6,  are 


.(i) 


^5 

d  'u 

d^Tn 

d'v 

d^i 

d'w 

c/"?  " 

dt  ' 

dt*' 

"  dt  ' 

df~ 

dt  ' 

V 


f,  d'u  d    ^ 
the  values  of  —yr,  —rry  and 

at     at 


d 


w 


dt 


,  being  taken  from  Article  413  &r 


steady  motion,  and  from  Article  414  for  unsteady  motion. 

41G.  A  Ware  is  a  state  of  unsteady  motion  of  a  mass,  whedur 
solid  or  fluid,  such,  that  the  state  of  motion  which  at  a  given  instant 
of  time  takes  place  amongst  the  particles  occupying  a  certain  spux^ 
is  transmitted  to  other  particles  occupying  a  certain  other  spftoe^ 
along  a  continuous  course,'  it  may  be  uncha^ed,  or  it  may  be  widi 
modifications  which  still  leave  a  certain  similarity  between  the 
motions  of  the  particles  originally  affected,  and  of  those  affected  In 
succession. 

For  example,  let  a  given  fixed  point  O  be  taken  as  the  origii^ 
and  let  the  particle  which  is  at  tliat  point,  at  an  instant  of  tuns 
denoted  by  0,  have  a  certain  velocity  and  direction  of  motioo> 
After  the  lapse  of  the  time  ^,  let  another  particle  which  is  at  apoiiit 
A,  distant  from  O  by  the  length  a;,  have  either  the  same  v^iDcitf 
and  direction  of  motion,  or  a  velocity  and  direction  bearioig  i 
definite  relation  to  those  of  the  original  particle;  the  motion  v 
conmiunicated  having  been  transmitted  in  succession  to  all  titf 
jKirticles  between  O  and  A. 

The  velocity  of  transmission  or  propagation  of  a  wave,  when  ocfr 


X 


stant,  is  the  ratio,  -,  of  the  distance  between  two  points  to  the  to* 

which  elapses  between  the  instants  when  the  motions  at  thW 
points  are  similar.  Let  a  denote  that  velocity ;  then  the  condition 
of  motion  at  any  point  whose  distance  from  the  origin  is  re,  at  th^ 
instant  t,  depends  upon,  or  is  a  function  of,at  —  x;  which  quantxi7» 
or  a  quantity  bearing  some  definite  proportion  to  it,  is  called  ti* 
p^Mse  of  the  wave  motion.  Wave  motion  in  fluids  of  invaiiaU* 
density  is  regulated  by  the  principle  o/ continuity  already  stated. 

417.  OMiiiaUon  in  a  fluid,  is  a  motion  in  which  each  individw 
particle  of  the  fluid  returns  over  and  over  again  to  the  same  po«^ 
tion,  and  repeats  over  and  over  again  the  same  motions.    IV 
period  of  an  oscillation  is  the  interval  of  time  which  elapBB* 
between  the  commencement  of  a  series  of  movements,  and  tl* 
commencement  of  the  repetition  of  the  same  movements.     The 
most  usual  kind  of  oscillation  in  a  fluid  is  that  of  a  series  of  osetl- 
laXory  waves,  in  which  a  certain  state  of  motion  is  transmitted 
onward  from  particle  to  particle,  that  motion  being  oscillatory. 
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Section  3, — Motions  of  Fluids  of  Yarymg  Density. 

418.  Fi«w  •t  T«iniiie  and  Flow  of  iHaM. — ^In  the  case  of  a  fluid 
of  YBzying  densily,  the  volmney  which  in  an  unit  of  time  flows 
through  a  given  area  A,  with  a  normal  velocity  w,  is  still  repre- 
aented^  as  for  a  fluid  of  constant  density,  by 

Q  =  At^; (1.) 

bat  the  ahsoLvJte  quamtUy^  or  mass  of  fluid  which  so  flows,  bears  no 
longer  a  constant  proportion  to  that  volume,  but  is  proportional 
to  the  volume  multiplied  by  the  density.  The  density  may  be 
expressed,  either  in  units  of  weight  per  imit  of  volume,  or  in 
arbitrary  units  suited  to  the  particular  case.  Let  ^  be  the  density; 
then  i^Qjlow  of  mass  m&j  be  thus  expressed  : — 

^  Q  =  e  A  u (2.) 

419.  The  Principle  of  ConUnnitft  as  applied  to  fluids  of  varying 
density,  takes  the  following  form  : — the  flow  into  or  otit  ofanyfioc^ 
$pace  ofconskmJt  vchmie  is  that  due  to  the  variation  of  density  cUone, 

To  express  this  symbolically,  let  there  be  a  fixed  space  of  the 
OQDfltant  volume  Y,  and  in  a  given  interval  of  time  let  the  density 
of  the  fluid  in  it,  which  in  the  first  place  may  be  supposed  uniform 
at  each  instant,  change  from  ^i  to  ^3.  Then  the  mass  of  fluid  which 
at  the  b^inning  of  the  interval  occupied  the  volume  Y,  occupies 

Ypi 

at  the  end  of  the  interval  the  volume  — -  ;  and  the  difference  of 

those  volumes  is  the  volume  which  flows  through  the  surface 
bounding  the  space,  outward  if  ^2  ^  l^ss  than  ^1,  invocurd  if  (2  ^ 
greater  then  fi.  Let  ^^  —  ^1  be  the  length  of  the  interval  of  time ; 
then  the  rate  of  flow  of  volume  is  expressed  as  follows  : — 


V 


(?.-') 


Q=     r  ,  ' (I) 

*«  —  l>\ 

If  the  rate  of  flow  is  variable  during  the  instant  in  question,  the 
above  equation  gives  its  mean  value;  and  in  that  case  the  exact 
rate  oi^avo  of  volume  at  a  given  instant  is  the  value  towards  which 
the  result  of  equation  1  converges  as  the  interval  of  time  is  inde- 
finitely diminished,  viz.  : — 

«-^-r' P-) 

The  flaw  of  mass  at  the  same  instant  is 

^  ^ dp  ,rt . 

Q«--rfr ^3> 

2x 


mimmm 
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Next  let  it  be  supposed  that  the  density  of  tlie  fluid  ymm  ti 
difierent  points  of  the  space.     Then  on  the  right-hand  ode  d 
equation  3,  g  is  to  be  held  to  represent  the  mean  density  throughod 
the  apace  at  the  given  instant;  while  on  the  left-hand  side,  e  moik 
be  hold  to  represent  the  mean  density  at  the  su/rface  through  tMdi  df 
Jlcw  takes  place.   Let  that  surface  be  divided  into  parts,  over  eadi  d 
which  the  density  is  uniform  at  a  given  instant ;  let  Q'  represent  the 
part  of  tlio  flow  of  volume  which  takes  place  through  one  of  thoas 
parts  of  the  surface,  and  e'  the  density  of  the  fluid  so  flowing,  so  thtft 
Q!  i  is  the  part  of  the  flow  of  mass  which  takes  place  through  the  put 
of  the  sur£ice  in  question;  then  for  equation  3  is  to  be  substituted 

Y  dp 

'•Q'«'=-d7- (*•> 

420.  Stream. — To  apply  the  preceding  principles  to  a  stream  of 
fluid  of  varying  density,  let  the  aods  of  the  stream  be  a  line,  straight 
or  curved,  which  traverses  the  centres  of  gravity  of  all  the  ctom 
Hcctions  of  the  stream  made  at  right  angles  to  that  axis,  and  let 
ilistances  from  a  flxed  point  in  that  axis,  measured  doum-stream,  bf 
denoted  by  s,  and  the  area  of  any  cross  section  by  A«  Let  «„  ^  be 
the  positions  of  two  cross  sections  of  the  stream  whose  distenoe 
apart  along  the  axis  is  S2  —  Sx',  then  the  volume  of  the  space 
between  tliose  cross  sections  is 


=/;• 


1 


A.ds (1.) 

Let  Q,  be  the  rate  of  flow  of  volume  through  the  first  cross  sectiQn; 
Qs  that  through  the  second;  u^^  u^,  the  corresponding  mean  velo- 
cities normal  to  the  respective  cross  sections;  f  the  mean  density  of 
the  fluid  in  the  space  Y ;  ^|  the  mean  density  at  the  first  cross  seciaiBi» 
and  fo  that  at  the  second.     Then  equation  4  of  Article  419  beconMi 

Q,,,-Q.,.  =  :i^e_^,j..^^^ :-(2.) 

The  rate  at  which  the^cm;  qfm,ass  varies,  in  passing  from  one  cpobs 
section  of  the  stream  to  another,  is  the  limit  to  which  the  ratio 

Qg  g2  -  Qi  gi 

converges  as  the  distance  «2  —  «i  is  indefinitely  diminished;  that  ■ 
to  say, 

ds     "^    ds^ds~         dt  W 

The  mean  normal  velocity  at  a  given  cross  section  of  a  stream 

Q 
having  the  value  w  =  --,  is  subject  to  the  equation 
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d'A.U^  _  ^  Adj 

ds      ""       dt  ^^'^ 

421.  steady  iHotioii. — In  the  case  of  steady  motion  in  a  fluid  of 
Wrying  density,  the  density,  velocity,  and  direction  of  motion  at 
«ach  fixed  point  of  the  space  to  which  the  motion  is  referred,  are 
constant,  and  are  assumed  successively  by  each  particle  which  arrives 
si  the  given  point.  Hence  in  this  case,  equation  4  of  Article  419 
"beeomes 

2-Q'/=0 (1.) 

The  case  of  a  stream  is  expressed  by  the  forms  assumed  by  equations 
9  and  4  of  Article  420,  viz.  : — 

dQ   ^£A«e^     (2.) 

'  ds  d8  '  ^   ' 

is  to  say,  the  flow  of  mass  is  vmiform,  for  aU  cross  sections  of  the 
and  being  also  constant  for  all  instants  of  time,  is  therefore 
lutely  constant. 

422.  Pistons  and  Cyiinden. — Let  a  mass  of  fluid  of  variable 
be  enclosed  in  a  space  whose  volume  is  capable  of  being 

by  the  motion  of  one  or  more  pistons.     Let  A  be  the  area 

the  projection  of  a  piston  on  a  plane  perpendicular  to  its  direction 

motion;  u  its  normal  velocity,  positive  if  outward,  negative  if 

;  ^'  the  density  of  the  fluid  in  contact  with  it;  V  the  whole 

6  of  fluid  enclosed;  f  its  mean  density.     Then  equation  4 

..At.e'=--^^=-^; (1.) 

last  expression  being  introduced  because  ^  V  =r  the  mass  en- 
is  constant.     If  the  density  is  uniform,  then 

A  ^"^  /IN 

^•^^^-JT' (^^•) 

tiB  otherwise  evident.    " 

If  the  space  is  not  completely  enclosed,  but  has  an  opening  whose 
B08B  section  is  A",  and  at  which  the  mean  normal  velocity  of  the 
Mun  is  u"  (positive  outward),  and  the  density  ^",  then  the  flow  of 
BB  through  that  opening.  A"  u"  (",  is  to  be  included  in  the  sum- 
bion  at  the  left  side  of  equation  1. 

423.  €}«ncna  ]>urerential  fiqnadons. — ^As  in  Article  412  and  the 
juent  Articles,  let  u,  %  and  w,  be  the  rectangular  components 

the  velocity  of  the  fluid  at  any  given  fixed  point  in  the  space  to 
^^'^  the  motion  is  referred,  and  dx,dy,dzy  the  dimensions  of  an 
litely  small  fixed  rectangular  portion  of  that  space.     Then 
the  pair  of  faces  of  that  space  whose  common  ^^d.  \& 
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dydz,  the  flow  of  mass  in  at  the  first  face  \A-u^'dydz,  indtk 

flow  of  mass  out  at  the  second  flace  is  (w c  +    ^^^  dx)  dydz\  fc 

resultant  of  which  pair  of  flows  is 

d'u 


dx 


^  .dxdydz. 


Taking  the  corresponding  resultant  for  the  other  two  pairs  of  &fiH] 
adding  the  three  quantities  thus  found  together,  observing  tW 
Y=zdxdydZy  and  dividing  by  that  common  factor,  the  eqr**^' 
4  of  Article  419,  which  expresses  the  principle  of  contii 
becomes  the  following  : — 

"'   a-) 


d'uj^.d'v^   .d'w^ 
dx  dy  dz 


dt' 


which  is  the  equation  of  continuity  for  a  fiuid  of  varying 
This  equation  may  be  otherwise  expressed  as  follows  : — 


/du   ,  rfv   ,  dw\    .   ( 
(d-^  +  dy  +  dlJ+V 


dx        dy 


w 


dl+Tt)'-^^' 


( 


d         d  d 

U  -7—  +  V  -.—  +  w?  J-  + 

dx       dy        dz 


d\  J 


or  dividing  by  f , 

du    dv     dw 
dx    dy     dz 

The  first  three  terms  of  the  last  equation  are  identical  witt 
three  terms  of  the  equation  of  continuity  for  a  fluid  of 
density. 

The  conditions  of  steady  motion  are  the  following  : — 


^=0— -0— -o-^-o- 

dt       '  dt~   '  dt-   '  dt       >' 


•W 


which  conditions  apply  to  a  faced  point  in  space,  and  not  to 

individual  particle  of  fluid.    The  rates  of  variation  of  the  cor  "^^ 

velocities  and  of  the  density  of  an  individual  particle  of 

expressed  as  follows  : — 

d'u      du  .      du  ,     du  ,       du  ... 

=  'T-:+U'y-:  +  v-^—-\-W'^^; (i) 


dt        dt 


dx 


dy 


dz 


and  similar  equations  for  -rrt  tt^  ^-nd  -^, 
^  dt      at  dt 

424.  The  motions  of  connected  Bodies  form  the  Subject  of 

Theory  of  Mechanism,  to  which  the  Fourth  Part  of  this 

relates. 


PART  IV, 

THEORY  OF  MECHANIS!tfr 


CHAPTER  L 

DEFINITIONS  AND  GENERAL  PRINaPLES. 
425.   Theorj  ^f  Pure  MecliuilnB  Hcflned* — MaokvMB  are  bodies, 

or  assemblages  of  bodies,  which  transmit  and  modify  motion  and 
faroe.  The  word  "  machine,"  in  its  widest  sense,  may  be  applied 
to  eyery  material  substance  and  system,  and  to  the  material  uni- 
verse itself ;  but  it  is  usually  restricted  to  works  of  human  art,  and 
in  that  restricted  sense  it  is  employed  in  this  treatise.  A  machine 
transmits  and  modifies  motion  when  it  is  the  means  of  making  one 
motion  cause  another ;  as  when  the  mechanism  of  a  clock  is  the 
means  of  making  the  descent  of  the  weight  cause  the  rotation  of 
the  hands.  A  machine  transmits  and  modifies  force  when  it  is  the 
means  of  making  a  given  kind  of  physical  energy  perform  a  given 
Und  of  work  ;  as  when  the  furnace,  boiler,  water,  and  mechanism 
of  a  marine  steam  engine  are  the  means  of  making  the  energy  of 
the  chemical  combination  of  fuel  with  oxygen  perform  the  work  of 
overcoming  the  resistance  of  water  to  the  motion  of  a  ship.  The 
acts  of  transmitting  and  modifying  motion,  and  of  transmitting  and 
modifying  force,  take  place  together,  and  are  connected  by  a  cer- 
tain law ;  and  imtil  lately,  they  were  always  considered  together 
in  treatises  on  mechanics ;  but  recently  great  advantage  in  point 
of  clearness  has  been  gained  by  first  considering  separately  the  act 
of  transmitting  and  modifjdng  motion.  The  principles  which  re- 
gulate this  function  of  machines  constitute  a  branch  of  Cinematics, 
called  the  theory  of  pure  mecltanism.  The  principles  of  the  theory 
of  pure  mechanism  having  been  firht  established  and  understood, 
those  of  the  theory  of  the  work  ofmachiaea,  which  regulate  the  act 
of  transmitting  and  modifying  force,  are  much  more  readily  de- 
monstrated and  apprehended  than  when  the  two  departments  of 
the  theoiy  of  machines  are  mingled.  The  establishment  of  the 
theoiT  of  pure  mechanism  as  an  independent  subject  has  been 
mainly  accomplished  by  the  labours  of  Mr.  Willis,  whose  no- 
menclature and  methods  are,  to  a  great  extent,  followed  in  this 
treatise. 
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426.  The  Oenerai  Problem  of  the  theoiy  of  pure  mecbaxiigm 
may  be  stated  as  follows  : — Given  the  mode  qfcormection  of  two  or 
more  moveable  poi/rvts  or  bodies  loith  each  otiier,  and  with  certain  fixed 
bodies;  required  the  comparcUive  motions  of  the  moveable  points  or 
bodies:  and  conversely,  wJien  the  compa/rative  motions  of  two  or 
more  moveable  points  a/re  giv&n,  to  find  their  proper  mode  qfconnea- 
tion. 

The  term  "comparative  motion"  is  to  be  imderstood  83  in 
Articles  358,  367,  379,  and  395.  In  those  Articles,  the  compaz«r 
tive  motions  of  poimts  belonging  to  one  body  have  already  been 
considered.  In  order  to  constitute  mechanism,  two  or  more  bodies 
must  be  so  connected  that  their  motions  depend  on  each  other 
through  cinematical  principles  alone. 

427.  Frame  $  BloTlnK  Pieces;  Connecton* — ^The  fro/m/e  of  ft  ma- 
chine is  a  structure  which  supports  the  nuyoing  pieces,  and  regulates 
the  path  or  kind  of  motion  of  most  of  them  directly.  In  consider- 
ing the  movements  of  machines  mathematically,  the  frame  is  ocm- 
sidered  as  fixed,  and  the  motions  of  the  moving  pieces  are  refexred 
to  it.  The  frame  itself  may  have  (as  in  the  case  of  a  ship  or  of  ft 
locomotive  engine)  a  motion  relatively  to  the  earth,  and  in  tbftt 
case  the  motions  of  the  moving  pieces  relatively  to  the  earth  an 
the  resultants  of  their  motions  relatively  to  the  frame,  and  of  the 
motion  of  the  frume  relatively  to  the  earth ;  but  in  all  problems  of 
pure  meclianism,  and  in  many  problems  of  the  work  of  machiix^ 
the  motion  of  the  frame  relatively  to  the  earth  does  not  require  tD 
be  considered. 

The  mcydng  pieces  may  be  distinguished  into  primary  and  second- 
a/ry;  the  former  being  those  which  are  directly  carried  by  the 
fr^ame,  and  the  latter  those  which  are  carried  by  other  moviog 
pieces.  The  motion  of  a  secondary  moving  piece  relatively  to  ths 
frame  is  the  resultant  of  its  motion  relatively  to  the  primary  piece 
which  carries  it,  and  of  the  motion  of  that  primary  piece  relatiTel|f 
to  the  frame. 

Connectors  are  those  secondary  moving  pieces,  such  as  links,  beih 
cords,  and  chains,  which  transmit  motion  fr^m  one  moving  ptfloe 
to  another,  when  that  transmission  is  not  effected  by  immediito 
contact. 

428.  Bearings  are  the  surfaces  of  contact  of  primary  movof 
pieces  with  the  frame,  and  of  secondary  moving  pieces  with  the 
pieces  which  carry  them.  Bearings  guide  the  motions  of  the  piecBi 
which  they  support,  and  their  figures  depend  on  the  nature  of  thou 
motions.  The  bearings  of  a  piece  which  has  a  motion  of  tranalt' 
tion  in  a  straight  line,  must  have  plane  or  cylindrical  8ur£loa^ 
exactly  straigliZ  in  the  direction  of  motion.  The  bearings  of  rottt 
ing  pieces  must  have  surfaces  accurately  turned  ixifigtures  of      ~^' 
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Hon,  such  as  c^linders^  spheres,  conoids,  and  flat  discs.  The  bearing 
of  a  piece  whose  motion  is  helical,  must  be  an  exact  screw,  of  a 
pitch  equal  to  that  of  the  helical  motion  (Article  382).  Those 
parts  of  moving  pieces  which  touch  the  bearings,  should  have 
sur&oes  accurately  fitting  those  of  the  bearings.  They  may  be 
distinguished  into  alideSy  for  pieces  which  move  in  straight  lines, 
gudgeons  J  joumala,  bvslies,  and  pivots,  for  those  which  rotate,  and 
screws  for  those  which  move  helically. 

The  accurate  foimation  and  fitting  of  bearing  surfaces  is  of  primaiy 
importance  to  the  correct  and  efficient  working  of  machines.  Sur- 
faces of  revolution  are  the  most  easy  to  form  accurately,  screws  are 
more  difficult,  and  planes  the  most  difficult  of  alL  The  success  of 
Mr.  Whitworth  in  making  true  planes,  is  regarded  as  one  of  the 
greatest  achievements  in  the  construction  of  machinery. 

429.  TiM  MtfCtoHs  •€  Brummrr  Alorlag  Pieoes  are  limited  by  the 
&ct,  that  in  order  that  different  portions  of  a  pair  of  bearing  sur- 
faces may  accurately  fit  each  other  during  their  relative  motion, 
those  surfaces  must  be  either  straight,  circular,  or  helical;  from 
which  it  follows,  that  the  motions  in  question  can  be  of  three  kinds 

only,  viz : — 

L  StraiglU  translatum,  or  shifting,  which  is  necessarily  of  limited 
extent,  and  which,  if  the  motion  of  the  machine  is  of  indefinite 
duration,  must  be  redproccUing ;  that  is  to  say,  must  take  place 
alternately  in  opposite  directions.  (See  Part  III.,  Chapter  II., 
Section  1.) 

IL  Simple  rotation,  or  twming  about  a  fixed  axis,  which  motion 
may  be  either  continuous  or  reciprocating,  being  called  in  the 
latter  case  oscillation.     (See  Fart  III.,  Chapter  II.,  Section  2.) 

III.  HdicaZ  or  screw-like  motion,  to  wliich  the  same  remarks 
apply  as  to  straight  translation.  (See  Part  III.,  Chapter  II., 
Section  3,  Article  382.) 

430.  TiM  MaliMM  of  Secondarr  MoTing  Pieces  relatively  to  the 
pieces  which  cany  them,  are  limited  by  the  same  principles  which 
apply  to  the  motions  of  primary  pieces  relatively  to  the  frama  But 
the  motions  of  secondary  moving  pieces  relatively  to  the  frame  may 
be  any  motions  which  can  be  compounded  of  straight  translations 
and  simple  rotations  according  U)  the  principles  already  explained 
in  Part  IIL,  Chapter  II.,  Section  3. 

431.  An  Eiemenianr  combinnUon  in  mechanism  consists  of  a 
pair  of  j/rimary  moving  pieces,  so  connected  that  one  tramanits 
motion  to  tlic  other. 

The  piece  whose  motion  is  the  cause  is  called  the  driver ;  that 
irfiOBe  motion  is  the  efiect,  the  follower.  The  correction  between 
tlie  driver  and  the  follower  may  be — 

L  By  roUing  contact  of  their  surfiices,  as  in  tootfdess  wlkeds. 


434  THEORY   OF  UECHAHISU. 

II.  By  sliding  corUad  of  their  Burfaces,  as  in  tootked  viutiit, 
aeretcs,  teedges,  erniu,  and  eseapemmis. 

III.  By  band»  or  v>rapping  eonneetora,  such  as  bdta,  eord$,  and 
gearmg-ehaini. 

IV.  By  Ivnk-worh,  aucli  as  connectiiv}  rods,  universal  joints,  and 

v.  By  redinplicalitm  of  cords,  as  in  the  case  of  ropes  and  p«llej& 
VI.  By  an  intervening  fluid,  transmitting  motion  between  tiro 
pistons. 

The  various  cases  of  the  transmission  of  motion  from  a  driver  to 
a  follower  are  further  classified,  according  aa  the  relation  between 
their  directions  of  taotion  is  constant  or  changeable,  and  according 
as  the  ratio  of  their  vdoeitiea  is  constant  or  variable.  This  latter 
principle  of  classification  is  employed  by  Mr.  WilUa  as  the  founda- 
tion of  a  primary  division  of  the  subject  of  elemeataiy  combinatiorn 
in  mechanism  into  classes,  which  are  subdivided  according  to  the 
mode  of  connection  of  the  pieces.  In  the  present  treatise,  elemeu- 
tary  combinations  will  be  classed  primarily  according  to  the  ni(xle 
of  connection. 

432.  Une  af  Connacilon. — In  eveiy  class  of  elementary  comhiiU' 
tions,  except  those  in  which  the  connection  is  made  by  redupliL- 
tion  of  cords,  or  by  an  intervening  fluid,  there  ia  at  each  invf.'i 
a  certain  straight  line,  called  the/ine  of  eonnedion,  or  line  of  tai'!'' 
action  of  the  driver  and  follower.  In  the  case  of  rolling  cootLi 
this  is  any  straight  line  whatsoever  traversing  the  point  of  coiir.i 
of  the  surfaces  of  the  pieces  j  in  the  case  of  sliding  contact,  it  i; 
lino  perpendicular  to  those  suriiiees  at  their  point  of  contact , 
the  case  of  wrapping  connectors,  it  ia  the  centre  liae  of  that  [.i' 
of  the  conneetor  by  whose  tension  the  motion  is  transmitted  , 
the  case  of  link-work,  it  is  the  straight  line  passing  through  ■! 
pointa  of  attachment  of  the  link  to  the  driver  and  follower. 

433.  priHGipie  sf  Connection.— The  line  of  connection  i 
driver  and  follower  at  any  instant  being  known,  their 
velocities  are  determined  by  the  following  principle  ; — Tha  M 
tive  linear  vdodties  of  a  point  in  tlie  driver,  and  a  point  w»  (T 
louxr,  each  situated  anywliere  in  the  line  of  conneetion,  an  t 
other  inversdy  aa  the  oomnes  of  the  respective  emgles  made  by  U. 
of  the  points  imth  the  line  of  connectitm.     This  principle  T"' 
otherwise  stated  as  follows  : — Tlie  components,  along  (Aa  Kwaa 
nection,  of  the  velocities  of  any  iwro  points  situated  in  tfiat  Hm,  « 
equal. 

434.  AdJaMnenu  of  Speed. — The  velocity-ratio  of  a  driver  Siul  I 
its  follower  is  sometimes  made  capable  of  being  changed  at  will.  I?  I 
means  of  apparatus  for  varying  the  position  of  their  line  of  ix 
tion ;  as  when  a  pair  of  rotating  cones  are  embraced  by  a 
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can  be  shifled  so  as  to  connect  porticos  of  their  snr&oes  c£ 
nt  diameteni 

.  A  Trate  •r  JHieehmuHm  consists  of  a  series  of  moving  pieces, 
f  which  is  follower  to  that  which  drives  it^  and  driver  to  that 
follows  it. 

.  Aggregate  CMMbtaaiiMn  in  mechanism  are  those  by  whidi 
und  motions  are  given  to  secondaiy  pieces 
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ON  ELEHENTABY  COMBINATIONS  AND  TRAINS  OF  MECHANI81L 

Section  1. — Rolling  Contact. 

437.  Pitch  Surfaces  are  those  surfaces  of  a  pair  of  moving  pieces, 
which  touch  each  other  when  motion  is  communicated  by  rolling 
contact.  The  line  op  contact  is  that  line  which  at  each  instant 
ti'averses  all  the  pairs  of  points  of  the  pair  of  pitch  sur&oes  wMch 
are  in  contact. 

438.  Smooth  HTheeUt  Boilers,  Smooth  Backs* — Of  a  pair  of  pri- 
mary moving  pieces  in  rolling  contact,  both  may  rotate^  or  one 
may  rotate  and  the  other  have  a  motion  of  sliding,  or  strai^t 
translation.  A  rotating  piece,  in  rolling  contact,  is  called  a  smooth 
whedj  and  sometimes  a  roller ;  a  sliding  piece  may  be  called  t 
smooth  rack. 

439.  Cteneral  CondltioiM  of  Boiling  Contact. — ^The  whole  of  the 

principles  which  regulate  the  motions  of  a  pair  of  pieces  in  rolling 
contact  follow  from  the  single  principle,  that  each  pair  of  points  in  the 
pitch  aurfaceSy  which  are  in  contact  at  a  given  insta/nty  must  at  that 
mstamJb  he  Tnoving  in  the  same  direction  with  the  same  velocity. 

The  direction  of  motion  of  a  point  in  a  rotating  body  being  pe^ 
pendicular  to  a  plane  passing  through  its  axis,  the  condition,  that 
each  pair  of  points  in  contact  with  each  other  must  move  in  the 
same  direction  leads  to  the  following  consequences  : — 

I.  That  when  both  pieces  rotate,  their  axes,  and  all  their  points 
of  contact,  lie  in  the  same  plane. 

II.  That  when  one  piece  rotates  and  the  other  slides,  the  axis  of 
the  rotating  piece,  and  all  the  points  of  contact,  lie  in  a  plane  per- 
pendicular to  the  direction  of  motion  of  the  sliding  piece. 

The  condition,  that  the  velocities  of  each  pair  of  points  of  con- 
tact must  be  equal,  leads  to  the  following  consequences  : — 

HI.  That  the  angular  velocities  of  a  pair  of  wheels,  in  rolling 
contact,  must  be  inversely  as  the  perpendicular  distances  of  any 
pair  of  points  of  contact  from  the  respective  axes. 

rV.  That  the  linear  velocity  of  a  smooth  rack  in  rolling  contact 
with  a  wheel,  is  equal  to  the  product  of  the  angular  velocity  of  the 
wheel  by  the  perpendicular  distance  from  its  axis  to  a  pair  of  pointi 
oi  contact. 


CIBCULAB  WHEELS — STRAIGHT  BACK.  427 

Respecting  the  line  of  contact^  the  above  principles  ILL  and  lY. 
lead  to  the  following  conclusions  : — 

Y.  That  for  a  pair  of  wheels  with  parallel  axes,  and  for  a  wheel 
and  rack,  the  line  of  contact  is  straight,  and  parallel  to  the  axes  or 
axis ;  and  hence  that  the  pitch  surfaces  are  either  plane  or  cylin- 
drical (the  term  ''cylindrical"  including  all  surfaces  generated  by 
the  motion  of  a  straight  line  parallel  to  itself). 

"VT.  That  for  a  pair  of  wheels,  with  intersecting  axes,  the  line  of 
contact  is  also  straight,  and  traverses  the  point  of  intersection  of 
the  axes ;  and  hence  that  the  rolling  surfaces  are  conical,  with  a 
common  apex  (the  term  "  conical"  including  all  surfaces  generated 
by  the  motion  of  a  straight  line  which  traverses  a  fixed  point). 

440.  Circular  CjUndricai  WheeU  are  employed  when  an  uniform 
velocity-ratio  is  to  be  communicated  between  parallel  axes.  Figs. 
187,  188,  and  189,  of  Article  388,  may  be  taken  to  represent  pairs 
of  such  wheels ;  C  and  O,  in  each  figure,  being  the  parallel  axes  of 
the  wheels,  and  T  a  point  in  their  line  of  contact.  In  fig.  187, 
both  pitch  surfaces  are  convex,  the  wheels  are  said  to  be  in  outside 
gecuring,  and  their  directions  of  rotation  are  contrary.  In  figs.  188 
and  189,  the  pitch  surfigice  of  the  larger  wheel  is  concave,  and  that 
of  the  smaller  convex ;  they  are  said  to  be  in  inside  gearing,  and 
their  directions  of  rotation  are  the  same. 

To  represent  the  comparative  motions  of  such  pairs  of  wheels 
symbolically,  let  

be  their  radii :  let  OC  =  c  be  the  line  of  centres,  or  perpendicular 
distance  between  the  axes,  so  that  for 


outside )         .                 _.  n  \ 

inside   }geanng,c  =  ri=±=r2 (1.) 

Let  Oj,  a^i  be  the  angular  velocities  of  the  wheels,  and  v  the  common 
linear  velocity  of  their  pitch  surfaces ;  then 

«'  =  «l^l  =  «2'2^  I  ...(2) 

c:r^:r^x\a^z±za^\a^:ay^',) "^ 

the  sign  i±=  applying  to  |  ^^/ 1  gearing. 

441.   A  Stmight  Back  and  Circular  ITIieel,  which,  are  USed  when 

an  imiform  velocity-ratio  is  to  be  communicated  between  a  sliding 
piece  and  a  turning  piece,  may  be  represented  by  fig.  185  of  Article 
385,  0  being  the  axis  of  the  wheel,  P  T  P  the  plane  surface  of  the 
rack,  and  T  a  point  in  their  line  of  contact  Let  r  be  the  radius  of 
tlie  wheel,  a  its  angular  velocity,  and  v  the  linear  velocity  of  the^ 
rack;  then 


f  =  rai 
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442.  Berci  Wheel*,  whose  pitch  snr£Eu;es  are  frustra  of  rpgakr 
cones,  are  used  to  transmit  an  uniform  angolar  velodty-xatio 
between  a  pair  of  axes  which  intersect  each  other.  Fig.  190  of 
Article  392  will  serve  to  illustrate  this  case;  O  A  and  O  C  being 
the  pair  of  axes,  intersecting  each  other  in  O,  O  T  the  line  of  con- 
tact, and  the  cones  described  by  the  revolution  of  O  T  about  0  A 
and  O  0  respectively  being  the  pitch  surfaces,  of  which  narrow  zones 
or  frustra  are  used  in  practice. 

Let  Oi,  02,  be  the  angular  velocities  about  the  two  axes  respec- 
tively; and  let  ii  =  .^s::  A  O  T,  t,  =  .^  C  O  T,  be  the  angles  nuuie 
by  those  axes  respectively  with  the  line  of  contact ;  then  from 
the  principle  IIL  of  Article  439  it  follows,  that  the  angular  velocit7- 
ratio  is 

??  =  ?!?4; (1.) 

«!      Sin  tj  ^  ' 

Which  equation  serves  to  find  the  angular  velocity-ratio  when  the 
axes  and  the  line  of  contact  are  given. 

Conversely,  let  the  angle  between  the  axes, 

be  given,  and  also  the  ratio  — ;   then  the  position  of  the  line  rf 

contact  is  given  by  either  of  the  two  following  equations  : — 

a-i  sin  J 


smii  = 


Bin  t5  = 


^(a?  +  aj  +  2  ai  Oj  cos  j) ' 
a,  sin^ 


.(2.) 


V  (aj  +  fl^  +  2  Oj  a^  cos  j) ' 

Graphically,  the  same  problem  is  solved  as  follows  : — On  the  two 
axes  respectively,  take  lengths  to  represent  the  angular  velodto 
of  their  respective  wheels.     Complete  the  parallelogram  of  whiA 

those  lengths  are  the  sides,  and  its  diagonal  will  1)0 
the  line  of  contact  As  in  the  case  of  the  rolling 
cones  of  Article  393,  one  of  a  pair  of  bevel  wheeb 
may  be  a  flat  disc,  or  a  concave  cone. 

443.  Non-Circular  iTheeU  are  usod  to  transmit* 
variable  velocity-ratio  between  a  pwr  of  paialld 
axes.  In  fig.  191,  let  Ci,  C,,  represent  the  axescf 
such  a  pair  of  wheels ;  T„  Tg,  a  pair  of  points  which 
at  a  given  instant  touch  each  other  in  the  line  of 
contact  (which  line  is  parallel  to  the  axes  and  in 
the  same  plane  with  them) ;  and  Ui,  TJ^  another 
Fifr  191  P^  ^^  points,  which  touch  each  other  at  another 

instant  of  the  motion;  and  let  the  four  points,  Tu 
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Ti,  XJi,  TJ2,  l^e  in  one  plane  perpendicular  to  the  two  axes,  and  to 
the  line  of  contact.  Then  for  every  such  set  of  four  points,  the 
two  following  equations  must  be  fulfilled  : — 


CrD'i  +  C,Ua=:C,T,  +  C,T2  =  C,C3; 
arcTiiri  =  arcTj,U2; 


} (1.) 


and  those  equations  show  the  geometrical  relations  which  must 
exist  between  a  pair  of  rotating  surfaces  in  order  that  they  may 
move  in  rolling  contact  round  fixed  axes. 

The  same  conditions  are  expressed  differentially  in  the  following 
manner : — Let  r,,  r„  be  the  radii  vectores  of  a  pair  of  points  which 
touch  each  other;  dsi,  ds^,  a  pair  of  elementary  arcs  of  the  cross 
sections  T,  Ui,  Tg  Uj,  of  the  pitch  surfaces,  and  c  the  line  of  centres 
or  distance  between  the  axes.     Then 

n  +  rj  =  c  j    \ 

lfi=  «^    (  (^') 

dvi  dvi'  ) 

If  one  of  the  wheels  be  fixed  and  the  other  be  rolled  upon  it,  a 
point  in  the  axis  of  the  rolling  wheel  describes  a  circle  of  the  radius 
c  round  the  axis  of  the  fixed  wheel. 

The  equations  1  and  2  are  made  applicable  to  inside  gearing  by 
putting  —  instead  of  +  and  +  instead  of  — . 

The  angular  velocity-ratio  at  a  given  instant  has  the  value 

^V-^' (3.) 

a,      r-i  ^    ^ 

As  examples  of  non-circular  wheels,  the  following  may  be 
mentioned : — 

I.  An  ellipse  rotating  about  one  focus  rolls  completely  round  in 
outside  gearing  with  an  equal  and  similar  ellipse  also  rotating  about 
one  focus,  the  distance  between  the  axes  of  rotation  being  equal  to 
the  major  axis  of  the  ellipses,  and  the  velocity-ratio  varying  from 

1  —  excentricity  .     1  +  excentricity 
1  -f-  excentricity       1  —  excentricity' 

IL  A  hyperbola  rotating  about  its  fiurther  focus,  rolls  in  inside 
gearing,  through  a  limited  arc,  with  an  equal  and  similar  hyperbola 
rotating  about  its  nearer  focus,  the  distance  between  the  axes  of 
rotation  being  equal  to  the  axis  of  the  hyperbolas,  and  the  velocity- 
ratio  varying  between 

excentricity  +1       . 

■  .  .. r  and  unity. 

excentricity  —  1  "^ 
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HL  Two  logarithinic  spirals  of  equal  obliquity  rotate  m  loffiiig 
contact  with  each  other  through  an  indefinite  angle.  (For  further 
examples  of  non-circular  wheels,  see  Professor  Clerk  Maxweffs 
paper  on  Rolling  Curves,  Trcma.  Roy,  Soc.  Edin.,  voL  xvi,  and 
ftofessor  Willis's  work  on  Mechanism.) 

Secjtion  2. — Sliding  Contact. 

444.  Skew-Berei  HTheeia  are  employed  to  transmit  an  uni£)nn 
velocity-ratio  between  two  axes  which  are  neither  parallel  nor 


Fig,  192. 


Fig.  193. 


;^r 


fig.  194. 


intersecting.  The  pitch  sui&oe  of  a 
skew-bevel  wheel  is  a  frostrum  or 
zone  of  a  hyperholoid  of  reodbuJAmL 
In  fig.  192,  a  pair  of  large  portions  of 
such  hyperboloids  are  ^own,  rotafc- 
,/  ing  about  axes  A  B,  C  D.  In  fig.  193 
.2  are  shown  a  pair  of  narrow  zones  of 
the  same  figures,  such  as  are  employed 
in  practice. 

A  hyperholoid  of  revolution  is  a 
surface  resembling  a  sheaf  or  a  dice 
box,  generated  by  the  rotation  of  a  straight  line  round  an  axis  ficom 
which  it  is  at  a  constant  distance,  and  to  which  it  is  inclined  at  a 
constant  angle.  If  two  such  hyperboloids,  equal  or  unequal,  be 
{daced  in  the  closest  possible  contact,  as  in  fig.  192,  they  will  touch 
each  other  along  one  of  the  generating  straight  lines  of  each,  which 
will  form  their  line  of  contact,  and  will  be  inclined  to  the  axes 
A  B,  C  D,  in  opposite  directions.  The  axes  will  neither  be  parallel, 
nor  will  they  intersect  each  other. 

The  motion  of  two  such  hyperboloids,  rotating  in  contact  with 
each  other,  has  sometimes  been  classed  amongst  cases  of  rolling 
contact;  but  that  classification  is  not  strictly  correct;  for  although 
the  component  velocities  of  a  pair  of  points  of  contact  in  a  direddon 
at  right  angles  to  the  Hne  of  contact  are  equal,  still,  as  the  axes  axe 
neither  parallel  to  each  other  nor  to  the  line  of  contact,  the  velodtieB 
of  a  pair  of  points  of  contact  have  components  along  the  line  of 
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ooDLtacty  which  are  unequal^  and  their  difference  constitateB  a  lateral 
Udkig, 
The  directions  and  positions  of  the  axes  being  given,  and  the 

eqnired  angular  velocity-ratio,  — ,  it  is  required  to  find  the  oW*- 

ai 

mUies  of  the  generating  Hne  to  the  two  axes,  and  its  radii  rectores, 

>r  least  perpendicular  distances  from  these  axes. 

In  fig.  194,  let  A  B,  C  D,  be  the  two  axes,  and  G  K  their  common 
perpendicular. 

On  any  plane  normal  to  the  common  perpendicular  G'Kh,  draw- 
a  6  II  A  B,  c  ci^  II  C  D,  in  which  take  lengths  in  the  following  pro- 
portions : — 

O]^ :  ^2  *  ''  hp  :  hq; 

complete  the  parallelogram  hpeq,  and  draw  its  diagonal  eh/;  the 
^  of  contact  E  H  F  will  be  parallel  to  that  diagonal 

From  p  let  fall  p  m  perpendicular  to  h  e.  Then  divide  the 
Common  perpendicular  G  K  in  the  ratio  given  by  the  proportional 

^nation  

h  e  :  em  :  m  h  :  :GK:GH:K  H; 

then  the  two  segments  thus  found  will  be  the  least  distances  of 
^  line  of  contact  from  the  axes. 

The  first  pitch  surface  is  generated  by  the  rotation  of  the  line 

Ji  H  F  about  the  axis  A  B  with  the  radius  vector  G  H  =  r, ;  the 
Second,  by  the  rotation  of  the  same»  line  about  the  axis  C  D  with 

the  radius  vector  H  K  =  rg. 

To  draw  the  hyperbola  which  is  the  longitudinal  section  of  a 
4ew-bevel  wheel  whose  generating  line  has  a  given  radius  vector 
•iid  obUquity,  let  A  G  B,  fig.  195,  re- 
ixresent  the  axis,  G  H  J.  A  G  B,  the 
ladius  vector  of  the  generating  line, 
and  let  the  straight  line  £  G  F  make 
with  the  axis  an  angle  equal  to  the 
obliqtdiy  of  the  generating  line.  H 
Trill  be  the  vertex,  and  E  G  F  one  of  ^^- 1^5. 

the  afifymptotes,  of  the  reqxiired  hyperbola.     To  find  any  number  of 
points  in  that  hyperbola,  proceed  as  follows  : — Draw  X WY  parallel 

to  G  H,  cutting  GE  in  W,  and  make  XY  =  ^  (C^TS*  +  X^ 
Then  will  Y  be  a  point  in  the  hyperbolat 

445.  GM«Ted  Wheciii. — To  increase  the  friction  or  adhesion 
between  a  pair  of  wheels,  which  is  the  means  of  transmitting  force 
and  motion  from  one  to  the  other,  their  surfaces  of  contact  air^ 
aometimes  formed  into  alternate  circular  ridges  and  grooven^  i 
atitating  what  is  called  fnctional  gearing,     f^.  196  ii  a 


Fig.  196. 
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section  illustrating  the  kind  of  frictional  gearing  invented  bv  Mr. 
Bobertson.  Tlie  comparative  motion  of  a  pair  of  wheels  tina 
I  I  ridged  and  grooved  is  nearly  the  same  "wiiii  tint 

I  I  of  a  pair  of  smooth  wheels  in  rolling  ocmiad^ 

^   A    A    A   /  having  cylindrical  or  conical  pitch  siir&ces  lying 

Y    y    Y    V    niidway  between  the  tops  of  the  ridges  and  bottonii 

of  the  grooves. 

The  relative  motion  of  the  faces  of  contact  d 
the  edges  and  grooves  is  a  rotatory  sliding,  about 
the  line  of  contact  of  the  ideal  pitch  sur&ces  as  an  instantaneom 
axis. 

The  angle  between  the  sides  of  each  groove  is  about  40° ;  and  it 
is  stated  that  the  mutual  friction  of  the  wheels  is  about  once  and 
a-half  the  force  with  which  their  axes  are  pressed  towards  each  other. 

446.  Teeth  of  Wheels. — The  most  usual  method  of  communi- 
cating motion  between  a  pair  of  wheels,  or  a  wheel  and  a  radk, 
and  the  only  method  which,  by  preventing  the  possibility  of  the 
rotation  of  one  wheel  unless  accompanied  by  the  other,  insores  fha 
j)reservation  of  a  given  velocity-ratio  exactly,  is  by  means  of  ti* 
projections  called  teeth. 

The  pitch  surface  of  a  wheel  is  an  ideal  smooth  surface,  inter 
mediate  between  the  crests  of  the  teeth  and  the  bottoms  of  tlie 
spaces  between  them,  which,  by  rolling  contact  with  the  pitch  sat- 
face  of  another  wheel,  would  communicate  the  same  velocity-ntio 
that  the  teeth  communicate  by  their  sliding  contact  In  designitf 
wheels,  the  forms  of  the  ideal  pitch  surfaces  are  first  detenmned^ 
and  from  them  are  deduced  the  forms  of  the  teeth. 

Wheels  with  cylindrical  pitch  surfaces  are  called  spur  ukeA; 
those  with  conical  pitch  surfaces,  hevd  wheels;  and  -those  wi4 
hyperboloidal  pitch  surfaces,  skew-bevel  wheels. 

The  pitch  line  of  a  wheel,  or,  in  circular  wheels,  the  pitch  cirek, 
is  a  transverse  section  of  the  pitch  surface  made  by  a  sur&oe  per 
pendicular  to  it  and  to  the  axis ;  that  is,  in  spur  wheels,  by  a  pfiu* 
perpendicular  to  the  axis  ;  in  bevel  wheels,  by  a  sphere  descnbed 
about  the  apex  of  the  conical  pitch  surface;  and  in  skew-bevd 
wheels,  by  any  oblate  spheroid  generated  by  the  rotation  of  i* 
ellipse  whose  foci  are  the  same  with  those  of  the  hyperbola  tiW 
generates  the  pitch  surface. 

The  pitch  point  of  a  pair  of  wheels  is  the  point  of  contact  of  thdr 
pitch  lines ;  that  is,  the  transverse  section  of  the  line  of  contact  of 
the  pitch  surfaces. 

Similar  terms  are  applied  to  racks. 

That  part  of  the  acting  surface  of  a  tooth  which  projects  beyond 
the  pitch  surface  is  called  the  face;  that  which  lies  within  tha 
'tch  surface,  thejlank. 
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The  ludius  of  the  pitch  circle  of  a  circular  wheel  is  called  the 
^eom^ricaZ  radius  ;  that  of  a  circle  touching  the  crests  of  the  teeth 
is  called  the  real  radius;  and  the  difference  between  those  radii, 
the  addendwnh, 

447.  Pitch  and  Nnmbcr  of  Teeth. — The  distance,  measured  along 
lihe  pitch  line,  from  the  face  of  one  tooth  to  the  face  of  the  next,  is 
Balled  the  pitch. 

The  pitch,  and  the  number  of  teeth  in  circular  wheels,  are  regu- 
lated by  the  following  principles  : — 

L  In  wheels  which  rotate  continuously  for  one  revolution  or 
more,  it  is  obviously  necessary  that  ihe  pitch  should  be  an  aliqtwt 
part  of  the  circwm/erence. 

In  wheels  which  reciprocate  without  performing  a  complete  re- 
volution, this  condition  is  not  necessary.  Such  wheels  are  called 
aedors. 

IL  In  order  that  a  pair  of  wheels,  or  a  wheel  and  a  rack,  may 
"Work  correctly  together,  it  is  in  all  cases  essential  that  the  pitch 
jkoudd  be  the  same  in  each. 

III.  Hence,  in  any  pair  of  circular  wheels  which  work  together, 
"the  numbers  of  teeth  in  a  complete  circumference  are  directly  as 
"the  radii,  and  inversely  as  the  angular  velocities. 

IV.  Hence  also,  in  any  pair  of  circular  wheels  which  rotate 
continuously  for  one  revolution  or  more,  the  ratio  of  the  numbers 
^  teeth,  and  its  reciprocal,  the  angular  velocity-ratio,  must  be  ex- 
inasible  in  whole  numbers. 

V.  Let  w,  N,  be  the  respective  numbers  of  teeth  in  a  pair  of 
"rteels,  N  being  the  greater.  Let  ^,  T,  be  a  pair  of  teeth  in  the 
'vnialler  and  larger  wheel  respectively,  which  at  a  particular  instant 
"^Wrk  tc^ther.  It  is  required  to  find,  first,  how  many  pairs  of 
^teeih  must  pass  the  line  of  contact  of  the  pitch  surfaces  before  t 
^nd  T  work  together  again  (let  this  number  be  called  a);  secondly, 
>ith  how  many  different  teeth  of  the  larger  wheel  the  tooth  t  will 
>ork  at  different  times  (let  this  number  be  called  b)  ;  and  thirdly, 
"inth  how  many  different  teeth  of  the  smaller  wheel  the  tooth  T 
inU  work  at  different  times  (let  this  be  called  c). 

Case  1.  If  n  is  a  divisor  of  N, 

a^N;  6  =  -;  c=l (1.) 

n 

Case  2.  If  the  greatest  common  divisor  of  N  and  nhe  dya,  num- 
ber leas  than n,  so  that  n  =  md,'N  ^Md,  then 

a  =  mN  =  Mw  =  M.md;  b  =  M;  c  =  m. (2.) 

Case  3.  If  N  and  n  be  prime  to  each  other, 

2f 


^34  THEOBY  OF  MECHANISE 

a  -  Nw;  6  =  N;  c  =  w. (8.) 

It  is  coiisidered  desirable  by  millwrights,  with  a  view  to  die 
preservation  of  the  uniformity  of  shape  of  the  teeth  of  a  pair  of 
wheels,  that  each  given  tooth  in  one  wheel  should  work  with  tt 
many  different  teeth  in  the  other  wheel  as  possible.  They,  tiww- 
fore,  study  to  make  the  numbers  of  teeth  in  each  pair  of  idiedi 
which  work  together  such  as  to  be  either  prime  to  each  other,  or  to 
have  their  greatest  common  divisor  as  small  as  is  poasible  ooiir 
sistently  with  the  purposes  of  the  machine. 

VI.  The  smallest  number  of  teeth  which  it  is  practicable  to  gi?e 
to  a  pinion  (that  is,  a  small  wheel),  is  regulated  by  the  prmciple^ 
that  in  order  that  the  communication  of  motion  from  one  wheel  to 
another  may  be  continuous,  at  least  one  pair  of  teeth  should  always 
be  in  action ;  and  that  in  order  to  provide  for  the  contingency  of » 
tooth  breakmg,  a  second  pair,  at  least,  should  be  in  action  aba 
For  reasons  which  will  appear  when  the  forms  of  teeth  are  con- 
sidered, this  principle  gives  the  following  as  the  least  numbem  rf 
teeth  which  can  be  usually  employed  in  pinions  having  teeth  of  tiie 
three  classes  of  figures  named  below,  whose  properties  will  be  ex- 
plained in  the  sequel : — 

I.  Involute  teeth, 25. 

II.  Epicycloidal  teeth, 12. 

IIL  Cylindrical  teeth,  or  staves, 6. 

448.  HLanting  Cog. — When  the  ratio  of  the  angular  velocitieB  of 
two  wheels,  being  reduced  to  its  least  terms,  is  expressed  by  smill 
numbers,  less  than  those  which  can  be  given  to  wheels  in  praotUM^ 
and  it  becomes  necessary  to  employ  multiples  of  those  numben  \^ 
a  common  multiplier,  which  becomes  a  common  divisor  of  dN 
numbers  of  teeth  in  the  wheels,  millwrights  and  engine-maken 
avoid  the  evil  of  frequent  contact  between  the  same  pairs  of  teetti 
by  giving  one  additional  toothj  called  a  hurUing  cog,  to  the  lanv 
of  the  two  wheels.  This  expedient  causes'^the  velocity-ratio  to  W 
not  exactly  but  only  approximately  equal  to  that  which  was  at  iW 
contemplated ;  and  therefore  it  cannot  be  used  where  the  exactne* 
of  certain  velocity-ratios  amongst  the  wheels  ^s  of  importance^  tf 
in  clockwork 

449.  A  Train  of  nrheeiwork  consists  of  a  Series  of  axes,  eack 
having  upon  it  two  wheels,  one  of  which  is  driven  by  a  wheel  on 
the  preceding  axis,  while  the  other  drives  a  wheel  on  the  followiiS 
axis.  If  the  wheels  are  all  in  outside  gearing,  the  directions 
rotation  of  each  axis  is  contrary  to  that  of  the  adjoining  axe&  I« 
some  cases,  a  single  wheel  upon  one  axis  answers  the  purpose  bofli 
of  receiving  motion  from  a  wheel  on  the  preceding  asa  and  ^mg 
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lotion  to  a  wheel  on  the  following  axis.  Such  a  wheel  is  called 
n  idle  whed :  it  affects  the  direction  of  rotation  only^  and  not  the 
elocily-ratio. 

Liet  the  series  of  axes  be  distinguished  by  numbers  1,  2,  3, 
90L  •  •  •  .  m  j  let  the  numbers  of  teeth  in  the  driving  wheels  be 
enoted  by  JST's,  each  with  the  number  of  its  axis  a£^ed ;  thus^ 
Ti,  ^2y  &G.  •  • .  .  N^^i;  and  let  the  numbers  of  teeth  in  the  driven 
r  Jbllowvng  wheels  be  denoted  by  w's,  each  with  the  number  of  its 
zis  affixed ;  thus,  n2y  n^,  &c  .  .  .  .  n^.  Then  the  ratio  of  the 
ngular  velocity  a^  of  the  tti^  axis  to  the  angular  velocity  Oj  of  the 
Tst  axis  is  the  product  of  the  m— 1  velocity-ratios  of  the  succes- 
\ve  elementary  combinations^  viz. : — 

o^  _  Ni.Ng  .&c K^_t  ^ 

Oi  91,  *  7»8  *  &c n^     ' ^  '^ 

liat  is  to  say,  the  velocity-ratio  of  the  last  and  first  axes  is  the 
«tio  of  the  product  of  the  numbers  of  teeth  in  the  drivers  to  the 
Moduct  of  the  numbers  of  teeth  in  the  followers;  and  it  is  obvious, 
Jiat  so  long  as  the  same  drivers  and  followers  constitute  the  train, 
she  order  in  which  they  succeed  each  other  does  not  affect  the 
resultant  velocity-ratio. 

Supposing  all  the  wheels  to  be  in  outside  gearing,  then  as  each 
alementary  combination  reverses  the  direction  of  rotation,  and  as 
Uie  number  of  elementary  combinations,  m  —  1,  is  one  less  than 
Hie  number  of  axes,  m,  it  is  evident  that  if  m  is  odd,  the  direction 
of  rotation  is  preserved,  and  if  even,  reversed. 

It  is  ofben  a  question  of  importance  to  determine  the  numbers  of 
heth  in  a  train  of  wheels  best  suited  for  giving  a  deteiminate 
Velocity-ratio  to  two  axes.  It  was  shown  by  Young,  that  to  do 
Bus  with  the  least  toted  number  of  teeth,  the  velocity-ratio  of  each 
dementary  combination  should  approximate  as  nearly  as  possible 
5*09.  This  would  in  many  cases  give  too  many  axes;  and  as  a 
■Kfol  practical  rule  it  may  be  laid  down,  that  fi-om  3  to  6  ought 
k>  be  the  limit  of  the  velocity-ratio  of  an  elementary  combination 
in  wheelwork. 

Xiot  ^  be  the  velocity-ratio  required,  reduced  to  its  least  terms, 

md  let  B  be  greater  than  C. 

If  2^  is  not  greater  than  6,  and  C  lies  between  the  prescribed 

nmimiim  number  of  teeth  (which  may  be  called  t)^  and  its  double 
ttf  then  one  pair  of  wheels  will  answer  the  purpose,  and  B  and  C 
viU  themselves  be  the  numbers  required.     Should  B  and  C  Y 
noonveDiently  large,  th^y  are  if  possible  to  be  resolved  into  fiutr 
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and  those  factors,  or  if  they  are  too  small,  multiples  of  ihem 
for  the  nimibers  of  teetL    Should  B  or  C,  or  both,  be  at  once ; 

veniently  large,  and  prime,  then  instead  of  the  exact  ratio  -^ 

ratio  approximating  to  that  ratio,  and  capable  of  resolution  ini 
venient  factors,  is  to  be  found  by  the  method  of  continued  fan 

Should  ~  be  greater  than  6,  the  best  number  of  elem 

combinations,  m  —  1,  will  lie  between 

log  B  --  log  C       ,  log  B  -  log  C 
log  6  log  3 

Then,  if  possible,  B  and  C  themselves  are  to  be  resolvec 
into  m  —  I  factors  (counting  1  as  a  factor),  which  facto 
multiples  of  them,  shall  be  not  less  than  t,  nor  greater  than  ( 
if  B  and  C  contain  inconveniently  large  prime  factors,  an  ap 
mate  velocity-ratio,  found  by  the  method  of  continued  fracti 

to  be  substituted  for  ^  as  before. 

So  far  as  the  resultant  velocity-ratio  is  concerned,  the  or 
the  drivers  N  and  of  the  followers  n  is  immaterial;  but  to  i 
equable  wear  of  the  teeth,  as  explained  in  Article  447,  Prindp 
the  wheels  ought  to  be  so  arranged  that  for  each  elemental} 
bination  the  greatest  common  divisor  of  JST  and  n  shall  be 
1,  or  as  small  as  possible. 

450.   Principle  of  Sliding  Contact. — The  line  ofdcUon,  Ot  ^ 

nection,  in  the  case  of  sliding  contact  of  two  moving  pieces, 
common  perpendicular  to  their  surfaces  at  the  point  where 
touch;  and  the  principle  of  their  comparative  motion  is,  tli 
components,  along  that  perpendicuta/r,  of  the  velocities  of  flflj 
points  traversed  by  it,  are  equal. 

Case  1.  Tvh)  shifting  pieces,  in  sliding  contact,  have  lineai 
cities  proportional  to  the  secants  of  the  angles  which  their  diie 
of  motion  make  with  their  line  of  action. 

Case  2.  Tvx>  rotating  pieces,  in  sliding  contact,  have  tf 
velocities  inversely  proportional  to  the  perpendicular  dill 
from  their  axes  of  rotation  to  their  line  of  action,  each  mult 
by  the  sine  of  the  angle  which  the  line  of  action  makes  "wit 
particular  axis  on  which  the  perpendicular  is  let  fcH- 

In  fig.  197,  let  Ci,  C,,  represent  the  axes  of  rotation  of  ill 
pieces;  Ai,  A,,  two  portions  of  their  respective  sur&oes;  tf 
T«,  a  pair  of  points  in  those  surfaces,  which,  at  the  instant 
consideration,  are  in  contact  with  each  other.  Let  P|  F|  1 
common  perpendicular  of  the  surfaces  at  the  pair  of  pointi ' 
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J,  the  line  of  action;  and  let  C|  P,,  C,  P^,  be  the  common  per- 
nilars  of  the  line  of  action  and  of  the  two  axes  respectively. 
at  the  given  instant,  the  components 
the  line  P,  P,  of  the  velocities  of  the 

P],  P2;  are  equal     Let  ii,  {,,  be  the 

which  that  line  makes  with  the  direc- 
)f  the  axes  respectively.  *  Let  Oi,  a^,  be 
spective  angular  velocities  of  the  moving 
;  then 


uently, 

©2      C,  Pi  sin  tj  ^ 


(1) 


<h      Ca  P2  sin  is 

is  the  principle  stated  above. 

en  the  line  of  action  is  perpendicular  in  direction  to  both 

hen  sin  i^  =  sin  is  =  1 ;  and  equation  1  becomes 


^2 


<aP, 
C2P2 


,(1    A.) 


m  the  axes  are  pa/raMd,  i^  =  i^  Let  I  be  the  point  where 
le  of  action  cuts  the  plane  of  the  two  axes ;  then  the  triangles 
[,  Ps  Ca  I^  are  similar;  so  that  equation  1  a  is  equivalent  to 
lowing : — 

arrr., (^  «•) 


B  3.  ii  rotaimg  piece  and  a  shifting  piece,  in  sliding  contact, 
heir  comparative  motion  regulated  by  tlie  following  prin- 

— Let  C  P  denote  the  perpendicular  distance  from  the  axis  of 
^ting  piece  to  the  line  of  action ;  i  the  angle  which  the  direc- 
f  the  line  of  action -makes  with  that  axis;  a  the  angular 
y  of  the  rotating  piece;  v  the  linear  velocity  of  the  sliding 
j  the  angle  which  its  direction  of  motion  makes  with  the 

action;  then  

t?  =  a'CP  -sini'secy (2.) 

3n  the  line  of  action  is  perpendicular  in  direction  to  the  axis 
rotating  piece,  sin  t  =  1 ;  and 

t?  =  a -CP   sec  ,;==«•  IC; (2  A* 

I C  denotes  the  distance  from  the  axis  of  the  roM 
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to  the  point  where  the  line  of  action  cuts  a  perpendicular  from  that 
axis  on  the  direction  of  motion  of  the  shiftmg  piece. 

451.  Teeth  of  Spnr^Wheels  and  Bacluu    Cksneml  Primdple.— Tho 

figures  of  the  teeth  of  wheels  are  regulated  by  the  principlfi^  tkei 
ilie  teeth  of  a  poA/r  of  wheels  sifiaU  gwe  the  same  vdacUy-mtio  hy  Mr 
sliding  contact,  which  tJie  ideal  9mooih  pvU^  swrfacea  lootdd  gioe  ig 
their  rolling  contact.  Let  B„  Bt,  in  ^,  197,  be  parts  of  the  piidL 
lines  (that  is,  of  cross  sections  of  the  pitch  surfaces)  of  a  pair  of 
wheels  with  parallel  axes,  and  I  the  pitch  point  (that  is,  a  sectkn 
of  the  line  of  contact).  Then  the  angular  velocities  which  would  be 
given  to  the  wheels  by  the  rolling  contact  of  those  pitch  lines  are 

inversely  as  the  segments  I  Ci,  I  C^,  of  the  line  of  centres;  and  tins 
also  is  the  proportion  of  the  angular  velocities  given  by  a  pair  cf 
surfaces  in  sliding  contact  whose  line  of  action  traverses  the  poixit 
I  (Article  450,  case  2,  equation  1  B).  Hence  the  condition  d 
correct  working  for  the  teeth  of  wheels  with  parallel  axes  is,  M 
tJiG  line  of  action  of  the  teeth  sludl  aJb  every  instant  trciverse  the  Um 
of  conMct  of  the  pitch  surfaces;  and  the  same  condition  obviou^ 
applies  to  a  rack  sliding  in  a  direction  perpendicular  to  that  of  tiiB 
axis  of  the  wheel  with  which  it  works. 

452.  Teeth  Described  hy  Rolling  Carres. — From  the  principle  d 

the  preceding  Article  it  follows,  that  at  every  instant,  tiie  positioa 
of  the  point  of  contact  Ti  in  the  cross  section  of  the  acting  snzfboa 
of  a  tooth  (such  as  the  line  Ai  Ti  in  ^g,  197),  and  the  correspondnf 
position  of  the  pitch  point  I  in  the  pitch  line  I  Bi  of  the  whedto 
which  that  tooth  belongs,  are  so  related,  that  the  line  I  Ti  irtiA 
joins  them  is  normal  to  the  outline  of  the  tooth  Ai  T,  at  the  poilrt 
Tj.  Now  this  is  the  relation  which  exists  between  the  tracui^ 
point  Ti,  and  the  instantaneous  axis  or  lins  of  contact  I,  in  a  rolling 
curve  of  such  a  figure,  that  being  rolled  upon  the  pitch  sui&oe  B» 
its  tracing-point  Ti  traces  the  outline  of  the  tootL  (As  to  rolliQg 
curves,  see  Articles  386,  387,  389,  390,  393,  396,  397,  and  Profaflwr 
Clerk  Maxwell's  paper  there  referred  to). 

In  order  that  a  pair  of  teeth  may  work  correctly  together,  itii 
necessary  and  sufficient  that  the  insta/nta/neous  radii  vectored  fro* 
the  pitch  point  to  the  points  of  contact  of  the  two  teeth  BhosU 
coincide  at  each  instant,  as  expressed  by  the  equation 


IT.  =  IT,; (1.) 

and  this  condition  is  fulfilled,  if  the  outlines  of  tlie  two  Uetlh  he  traed 
hy  the  motion  of  the  same  tracing-point,  in  rolling  the  same  rolUKg 
curve  on  Hie  same  side  of  tJie  pitch  su/rfa^es  of  tlie  respective  wheds. 

The  Jlajik  of  a  tooth  is  traced  while  the  rolling  curve  rolls  ifuilt 
of  the  pitch  line;  the  facey  while  it  rolls  outiide,     Henoe  it  il 


TEETH  DESGBIBED— SLEDINa  Or  TEETH.  439 

evident  that  the  flanks  of  the  teeth  of  the  driving  wheel  drive  the 
fajon  of  the  teeth  of  the  driven  wheel;  and  that  the  fa^a  of  the 
teeth  of  the  driving  wheel  drive  the  flcmks  of  the  teeth  of  the 
driven  wheeL  The  former  takes  place  while  the  point  of  contact 
of  the  teeth  is  approaching  the  pitch  point,  as  in  fig.  197,  supposing 
the  motion  to  be  from  Pj  towards  P,;  the  latter,  after  the  point  of 
contact  has  passed,  and  while  it  is  receding  fr<mh,  the  pitch  point. 
The  pitch  point  divides  the  path  of  the  point  of  contact  of  the  teeth 
into  two  parts,  called  the  path  of  approa/ih  and  the  path  of  recess; 
and  the  lengths  of  those  paths  must  be  so  adjusted,  that  two  pairs 
of  teeth  at  least  shall  be  in  action  at  each  instant. 

It  is  evidently  necessary  that  the  surfaces  of  contact  of  a  pair  of 
teeth  should  either  be  bo^  convex,  or  that  if  one  is  convex  and  the 
other  concave,  the  concave  surface  should  have  the  flatter  curvature. 

The  equations  of  Article  390  give  the  relations  which  exist 
between  the  radius  of  curvature  of  a  pitch  line  at  the  pitch  point 

!rj),  the  radius  of  curvature  of  the  rolling  curve  at  the  same  point 
rg),  the  radius  vector  of  the  tracing-point  (r  =  I T),  the  angle  made 
by  that  line  with  the  line  of  centres  of  the  fixed  and  roUing  curves 
(^  =  .^1 T I C),  and  the  radius  of  curvature  of  the  curve  traced  by 
the  point  T  (^),  all  at  a  given  instant. 

When  a  pair  of  tooth  surfaces  are  both  convex  absolutely,  that 
which  is  a  face  is  concave,  and  that  which  is  a  flank  is  convex, 
towards  the  pitch  point;  and  this  is  indicated  by  the  values  of  f 
having  contrary  signs  for  the  two  teeth,  being  positive  for  the  fiico 
and  negative  for  the  flank.  The  face  of  a  tooth  is  always  convex 
absolutely,  and  concave  towards  the  pitch  point,  ^  being  positive ; 
so  that  if  it  works  with  a  concave  flank,  the  value  of  t  for  that  flank 
is  positive  also,  and  greater  than  for  the  face  with  which  it  works. 

453.   The  Sliding  of  a  Pair  of  Teeth  on  Each  Other,  that  is,  their 

relative  motion  in  a  direction  perpendicular  to  their  line  of  action, 
is  found  by  supposing  one  of  the  wheels,  such  as  1,  to  be  fixed,  the 
line  of  centres  Cj  Cg  to  rotate  backwards  round  Cj  with  the  angular 
velocity  ai,  and  the  wheel  2  to  rotate  round  Cj  as  before  with  the 
angular  velocity  a^  relatively  to  the  line  of  centres  Cj  Co,  so  as  to 
have  the  same  motion  as  if  its  pitch  surface  rolled  on  the  pitch 
.•surface  of  the  first  wheel.  Thus  the  relative  motion  of  the  wheels 
iH  unchanged ;  but  1  is  considered  as  fixed,  and  2  has  the  resultant 
motion  given  by  the  principles  of  Article  388 ;  tliat  is,  a  rotation 
about  the  instantaneous  axis  I  with  the  angular  velocity  ai  +  Oj. 
Hence  the  velocity  of  sliding  is  that  due  to  this  rotation  about  I, 

witli  the  radius  I  T  =  r;  that  is  to  say,  its  value  is 

r  (ui  -i-  Uj); (1.) 

■o  that  it  is  greater,  the  faither  the  point  of  contact  is  from  the 
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line  of  centres ;  and  at  the  instant  when  that  pointy  passing  the  line  of 
centres,  coincides  with  the  pUch  point,  the  vdocily  of  sliding  is  vxSif 
and  the  action  of  the  teeth  is,  for  the  instant,  that  of  rolling  coniMb 
The  roots  of  the  teeth  slide  towards  each,  other  during  the  v^ 
proach,  and  from  each  other  during  the  recess.  To  find  the  omowtf 
or  total  distance  through  which  the  sliding  takes  place,  let  ^  be  the 
time  occupied  by  the  approach,  and  tj  that  occupied  by  the  recess ; 
then  the  distance  of  sliding  is 

8=  f\{ai  +  ch)dt  +  rr{a,  +  a,)dt; (2.) 

Jo  Jo 

or  in  another  form,  ifdi  denote  an  element  of  the  change  of  angu- 
lar position  of  one  wheel  relatively  to  the  other,  i^  the  amount  of 
that  change  during  the  approach,  and  4  during  the  recess,  then 

{ai'\-a^dt  =  di;  and 

8=  f'rdi  +  f  rdi ....(3.) 

Jo  Jo 

(See  also  Article  455.) 

454.  The  Arc  of  Contact  on  the  Pitch  litnes  is  the  length  cf  tht^ 

portion  of  the  pitch  lines  which  passes  the  pitch  point  during  tbs 
action  of  one  pair  of  teeth ;  and  in  order  that  two  pairs  of  teetii  al 
least  may  be  in  action  at  each  instant,  its  length  should  be  at  len^ 
double  of  the  pitcL  It  is  divided  into  two  parts,  the  arc  of  ap* 
proach  and  the  arc  of  recess.  In  order  that  the  teeth  may  be  of 
length  sufficient  to  give  the  required  duration  of  contact,  tiie  dis- 
tance moved  over  by  the  point  I  upon  the  pitch  line  during  the 
rolling  of  a  rolling  curve  to  describe  the  face  and  fiank  of  a  tootiif 
must  be  in  all  equal  to  the  length  of  the  required  arc  of  contMi 
It  is  usual  to  make  the  arcs  of  approach  and  recess  equal 

455.  The  licngth  of  a  Tooth  may  be  divided  into  two  pirtS 
that  of  the  face  and  that  of  the  flank.  For  teeth  in  the  dnvof 
wheel,  the  length  of  the  flank  depends  on  the  arc  of  approaoh,— 4iiit 
of  the  face,  on  the  arc  of  recess ;  for  those  in  the  following  "wheit 
the  length  of  the  flank  depends  on  the  arc  of  recess, — ^that  of  Aa 
face,  on  the  arc  of  approach. 

Let  qi  be  the  arc  of  approach,  q^  that  of  recess ;  Z|  the  leng&flf 
the  flaiUi,  Hi  the  length  of  the  face  of  a  tooth  in  the  driving  wheel 
Let  Ti  be  the  radius  of  curvature  of  the  pitch  line,  Tq  that  of  the  roUiBK 
curve,  r  the  i-adius  vector  of  the  tracing-point,  at  any  instant  Tte 
angular  velocity  of  the  roUing  curve  relatively  to  the  wheel  is 

dt 


U=^r,)' 


.i 
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the  positive  sign  applying  to  rolling  outside,  or  describing  the  face, 
Euid  the  n^ative  sign  to  rolling  inside,  or  describing  the  flank. 
Hence  the  velocity  of  the  tracing-point  at  a  given  instant  is 


and  consequently 


For  the  following  wheel,  q^  and  q<g  have  to  be  interchanged,  so  that, 
if  ra  be  the  radius  of  that  wheel, 


.(1.) 


Jo  V^    rj  J 


(2.) 


The  equations  2  and  3  evidently  give  the  means  of  finding  the  dis- 
tance of  sliding  between  a  pair  of  teeth,  in  a  different  form  from 
that  given  in  Article  453 ;  for  that  distance  is 


5  =  (Z'.-/,)  +  (^i--^«) 


,(3.) 


456.  To  Inside  Oearing  all  the  preceding  principles  apply,  ob- 
serving that  the  radius  of  the  greater,  or  concave  pitch  surface,  is 
to  be  considered  as  negative,  and  that  in  Article  453,  the  difference 
Of  the  angular  velocities  is  to  be  taken  instead  of  their  sum. 

457.  Imrolnte  Teeth  for  Circular  IFheels,  being  the  flrst  of  the 

three  kinds  mentioned  in  Article  447,  are  of  the  form  of  the  in- 
volute of  a  circle,  of  a  radius  less  than  the  pitch  circle  in  a 
latio  which  may  be  expressed  by  the  sine  of  a  certain  angle  ^, 
and  may  be  traced  by  the  pole  of  a  logarithmic  spiral  rolling  on 
the  pitch  circle,  the  angle  made  by  that  spiral  at  each  point  with 
its  own  radius  vector  being  the  complement  of  the  given  angle  # 
But  this  mode  of  describing  involutes  of  circles,  being  xnOiP^ 
plex  than  the  ordinary  method,  is  mentioned  merely  tn 
bhey  £Edl  under  the  general  description  of  curvefi 
polling. 
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In  fig.  198^  let  Oj,  0,,  be  the  centres  of  two  droular  -wMb^ 
'whose  pitch  circles  are  Bi,  B3.  Through  the  pitch  point  I  diiv 
the  intended  line  of  action  Fj  P,,  making  the  angle  O I P  =  I  iriA 
the  line  of  centres.     From  Cj,  C^,  draw 


C,  P,  =  I  C\  •  sin  tf, 


.(1.) 


Fig.  198. 


C,  P,  =  I  Ca  •  sin  ^, 

perpendicular  to  P,  P„  with  which  two  perpendiculars  as  radii, 
describe  circles  (called  base  circles)  D^  Dg. 

Suppose  the  base  circles  to  be  a  pair  of 
circular  pulleys,  connected  by  means  of  ft 
cord  whose  course  £rom  pulley  to  pulley  n 
Pi  I P^  As  the  line  of  connection  of  those 
pulleys  is  the  same  with  that  of  the  proposed 
teeth,  they  will  rotate  with  the  required 
velocity-ratio.  Now  suppose  a  tracing-p(HDt 
T  to  be  fixed  to  the  cord,  so  as  to  be  ctuned 
along  the  path  of  contact  Pi  I  P..  Tla* 
point  -will  trace,  on  a  plane  rotating  abng 
with  the  wheel  1,  part  of  the  involute  i 
the  base  circle  Dj,  and  on  a  plane  rotativS 
along  with  the  wheel  2,  part  of  the  invrfato 
of  the  base  circle  D^,  and  the  two  carves  so 
traced  will  always  touch  each  other  in  ^ 
required  point  of  contact  T,  and  will  therefore  fulfil  the  conditi» 
required  by  Article  451. 

All  involute  teeth  of  the  same  pitch  work  smoothly  together. 
To  find  the  length  of  the  path  of  contact  on  either  side  of  ths 
pitch  point  I,  it  is  to  be  observed  that  the  distance  between  ^ 
fronts  of  two  successive  teeth  as  measured  along  P,  I P^  is  U*  . 
than  the  pitch  in  the  ratio  sin  ^  :  1,  and  consequently  that  if  ^ 
tances  not  less  than  the  pitch  x  sin  B  be  marked  off  ei^er  way  fipo* 
I  towards  P^  and  P,  respectively,  as  the  extremities  of  the  path  of 
contact,  and  if  the  addendum  circles  be  described  through  tb^ 
points  so  found,  there  will  always  be  at  least  two  pairs  of  teeth  in 
action  at  once.  In  practice,  it  is  usual  to  make  the  path  of  cosAtiA 
somewhat  longer,  viz.,  about  2^  times  the  pitch ;  and  with  tin> 
length  of  path  and  the  value  of  ^  which  is  usual  in  practice^  v&y 
75  J°,  the  addendum  is  about  tV  of  the  pitch. 

The  teeth  of  a  rack,  to  work  correctly  with  wheels  having  into- 
lute  teeth,  should  have  plane  surfaces,  perpendicular  to  the  lina  of 
"^nnection,  and  consequently  making,  with  the  direction  of  motios 
the  rack,  angles  equal  to  the  before-mentioned  angle  #. 
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458.  siMiBc  of  inrointe  Teeth. — The  distance  through  which  a 
pair  of  involute  teeth  slide  on  each  other,  is  found  by  observing 
that  the  distance  from  the  point  of  contact  of  the  teeth  to  the  pitch 
point  is  given  by  the  equation 

CP 
r  =  q''^=qmie ; (1.) 

wliich  reduces  equation  3  of  Article  455  to  the  following  : — 

This  distance  may  also  be  expressed  in  terms  of  the  extreme  dis- 
tances of  the  point  of  contact  from  the  pitch  point.  Let  these  be 
denoted  hy  t^,  t^;  then 

L  =  q^  sin  0;  ^  =  g, sin  ^:  and^  =  (-  +  -  )  *    '  .      ..(2A.) 

For  inside  gearing,  the  difference  of  the  reciprocals  of  the  radii  of 

the  wheels  is  to  be  taken  instead  of  their  sum. 

The  preceding  formulse,  which  are  exact  for  involute  teeth,  are 

approximately  correct  for  all  teeth,  if  ^  be  taken  to  represent  the 

mean  value  of  the  angle  C I  P  between  the  line  of  centres  and  the 

line  of  action. 

31 
The  usual  value  of  ^  being  75^°,  sin  ^  =  -^^-  nearly. 

459.  The  Addend  am  of  luTointe  Teeth,  that  is,  their  projection 
beyond  the  pitch  circle,  is  found  by  considering,  that  for  one  of  the 
wheels  in  fig.  198,  such  as  the  wheel  1,  the  real  radius,  or  radius 
of  the  addendum  circle,  is  the  hypothenuse  of  a  right-angled  tri- 
angle, of  which  one  side  is  the  radius  of  the  base  circle  C  P,  and  the 
other  is  P I  +  the  portion  of  the  path  of  contact  beyond  I.     Now 

CP  =  r|'sin^;  PI  =  r,  .  cos  t  Let  ^2  be  the  portion  of  the  path 
of  contact  above  mentioned  (  =  3^2*  sin  B),  and  dt  the  addendum  of 
the  wheel  1  ;  then 

(r,  +  c^,)2  =  rJ-sin"^  +  (riC0S<y  +  <,)'»; (1.) 

and  for  the  wheel  2  the  sufiixes  1  and  2  are  to  bo  interchanged. 

31  1 

The  usual  value  of  sin  B  is  about  •:r^,  and  that  of  cos  B  about  -. 

62  4 

The  same  formulae  apply  to  teeth  of  any  fi,cfure,  if  ^  bo  taken  to 

represent  the  extreme  value  of  the  angle  C I  P. 

460.  The  Smallcat  PiBlon  with  Inrolate  Teeth  of  a  given  pitch  ;y, 

has  its  size  fixed  by  the  consideration  that  the  path  of  contact  of 
the  fianks  of  its  teeth,  which  must  not  be  less  than  />  *  sin  ^^  cannot 
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be  greater  than  the  distance  along  the  line  of  action  from  the  ptdi 
point  to  the  base  circle,  I  P  =  r  •  cos  ^.     Hence  the  least  radnuiB 

r  z=zp  tan  0; (!•) 

which,  for  ^  =•  75^°,  gives  for  the  radius'  r  =  3-867  p,  and  for  tha 
circomference  of  the  pitch  circle,  p  x  3*867  x  2  x  =  24*3  /?;  to 
which  the  next  greater  integer  multiple  of  jp  is  25  /?;  and  therdfoie 
twenty-fioey  as  formerly  stated,  in  Article  447,  is  i^e  least  numto 
of  involvie  teeth  to  be  employed  in  a  pinion. 

461.  Epicyciotdai  Teeth. — For  tracing  the  figures  of  teeth,  the 
most  convenient  rolling  curve  is  the  circle.  The  path  of  contact 
which  a  point  in  its  circumference  traces  is  identical  with  the  circle 
itself;  the  flanks  of  the  teeth  are  internal,  and  their  &ces  external 
epicycloids,  for  wheels;  and  both  flanks  and  faces  are  cycloids  for 
a  rack. 

Wheels  of  the  same  pitch,  with  epicycloidal  teeth  traced  by  the 
same  rolling  circle,  all  work  correctly  with  each  other,  whatsoerer 
may  be  the  numbers  of  their  teeth ;  and  they  are  said  to  belong  to 
the  same  set. 

For  a  pitch  circle  of  twice  the  radius  of  the  rolling  or  deserik^ 
circle  (as  it  is  called),  the  internal  epicycloid  is  a  straight  line,  being 
in  fact  a  diameter  of  the  pitch  circle ;  so  that  the  flanks  of  the  teeth 
for  such  a  pitch  circle  are  planes  radiating  from  the  axis.  For  ft 
smaller  pitch  circle,  the  flanks  would  be  convex,  and  incurved  (X 
v/nder-cut^  which  would  be  inconvenient ;  therefore  the  smaUest 
wheel  of  a  set  should  have  its  pitch  circle  of  twice  the  radius  of  the 
describing  circle,  so  that  the  flanks  may  be  either  straight  or  concav& 
In  fig.  199,  let  B  be  part  of  the  pitch  circle  of  a  wheel,  0  C  the 

line  of  centres,  I  the  pitch-point, 
B  the  internal,  and  K  the  eqnd 
external  describing  circles,  so  placed 
as  to  touch  the  pitch  circle  and  each 
other  at  I;  let  DID'  be  the  path 
of  contact,  consisting  of  the  path  of 
approach  D  I,  and  the  path  of  re- 
cess I D'.  In  order  that  there  may 
always  be  at  least  two  pairs  of  teewi 
in  action,  each  of  those  arcs  should 
be  equal  to  the  pitch. 

The  angle  ^,  on  passing  the  line  of 

centres,  is  90°;  the  least  value  of  ihi^ 

angle  ia  0  =^^G1J>  =  ^t:lCIJy. 

It  appears  from  experience  tha;t 

^ig*  19^-  the  least  value  of  ^  should  be  about 

llieirefore  the  arcs  D I  =:  I D'  should  each  be  one-sixth  of  a  dr- 
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cumference;  therefore  the  circumference  of  the  describing  circle 
should  be  six  times  the  pitch. 

It  follows  that  the  smallest  pinion  of  a  set,  in  which  pinion  the 
flanks  are  straight,  should  have  twelve  teeth,  as  has  already  been 
stated  in  Article  447. 

462.   The  Addcndnm  for  Eplcycloidal  Teeth   is   found   from   the 

formula  already  given  in  Article  459,  equation  1,  by  putting  for 

^  the  angle  C I D,  and  for  ^  the  chord  I D'  =  2  r©  •  cos  ^,  Tq  being 
the  radius  of  the  rolling  circle.     Hence 

{n  +  ^)'  =  rl  sin»tf  +  (ri+2ro)»-cos«tf (1.) 

3  1 

For  the  usual  value  of  B,  60°,  sin*  ^  =  j,  and  cos*  ^  =  j ;  whence 

(r,  +  rf,)'  =  »t  +  r,ro  +  rJ (2.) 

462  A.  The  Sliding  of  Epicycioidai  Teeth  is  deduced  from  equation 
3  of  Article  455,  by  observing,  that  the  radius  vector  of  the  point 
of  contact  is 

r=2ro-sin^^, (1.) 


and  that  the  extreme  values  of  q  are  the  arcs  of  approach  and 

=  g-.  =  2r«(|-<), (2.) 


recess. 


9 
whence  we  have 


8 


=^S4)/>^' 


Sin  7^  '  a  TT- 


=  8r5(i  +  l)fi-^siu^       .^ 

\fi     rj  J  Q  2  ro        2  r^ 

=  8(1 -sin  Or?  (1  +  1); (3.) 

which,  for  $  s=  60°,  has  the  value 

s=imr%il.y^ (3  a.) 

463.   Approximate  Epicycloldal   Teeth. — Mr.   Willis    has    shown 

how  to  approximate  to  the  figure  of  an  epicycloidal  tooth  by  means 
of  two  circular  arcs,  one  concave,  for  the  flaiJk,  the  other  convex,  for 
the  fiEice,  and  each  having  for  its  radius,  the  Ttieom  radius  of  curvar 
ture  of  the  epicycloidal  arc.  Mr.  Willis's  formulee  are  deduced  in 
his  own  work  from  certain  propositions  respecting  the  tranamicBir 
of  motion  by  linkwork.  In  the  present  treatise  they  wil) 
deduced  from  the  values  already  given  for  the  radii  of  cuzrat 
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epicycloids  in  Article  390^  case  1,  equation  4 :  vi&y  let  r,  be  Ik 
radius  of  the  pitch  circle,  Tq  that  of  the  rolling  circle^  <  the  mSm 
of  curvature  required;  then 

C  =  2  Tq' cos  &  -        ^^  =  4  To  •  cos  ^  -^-^^  ;. (1.) 

Ti  ^^^  Ti  z±z  li  r© 

the  sign  +  applying  to  an  external  epicycloid y  that  is,  to  the  face  d 
a  tooth,  and  the  sign  —  to  an  vnt&mcd  epicycloid,  that  is,  to  the 
Jla/nk  of  a  tooth. 

To  find  the  distances  of  the  centres  of  curvature  of  the  given 
point  in  an  epicycloid  from  the  point  of  contact  I  of  the  pitch  dide 
and  rolling  circle,  there  is  to  be  subtracted  from  the  radius  of  ca^ 
vature,  the  instantaneous  radius  vector,  r  =  2  Tq  cos  ^;  that  is  to  say, 

e-r  =  2rocos^'     ^9^ (-•) 

The  value  to  be  assumed  for  tf  is  its  mean  value,  that  is,  75J®;  and 
cos  ^  =  -  nearly  :  r^  is  nearly  equal  to  the  pitch,  2?;  and  if  w  he  the 
number  of  teeth  in  the  wheel, 

6  :  n  :  :  To  :  ri. 

Therefore,  for  the  proportions  approved  of  by  Mr.  Willis,  equation 
2  becomes 

4-  being  used  for  the  face,  and  —  for  the  flank ;  also 

P 
r  =^  nearly (4.) 

Hence  the  following  con- 
struction. In  fig.  200,  let 
B  C  be  part  of  the  pitdi 
circle,  A  the  point  where  a 
tooth  is  to  cross  it.     Set  off 

AB  =  AC  =  |.  Drawradii 

^        T.  T>  ^  /'^'  ^^'''  ^^  *^®  V^^^  circle,  D  B,  E  a 

Draw  F  B,  C  G,  making  angles  of  75i°  with  those  radii,  in  which 
take 


2*n+12'^^""2'  n  -  12 -••(^) 
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Bound  F,  with  the  radius  F  A,  draw  the  circular  arc  AH;  this 
-will  be  the  &ce  of  the  tootL  Kound  G^  with  the  radius  G  A, 
draw  the  circular  arc  G  K ;  this  will  be  the  flank  of  the  tootL 

To  facilitate  the  application  of  this  rule^  Mr.  Willis  has  published 
tables  of  the  values  of  i  —  ry  and  invented  an  instrument  called  the 
**  odontograph,'* 

464.   Teeth  of  Wheel  and  Trnndle. — A  tnmdle,   aS  in  fig.    201, 

has  cylindrical  pins  called  staves  for  teetL  The  fJEice  of  the  teeth 
of  a  wheel  suitable  for  driving  it,  in  outside  gearing,  are  described 
by  first  tracing  external  epicycloids  by  rolling  the  pitch  circle  Bg  of 
the  trundle  on  the  pitch  circle  Bi  of  the  driving  wheel,  with  the 


Fig.  201.  Fig.  202. 

centre  of  a  stave  for  a  tracing-point,  as  shown  by  the  dotted  lines, 
and  then  drawing  curves  parallel  to  and  within  the  epicycloids,  at 
a  distance  from  them  equal  to  the  radius  of  a  stave.  IVundles 
having  only  six  staves  will  work  with  large  wheels. 

To  drive  a  trundle  in  inside  gearing,  the  outlines  of  the  teeth  of 
the  wheel  should  be  curves  parallel  to  internal  epicycloids.  A 
peculiar  case  of  this  is  represented  in  ^g»  202,  where  the  radius  of 
the  pitch  circle  of  the  tnmdle  is  exactly  one-half  of  that  of  the 
pitch  circle  of  the  wheel ;  the  trundle  has  three  equi-distant  staves ; 
and  the  internal  epicycloids  described  by  their  centres  while  the 
pitch  circle  of  the  trundle  is  rolling  within  that  of  the  wheel,  are 
three  straight  lines,  diameters  of  the  wheel,  making  angles  of  G0° 
with  each  other.  Hence  the  surfaces  of  the  teeth  of  tlie  wheel 
form  three  straight  grooves  intersecting  each  other  at  the  centre, 
each  being  of  a  breadth  equal  to  the  diameter  of  a  stave  of  the 
tnmdle. 

465.  iMmeiiBi«Ha  of  Teeth. — Toothed  wheels  being  in  general 
intended  to  rotate  either  way,  the  ba^  of  the  teeth  are  made 
Kiinilftr  to  the  fronts.  The  space  between  two  teeth,  measured  on 
the  pitch  circle,  is  made  about  one-fifth  part  wider  tlian  the  thick- 
ness of  the  tooth  on  the  pitch  circle;  that  is  to  say, 

thickness  of  tooth  =  — -  pitch. 
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width  of  space  =  —  pitch. 

The  difference  of  :j-j  of  the  pitch  is  called  the  btusk-lcuh. 

The  clearance  allowed  between  the  points  of  teeth  and  the  bottom 
of  the  spaces  between  the  teeth  of  the  other  wheel,  is  about  cne- 
tenth  of  the  pitch. 

The  thickness  of  a  tooth  is  fixed  according  to  the  principles  alzed^ 
stated  in  Article  326;  and  the  hreacMi,  is  so  adjusted,  that  irhm 
multiplied  by  the  pitch,  the  product  shall  contain  ons  squa/ra  mA 
for  each  160  lbs.  of  force  transmitted  by  the  teeth. 

466.  nr.  Sang's  Process. — Mr.  Sang  has  published  an  ekbonto 
work  on  the  teeth  of  wheels,  in  which  a  process  is  followed  H^^fe^y 
in  some  respects  from  any  of  those  before  described.  A  form  u 
selected  for  the  path  of  the  point  of  contact  of  the  teeth,  and  fiom 
chat  form  the  figures  of  the  teeth  are  deduced.  For  details^  tiia 
reader  is  referred  to  Mr.  Sang's  work. 

467.   The  Teeth  of  a  Bevel-Wheel  have  acting  SUT&ces  of  til0 

conical  kind,  generated  by  the  motion  of  a  line  traversing  the  Bspet 
of  the  conical  pitch  surface,  while  a  point  in  it  is  carried  round  the 
outlines  of  the  cross  section  of  the  teeth  made  by  a  sphere  described 
about  that  apex. 

The  operations  of  describing  the  exact  figures  of  the  teeth  d' ^ 
bevel-wheels,  whether  by  involutes  or  by  rolling  curves,  are  in  ewflT 
respect  analogous  to  those  for  describing  the  figures  of  the  teeth  « 
spur-wheels,  except  that  in  the  case  of  bevel-wheels,  all  ill* 
operations  are  to  be  performed  on  the  surface  of  a  sphere  deMDbfli 
about  the  apex,  instead  of  on  a  plane,  substituting  jpo2e9  for  e8i#^ 
and  great  circles  for  straiglU  lines. 

In  consideration  of  the  practical  difficulty,  especially  in  the  chb 
of  large  wheels,  of  obtaining  an  accurate  spherical  surface,  and  of 
drawing  upon  it  when  obtained,  the  following  appraximaie  meAod, 
proposed  originally  by  Tredgold,  is  generally  used : — Let  0,  4fr 

203,  be  the  apex,  and  O  C  the  axis  of  Ab 
pitch  cone  of  a  bevel- wheel;  and  let  A* 
largest  pitch  circle  be  that  whose  Tadiniii 
CB.  Perpendicular  to  OB  drawBAcot* 
ting  the  axis  produced  in  A,  let  the  oufev 
rim  of  the  pattern  and  of  the  wheel  be  tuA 
a  portion  of  the  surface  of  the  cone  whoM 
apex  is  A  and  side  A  B.  The  nairow  itaa 
of  that  cone  thus  employed  will  appnaA 
sufficiently  near  to  a  zone  of  the  tt^bM 
described  about  O  with  the  radius  O  B,  to  be  used  in  its  stead.  Oft 
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a  plane  siirfiice,  with  the  radius  AB,  draw  &  circular  arc  BD 

.tor  of  tliut  circle  will  represent  a  portion  of  the  surface  of  the 

111*  ABC  deedoped.  or  gpread  out  JlaL     Describe  the  figures  of 

I  til  of  the  required  pitch,  suited  to  the  pitch  circle  B  D,  aa  if  it 

■Tc  that  of  a  spur-wheel  of  the  radius  A  B;  those  figures  will  be 

'  ■  required  cross  aectioca  of  the  teeth  of  the  bevel-wheel,  made  by 

,.■  conical  zone  whose  apex  is  A. 

m;S.  Teetk  orskew-Benii  U'hecia. — The  CTOss  sections  of  the  teeth 

"1  11  skew-bevel  wheel  at  a  given  pitch  circle  are  similar  to  those  of 

u  bevel  wheel  whose  pitch  surface  is  a  cone  touching  the  hyperbo- 

loidal  pitch  suriace  of  the  skew-bevel  wheel  at  the  given  pitch 

circle;  and  the  suriacea  of  the  teeth  of  the   skew-bevel  wheel 

are  generated  by  a  straight  line  which  moves  round  the  outlines 

of  the  cross  section  and  at  the  same  time  is  kept  always  in  the 

position  of  tlie  genei-ating  line  of  a  hyperhoIoTdal  surface  similar  to 

the  pitch-surface  (see  Article  444,  pages  430,  431). 

46!}.   The  Teetk  «r  Nan-ClrcBlnr  Wheeta  are  described  by  rolling 
circles  or  other  curves  on  the  pitch  surfaces,  like  the  teelJi  of  cir- 
cular wheels;  and  when  they  are  small  compared  with  the  wheels 
to  which  they  belong,  each  tooth  ia  nearly  siniilar  to  the  tooth  of  a 
circular  wheel  having  the  same  radius  of  curvature  with  the  pitch 
I  iifuce  of  the  actual  wheel  at  the  point  where  the  tooth  is  situated. 
4T0.  A  t^m  or  Wiper  is  a  single  tooth,  either  rotating  coutinu- 
■  ii^ty  or  osciUating,  and  driving  a  sliding  or  turning  piece,  either 
ii.stantly  or  at  intervals.     All  the  principles  which  have  been 
it(?d  in  Article  450,  aa  being  applicable  to  sliding  contact,  are 
I  >licable  to  cams ;  but  in  designing  cams,  it  ia  not  iiaual  to  deter- 
I  i  1 1 1<  or  take  into  consideratiou  the  form  of  the  ideal  pitch  suriace 
which  would  give  the  same  comparative  motion  by  rolling  contact 
that  the  cam  gives  by  sliding  contact. 

471.  Bctewa.  Piieh.— The  figure  of  a  screw  ia  that  of  a  oonves 
or  concave  cylinder  with  one  or  more  helical  projections  called 
'-■•aria  winding  round  it.  Convex  and  concave  screws  are  dis- 
.  LTnished  technically  by  the  respective  names  of  mrde  asA  female, 
■-•■(ernal  and  internal;  a  short  internal  screw  is  called  a  nut;  and 
■  a  a  Kreio  is  not  otherwise  specified,  external  ia  nnderstood. 
The  ndation  between  the  advance  and  the  rotation,  which  com- 
■  ■■  the  motion  of  a  screw  working  in  contact  with  a  fixed  nut  or 
ii.al  guide,  baa  already  been  demonstrated  in  Article  382,  eqna- 
I L  I ;  and  the  some  relation  exists  botweea  the  rotation  of  a 
.  w  "Nbout  an  axis  fixed  longitudinally  itlatively  to  the  frame- 
il:,  and  the  advance  of  a  nut  in  which  that  screw  rotates,  the 
. '  Ijeing  free  to  shift  longitudinally,  but  not  to  turn.  The  advance 
tiio  nut  in  the  latter  case  is  in  the  direction  opposite  to  that  of 
.Ldviuice  of  the  screw  in  the  former  case. 
So 
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Fig.  204.         Fig.  205. 


A  screw  is  called  riglil-homded  or  lefi-handeiy  aooording  as  ill 

advance  in  a  fixed  nut  is  aooompuufli 
by  right-handed  or  left-handed  rotation 
when  viewed  by  an  observer  .^lom  idun 
the  advance  takes  placa  "Eig.  204  re- 
presents a  right-haiided  screw;  and  % 
205  a  left-handed  screw. 

The  pUch  of  a  screw  of  one  tfareadi 
and  the  total  pUch  of  a  screw  of  ai^ 
number  of  threads^  is  the  pitch  of  the 
helical  motion  of  that  screw^  as  ex- 
plained in  Article  382^  and  is  the  dis- 
tance (marked  p  in  figs.  204  and  205)  measured  parallel  to  the  axis 
of  the  screw,  between  the  corresponding  points  in  two  consecativa 
turns  qftfie  same  thread. 

In  a  screw  of  two  or  more  threads,  the  distance  measured  parallel 
to  the  axis,  between  the  corresponding  points  in  tux>  adjacoA 
Hi/reads,  may  be  called  the  divided  pitch, 

472.  Nmrmai  amd  circviar  pitciu — ^When  the  pitch  of  a  Bcrew  11 
not  otherwise  specified,  it  is  always  understood  to  be  measined 
X)arallel  to  the  axi&  But  it  is  sometimes  convenient  for  particabr 
purposes  to  measure  it  in  other  directions;  and  for  that  puzpoae  a 
cylindrical  pitch  awrface  is  to  be  conceived  as  described  about  Aa 
axis  of  the  screw,  intermediate  between  the  crests  of  the  thzeadi 
and  the  bottoms  of  the  grooves  between  them. 

If  a  helix  be  now  described  upon  the  pitch  cylinder,  ao  aa  t9 
cross  each  turn  of  each  thread  at  right  angles,  the  distance 
two  corresponding  points  on  two  successive  turns  of  the 
thread,  measured  along  this  ruymud  hdix,  may  be  called  the 
pitch;  and  when  the  screw  has  more  than  one  thread,  the  noaad 
pitch  from  thread  to  thread  may  be  called  the  normctl  divided  fiA 
The  distance  from  thread  to  thread  measured  on  a  circle  deaoibed 
on  the  pitch  cylinder,  and  called  the  pitch  circle^  may  be  called  tke 
drcula/r  pitch;  for  a  screw  of  one  thread  it  is  one  circain£BrGDoei 
for  a  screw  of  n  threads 

one  circtimference 
n 

The  following  set  of  formulse  show  the  relations  amongst  the  HBb^ 
ent  modes  of  measuring  the  pitch  of  a  screw.     The  pitch,  _ 
speaking,  as  originally  defined,  is  distinguished  as  iSie  aaial 
and  is  the  same  for  all  parts  of  the  same  screw :  the  normal  aod 
circular  pitch  depend  on  the  radius  of  the  pitch  cylinder. 

Let  r  denote  the  radius  of  the  pitch  cyliiider ; 

n,  the  number  of  threads ; 
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t^  the  obliquity  of  the  threads  to  the  pitch  circles,  and  of  the 
aormal  helix  to  the  axis ; 


the  axial  <  v  . j  \    ..  i. 
( divided  pitch  ; 

thenoimal  if^}^',    .,  , 
(divided  pitch; 


Pg,  the  circular  pitch ; 

Then 

.      .  .      2'jrr 

Pt  =  Pa'  cotan  I  =  Pn'  cosec  %  = ; 

n 

2  «•  r  •  tan  i 

,    ,                   .      Sa-r'sini 
p^  =  p^'smi  =  p^'  cos  t  = . 

473,  Screw  Ocaring« — ^A  pair  of  convex  screws,  each  rotating 
fbout  its  axis,  are  used  as  an  elementary  combination,  to  transmit 
notion  by  the  sliding  contact  of  their  threads.  Such  screws  are 
eoanmonly  called  encUesa  screws.  At  the  point  of  contact  of  the 
ttrewB,  their  threads  must  be  parallel ;  and  their  line  of  connection 

^  h  the  common  perpendicular  to  the  acting  sur&ces  of  the  threads 
at  their  point  of  contact.     Hence  the  following  principles  : — 

L  If  the  screws  are  both  right-handed  or  both  left-handed,  the 

H^e  between  the  directions  of  their  axes  is  the  sum  of  their  obli- 

foities : — ^if  one  is  right-handed  and  the  other  lefb-handed,  that 

tiigle  is  the  difference  of  their  obliquities. 

n.  The  normal  pitch,  for  a  screw  of  one  thread,  and  the  normal 

divided  pitchy  for  a  screw  of  more  than  one  thread,  must  be  the 

*^me  in  each  screw. 
•  TTT-  The  angular  velocities  of  the  screws  are  inversely  as  their 

dumber  of  thr^uis. 

474.  Hooka's  cunring  is  a  case  of  screw  gearing,  in  which  the 
l^:es  of  the  screws  are  parallel,  one  screw  being  right-handed  and 
^  other  lefb-handed,  and  in  which,  from  the  d^ortness  and  great 
iiameter  of  the  screws,  and  their  large  num- 
ber of  threads,  they  are  in  fauct  wheds,  with 
ieeth  whose  crests,  instead  of  being  parallel 
o  the  line  of  contact  of  the  pitch  cylinders, 
toea  it  obliquely,  so  as  to  be  of  a  screw-like  ^  j^  208.' 
IT  helical  form,  in  wheelwork  of  this  kind, 
he  contact  of  each  pair  of  teeth  commences  at  the  fbronofi  end  fls 
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the  helical  front  and  terminates  at  the  aftermost  end ;  and  tibfi 
helix  is  of  such  a  pitch  that  the  contact  of  one  pair  of  teeth  doei 
not  terminate  until  that  of  the  next  pair  has  commenced.  The 
object  of  this  is  to  increase  the  smoothness  of  motion. 

With  the  same  object^  Dr.  Hooke  invented  the  making  of  tiie 

fronts  of  teeth  in  a  series  of  steps.  A 
wheel  thus  formed  resembles  in  shape  % 
series  of  equal  and  similar  toothed  cdbqi 
placed  side  by  side^  with  the  teeth  of 
each  a  little  behind  those  of  the  preoed- 
ing  disa  In  such  a  wheel,  let  |>  be  tiie 
Fig.  207.  circular  pitch,  and  n  the  number  of  stepft 

Then  the  arc  of  contact,  the  addendum,  and  the  extent  of  alidin^ 

are  those  due  to  the  smaller  pitch  -,  wliile  the  strength  of  the  teeA 

is  that  due  to  the  thickness  corresponding  to  the  entire  pitch  |i  J  to 
that  the  smooth  action  of  small  teeth  and  the  strength  of  kxfi 
teeth  are  combined.  Stepped  teeth  being  more  expensive  nd 
difficult  to  execute  than  common  teeth,  are  used  for  special  pa^ 
poses  only. 

475.  The  Wheel  and  Screw  is  an  elementary  combination  of  tw 
screws,  whose  axes  are  at  right  angles  to  each  other,  both  hAt 
right-handed  or  both  left-handed.  As  the  usual  object  of  this  can- 
bination  is  to  produce  a  change  of  angular  velocity  in  a  MW 
greater  than  can  be  obtained  by  any  single  pair  of  ordmaiy  "whA 
one  of  the  screws  is  commonly  wheel-like,  being  of  large  dianwtaf 
and  many-threaded,  while  the  other  is  short  and  of  few  threiflif 
and  the  angular  velocities  are  inversely  as  the  number  of  threadi 


Fig.  208. 


Fig.  X09. 


Fig.  208  represents  a  side  view  of  this  combination,  and  figi 
a  cross  section  at  right  angles  to  the  axis  of  the  smaller  screw.  B 
has  been  shown  by  Mr.  Willis,  that  if  each  section  of  both  WW* 
be  made  by  a  plane  perpendicular  to  the  axis  of  the  large  screnror 
wheel,  the  outlines  of  the  threads  of  the  larger  and  smaller  100* 
tumid  be  those  of  the  teeth  of  a  wheel  and  rack  respectively:  Bfig 
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in  fig.  208y  for  example,  being  the  pitch  circle  of  the  wheel,  and 
Bg  B2  the  pitch  line  of  the  rack. 

The  periphery  and  teeth  of  the  wheel  are  nsoallv  hollowed  to 
fit  the  screw,  as  shown  at  T,  fig.  209. 

To  make  the  teeth  or  threads  of  a  pair  of  screws  ^t  correctly  and 
work  smoothly,  a  hardened  steel  screw  is  made  of  the  figure  of  the 
smaller  screw,  with  its  thread  or  threads  notched  so  as  to  form  a 
cutting  tool ;  the  laiger  screw,  or  wheel,  is  cast  approximately  of 
Ihe  required  figure  ;  the  laiger  screw  and  the  steel  screw  are  fitted 
up  in  their  proper  relative  position,  and  made  to  rotate  in  contact 
^th  each  other  by  turning  the  steel  screw,  which  cuts  the  threads 
of  the  larger  screw  to  their  true  figure. 

476.    The  BclaUve  SUdiiBS  •€  a  PiUr  ef  Screws  at  their  point  of 

contact  is  found  thus : — ^Let  ri,  rj,  be  the  radii  of  their  pitch  cylin- 
ders, and  ii,  %,  the  obliquities  of  their  threads  to  their  pitch  circles, 
one  of  which  is  to  be  considered  as  negative  if  the  screws  are  con- 
trary-handed. Let  u  be  the  common  component  of  the  velocities} 
of  a  pair  of  points  of  contact  along  a  line  touching  the  pitch  sui- 
£su;es  and  perpendicular  to  the  threads,  at  the  pitch  point,  and  v 
the  velocity  of  sliding  of  the  threads  over  each  other.     Then 

u  =  ctiTi' an.il  =  Ojr,*  sin  t, ; 

aothat  I. n\ 


u  =  aiTi-siati  =  ojr,'  sm t, , \ 
u  -  _        u  C 

€h  =    1 ~  I   Oj  —   :      ~  t  y 


/•j  •  sin  ti  rj  •  sm  tj 

and 

V  =  a^r^'  cos  ij  +  ©2^2  *  ^^  h  =  ^  (cotan  i-^  +  cotan  i^ (2.) 

'When  the  screws  are  contrary-handed,  the  difference  instead  of  the 
sum  of  the  terms  in  equation  2  is  to  be  taken. 

477.  Oldham's  CoapUag. — A  coupling  is  a  mode  of  connecting  a 
pair  of  shafts  so  that  they  shall  rotate  in 
the  same  direction,  with  the  same  mean 
ATignlar  velocity.  If  the  axes  of  the  shafts 
are  in  the  same  straight  line,  the  coupling 
consists  in  so  connecting  their  contiguous 
ends  that  they  shall  rotate  as  one  piece ; 
but  if  the  axes  are  not  in  the  same  straight 
line,  combinations  of  mechanism  are  re- 
qnired.  A  coupling  for  parallel  shafts  ^^^ 
which  acts  by  sliding  contact  was  invented  ^    2^^^ 

by  Oldham,  and  is  represented  in  fig.  210. 
C,,  Co,  are  the  axes  of  the  two  parallel  shafts ;  Dp  Dg,  two  cross- 
heads,  facing  each  other,  fixed  on  the  ends  of  the  two  shafts  re- 
spectively; Ep  E^,  a  bar,  sHding  in  a  diametral  groove  in  the  fe«e  cf 
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D^;  Eg,  Eg,  a  bar^  sliding  in  a  diametral  groove  in  the  &ce  of  D|; 
those  bars  are  fixed  together  at  A,  so  as  to  form  a  rigid  cross.  Toe 
angular  velocities  of  the  two  shafts  and  of  the  cross  are  all  eqtul  at 
every  instant  The  middle  point  of  the  cross,  at  A,  revolves  in 
the  dotted  circle  described  upon  the  line  of  centres  C,  Cgi  ass 
diameter,  twice  for  each  turn  of  the  shafts  and  cross;  the  instan- 
taneous axis  of  rotation  of  the  cross,  at  any  instant^  is  at  I,  the 
point  in  the  circle  C^  Cg,  diametrically  opposite  to  A. 

Oldham's  coupling  may  be  used  with  advantage  where  the  axes 
of  the  shafts  are  intended  to  be  as  nearly  in  the  same  straight  line 
as  is  possible,  but  where  there  is  some  doubt  as  to  the  pzactics- 
bility  or  permanency  of  their  exact  continuity. 

Section  3. — Connection  by  Bcmds. 

478.  Bands  Clamed. — Bands,  or  wrapping  connectors,  for  com- 
municating motion  between  pulleys  or  drums  rotating  about  fixed 
axes,  or  between  rotating  pulleys  and  drums  and  ahifh'Tig  pieoci^ 
may  be  thus  classed  : — 

I.  Belts,  which  are  made  of  leather  or  of  gutta  percha,  are  fist 
and  thin,  and  require  nearly  cylindrical  pulleys.  A  belt  tends  to 
move  towards  that  part  of  a  pulley  whose  radius  is  greatest ;  pnUeys 
for  belts,  therefore,  are  slightly  swelled  in  the  middle,  in  orte  . 
that  the  belt  may  remain  on  the  pulley  unless  forcibly  shifted.  A 
belt  when  in  motion  is  shifted  off  a  pulley,  or  from  one  pulley  on 
to  another  of  equal  size  alongside  of  it,  by  pressing  against  that 
part  of  the  belt  which  is  moving  towa/rds  the  pulley. 

II.  Cordsy  made  of  catgut,  hempen  or  other  fibres,  or  wire,  art 
nearly  cylindrical  in  section,  and  require  either  drums  with  ledgea^ 
or  grooved  pulleys. 

III.  Chcdns,  which  are  composed  of  links  or  bars  jointed  together, 
require  pulleys  or  drums,  grooved,  notched,  and  toothed^  so  as  te 
fit  the  links  of  the  chains. 

Bands  for  conmiunicating  continuous  motion  are  enMess, 
Bands  for  communicating  reciprocating  motion  have  usually  theff ' 

ends  made  fast  to  the  pulleys  or  drums  which  they  connect,  and 

which  in  this  case  may  be  sectors. 

479.  Principle  of  Connection  bj  Bands. — The  IxTve  of  Cffimodiffh 

of  a  pair  of  pulleys  or  drums  connected  by  means  of  a  band,  is  the 
central  line  or  axis  of  that  part  of  the  band  whose  tension  transmits 
the  motion.  The  principle  of  Article  433  being  applied  to  this 
case,  leads  to  the  following  consequences  : — 

I.  For  a  'pair  of  rotating  'pieces^  let  r^,  r„  be  the  perpendiculsn 
'et  fell  from  their  axes  on  the  centre  line  of  the  band,  o^  Og,  their 

l^ular  velocities,  and  2|,  4>  t)he  angles  which  the  centre  line  of  tba 
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bend  makes  "with  the  two  axes  respectiyely.  Then  the  longitadi-^ 
nal  velocity  of  the  band^  that  is,  its  component  velocity  in  the 
direction  of  its  own  centre  line,  is 

u^TiOi  sinii  =  rsaa  sinig; (1.) 

-whence  the  angular  velocity-ratio  is 

(h_riBiD.il  ,^. 

Oj       r J  sin  t'a ^  *^ 

When  the  aaoea  are  pa/roUld  (which  is  almost  always  the  case),  it  =  h, 
and 

^  =  5 (3.) 

Oi         f* 

The  same  equation  holds  when  both  axes,  whether  parallel  or  not, 
are  perpendicular  in  direction  to  that  part  of  the  band  which  trans- 
mits the  motion ;  for  then  sin  i|  =  sin  ta  =  1. 

XL  For  a  rotating  piece  amd  a  sliding  piece,  let  r  be  the  perpendi- 
cular from  the  axis  of  the  rotating  piece  on  the  centre  Ime  of  the 
band,  a  the  angular  velocity,  i  the  angle  between  the  directions  of 
the  band  and  axis,  u  the  longitudinal  velocity  of  the  band,  j  the 
angle  between  the  direction  of  the  centre  line  of  the  band  and  that 
of  the  motion  of  the  sliding  piece,  and  v  the  velocity  of  the  sliding 
piece;  then 

u=ra  sin  ^  =  ^7  cos^';  and .(4.) 

r  a  sin  i  ,  e,  x 

V  = V- (5.) 

cos^ 

When  the  centre  line  of  the  band  is  parallel  to  the  direction  of 
motion  of  the  sliding  piece,  and  perpendicular  to  the  direction  of 
the  axis  of  the  rotating  piece,  sin  ^  =  cos  j  =  1,  and 

v  =  u  =  ra (6.) 

480.   The    Pitch   Surlace  •€  a  Pnllej  or  Dmm    is    a    Surface    tO 

which  the  line  of  connection  is  always  a  tangent ;  that  is  to  say, 
it  is  a  surfiEice  parallel  to  the  acting  susface  of  the  pulley  or  drum, 
and  distant  from  it  by  half  the  thickness  of  the  band. 

481.  CircHiar  Pviieys  and  Dnims  are  used  to  communicate  a 


Fig.  211.  Fig.  212. 

constant  velocity-ratio.     In  each  of  them,  the  length  denoted  by  r 
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in  the  equations  of  Article  479  is  constant^  and  is  called  the  ^ 
tiw  radiusy  being  equal  to  the  real  radius  of  the  pulley  or  dnn 
added  to  half  the  thickness  of  the  band. 

A  crossed  hdt  connecting  a  pair  of  circular  pulleys,  as  in  fig^  Sll| 
reverses  the  direction  of  rotation ;  an  open  heU,  as  in  %.  212^  p^ 
serves  that  direction. 

482.  The  liength  •fan  BodieM  Belt,  connecting  a  pair  of  pcdkp 

whose  effective  radii  are^^  =  r„  C,  T,  =  r„  with  paiallelaxa 

whose  distance  apart  is  Cx  Cj  =  c,  is  given  by  fonnulss  founded  oa 
equation  1  of  Article  402,  viz., — L  =  2  •  *  +  s  •  r  i.  Each  of  the  two 
equal  straight  parts  of  the  belt  is  evidently  of  the  length 


8  =  J(f  -  (r^  +  r,)«  for  a  crossed  belt 


:} 


.      (1.) 

s  =  Jc*  —  (7*1  —  r,)*  for  an  open  belt 

Ti  being  the  greater  radius,  and  r,  the  less.  Let  i^  be  the  aze  to 
radius  unity  of  the  greater  pxdley,  and  t,  that  of  the  less  puDflfi 
with  which  the  belt  is  in  contact ;  then  for  a  crossed  belt 


^^  =  ^,=  f«•  +  2arc•sin  ^ — ^*  j  ; 
and  for  an  open  belt, 
ii=  («-  +  2  arc  .  sin!lZ_r«j  ;  i2=  lv-^2 


arc  '  sin 


r,  -r- 


'^■- 


w 


and  the  introduction  of  those  values  into  equation  1  of  Article  ^ 
gives  the  following  results  : — 
For  a  crossed  belt, 


(f*«  +  f*  \ 
ir  +  2arc  •  sin  • 'j  l 

and  for  an  open  belt, 


L=  2  J(f  - (n -rg)*  +  «•  (ri  +  r,)  +  2 (rj-rj)  'arc  •  sin ' 


n-*-. 


^) 


As  the  last  of  these  equations  would  be  troublesome  to  empl<7A 
a  practical  application  to  be  mentioned  in  the  next  Article,  tt 
approximation  to  it,  sufficiently  close  for  practical  purposefl,  ii 
obtained  by  considering,  that  if  r  —  r^  is  small  compsured  with  c^ 

J^  —  (''i  —  ^'a)'  =  c  —  ^-~r — ^  nearly,  and  arc  •  sin  •   *""  *  =  ^ — ' 
nearly ;  whence,  for  an  open  belt, 

L  nearly  =  2  c  +  x  (ri  +  ra)  +  ^-^ — ^, (3  A.) 
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(figs.  213,  214,  215,  216)  arc  a  contrivance  for 


Fig.  218. 


Fig.  214. 


Fig.  215.  Fig.  216. 


varying  and  adjusting  the  velocity-ratio  communicated  between  a 
pair  of  parallel  shafts  by  means  of  a  belt,  and  may  be  either  conti- 
nuous cones  or  conoids,  as  in  figs.  213,  214,  whose  velocity-ratio 
can  be  varied  gradually  while  they  are  in  motion  by  shifting  the 
belt ;  or  sets  of  pulleys  whose  radii  vary  by  steps,  as  in  figs.  215, 
216,  in  which  case  the  velocity-ratio  can  be  changed  by  shifting 
the  belt  from  one  pair  of  pulleys  to  another. 

In  oixier  that  the  belt  may  be  equally  tight  in  every  possible 
position  on  a  pair  of  speed-cones,  the  quantity  L  in  the  equations 
of  Article  482  must  be  constant. 

For  a  crossed  belt,  as  in  figs.  213  and  215,  L  depends  solely  on 
e  and  on  r^  +  r^,  Now  c  is  constant,  because  the  axes  are  parallel, 
therefore  the  simti  of  the  radii  of  the  pitch  circles  connected  in  every 
position  of  the  belt  is  to  be  constant.  That  condition  is  fulfilled 
by  a  pair  of  continuous  cones  generated  by  the  revolution  of  two 
straight  lines  inclined  opposite  ways  to  their  respective  axes  at 
equal  angles,  and  by  a  set  of  pairs  of  pulleys  in  which  the  sum  of 
the  radii  is  the  same  for  each  pair. 

For  an  open  belt,  the  following  practical  rule  is  deduced  from  the 
approximate  equation  3  A  of  Article  482  : — 

Let  the  speed-cones  be  equal  and  similar  conoids,  as  in  fig.  214, 
but  with  their  large  and  small  ends  turned  opposite  ways.  Let  r^ 
be  the  radius  of  the  large  end  of  each,  r^  that  of  the  small  end,  Tq 
that  of  the  middle ;  and  let  y  be  the  sagitta,  measured  perpendi- 
cular to  the  axis,  of  the  arc  by  whose  revolution  each  of  the  conoids 
is  generated,  or,  in  other  words,  the  hvlging  of  the  conoids  in  the 
middle  of  their  length ;  then 


y 


—  r  -!i-"t^  —  ^£lZl^ 


2  xc 


(1.) 


2  X  =  6*2832  j  but  6  may  be  used  in  most  practical  cases  without 
sensible  error. 
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The  radii  at  the  middle  and  ende  being  thus  determined,  nutfci 
the  generating  ourve  an  arc  either  of  a  circle  or  of  a  parabola. 

For  a  pair  of  stepped  cones,  as  in  fig.  21C,  let  a  seriea  of  differ- 
eruxB  of  tiie  radii,  or  values  of  ri— r^,  be  assumed;  then  for  each 
pair  of  pulleys,  the  sum  of  the  radii  ia  to  be  computed  from  t" 
difference  by  the  fownula 

— =-«^f^ t^ 

2  To  being  that  suta  when  the  radii  are  equal 

Section  4. — Linkwork. 

481.  Deflnlilmub — The  pieces  which  are  connected  by  li 
if  they  rotate  or  oscillate,  are  usnally  called  crairiks,  beo 
leoera.  The  link  by  which  they  are  connected  is  a  rigid  bar,  i 
may  be  straight  or  of  any  otiier  figure ;  the  straight  figure  I 
the  most  iavoiimble  to  etrength,  is  used  when  there  is 
reason  to  the  contrary.  The  bnlt  is  known  by  various  n 
various  circumstances,  such  as  coupling  rod,  coTnieotmg  rod,  craiik 
rod,  axeni/nc  rod,  &c.  It  is  attached  to  the  pieces  which  it  connect* 
by  two  pins,  about  which  it  is  free  to  turn.  The  effect  of  the  lini 
is  to  maintain  the  distance  between  the  centres  of  those  pins  in- 
variable ;  hence  the  line  joining  the  centres  of  the  pins  is  Ihe  Hm 
of  connection;  aad  those  centres  may  be  called  the  cownecled point '. 
In  a  turning  piece,  the  perpendicular  let  fall  Irom  its  coniiectL<. 
point  upon  its  aid  a  of  rotation  is  the  arm  or  oramh  arm, 

i85.  Principi»  or  GonBeciioB. — The  whole  of  the  cqnatiiniL' 
already  given  in  Article  479  for  bands,  are  applicable  to  linkwork. 
The  axes  of  rotation  of  a  pair  of  turning  pieces  connected  by  a  link 
are  almost  always  parallel,  and  perpendicular  to  the  line  of  connei^- 
tion ;  in  which  case  the  angular  velocity-ratio  at  any  instant  b  tlif 
reciprocal  of  the  ratio  of  the  common  perpendiculars  let  fall  fr'in 
the  line  of  connection  upon  the  respective  axes  of  rotation  (Artii^i' 
479,  equatioa  3). 

486.  Dead  Poinn. — If  at  any  instant  the  direction  of  one  of  111' 
cxank  arms  coincides  with  the  line  of  connection,  the  comtunu 
perpendicular  of  the  line  of  connection  and  the  axis  of  that  cnii^l 
arm  vanishes,  and  the  directional  relation  of  the  motions  becoin'.-" 
indeterminate.     The  position  of  the  connected  point  of  the  cranlt 
arm  in  question  at  such  an  instant  is  called  a  dead  poinL     Tho     I 
velocity  of  the  other  connected  point  at  such  an  instant  is  null, 
tmless  it  also  reaches  a  dead  point  at  the  same  instant,  so  that  the    J 
line  of  connection  is  in  the  plane  of  the  two  ases  of  rotation,  in    1 
vrhich  case  the  velocity-ratio  ia  indeterminate.  J 
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487.  CoHpUng  of  ParaUei  Axea. — ^The  only  case  in  whicli  an  uni- 
form angular  velocity-ratio  (being  that  of  equality)  is  communicated 
by  linkwork^  is  that  in  which  two  or  more  parallel  shafts  (such  as 
those  of  the  driving  wheels  of  a  locomotive  engine)  are  made  to 
rotate  with  constantly  equal  angular  velocities,  by  having  equal 
cranks,  which  are  maintained  parallel  by  a  coupling  rod  of  such  a 
length  that  the  line  of  connection  is  equal  to  the  distance  between 
the  axes.  The  cranks  pass  their  dead  points  simultaneously.  To 
obviate  the  unsteadiness  of  motion  which  this  tends  to  cause,  tlie 
shafts  are  provided  with  a  second  set  of  cranks  at  right  angles  to 
the  first,  connected  by  means  of  a  similar  coupling  rod,  so  that  one 
set  of  cranks  pass  their  dead  points  at  the  instant  when  the  other 
set  are  farthest  from  theirs. 

^88,   The  ComparallTe  Motion  of  the  Connected  Points  in  a  piece 

of  linkwork  at  a  given  instant  is  capable  of  determination  by  the 
method  explained  in  Article  384 ;  that  is,  by  finding  the  instanta- 
iijeoas  axis  of  the  link ;  for  the  two  connected  points  move  in^the 
same  manner  with  two  points  in  the  link,  considered  as  a  rigid  body. 
If  a  connected  point  belongs  to  a  turning  piece,  the  direction  of 
its  motion  at  a  given  instant  is  perpendicular  to  the  plane  contain- 
ing the  axis  and  crank  arm  of  the  piece.     If  a  connected  point 

t    belongs  to  a  shifting  piece,  the  direction  of  its  motion  at  any 

t    instant  is  given,  and  a  plane  can  be  drawn  perpendicular  to  that 

•     direction* 

The  line  of  intersection  of  the  planes  perpendicular  to  the  paths 

f  of  the  two  connected  points  at  a  given  instant,  is  the  instantcmemis 
oads  of  the  IwJc  at  that  instant;  and  the  velocities  of  the  conriected 
poifUs  are  di/rectly  as  tJieir  distances  from  that  aods. 

In  drawing  on  a  plane  surface,  the  two  planes  perpendicular  to 
the  paths  of  the  connected  points  are  represented  by  two  lines 
(being  their  sections  by  a  plane  normal  to  them),  and  the  instantti- 
neous  axis  by  a  point;  and  should  the  length  of  the  two  lines 
render  it  impracticable  to  produce  them  imtil  they  actually  inter- 
sect, the  velocity-ratio  of  the  connected  points  may  be  found  by 
the  principle,  that  it  is  equal  to  the  ratio  of  the  segments  which  a 
line  parallel  to  the  line  of  connection  cuts  off  from  any  two  lines 
drawn  from  a  given  point,  perpendicular  respectively  to  the  paths 
of  the  connected  points. 

Exa/nvple  L  Two  Rotating  Pieces  with  Fa/ralld  Axes  (fig.  217). — 
Let  C„  Cj,  be  the  parallel  axes  of  the  pieces ;  T,,  T,,  their  con- 
nected points ;  CTtI,  CjTg,  their  crank  arms  \  Ti  Tg,  the  link.  At 
a  given  instant,  let  v^  be  tlie  velocity  of  Tj ;  Vg  that  of  Tj. 

To  find  the  ratio  of  those  velocities,  produce  C^  Ti,  Cj  Tg,  till 
they  intersect  in  K  ;  K  is  the  instantaneous  axis  of  the  link  or 
connecting  rod,  and  the  velocity-mtio  is 
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Vi  :v,  ::KT,  :KT, 


(1.) 


Should  K  be  inconveniently  far  ojff,  draw  any  triangle  "with  its 
sides  respectively  parallel  to  Cj  T„  C,  Tg,  and  T,  T,  j  the  ratio  of 
the  two  sides  first  mentioned  will  be  the  velocity-ratio  required. 
For  example,  draw  Ca  A  parallel  to  C^  T„  cutting  TiT,  in  A;  then 


v.  :va  ::  CaA  :  CaTj 


.(2.) 


Fig.  217. 


Fig.  218. 


Exarwple  11.  Rotating  Piece  and  Sliding  Piece  (fig.  218). — ^Let 
Ca  be  the  axis  of  a  rotating  piece,  and  Ti  H  the  straight  line  along 
which  a  sliding  piece  moves.     Let  Ti,  Ta,  be  the  connected  pointy 

Ca  Ta  the  crank  arm  of  the  rotating  piece,  and  T,  T,  the  link  or 
connecting  rod.  The  points  T,,  Tg,  and  the  line  Tj  R,  are  supposrd 
to  be  in  one  plane,  perpendicular  to  the  axis  C.  Draw  Tj  KT  per* 
pendicular  to  Ti  K,  intersecting  Ca  Ta  in  K ;  K  is  the  instantaneims 
axis  of  the  link ;  and  the  rest  of  the  solution  is  the  same  as  in 
Example  I. 

489.  An  ficccnu-ic  (fig.  219)  being  a  circular  disc  keyed  on  s 

shaft,  with  whose  axis  its  centre  does  not  oo* 
incide,  and  used  to  give  a  reciprocating  motaon 
to  a  rod,  is  equivalent  to  a  crank  whose  ooDr 
nected  point  is  T,  the  centre  of  the  ecoenino 

disc,  and  whose  crank  arm  is  C  T,  the  distanflS 
of  that  point  from  the  axis  of  the  shaft,  called 
the  eccentricity. 

An  eccentric  may  be  made  capable  of  having  its  eccentricitf 
altered  by  means  of  an  adjusting  screw,  so  as  to  vary  the  extent 
of  the  reciprocating  motion  which  it  communicates,  and  which  i» 
called  the  thraWf  or  travd,  or  length  of  stroke. 

490.  The  liength  of  Stroke  of  a  point  in  a  reciprocating  piece  is 
the  distance  between  the  two  ends  of  the  path  in  whifth  that  point 
moves.     When  it  is  connected  by  a  link  with  a  point  in  a  oon- 


Fig.  219. 


uarOTH  or  stboke — HOOEi^a  jodtt.  461 

tiniicnuly  rotating  piece,  the  ends  of  the  Btroke  of  the  reciprocating 
]>uiiit  ooirespond  ■with  the  dead  points  of  the  continuoiialy  revolving 
piece  (Article  486). 

Jjet  S  be  the  length  of  stroke  of  the  reciprocating  piece,  L  the 
length  of  the  line  of  connection,  and  E.  the  crank  arm  of  the  con- 
tinuonkl^  turning  piece.  Then  if  the  two  ends  of  the  stroke  be  in 
one  straight  line  with  the  axis  of  the  crank, 

S  =  2R; (I.) 

and  if  their  ends  be  not  in  one  straight  line  with  that  axis,  then 
S,  L  —  B,  and  L  -}-  E,  are  the  three  sides  of  a  triangle,  having  the 
angle  opposite  S  at  that  axis ;  so  that  if  *  be  the  supplement  of  the 
arc  between  the  dead  points, 

S'=2(U+R")-2{L»-E')cosJn 

491.  Haake^  rahrcnnl  Jolai  (fig.  220)  is  B  contrivance  for  coup- 
ling shafts  whose  axes  intcniect  each  other  in  a  points 

Let  O  be  the  point  of  intersection  r 

of  the  axes  O  C„  0  C„  and  %  their 
•ngle  of  inclination  to  each  other.  c,S 
Ttia  pair  of  shafts  C,,  C,,  terminate 
in  a  pair  of  forks  F,,  F„  in  bearings 
at  the  extremities  of  which  turn  the 
gudgeons  at  the  CBds  of  the  arms  of 
a  rectangular  cross  having  its  centre 
at  0.  This  cross  is  the  link;  the 
connected  points  are  the  centres  of  _    ain' 

the  bearings  F,,  F^    At  each  instant 

each  of  those  points  moves  at  right  angles  to  the  central  plane  of 
its  shaft  and  fork,  therefore  the  line  of  jntei'section  of  the  central 
planes  of  the  two  forks,  at  any  instant,  is  the  instantaneous  axis  of 
the  cross,  and  the  velocity-ratio  of  the  points  F,,  F,  (which,  as  the 
forks  are  equal,  is  also  the  anipdar  ixloaiy-ratio  of  the  shafts),  is 
equal  to  the  ratio  of  the  distances  of  those  points  from  that  instan- 
taneous axis.  The  vnean  value  of  that  velocity-ratio  is  that  of 
equality ;  for  each  sucoesBivo  quarter  (urn  is  made  by  both  sliafts  in 
the  same  time  j  but  its  actual  value  fluctuates  between  the  limits, 

—  = :  when  Fi  is  in  the  plane  of  the  axes ;  \ 

—  =  cos  i  when  F»  is  in  tliat  plane.  ' 
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Its  value  at  intermediate  instants^  as  well  as  the  relation  betireen 
the  positions  of  the  shafts,  are  given  by  the  following  equaiionB : — 
Let  (pi,  (pay  be  the  angles  respectively  made  by  the  central  plimfis  of 
the  forks  and  shafts  with  the  plane  of  the  two  axes  at  a  gtvm 
instant;  then 

tan  (pi  •  tan  ^g  =  cos  i;  \ 

as d0a  _  tan  (pi  +  cotan  ^i  > (2.) 

tti  d(pi      tan  (pa  +  cotan  ^a  y 

492.  The  Double  si«M>ke's  JToint  (fig.  221)  is  used  to  obviate  the 
vibratoiy  and  imsteady  motion  caused  by  the  fluctuation  of  the 

velocity-ratio  indicated  in  the  equa- 
'/  tions  of  Article  491.  Between  the 
two  shafts  to  be  connected,  Ci,  C^ 
there  is  introduced  a  short  intenne- 
diate  shaft  Cg,  making  equal  angleB 
with  Ci  and  C^,  connected  with  each 
^^S-  221.  Qf  them  by  a  Hooke's  joinl^  and 

having  both  its  own  forks  in  the  same  plane. 

Let  i  be  the  angle  of  inclination  of  Ci  and  Cg,  and  also  that  of 
Ga  and  C,.  Let  (Pi,  (Ps,  (p^,  be  the  angles  made  at  a  given  instant  hj 
the  planes  o^the  forks  of  the  three  shafts  with  the  plane  of  iii0ir 
axes,  and  let  c^,  a^  Og,  be  their  angular  velocities.     Tlien 

tan  ^2  '  tan  ^g  =  cos  i  =  tan  ^x  *  tan  ^; 
whence  tan  ^3  =  tan  ^1 ;  and  Os^c^; 

so  that  the  angular  velocities  of  the  first  and  third  shafts  are  eupA 
to  each  other  at  every  instant. 

493.  A  Click,  being  a  reciprocating  bar,  acting  upon  a  xatchrt 
wheel  or  rack,  which  it  pushes  or  pulls  through  a  certain  arc  it 
each  forward  stroke,  and  leaves  at  rest  at  each  l^kward  stroke,  11 
an  example  of  intermittent  linkwork.  During  the  forward  Btroke^ 
the  action  of  the  click  is  governed  by  the  principles  of  linkwodc; 
during  the  backward  stroke,  that  action  ceases.  A  catch  or  paSi 
turning  on  a  fixed  axis,  prevents  the  ratchet  wheel  or  rack  fron 
reversing  its  motion. 

Section  5, — EedupUcaUon  of  Cords, 

494.  Deflnuions. — The  combination  of  pieces  connected  by  the 
several  plies  of  a  cord  or  rope  consists  of  a  pair  of  cases  or  frames 
called  blocks,  each  containing  one  or  more  pulleys  called  t^yeoMM* 
One  of  the  blocks  called  the  faU-hlock,  Bi^  is  fixed;  the  other,  or 
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rttnmhiff-blei^  B„  is  moveable  to  or  from  the  fell-block,  -with  which 
it  ifl  connected  by  means  of  a  rope  of  which  one  end  is  attached 
either  to  the  fell-block  or  to 
the  rtuming-block,  ichile  tlie 
other  end,  Ti,  called  liiGjail, 
or  tacMe-jall,  is  free;  while  b, 
the  intermediate  portion  of 
the  rope  passes  alternately 
round  the  pulleys  in  the  fell- 
block  and  running-block.  The 
wbfde  combination  is  called  a 
tadeh  OT  piuiAase. 

195.  The  TeiMdir-Biuto  chief- 
lyconmderedin  atackleisthat 
between  the  velocities  of  the 
rniming-block,  u,  and  of  the 
teckle-fell,  V.  That  ratio  ia 
given  by  equati< 
403  (which  see),  viz. : — 


.(I.) 


e  by  which  the  nmning-block 
lus,  in  fig.  222,  n  =  7;  and  in 


where  »  is  the  number  of  plies  of  n 
ia  connected  with  the  fall-block.  1 
fig.  233,  n  =  6. 

496.  The  Tciodir  or  Anr  pit  of  the  rope  ia  found  in  the  follow- 
ing manner : — 

L  For  a  ply  on  the  side  of  the  fell-block  next  the  tackle-fell, 
sach  aa  2,  4,  G,  Sg.  323,  and  3,  5,  fig.  223,  it  is  to  be  considered 
what  wonld  be  the  velocity  of  that  ply  if  it  were  itself  the  tackle- 
&1L  Let  that  velocity  be  denoted  by  o",  and  let  Ji'  be  the  number 
of  pliea  6tfftc«en  the  ply  in  question  Mid  the  point  of  attachment  by 
which  the  first  ply  (marked  1  in  the  figures)  is  fixed  to  one  or  other 
Uock.    Then 

^  =  nn (1.) 

TT.  For  a  ply' on  the  side  of  the  fell-block  ferthest  fi^n  tiho 
tackle-feU,  the  velocity  is  equal  and  contrary  to  that  of  the  next 
sacceeding  ply,  with  which  it  is  directly  connected  over  one  of  Uie 
sheaves  of  the  fell-block. 

III.  If  the  first  ply,  as  in  fig.  223,  is  attached  to  the  fell-blo**, 
its  velocity  is  nothing ;  if  to  the  running-block,  its  velocity  is  equal 
to  that  of  the  block. 

497.  wutc'B  Tackle. — The  sheaves  in  a  block  are  usually  made 
all  of  the  aame  diameter,  and  turn  on  a  fixed  pin ;  and  they  have^ 
conaeqaently,  difieient  angular  velocities.     But  by  makiiig  the 
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diameter  of  each  slieave  proportional  to  the  velocity,  rdaiM^  <» 
the  block,  of  the  ply  of  rope  which  it  is  to  carry,  the  angular  vdo- 
cities  of  the  sheaves  in  one  block  may  be  rendered  equal,  » tin* 
the  sheaves  may  be  made  all  in  one  piece,  and  may  have  joninili 
turning  in  fixed  bearings.  This  is  called  Whitens  Tackle,  from  tti 
inventor,  and  is  represented  in  figs.  222  and  223. 

Section  C. — Hydraulic  Connection. 

49  S.  The  General  PHncipie  of  the  communication  of  motki 
between  two  pistons  by  means  of  an  intervening  fluid  of  constut 
density  has  already  been  stated  in  Article  411,  viz.,  that  the  vekh 
cities  of  the  pistons  are  inversely  as  their  areas,  measured  on  pkoBi 
normal  to  their  directions  of  motion. 

Should  the  density  of  the  fluid  vary,  the  problem  is  no  longwoM 
of  pure  mechanism ;  because  in  that  case,  besides  the  communicatiot 
of  motion  from  one  piston  to  the  other,  there  is  an  additional  xnotkA 
of  one  or  other,  or  both  pistons,  due  to  the  change  of  volume  of  tiv 
fluid.  ^    , 

499.  Taires  are  used  to  regulate  the  communication  of  motifli 
through  a  fluid,  by  opening  and  shutting  passages  through  irfoA 
the  fluid  flows ;  for  example,  a  cylinder  may  be  provided  withvilwi 
which  shall  cause  the  fluid  to  flow  in  through  pne  passage^  ml 
out  through  another.  Of  this  use  of  valves,  two-  cases  may  !• 
distinguished. 

I.  iHi^n  the  piston  moves  the  fluid,  the  valves  may  be  "whit  ■ 
called  self-acting;  that  is,  moved  by  the  fluid.  If  &ere  be  t*o 
passages  into  the  cylinder,  one  provided  with  a  valve  opeD0| 
inwards,  and  the  other  with  a  valve  opening  outwards;  tk* 
during  the  outward  stroke  of  the  piston  the  former  valve  is  opend 
and  the  latter  shut  by  the  inward  pressure  of  the  fluid,  which  flo** 
in  through  the  former  passage;  and  during  the  inward  stn^w 
the  piston,  the  former  valve  is  shut  and  the  latter  opened  by  tta 
outward  pressure  of  the  fluid,  which  flows  out  through  the  lattff 
passage.  This  combination  of  cylinder,  piston,  and  valves,  ooDsti- 
tutes  a  pump, 

II.  When  the  fluid  mx/oes  the  piston,  the  valves  must  be  opened 
and  shut  by  mechanism,  or  by  hand.  In  this  case  the  cylinder  ii 
a  working  cylinder. 

500.  In  the  Hydraulic  Press,  the  rapid  motion  of  a  small  piston 
in  a  pump  causes  the  slow  motion  of  a  large  piston  in  a  working 
cylinder.  The  pump  draws  water  from  a  reservoir,  and  forces  it 
into  the  working  cylinder;  during  the  outward  stroke  of  the  pump 
piston,  the  piston  of  the  working  cylinder  stands  still ;  during  the 
inward  stroke  of  the  pump  piston,  the  piston  of  tiie  working 


HVDRAUUC  UOIST — TBAIN&  ^05 

cylinder  moves  outward  with  a  velocity  as  much  less  than  that  of 
the  pomp  piston  as  its  area  is  greater.  When  the  piston  of  the 
working  i^linder  has  finished  its  outward  stroke^  which  may  be  of 
any  length,  it  is  permitted  to  be  moved  inwards  again  by  opening 
a  valve  by  hand  and  allowing  the  water  to  escape. 

501.  In  the  siydnudic  Hoist,  the  slow  inward  motion  of  a  large 
piston  drives  water  £rom  a  large  cylinder  into  a  smaller  cylinder, 
and  causes  a  more  rapid  outward  motion  of  the  piston  of  the  smaller 
cylinder.  When  the  latter  piston  is  to  be  moved  inward,  a  valve 
between  the  two  i^linders  is  closed,  and  the  valve  of  an  outlet  £rom 
the  smaller  cylinder  opened,  by  hand,  so  as  to  allow  the  water  to 
escape  from  the  smaller  cylinder.  The  larger  cylinder  is  filled  and 
its  piston  moved  outward,  when  required,  by  means  of  a  pump,  in 
a  manner  resembling  the  action  of  a  hydraulic  press. 

Section  7. — Trains  of  Meduinism, 

602.  TmfaM  of  EiemenuuT  Combination*  have  been  defined  in 
Article  435,  and  illustrated  in  the  case  of  wheelwork,  in  Article 
449,  and  in  the  case  of  a  double  Hookers  joint,  in  Ai'ticle  492.  The 
general  principle  of  their  action  is  that  the  comparative  motion  of 
the  first  driver  and  last  follower  is  expressed  by  a  ititio,  which  is 
found  by  multiplying  together  the  several  velocity-ratios  of  the 
aeries  of  elementary  combinations  of  which  the  train  consists,  each 
with  the  sign  denoting  the  directional  relation. 

Two  or  more  trains  of  mechanism  may  converge  into  one ;  as  when 
the  two  pistons  of  a  pair  of  steam  engines,  each  through  its  own 
connecting  rod,  act  upon  one  crank  shaft  One  train  of  mechanism 
may  diverge  into  two  or  more;  as  when  a  single  shaft,  driven  by  a 
prime  mover,  carries  several  pxileys,  each  of  which  drives  a  difierent 
machine.  The  principles  of  comparative  motion  in  such  convergiug 
and  diverging  trains  ai-e  the  same  as  in  simple  trains. 
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ON  AGGRBOATB  COMBOTATIOBI. 


503.  The  ctcBerai  priHdpies  of  aggr^ate  combhiatioiu  ten 
already  been  given  in  Part  III.,  Chapter  IL,  Section  3.  lb 
problems  to  which  those  principles  are  to  be  applied  maj  be  difiU 
into  two  classes. 

L  Where  a  secondary  moying  piece  is  connected  at  thiee^  oriik 
two  points,  as  the  case  may  be,  with  three  or  with  two  other  pieM 
whose  motions  are  given ;  so  that  the  problem  ia^Jrom  Hie  mBUkm 
of  three  or  oftvx)  points  in  the  secondary  piece,  to  find  Us  motion  of  i 
whole,  and  the  motion  of  any  point  in  it.  The  solution  of  this  fn- 
blem  is  given  in  Articles  383  and  384. 

H.  Where  a  secondary  piece,  C,  is  carried  by  another  m&oe,  B; 
and  denoting  the  &ame  of  the  machine  by  A,  there  are  given  i«t 
out  of  the  three  motions  of  A,  B,  and  C,  relatively  to  euck  ofli^ 
and  the  third  is  required.  The  motion  of  C  relatively  to  A  ii  A* 
resultant  of  the  motion  of  C  relatively  to  B,  and  of  B  rektitelf  ^ 
A ;  and  the  problem  is  solved  by  the  methods  already  ezplaiaeiiB 
Articles  385  to  395,  inclusive. 

Mr.  Willis  distinguishes  the  effects  of  aggregate  oombmitiaif 
into  aggregate  vdocUies,  whether  linear  or  angular^  prodnorfii 
secondary  pieces  by  the  combined  action  of  different  drivef^  tt^ 

aggregate  paths,  being  the  curvefl^  MjA 
as  cycloids  and  trochoids,  eigkjdail^ 
and  epitrochoids,  described  by  fff^ 
points  in  such  secondary  pieces. 

The  following  Articles  give  examjto 
of  the  more  ordinary  &nd  usefol  agp^ 
gate  combinations. 

504.    Diirerential  HFlndUuM.  —  111  Cfr 

224,  the  axis  Aj  carries  two  barreb* 
different  radii,  r^  being  the  greater,  vi 
Ta  the  less.  A  running  block  contaiiite  ' 
a  single  pulley  is  hung  by  a  rope  irUA 
passes  below  the  pulley,  and  has  ctf 
end  wound  round  the  laiger  barrel,  vA 
the  other  wound  the  contraiy  way  xoaBd 
the  smaller  barrel    When  the  two  barrels  rotate  together  with  ^ 


Fig.  224. 
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»iiiiiion  aTignlar  velocity  a,  the  diyision  of  the  rope  which  hangs 
om  the  l&rger  barrel  moves  with  the  velocity  ari,  and  the  divi- 
on  which  hangs  irom  the  smaller  barrel  moves  in  the  contrary 
ixection  with  flie  velodiy  —ara  (whose  direction  is  denoted  by 
he  n^ative  sign).  These  are  also  the  velocities  of  the  two  points 
kt  opposite  extremities  of  a  diameter  of  the  ptdley,  where  it  is 
xmdied  by  the  two  vertical  divisions  of  the  rope,  llie  velocity  of 
the  centre  of  the  pulley  is  a  mean  between  those  two  velocities ; 
that  is,  their  half-difference,  because  their  signs  are  opposite ;  or 
denoting  it  by  v, 

_  «(ri-n)  .^  . 

The  mstcmkmeous  axis  of  the  pulley  may  be  found  by  the  method 
of  Article  384,  as  follows : — ^In  fig.  184  c,  let  A  and  B  be  the  two 

«nds  of  the  horizontal  diameter  of  the  pulley,  and  let  A  V^  =  a  rj, 

«nd  BVj  zszar^  represent  their  velocities ;  join  YJV^  cutting  A  B 
m  0 ;  this  is  tiie  instantaneous  axis,  and  its  distance  from  the 
ttntre  or  moving  axis  of  the  pulley  is  obviously 


^=i(^) « 

Ihe  motion  of  the  centre  of  the  pulley  is  the  same  with  that  of  a 


n-r. 


The  use  of 


point  in  a  rope  wound  on  a  barrel  of  the  radius 

^  contrivance  is  to  obtain  a  slow  motion  of  the  pulley  without 
^tamg  a  small,  and  therefore  a  weak,  barrel 

505.   ConiRowid  Screwik — (Fig.  225,)     On  the  same  axis  let 
ilfire  be  two  screws  Si  S^  and  S*  Sa,  of  the  respective  pitches 


»> 


Bt  St 


^M 


Fig.  225. 


I  and  p^  pi  being  the  greater,  and  let  the  screws  in  the  first  in- 
bance  be  both  right-hsjided  or  both  left-handed.  Let  Ki  and  K* 
e  two  nuts,  fitted  on  the  two  screws  respectively.  When  the 
nnpotind  screw  rotates  with  the  angular  velocity  a,  the  nuts  ap- 
roach  towards  or  recede  from  each  otiier  with  the  relative  velocily^ 


2  X      '• 


.(1.) 
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being  that  due  to  a  screw  whose  pitch  is  the  difference  of  the  two 
pitches  of  the  compound  screw.  (See  Article  382,  equation  1.) 
The  object  of  this  contrivance  is  to  obtain  the  slow  advance  due 
to  a  fine  pitch,  together  with  the  strength  of  large  threads. 

Fig.  226  represents  a  compound  screw  in  which  the  two  screwB 
are  contrary-handed,  and  the  relative  velocity  of  the  nuts  Ny  N» 
is  that  due  to  the  sum  of  the  two  pitches ;  or,  as  these  are  ustudlr 
equal,  to  double  the  pitch  of  each  screw.  This  combination  in  used 
in  coupling  railway  carriages. 

506.  ijink  motion. — Let  0  be  the  axis  of  the  shaft  of  a  steam 

engine,  CT  the  crank, /the  connected  point  (see  Article  489)  of  the 

apj^,^^  forwa/rd  ecceniric    (which  is 

suited    to    move    the   dide 

/       — ,^ —     "\       valve  when  the  engine  moves 

I«_--..Z-<-"---— --"- \  s    forwards),    b   the    connected 

u'  ' — ©  J- A.  point  of  the  hackuoard  eooah 

\  I       trie  (which  is  stated  to  move 

o  ___^^^        /       the    slide    valve    when  ti» 

B        engine  is  reversed),  /F  tiie 
Yis  227  forward  and  b  B   the  back- 

ward eccentric  rods,  FB  a 
piece  called  the  link,  jointed  to  those  two  rods  at  F  and  B,  S  a 
slider,  which  is  capable  of  being  slid  to  and  fixed  at  different 
positions  in  the  link,  and  to  which  the  slide  valve  rod  is  jointed. 
Let  the  arrow  represent  the  direction  of  forward  rotation  of  the 
shafb,  and  at  the  instant  represented  in  the  figure,  let  the  pistoa 
be  at  one  end  of  its  stroke.  Let  L  L  be  a  line  showing  the  position 
in  which  the  crank  arm  of  an  eccentric  sliould  stand,  in  order  that 
the  middle  of  the  stroke  of  the  slide  valve  should  be  at  the  same 
instant  with  the  extremity  of  the  stroke  of  the  piston.  The  ao^ 
-^  L  Cy  is  the  angular  lead  or  adva/nce  of  the  forward  eccentnc^ 
and  the  angle  -^  L  C  6  (usually  equal  to  the  former)  the  anffular 
lead  or  advance  of  the  backward  eccentric. 

When  S  is  at  F,  the  engine  is  iRjfull  forward  gear,  the  motion 
of  the  slide  valve  being  governed  by  the  forward  eccentric  alonft 

The  stroke  or  throw  of  the  slide  valve  is  2  Cf,  and  its  lead  cone- 
spends  to  the  angle  ^^  L  Cf 

When  S  is  at  B,  the  engine  is  in  ftdl  backward  gear,  the  motion 
of  the  slide  valve  being  governed  by  the  backward  eccentric  alonfe 

The  stroke  or  throw  of  the  slide  valve  is  2  C  6  (usually  =  2  C  A 
and  its  lead  corresponds  to  the  angle  .*^  L  C  6  (usually  =  ^^  L  Cfy 
When  S  is  at  A,  the  engine  is  in  mid  gear,  the  velocity  of  tlie 
valve  rod  at  each  instant  being  a  mean  between  those  which  ifc 
would  receive  &om  either  eccentric  separately. 
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The  lead  corresponds  to  90°,  or  a  quarter  of  a  revolution.     The 

throw  is  nearly,  though  not  exactly,  =  2  C  a,  a  being  the  middle 
of  the  straight  line  fh. 

To  find  eoeacUy  the  motions  of  the  slide  valve  for  different  posi- 
tions of  the  slider  S,  it  is  best  to  draw  a  diagram  to  a  scale,  repre- 
senting the  positions  of  the  eccentrics,  rods,  and  link,  for  a  sei-ies 
of  angular  positions  of  the  crank  (usually  dividing  a  revolution  into 
24  equal  angles) ;  and  the  corresponding  series  of  positions  of  S 
when  fixed  at  various  points  in  the  link.  Several  examples  of 
this  process  are  given  in  Mr.  D.  K.  Clark's  treatise  on  E^way 
Machinery. 

A  useful  c^>proocim(ttion  to  the  motions  of  the  valve,  when  the 
rods  are  long  compared  with  the  link,  is  got  by  dividing  the  line 
/*&  at  «  in  the  same  proportion  in  which  S  divides  F  B,  and  con- 
sidering the  motion  of  the  valve  as  produced  by  the  crank  C  s ; 

so  that  the  throw  is  approximately  2  C «,  and  the  lead  approxi- 
mately -*^  L  C  «. 

507.  Parallel  sroiion*  are  jointed  combinations  of  linkwork, 
designed  to  guide  the  motion  of  a  reciprocating  piece,  such  as  the 
piston  rod  of  a  steam  engine,  either  exactly  or  approximately  in  a 
straight  line,  in  order  to  avoid  the  friction  which  attends  the  use 
of  straight  guides.  Four  kinds  of  parallel  motion  will  now  be 
described: — 

L  An  Exact  Parallel  Motion,  believed  to  have  been  first  proposed 
by  Mr.  Scott  Russell,  is  represented  in  fig.  228.  The  same  parts 
of  the  mechanism  are  marked  with  the  ^ 

nine  letters,  and  different  successive       ^p^;:;"  ^--.-^ 

positions  are  indicated  by  numerals  j      ^^^"^Si!^''' ' 

affixed.     The  lever  CT  turns  about  [    ^^^^"\^>^ 

the  fixed  centre  C,  and  carries,  jointed  j^^f;.^^^;^^      rV''  y^v^W♦r^ 
to  its  other  end,  the  barer  link  P  T  Q,    ''    X"^\^^    Tv^i^^^ 
in  which  PT  =  TQ  =  CT.    The  point  i        "!>^ 

Q  is  jointed  to  a  slider  which  slides  in  i^^^^^^ 

guides  along  the  straight  line  C  Q.       -^  _. 

From  Q  draw  Q D  -L  CQ,  cutting  CT  *'^-  ^^^• 

produced  in  D;  then  by  Article  488,  D  is  the  instantaneous  axis 
of  the  link ;  and  because  D  P  ||  C  Q,  the  motion  of  P,  which  is 
-i-  D  P,  is  always  JL  C  Q;  that  is  to  say,  the  point  P  moves  in  the 
straight  line  Pi  C  Pg,  J-  0  Q.  In  a  steam  engine,  a  pair  of  the 
oombiiiations  here  shown  are  used,  one  at  each  side  of  the  cylinder; 
and  the  pair  of  ba^  P  Q  are  jointed  at  their  extremities  P  to  the 
head  of  the  piston  rod.     The  distance  through  which  Q  slides  at 

each  single  stroke  of  the  piston,  of  the  length  Pi  P^  =  S^  is  given 
by  the  equation 
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2  Qi  02=  2  { P Q- 'y/pQi'-f, } 


(1) 


and  is  small  compared  with  the  length  of  stroke  of  the  piston. 

IL  An  Approximate  Parallel  BEottoa*  somewhat  resembling  the 
preceding,  is  obtained  by  guiding  the  link  F  Q  entirely  by  meuu 
of  oscillating  levers,  instead  of  by  a  lever  and  a  slide.  To  find  the 
length  and  the  position  of  the  axis  of  one  of  those  levers,  e  t,  select 
any  convenient  point,  t,  in  the  link  F  Q,  and  lay  down  on  a  drawing 
the  extreme  and  middle  positions,  ^,  ^,  t^  of  that  point,  corre- 
sponding to  the  extreme  and  middle  positions  of  the  link  P  Q.  The 
centre  c  of  a  circle  traversing  those  three  points  will  be  the  required 
axis  of  the  lever,  and  c  t  will  be  its  length;  and  if  the  link  P  Q  is 
guided  by  two  such  levers,  the  extreme  and  middle  positions  of  P 
will  be  in  one  straight  line,  and  the  other  positions  of  that  point 
very  nearly  in  one  straight  line. 

III.    Watt's  Approximate  Parallel  BEotlon. — ^In  fig.  229,  let  C  T, 

«  ^  be  a  p9ir  of  levers,  connected  by  a  link  T  ty  and  oseillating  about 


Fig.  229. 

the  axes  0,  c,  between  the  positions  marked  1  and  3.  Let  tlie 
middle  positions  of  the  levers,  C  T2,  c  ^,  be  parallel  to  each  oUmt. 
It  is  required  to  find  a  point  P  in  the  link  T  ty  such,  that  its  middle 
position  Pj,  and  its  extreme  positions  Pi,  P^,  shall  be  in  the 
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tftraigbt  line  perpendicular  ix>  CT^ct^,  and  so  to  place  the  axes  0,  o, 
on  the  lines  CTf,  et^  that  the  path  of  F,  between  the  positions 
Piy  P|,  Fj,  shall  be  as  near  as  possible  to  a  straight  line. 

The  axes  C,  c,  are  to  be  so  placed,  that  the  middle  M  of  the 
versed  sine  Y  T^,  and  the  middle  m  of  the  versed  sine  v  t^  of  the 

respective  arcs  whose  equal  chords  Ti  Tg  =  ^  t^  represent  the  stroke, 
may  each  be  in  the  line  of  stroke  M  m.  Then  Tx  and  Ts  will  be  as 
far  to  one  side  of  that  line  as  Tj  is  to  the  other,  and  ti  and  ^  will 
be  88  &r  to  the  latter  side  of  the  same  line  as  4  is  to  the  former; 
consequently,  the  two  extreme  positions  of  the  link,  Tx  ^,  Ts  ^,  are 
parallel  to  each  other,  and  inclined  to  M  m  at  the  same  angle  in 
one  direction  that  the  middle  position  of  the  link  T^  ^  is  inclined 
to  that  line  in  the  other  direction;  and  the  three  intersections 
Pi  Pa  Fa,  are  at  the  same  point  on  the  link. 

The  position  of  the  point  F  on  the  link  is  found  by  the  following 
proportional  equation : — 


Tt:TT:Tt 


.(2.) 


:  iTY-^tv  :TV  :tv 
:  :C  M  +  cm  :  cm  :  C  M 


Tlie  jjositious  of  the  point  P  in  the  link,  intermediate  between  its 
middile  and  extreme  positioDS,  are  near  enough  to  a  straight  line  4 
for  practical  purposes.     When  there  ai-c  given,  the  axes  C,  c,  the 

line  of  stroke  i\  Pg  P3,  the  length  of  stroke  t^  P3  =  S,  and  the  per- 
pendicular distance  M  m  between  the  middle  positions  of  the  two 
levers,  the  following  equations  serve  to  compute  the  lengths  of  the 
levers  and  link : — 


Versed  sines, 


Lievcrs, 


TV  = 


S- 


8CM' 


-         S' 
tv  =  — _-  ; 

8C7U 


0  T  =  C  M  + 


TV     - 


t  V  I 


2    >  ct  =  cm  +  -^- 


»+<IX+if)'} 


(3.) 


JJiik, 


IV .  Wmu*s  Parallel  Motion  iTiodUied  by  having  the  guidcd  point 
P  in  the  prolongation  of  the  link  T  t  beyond  its  connected  points, 
instead  of  between  those  points,  is  represented  by  fig.  230.  In  this 
case,  the  centres  of  the  two  lovers  are  at  the  same  side  of  the  link, 
instead  of  at  opposite  sides,  the  shorter  lever  being  the  £strther  from 
the  guided  point  F;  and  the  equations  2  and  3  are  modified  as 
follows : — 
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S^ments  of  the  link,         Tl:Fl?:P« 


:  :tv  —  TY  :TY  :tv 


YisYsed  sines, 


Level's, 


:  :  C M  —  cm  :cm:  CM. 


••• •••• 


•  ••  •  •  •tx>  I 


TV  = 


8CM 


;  tv=z 


8cm 


TV    _ 
2 


CT  =  CM  +  =^;  ct  =  cm  +  '^', 


t  V 
2" 


link. 


t7=y^{m^+<^^-/^}.; 


(5.) 


Tliis  parallel  motion  is  used  in  some  marine  engines,  in  a  poaiiioii 
inverted  with  respect  to  that  in  the  figure,  P  being  the  npper,  and 
t  the  lower  end  of  the  link. 


Fig.  281. 

When  Watt's  parallel  motion  (IH) 
is  applied  to  steam  engines  with  beama^ 
it  is  more  usual  to  guide  the  air  pump 
rod  than  the  piston  rod  direcUj  l^ 
means  of  the  point  P.  The  head  of 
the  piston  rod  is  guided  by  being  con- 
nected with  that  point  l^  means  of  a 
pa/raUdogromt  of  bars,  shown  in  fig.  23L 
c  is  the  axis  of  motion  of  the  beam  of 
the  engine,  ctA,  one  arm  of  that  beanHy 
C  T  a  lever  called  the  radivs  bar  or 
bridle  rod,  T  ^  a  link  called  the  haA 
liTik.  CTfCt,  and  T  t,  form  the  com- 
bination already  described  (HL),  and 
shown  in  ^g,  229 ;  and  the  point  P,  found  as  already  shown,  is 
guided  in  a  vertical  line,  almost  exactly  straight    The  total  length 

of  the  beam  arm,  o  A,  is  fixed  by  the  proportion 


Fig.  280. 
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Tt:Tt::Ct:  C  A; (6.) 

that  JA^iAia  vciy  nearly  a  third  proportioiial  to  C  T  and  c  L  Draw 
A  B  II  T  <y  and  c  P  B  intersecting  it;  then  from  the  proportion  6  it 

follows  that  AB  =  T&     ABis  the  main  link,  by  the  lower  end 

of  which,  B,  the  head  of  the  piston  rod  is  guided  B^f  =and||rA 
18  the  |»ra^  (or,  by  which  the  main  and  back  links  are  connected. 

cB      c  A . 
F  moves  sensibly  in  a  straight  line;  '=^  =  -=-  is  a  constant  ratio; 

therefore  B  moves  sensibly  in  a  straight  line  parallel  to  that  in 
iduch  P  moves. 

A  parallelogram  analogous  to  A  B  T  <  may  also  be  combined  with 
the  parallel  motion  lY. 

508.  BpicTclic  Twmimm, — ^The  term  epicydic  train  is  nsed  by  Mr. 
WiDis  to  denote  a  train  of  wheels  carried  by  an  arm,  and  having 
certain  rotations  rehitively  to  that  arm,  whidi  itself  rotates.  The 
arm  may  either  be  driven  by  the  wheels,  or  assist  in  driving  them. 
The  comparative  motions  of  the  wheels  and  of  the  arm  relatively  to 
each  other  and  to  the  frame,  and  the  aggregate  paths  traced  by 
painl^  in  the  wheels,  are  determined  by  the  principles  of  the  com- 
position of  rotations,  already  explained  in  Articles  385  to  395i 
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509.   Diriaion  of  the  Subject. — The  science  of  Dynamics,  wliicli 
treats  of  the  relations  between  the  motions  of  bodies  and  the  forces 
acting  amongst  them,  may  be  divided  into  two  primary  divisions, 
according  as  it  has  reference  to  balanced  forces  and  uniform  motions, 
or  to  unbalanced  forces  and  varying  motions.     A  secondary  mode 
of  dividing  the  subject  is  founded  on  the  distinction  between  ques- 
tions respecting  the  motions  of  masses  which  are  either  insensibly 
small,  or  which,  being  of  sensible  magnitude,  have  motions  of  trans- 
lation only, — questions  respecting  the  motions  of  rigid  bodies  and 
rigidly  connected  systems  which  rotate, — and  questions  respecting 
the  motions  of  pliable  bodies  and  of  fluids.     The  djmamics  of  fluids 
has  received  the  special  name  of  hydrodyncmvica.     It  is  a  branch  of 
mechanics  so  extensive  in  its  applications,  and  depending  so  much 
in  its  details  upon  special  experiments,  as  to  require  a  separate 
work  for  its  full  exposition  j  nevertheless,  in  the  present  treatise 
its  fundamental   principles   will  be    set   forth  in  their  proper 
place. 

The  dynamical  principles  of  the  motions  of  rotating  rigid  bodies, 
of  pliable  bodies,  and  of  fluids,  are  deduced  irom  those  of  the  motions 
of  rigid  bodies  having  motions  of  simple  translation,  by  conceiving 
the  bodies  under  consideration  to  be  divided  into  indcflnitcly  small 
molecules  or  particles,  so  that  the  laws  of  the  motion  of  each  mole- 
cule shall  difler  from  those  of  a  body  having  a  motion  of  simple 
translation  to  an  extent  less  than  any  given  diflerence.  It  is  to 
such  indefinitely  small  molecules  that  the  term  physical  pomt, 
already  mentioned  in  Article  7,  is  applied. 

Hence  it  appears  that  the  laws  of  the  relations  between  the 
motions  of  a  so-called  physical  point,  and  the  forces  acting  on  it, 
arc  the  foundation  of  the  science  of  dynamics  ;  and  the  same  laws 
are  applicable  to  a  rigid  body  in  which  every  jwint  moves  in  the 
same  manner  at  the  same  instant ;  that  is  to  say,  which  has  a 
motion  of  translation,  as  defined  in  Article  369. 
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The  subjects  to  wbicli  the  principles  of  dynamics  relate  wiD 
therefore  be  classed  in  the  following  manner : — 

I.  Uniform  Motion. 

II.  Yaried  Translation  of  Points  and  Higid  Bodies. 
IIL  notations  of  Rigid  Bodies. 
rV.  Motions  of  Pliable  Bodies. 

Y.  Motions  of  Fluids. 


CHAPTER  L 

ON  X7NIF0RM  MOTION  UNDEB  BALANCED   FOBCES. 

510.  First  liaw  of  motion. — A  body  tmder  the  action  of  no  fcrt^ 
or  of  halcmced  forces,  is  either  at  rest,  or  moves  umformlt/.  (UniftO* 
motion  has  been  defined  in  Article  354.) 

Such  is  the  first  law  of  motion  as  usually  stated ;  but  in  W 
statement  is  implied  something  more  than  the  literal  meaning  • 
the  words ;  for  it  is  understood,  that  the  rest  or  fnotion  o/th$  hoi) 
to  which  the  law  refers,  is  its  rest  or  motion  relatively  to  onfld* 
body  which  is  also  under  the  action  of  no  force,  or  of  balanced  foM 
Unless  this  implied  condition  be  fulfilled,  the  law  is  not  tn* 
Therefore  the  complete  and  explicit  statement  of  the  first  law  » 
motion  is  as  follows : — 

If  a  pair  of  bodies  be  each  under  the  auction  of  no  force,  or  (f 
balanced  forces,  tlie  Tnotion  of  each  of  those  bodies  reUUivdy  to  d* 
other  is  either  none  or  uniform. 

The  first  law  of  motion  has  been  learned  by  experience  and 
observation  :  not  directly,  for  the  circumstances  supposed  in  rt 
never  occur ;  but  indirectly,  from  the  fact  that  its  consequenceii 
when  it  is  taJken  in  conjunction  with  other  laws,  are  in  aooardanfiB 
with  all  the  phenomena  of  the  motions  of  bodies. 

The  first  law  of  motion  may  be  regarded  as  a  consequence  of  the 
definitions  oi  force  and  of  balance  (Articles  12,  13) :  at  the  aanw 
time  it  is  to  be  observed,  that  the  framing  of  those  definitioDB  hai 
been  guided  by  experimental  knowledge. 

511.  fflbrt;  Rcnistance;  liateral  Force. — Let  F  denote  a  foCOB 

applied  to  a  moving  point,  and  6  the  angle  made  by  the  direction 
of  that  force  with  the  direction  of  the  motion  of  the  point.  Then, 
by  the  principles  of  Article  57,  the  force  F  may  be  resolved  into 
two  rectangular  components,  one  along,  and  the  other  across^  thfl 
direction  of  motion  of  the  point,  viz.  : — 
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The  direct  force,  F  cos  /. 
The  lateral  force,  F  siu  /. 

A  direct  force  is  further  distinguished,  according  as  it  acts  with  or 
against  the  motion  of  the  point  (that  is,  according  as  ^  is  acute  or 
obtuse),  by  the  name  of  effort,  or  of  resistance,  as  the  case  may  be. 
Hence  each  force  applied  to  a  moving  point  may  be  thus  decom- 
posed : — 

Effort,  P  =  Fcos^,  if^is  acute ; 

liesigtance,   R  =  F  cos  (x  —  tf)  if  ^  is  obtuse ;  ^ (1.) 

Lateral  force,  Q  =  F  sin  ^. 

512.  The  CmmdiUmmm  mf  Uniform  ]ii«ii«n  of  a  pair  of  points  are, 
that  the  forces  applied  to  each  of  them  shall  balance  each  other ; 
that  is  to  say,  tluU  tlie  lateral  /orces  applied  to  each  point  sludl 
balance  each  oilier,  and  tJuU  tlie  efforts  applied  to  each  point  shall 
balance  tlie  resistances. 

The  direction  of  a  force  being,  as  stated  in  Article  20,  that  of 
the  motion  which  it  tends  to  produce,  it  is  evident  that  the  balance 
of  lateral  forces  is  the  condition  of  uniformity  of  direction  of  motion, 
that  is,  of  motion  in  a  straight  line ;  and  that  the  balance  of  efforts 
and  resistances  is  the  condition  oi  uniformity  of  velocity. 

513.  iTmrk  consists  in  moving  against  resistance.  The  work  is 
said  to  be  performed,  and  the  resistance  overcome.  Work  is  mea- 
jsured  by  the  product  of  the  resistance  into  the  distance  through 
which  its  point  of  aj)plication  is  moved.  The  unit  of  work  com- 
monly used  in  Britain  is  a  resistance  of  one  pound  overcome  through 
a  distance  of  one  foot,  and  is  called  2i.  foot-pound. 

514.  Energf  means  capacity  for  performiim  work.    The  energy  of 
en  effort,  or  potential  energy^  is  measured  by  the  product  of  the 
effort  into  the  distance  through  which  its  point  of  application  is 
capable  of  being  moved.     Tlie  unit  of  energy  is  the  same  with  the 
unit  of  work- 
When  the  point  of  application  of  an  effort  luis  been  moved  through 

a  given  distance,  energy  is  said  to  have  been  exerted  to  an  amount 
expressed  by  the  product  of  the  effort  into  the  distance  through 
which  its  point  of  application  lias  been  moved. 

515.  Energy  nnd  Work  of  Tnrfing  Forces. — If  an  effort  has  dif- 

feiient  magnitudes  during  different  portions  of  the  motion  of  its 
point  of  application  through  a  given  distance,  let  each  different 
magnitude  of  the  effort  P  be  multiplied  by  the  length  a«  of  the 
corresponding  portion  of  the  path  of  the  point  of  application ;  the 
Bum 

2Pa5 (1.) 

it  the  whole  energy  exerted.      If  the  effort  varies  by  insensible 
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degrees^  the  energy  exerted  is  the  integral  or  limit  towards  idudi 
that  sum  approaches  continxially,  as  the  divisions  of  the  patlL  an 
made  smaller  and  more  numerous^  and  is  expressed  by 

jVd8 (2.) 

Similar  processes  are  applicable  to  the  finding  of  the  work  pa> 
formed  in  overcoming  a  varying  resistance.  As  to  int^ratioiL  in 
general,  see  Article  81. 

516.  A  DTiiaMioiBeter  or  Indicator  is  an  instrtunent  which  mea* 
sures  and  records  the  energy  exerted  by  an  effort  It  usually  ccm- 
sists  essentially,  firaty  of  a  piece  of  paper  moving  with  a  velocity 
proportional  to  that  of  the  point  of  application  of  the  effort,  and 
having  a  straight  line  marked  on  it  parallel  to  its  diredaon  d 
motion,  called  the  zero  line ;  and  secondly,  of  a  spring,  acted  imon 
and  bent  by  the  effort,  and  carrying  a  pencil  whose  perpendicolar 
distance  from  the  zero  line,  as  regulated  by  the  bendmg  of  tha 
spring,  is  proportional  to  the  effort  The  pencil  traces  on  the  pie« 
of  paper  a  lino  like  that  in  fig.  24  of  Article  81,  such  that  its  OIKS' 

note  E  F,  perpendicular  to  the  zero  line  O  X  at  a  given  poiifi 
represents  the  effort  P  for  the  corresponding  point  in  the  path  d 
the  point  of  application  of  the  effort ;  and  "Uie  a/rea  hetwem  tm . 

ordincUes,  such  as  A  C  D  £,  represents  the  energy  exerted,  i  P^^ 

for  the  corresponding  portion,  A  B,  of  the  path  of  the  point  d 
application  of  the  effort. 

517.  The  IRnergj  and  Wark  of  Floid  Preamire  may  be  expnoei 

as  follows  : — Let  A  denote  the  projection  on  a  plane  jperperuSaikir 
to  tJie  direction  ofTnotion  of  the  moving  body,  of  that  portion  of  fl* 
body's  surface  to  which  the  pressure  is  applied,^  the  intensitjof. 
the  pressure  in  units  of  force  per  unit  of  area  (Article  86),  and  Al 
the  distance  through  which  the  body  is  moved  in  a  given  intenal 
of  time ;  then  during  that  interval,  the  energy  exerted  by,  or  woA 
performed  against,  the  fluid  pressure,  according  as  it  acts  with  or 
against  the  motion,  is  given  by  the  formula 

P  •  AS  (or  R*  A*)=^  A  •  A«=^' A V;... ...... .(L) 

where  a  "V  is  the  volume  of  the  space  swept  through  by  the  poriktt 
of  the  body's  surface  which  is  pressed  upon,  during  the  gxvaa 
interval  of  time. 

518.  The  ConaenratioB  af  Energjy  in  the  case  of  uniform  motioDy 
means  the  fact,  that  tlie  energy  exerted  is  equal  to  the  work  perfcrmd; 
and  is  a  consequence  of  the  first  law  of  motion,  as  is  shown  by  thfl 
consideration  of  the  following  cases  : — 

Case  1.  For  th^  forces  acting  on  a  single  point,  the  principle  ii 
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elf-evident;  fosr  as  the  effort  applied  to  the  point  balances  the 
egistance,  the  producte  of  these  forces  into  the  distance  traversed 
>y  the  point  in  any  interval  must  be  equal;  that  is^ 

P  •  A«=  R  'A3 (1.) 

Case  2.  For  the  forces  acting  on  amy  system  of  "balanced  points, 
ihe  principle  must  be  true,  because  it  is  true  for  those  acting  on 
sach  single  point  of  the  system.     This  is  expressed  as  follows  : — 

2   Pas  =2    Has (2.) 

Case  3.  When  a  system  of  points  are  rigidly  connected^  so  that 
fcheir  relative  positions  do  not  sJter,  there  is  neiiiier  energy  exerted 
nor  work  performed  by  the  forces  which  act  amumgst  tJie  points  of 
the  system  themselves;  and  therefore,  from  case  2  it  follows,  that  tho 
principle  of  the  conservation  of  energy  is  true  of  the  forces  acting 
oetween  the  points  of  the  system  cmd  eocternal  bodies. 

Symbolically,  let  the  efforts  acting  amongst  the  points  of  tho 
Bystem  be  denoted  by  P„  the  resistances  by  R, ;  the  efforts  acting 
oetween  the  points  of  the  system  and  external  bodies  by  P-,  and 
the  resistances  by  Eg.     Then  by  case  2, 

2(P,  +  P2)A«=2-(Ili  +  R2)A«; 

but  by  the  condition  of  rigidity, 

2  -P,  Ai?  =  0;  2-R^  As  =  0; 
timefore, 

S-P.  AS=:2E5  AS (3.) 

Case  4.  The  same  principle  is  demonstrable  in  the  same  manner, 
ftr  the  forces  acting  between  external  bodies  and  the  points  of  a 
■ystem  so  connected,  that  though  not  absolutely  rigid,  they  do  not 
tttry  thdr  relative  positions  in  the  directions  in  which  the  internal 
forces  of  the  system  act  Such  is  the  ideal  condition  in  which  a 
train  of  mechsmism  would  be,  if  no  resistance  arose  from  the  mode 
of  connection  of  the  pieces. 

519.  The  Principle  •€  Tirtaal  Telocitiea  is  the  name  given  to  the 
n>plication  of  the  principle  of  the  conservation  of  energy  to  the 
determination  of  the  conditions  of  equilibrium  amongst  the  forces 
externally  applied  to  any  connected  system  of  points.  That  appli- 
cation is  effected  in  the  following  manner  : — Let  F  be  any  one  of 
the  externally  applied  forces  in  question.  The  conditions  of  equili- 
brium are  those  of  uniform  motion.  Conceive  the  points  of  the 
system  to  be  moving  with  uniform  velocities  in  any  manner  which 
is  consistent  with  the  absence  of  all  exertion  of  energy  and  perfor- 
mance of  work  by  their  mutual  or  internal  forces.     Let  v  be  the 
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velocity,  or  any  number  proportional  to  the  velodtyy  of  the  poinb 
to  which  the  external  force  E  is  applied,  and  B  the  angle  befcwefai 
the  direction  of  that  force  and  the  direction  of  motion  of  its  pdoi' 
of  application.  Then  from  cases  3  and  4  of  the  principle  of  the 
conservation  of  energy,  it  follows  that  the  condition  of  equilibrioffl 
amongst  the  forces  E  is 

s-Et7cos^  =  0; (1.) 

attention  being  paid  to  the  principle,  that  cos  ^  is-J  ^«*:«a} 

when  ^  is  <    ,  ^      >  .    The  same  principle  may  be  otherwise  ei- 

presscd  thus :  let  v  be  the  virtual  velocity  of  any  point  to  which  aa 
effort  P  is  applied,  u  the  virtual  velocity  of  any  point  to  whidi  ft 
resistance  H  is  applied ;  then 

S'Pv  =  s-Rw (2.) 

Tlie  principle  thus  expressed  is  called  that  of  virttud  vdociiitt, 
because  the  velocities  denoted  by  v  are  merely  velocities  which  the 
points  of  the  system  miglU  have. 

As  the  proportions  of  the  several  velocities  v  are  all  that  itf 
required  in  using  this  principle,  it  enables  the  conditions  of  eqoOi^ 
brium  of  the  forces  applied  to  any  body  or  machine  to  be  fouMi  ■ 
soon  as  the  comparative  velocities  of  the  points  of  application  cf 
those  forces  have  been  determined  by  means  of  the  prindplo  rf 
cinematics,  and  of  the  theory  of  mechanism ;  and  every  propoati* 
which  has  been  proved  in  Parts  III.  and  TV,  of  this  trefttii^ 
respecting  the  comparative  velocities  of  points  in  a  body  or  in  ft 
train  of  mechanism,  can  at  once  be  converted  into  a  propodtiflt 
respecting  the  equilibrium  of  forces  applied  to  those  points  in  ffff^ 
directions. 

520.  EnergT  of  Component  Forces  and  motions. — ^Let  the  moW 

A  9  of  a  point  in  a  given  interval  of  time  make  angles,  »,  fi,  y,  viA 
three  rectangular  axes ;  then 

A  8  '  cos  a,  AS'  cos  fi,  AS*  COS  y, 

are  the  three  components  of  that  motion.  To  that  point  let  then 
be  applied  a  force  E,  making  with  the  same  axes  the  angles  •',  fi,  ^% 
so  that  its  rectangular  components  are 

E  •  cos  «',  E  •  cos  /3',  E  •  cos  y . 

Then  multiplying  each  component  of  the  motion  by  the  componeiik 
of  the  force  in  its  own  direction,  there  are  found  the  throe  quantitifll 
of  enei^  exerted. 


i 
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(1.) 


F  *  A  «  •  cos  «  cos  «' , 
F  '  A  «  •  COS  j3  COS  /3'; 

F  •  A  «  •  cos  y  COS  0^;  ^ 

the  sum  of  those  three  quantities  of  energy  is  the  whole  energy 
rted.     Now  it  is  well  known^  that 

cos  «  cos  «'  +  cos  /3  cos  /S'  +  cos  y  cos  y'  =  cos  ^, 

sing  the  angle  between  the  directions  of  the  force  and  of  the 
don;  so  that  the  addition  of  the  three  quantities  of  enei'gy  in 
formnlse  1  gives  for  the  whole  energy  exerted,  simply 

F  •  A  «  •  cos  ^, 

in  former  examples;  and  similar  remarks  apply  to  work  per- 
med. 


2i 
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CHAPTER  n. 


ON  THE  YABIED  TRANSLATION  OF  POINTS  AND  BICOD  BOBIBL 


Section  1. — D^il^ona. 

521.  The  HaM,  or  iiMrtim  of  a  body,  is  a  quantdtj  proportioDil  to. 
the  unbalanced  force  which  is  required  in  order  to  produce  a  ghn 
definite  change  in  the  motion  of  the  body  in  a  given  interval  of  tima 

It  is  known  that  the  weight  of  a  body,  that  is,  the  attEBotiot 
between  it  and  the  earth,  at  a  fixed  locality  on  the  earth's  soifiMX^ 
acting  unbalanced  on  the  body  for  a  fixed  interval  of  time  (&  fc ' 
for  a  second),  produces  a  change  in  the  body's  motion,  which  is  w 
same  for  all  bodies  whatsoever.  Hence  it  follows,  that  the  mmB 
ofaU  bodies  wre  proportionaZ  to  their  weights  at  a  given  locdtUj/d^ 
die  ea/rtKs  smface. 

This  fact  has  been  learned  by  experiment ;  but  it  can  also  bt 
shown  that  it  is  necessaiy  to  the  permanent  existence  of  the  voop 
verse ;  for  if  the  gravity  of  all  bodies  whatsoever  were  not  propcx^ 
tional  to  their  respective  masses,  it  would  not  produce  similar  and 
equal  changes  of  motion  in  all  bodies  which  arrive  at  similar  ydp 
tions  with  respect  to  other  bodies,  and  the  different  parts  toA 
make  up  stars  and  systems  would  not  accompany  each  other  in  theff 
motions,  never  departing  beyond  certain  limits,  but  would  be  d* 
persed  and  reduced  to  chaos.  Neither  an  imponderable  body,  off 
a  body  whose  gravity,  as  compared  with  its  mass,  differs  in  ilM 
slightest  conceivable  degree  from  that  of  other  bodies,  can  belflog 
to  the  system  of  the  universe.* 

522.  The  Centre  of  niaM  of  a  body  is  its  centre  of  gravity,  ftottl 
in  the  manner  explained  in  Part  I.,  Chapter  V.,  Section  1. 

523.  The  momeiitnm  of  a  body  means,  the  product  of  its  mHI 
into  its  velocity  relatively  to  some  point  assumed  as  fixed.  Thi 
momentum  of  a  body,  like  its  velocity,  can  be  resolved  into  oo» 
ponents,  rectangular  or  otherwise,  in  the  maimer  already  eixplMiiii 
for  motions  in  Part  III.,  Chapter  L 

524.  The  Beanitant  niomentum  of  a  system  of  bodies  Is  the  lA* 
sultant  of  their  separate  momenta,  compounded  as  if  they 
motions  or  statical  couples. 

*  See  the  Bey.  Dr.  Whewell's  demonfltration  "  that  aU  matter  giaTitalM.*' 
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The  momentum  of  a  system  of  bodies  is  the  same  as  if 
aU  their  masses  were  concent/rated  a>t  the  cerUre  ofgravity  of  the  sys- 
tem. Conceiye  the  velocity  of  each  of  the  bodies  to  be  resolved 
into  three  rectangular  components.  Consider  all  the  component 
velocities  parallel  to  one  of  the  rectangular  directions.  These  are 
the  rates  of  variation  of  the  perpendicular  distances  of  the  bodies 
from  a  certain  plane.  If  the  mass  of  each  of  the  bodies  be  multi- 
plied by  its  distance  from  a  certain  plane^  the  products  added,  and 
the  sum  divided  by  the  sum  of  the  masses,  the  result  is  the  distance 
of  the  centre  of  gravity  of  the  whole  system  from  that  plane  j  there- 
fare,  if  the  component  velocity  of  each  of  the  bodies  in  a  direction 
perpendicular  to  that  plane  be  multiplied  by  the  mass  of  the  body, 
the  sum  of  such  products  for  all  the  bodies  of  the  system  will  be 
the  product  of  the  entire  mass  of  the  system  into  the  velocity  of  its 
oen^  of  gravity  in  a  direction  perpendicular  to  the  plane  in  ques- 
tion; so  that  this  product  is  one  of  the  three  rectjEingular  com- 
ponents of  the  resultant  momentum  of  the  system  of  bodies ;  and 
the  same  may  be  proved  for  the  other  rectangular  components. 
Ii:qpressed  symbolically,  let  u,  v,  w,  be  the  three  rectangular  c(Mn- 
ponents  of  the  velocity  of  any  mass,  m,  belonging  to  a  system  of 
Dodies,  and  u^  v^  w^  the  rectangular  components  of  the  velocity 
of  the  centre  of  gravity  of  that  system  of  bodies ;  then 

Vq  •  s  m  =  2  •  w»  V  j 
w?^  •  s m  =  2  'mw. 

CoBOLLABY.  The  residta^  momenMim  of  a  system  of  bodies  reHor 
tively  to  t/ieir  common  centre  of  gravity  is  nothmg  ;  that  is  to  say, 

2m(w-'Mo)  =  0;  2m(i;— Vo)  =  ^i  I  (2\ 

525.  TartetioM*  and  DeTlallona  of  moMentnin   are   the   products 

of  the  mass  of  a  body  into  the  rates  of  variation  of  its  velocity  and 
deviation  of  its  direction,  found  as  explained  in  Part  III.,  Chapter 
L,  Section  3. 

526.  inpalM  is  the  product  of  an  unbalanced  force  into  the  1mm 
during  which  it  acts  unbalanced,  and  can  be  resolved  and  com- 
pounded exactly  like  force.  If  F  be  a  force,  and  dt  an  interval  of 
time  during  which  it  acts  unbalanced,  ¥dt\R  the  impulse  exerted 
by  the  force  during  that  time.  The  impulse  of  an  unbalanced 
farce  in  an  unit  of  time  is  the  magnitude  of  the  force  itself 

527.  iMipaUc  Accelerating,  Betarding,  DellecUng. — Correspond- 
ing to  the  resolution  of  a  force  applied  to  a  moving  body  into  effort 
or  resistance,  as  the  case  may  be,  and  lateral  stress,  as  explained  in 


(1.) 


;|a.) 
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Article  511,  there  is  a  resolution  of  impulse  into  accelerating  or 
retarding  impulse,  wliich  acts  with  or  against  the  body's  motijoo, 
and  deflecting  impulse,  which  acts  across  the  direction  of  thebodj^ 
motion.  Thus  if  /,  as  before,  be  the  angle  which  the  unhabmoed 
force  F  makes  with  the  body's  path  during  an  indefinitely  shoit 
interval,  dt, 

Tdt  =  F  cos  S  *  dt  ia  accelerating  impulse  if  /  is  acute  ; 

R  c?<  =  F  cos  («•  —  /)•  c?<  is  retarding  impulse  if  ^  is  obtuse ;  J-(l.) 

Qdt  =  'Fmi^dth  deflecting  impulse. 

528.  BelaiioM*  between  ImpnUe,  Energr,  and  W«rk. — ^If  t?  be  tltf 

mean  velocity  of  a  moving  body  during  the  interval  c?^  of  the  action 
of  the  unbalanced  force  F,  then  d8  =  vdtia  the  distance  described 
by  that  body ;  and  according  as  ^  is  acute  or  obtuse,  there  is  ei&at 
energy  exerted  on  the  body  by  the  occeleraHng  impulse  to  the  amonnft 

Fds  =  'Fv  cos  4  '  dt; (1.) 

or  iDork  performed  by  the  body  against  the  retarding  impulse  to  tlift 
amount 

Iid8=:¥v  cos  («--^  •  dt (i) 

Section  2. — Law  of  Va/ried  TramjslMixm, 

529.  fikjcoBd  liQw  of  motion. — Ghmige  of  moTneifUmn  is  profOf'^ 
tional  to  the  impulse  prodvxdng  it.  In  this  statement,  as  in  that  of  I 
the  first  law  of  motion,  Article  510,  it  is  implied  that  the  mote 
of  the  moving  body  under  consideration  is  referred  to  a  fixed  poU 
or  body  whose  motion  is  uniform.  In  questions  of  applied  iM" 
chanics,  the  motion  of  any  part  of  the  earth's  surface  may  be  trestod  | 
as  uniform  without  sensible  error  in  practice.  The  units  of  nn* . 
and  of  force  may  be  so  adapted  to  each  other  as  to  make  chamg^^] 
Tnomentfum  equal  to  the  impulse  producing  it.  (See  Articles  ^1|  | 
532.^ 

530.  C^neral  Eqnations  of  DyDiimlcs. — To   express  the  BeOOni 

law  of  motion  algebraically,  two  methods  may  be  followed:  fbal 
first  method  being  to  resolve  the  change  of  momentum  into  diiMki 
variation  and  deviation,  and  the  impulse  into  direct  and  defleotint 
impulse ;  and  the  second  method  being  to  resolve  both  the  ohaqp. 
of  momentum  and  the  impulse  into  components  parallel 
rectangular  axes. 

First  method,  m  being  the  mass  ot  the  body,  v  its  Telociiji  ui 
r  the  radius  of  curvature  of  its  path,  it  follows  from  Articles  881 
and  362  that  the  rate  of  direct  va/riation  of  its  momentum  is 

dv  d^s 
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and  from  Articles  363  and  364^  that  the  rate  of  deviation  of  its 
momesitum  is 


r 


Equating  these  respectively  to  the  direct  and  lateral  impulse  per 
ximt  of  time,  exerted  by  an  unbalanced  force  F,  making  an  angle  ^ 
•with  the  direction  of  the  body's  motion,  we  find  the  two  following 
equations : — 

Por  —  R  =  Fcos^  =  m  •-TT  =  ^-=-5  : (1.) 

at  a(r'  ^   ' 


mv^ 


Q  =  F  sin  f  = (2.) 

The  radius  of  curvature  r  is  in  the  direction  of  the  deviating  force  Q. 
Second  Tnethod,     As  in  Article  366,  let  the  velocity  of  the  body 

be  resolved  into  three  rectangular  components,  -=— ,  •-^^,  -=- ;  so  that 

(it      U  t      fit 

the  three  component  rates  of  variation  of  its  momentum  are 

cPx        d^y        d^z 

Also  let  the  unbalanced  force  F,  making  the  angles  a,  fi,  y,  with 
the  axes  of  co-ordinates,  and  its  impulse  per  unit  of  time,  be 
reBolved  into  three  components,  F„  F„  F^     Then  we  obtain 

■El        -r.  ^^» 

F,  =  F  cos  «  =  m  •  -T^r  i 


d(^ 

F,  =  F  cos  /3  =  m  -y-^-; 

d'^z 
F,  =  F  cos  y  =  m  -j^  ; 
'  dtr  ' 


(3.) 


three  equations,  which  are  substantially  identical  with  the  equa- 
tions 1  and  2. 

531,  naM  in  Tenna  of  Weight. — A  body's  own  weight,  acting 
unbalanced  on  the  body,  produces  velocity  towards  the  earth, 
increasing  at  a  rate  per  second  denoted  by  the  symbol  g,  whose 
numerical  value  is  as  follows : — Let  x  denote  the  latitude  of  the 
place,  h  its  elevation  above  the  mean  level  of  the  sea» 

^1  =  32-1695  feet,  or  9-8051  mitres,  per  second; 
being  the  value  of  f/  for  A  =  45'  and  A  =  0,  and 

11  =  20900000  feet,  or  6370000  metres,  nearly, 
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being  the  earth's  mean  radius;  then 

g  =  gi  '  (1-000284  cos  2  A)  •  ^1-^*^ (1.) 

For  latitudes  exceeding  45°,  it  is  to  be  borne  in  mind  that  cos  2  x 
is  negative,  and  the  terms  containing  it  as  a  factor  have  their  dgu 
reverseJL 

For  practical  purposes  connected  -with  ordinary  machinet,  it  ii 
sufficiently  accurate  to  assume 

g  =  Z2,-2  feet,  or  9*81  metres,  per  second  nearly •..•••  (2.) 

If,  then,  a  body  of  the  weight  "W  be  acted  upon  by  an  unbalanoei 
force  F,  the  change  of  velocity  in  the  diirection  of  F  produced  in  i 
second  will  be 

F  _F£ 

whence 

W 
m  =  — (3.) 

9 

is  the  expression  for  the  maaa  of  a  body  in  terms  of  its  wei^ 
suited  to  make  a  change  of  momentum  equal  to  the  impulse  ]S^ 
ducing  it.  m  being  absolutely  constant  for  the  same  body,  g  aod 
W  vary  in  the  same  proportion  at  different  elevations  and  il 
different  latitudes. 

532.  An  Absolute  Unit  of  Force  is  the  force  which,  acting  dmitf 
an  unit  of  time  on  an  arbitrary  unit  of  mass,  produces  an  unit  d 
velocity.  In  Britain,  the  unit  of  time  being  a  second  (as  it  is  cto- 
where),  and  the  unit  of  velocity  one  foot  per  second,  the  unit  rf 
mass  employed  is  the  mass  whose  weight  in  vacuo  at  London  uL 
at  the  level  of  the  sea  is  a  standard  avoirdupois  pound. 

The  weight  of  an  unit  of  mass,  in  any  given  locality,  has  ftrili 
value,  in  absolute  units  of  force,  the  co-efficient  g,  "WTien  the  irf 
of  weight  is  employed  as  the  unit  of  force,  instead  of  the  oiitMl 
unit,  the  corresponding  unit  of  mass  becomes  g  times  the  unit  M 
mentioned :  that  is  to  say,  in  British  measures,  the  mass  of  3M 
lbs. ;  or  in  French  measures,  the  mass  of  9*81  kilogramme& 

533.  The  raotioB  of  a  FaiiinK  Bodjf  under  the  unbalanced  actioft 
of  its  own  weight,  a  sensibly  uniform  force,  is  a  case  of  the  mi' 
formly  varied  velocity  described  in  Article  361.  In  the  eqoatioBi 
of  that  Article,  for  the  rate  of  variation  of  velocity  a,  is  to  be  sub- 
stituted the  co-efficient  g,  mentioned  in  the  last  Article;  ~^ 
t?p  be  the  velocity  of  the  body  at  the  beginning  of  an  i 
'ime  t,  its  velocity  at  the  end  of  that  time  is 
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t?  =  t?o  -^gt, ^ (1.) 

a  velocity  during  that  time  is 

-^—  =  %  +  y, W 

vertical  height  &Uen  throtigh  is 

A  =  r.<  +  ^ (3.) 

ceding  equations  give  the  final  velocity  of  the  body,  and  the 
Eillen  through,  each  in  terms  of  the  initial  velocity  and  the 
Co  obtain  the  height  in  terms  of  the  initial  and  final  velo- 
:  vice  versa,  equation  2  is  to  be  multiplied  hj  v  —  Vo  =  gt, 
leration,  and  compared  -with  equation  3;  giving  the  follow- 
Its:— 


(4.) 


—^=,Vogt  +  ^  =  gh; 
n=z—- — . 

^g 

he  body  falls  from  a  state  of  rest,  t?o  is  to  be  made  =  0;  so 
I  following  equations  are  obtained  : — 

v  =  gt;h  =  ^-^=-. (5.) 

ght  h  in  the  last  equation  is  called  the  height  or  fall  dfue  to 
Uy  v;  and  that  velocity  is  called  the  velocity  due  to  the  height 

d  the  body  be  at  first  projected  vertically  upwards,  the 
velocity  Vq  is  to  be  made  negative.  To  find  the  height  to 
}  will  rise  before  reversing  its  motion  and  beginning  to  fall, 
)Q  made  =  0  in  the  last  of  the  equations  4 ;  then 


rise  equal  to  the  fall  due  to  the  initial  velocity  v^ 
An  unresiaied  ProjectUe*  or  a  projectile  to  whose  motion 
no  sensible  resistance,  has  a  motion  compounded  of  the 
motion  of  a  falling  body,  and  of  the  horizontal  motioin  due 
lorizontal  component  of  its  velocity  of  projectioiL    Id  ^ 
O  represent  the  point  from  which  the  projectile  is  ad||H 
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projected  in  the  direction  O  A,  maMng  the  angle  X  0  A  =ziinSi 
a  horizontal  line  O  X  in  the  same  vertical  plane  with  O  A,    Let 

horizontal  distances  parallel  to 
O  X  be  denoted  by  x,  and  reitir 
cal  ordinates  parallel  to  OZhjz, 
positive  upwards,  and  n^j^ttm 
downwards.  In  the  equatftooBof 
vertical  motion,  the  ciymbol  k  of 
the  equations  of  Article  533  is  to 
be  replaced  by  —  z,  because  of  h 
and  z  being  measured  in  opposiie 


Fig.  232. 


directions. 

Let  Vq  be  the  velocity  of  projection.    Then  at  the  instant  of  jpo- 
jection^  the  components  of  that  velocity  arCi 

horizontal,  -r-  =  Va  cos  ^ :  vertical,  -7-  =  v©  sin  I: 
at  'at 

and  after  the  lapse  of  a  given  time  t,  those  components  have  become 


d  X 

-jj  =  Vq  cos  V  =  constant; 

d  z 

^  =  Vo  sm  ^  —  gt. 


a) 


Hence  the  co-ordinates  of  the  body  at  the  end  of  the  time  t  are 
horizontal,  x  =  Vo  cos  ^  '  t;       \ 

vertical,  «  =  Vo  sin  /  •  ^  —  ^:  f "* '  ' 


X 

and  because  t  = .  those  co-ordinates  are  thus  related. 

Vn  COS  r  ^ 


Vq  cos 

z  =  X  '  tan  ^  — 


2  ^i  cos'  4 


•5c";. 


.(i) 


an  equation  which  shows  the  path  O  B  C  of  the  projectile  to  be  ft 
parabola  with  a  vertical  axis,  touching  O  A  in  O. 

The  total  velocity  of  the  projectile  at  a  given  instant,  being  the 
resultant  of  the  components  given  by  equation  1,  has  for  the  veloA 
of  its  square 

a      da?  ,  ds? 
«"  =  '^  +  ^=««— 2vosin^-^«  +  /«»  =  «5  — 2^«;...(4.) 

ftoim  the  last  form  of  which  is  obtained  the  equation 
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*  =  -2^' (^•) 

xrHch,  being  compared  with  equation  4  of  Article  533,  shows  that 
he  reltUion  between  the  variati&n  of  vertical  devotion,  amd  the  varia- 
ion  of  the  eqvuure  of  ^  resvUami  velocity,  is  the  somve,  whether  the 
vdodty  18  in  a  vertical,  inclined,  or  horizontal  direction.  This  is  a 
particular  case  of  a  more  general  principle,  to  be  explained  in  thb 
BeqneL 

The  resistance  of  the  air  prevents  any  actual  projectile  near  the 
earth's  surface  from  moving  exactly  as  an  unresisted  projectile. 
The  approximation  of  the  motion  of  an  actual  projectile  to  that  of 
an  unresisted  projectile  is  the  closer,  the  slower  is  the  motion,  and 
the  heavier  the  body,  because  of  the  resistance  of  the  air  increasing 
"with  the  velocity,  and  because  of  its  proportion  to  the  body's  weight 
l)eing  dependent  upon  that  of  the  body's  surface  to  its  weight. 

535.   The  nicMlon  of  a  Bodj  Aloiii;  an  Inclined  Path,  under  the 

force  of  gravity  alone,  is  regulated  by  the  principle,  that  the  varia- 
tion of  momentum  in  each  interval  of  time  is  equal  to  the  impulse 
exerted  in  that  interval,  by  that  component  of  the  body's  weight 
^bich  acts  along  the  direction  of  motion.  If  the  path  is  straight, 
tile  other  rectangular  component  of  the  body's  weight  is  balanced 
V  the  resistance  of  the  surface  or  other  guiding  body  which  causes 
tbe  inclined  path  to  be  described;  if  the  path  is  curved,  the  difference 
P^tween  those  two  forces  which  act  across  it  is  employed  in  deviat- 
^g  the  direction  of  motion  of  the  body. 

Let  V  be  the  velocity  of  the  body  at  any  instant,  -=-,  as  before, 

^e  rate  of  variation  of  that  velocity,  ^  the  inclination  of  the  body's 
gath  to  the  horizon,  positive  upwards,  and  negative  downwards. 
-Then  the  body  is  acted  upon  in  a  direction  along  its  path  by  a  force 
^ual  to  its  weight  multiplied  by  sin  f,  which  is  a  reeista/nce  if  ^  is 
t>ositive,  and  an  effort  if  ^  is  negative;  tiierefore 

51  =  -^«"^^ (^•) 

When  the  inclination  of  the  path  is  imiform,  this  rate  of  varia- 
tion of  velocity  is  constant,  and  tie  body  moves  in  the  same  manner 
Xdth  an  unresisted  body  moving  vertically,  except  that  each  change 
of  velocity  occupies  an  interval  of  time  longer  in  the  ratio  of  1  :  sin  ^ 
for  the  inclined  path  than  for  the  vertical  patL 

The  motion  of  a  body  in  any  path  on  an  inclined  plane  being 
resolved  into  two  rectangular  components,  one  horizontal,  and  the 
other  in  the  direction  of  steepest  declivily, — ^the  horizontal  cotp- 
ponent  (in  the  absence  of  fiiction)  is  imiform,  and  the  indli^ 
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component  takes  place  according  to  the  law  expressed  hj  eqnatlflft 
1  of  this  Article.  Consequently,  the  resultant  motion  of  the  bofc 
is  that  of  an  unresisted  projectile,  as  described  in  Article  0S4 
except  that  ^  *  sin  ^  is  to  be  substituted  for  g. 

The  motions  of  bodies  on  inclined  planes  being  slower^  and  {hen- 
fore  more  easily  observed  than  their  vertical  motions,  were  used  hj 
C^alileo  to  ascertain  the  laws  of  dynamics,  which  he  discovered. 

For  a  body  sliding  on  an  inclined  plane  without  Mction,  iiie 
equation  connecting  the  velocity  directly  with  the  positioEof  fte 
body  is  the  following : — 

Vq  ^  v^  =  2  g  sin  f  •  s/; 

where  Vq  is  the  velocity  at  the  origin  of  the  motion,  and  9  tii0 
velocity  which  the  body  has  when  it  reaches  a  position  whon 
inclined  co-ordinate  relatively  to  the  origin  of  the  motipn  u  sf, 
positive  upwards.  But  a!  sin  ^  =  z,  the  difference  of  vertical  decor 
turn  of  the  two  positions  of  the  body;  so  that  the  variation  of  the 
square  of  the  velocity  bears  the  same  relation  to  the  difference  of 
vertical  elevation  in  the  present  case  as  in  the  case  of  an  unrPBiflH 
projectile,  or  a  free  body  moving  vertically. 

536.  An  Uniform  Effort  or  Resirtance,  unbalanced,  causes  ^ 
velocity  of  a  body  to  vary  according  to  the  law  expressed  by  tln» 
equation, 

K"/"' « 

where  yis  the  constant  ratio  which  the  imbalanced  force  bean  to 
the  weight  of  the  moving  body,  positive  or  negative  aocordiDgto 
the  direction  of  the  force;  so  that  by  substituting y^  for^infl* 
equations  of  Article  533,  those  equations  are  transformed  into  ^ 
equations  of  motion  of  the  body  in  question,  h  being  taken  t» 
represent  the  distance  traversed  by  it  in  a  positive  direction. 

In  the  apparatus  known  by  the  name  of  its  inventor,  Atwood, 
for  illustrating  the  effect  of  imiform  moving  forces,  this  priiijci|l0 
is  applied  in  order  to  produce  motions  following  the  same  law  "Wift 
those  of  falling  bodies,  but  slower,  by  a  method  less  liable  to  enm 
caused  by  Motion  than  that  of  Galileo.  Two  weights,  P  and  B»  d 
which  P  is  the  greater,  are  hung  to  the  opposite  enda  of  a  ooii 
passing  over  a  finely  constructed  pulley.  Considering  the  maM 
of  the  cord  and  pulley  to  be  insensible,  the  weight  of  the  mui  to 
be  moved  is  P  4~  B,  and  the  moving  force  P  —  K,  being  less  IIiiA 
the  weight  in  the  ratio, 

._P^JEl 

•^■"P  +  R" 
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OoiiseqTieiitly  the  two  weights  move  according  to  the  same  law  with 
a  fidling  body,  but  slower  in  the  ratio  of /to  1. 

537.  A  i^eriattag  Force,  which  acts  unbalanced  in  a  direction 
perpendicular  to  that  of  a  body's  motion,  and  changes  that  direc- 
tion without  changing  the  velocity  of  the  body,  is  equal  to  the  rate 
of  deviation  of  the  body's  momentum  per  imit  of  tune,  as  the  fol- 
lowing equation  expresses : — 

Q=  — ^; (1.) 

Q  being  the  deviating  force,  W  the  weight  of  the  body,  W  -f-  ^  its 
mass,  v^  its  velocity,  and  r  the  radius  of  curvature  of  its  path. 

In  the  case  of  an  imresisted  projectile,  already  mentioned  in 
Article  534,  the  deviating  force  at  any  instant  is  that  component 
of  the  body's  weight  which  acts  perpendicular  to  its  direction  of 
motion;  that  is  to  say 

'^■^Wi'*'^-^^^ « 

The  well  known  expression  for  the  radius  of  curvature  of  any  curve 
whose  co-ordinates  are  x  and  z  is 

\       dxy    '  daf       \Vq'cos6J  g       ^  '^ 

Consequently  Qr  =  ,  which  agrees  with  equation  1. 

if 

In  the  case  of  projectiles,  just  described,  and  of  the  heavenly 
bodies,  deviating  force  is  supplied  by  that  component  of  the  mutual 
attraction  of  two  masses  which  acts  perpendicular  to  the  direction 
of  their  relative  motion.  In  machines,  deviating  force  is  supplied 
by  the  strength  or  rigidity  of  some  body,  which  guides  the  deviating 
mass,  making  it  move  in  a  curve. 

A  pair  of  free  bodies  attracting  eacli  other  have  both  deviated 
motions,  the  attraction  of  each  guiding  the  other;  and  their  devia- 
tions of  momentum  are  equal  in  equal  times;  that  is,  their  devia- 
tions of  motion  are  inversely  as  their  masses. 

In  a  machine,  each  revolving  body  tends  to  press  or  draw  the 
body  which  guides  it  away  from  its  position,  in  a  direction  from 
the  centre  of  curvature  of  the  path  of  the  revolving  body;  and  that 
tendency  is  resisted  by  the  strength  and  stiffness  of  the  guiding 
body,  and  of  the  frame  with  which  it  is  connected. 

538.  CentiiAignl  F«rce  is  the  forcc  with  whicli  a  revolving  body 
reacts  on  the  body  that  guides  it,  and  is  equal  and  opposite  to  the 
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deviating  force  with  wMch  the  guiding  body  acts  on  the  revohiiig 
body. 

In  fact,  as  has  been  stated  in  Article  12,  every  force  is  an  actson 
between  two  bodies;  and  deviating  force  and  cerUrtftigai  Jbree  are 
but  two  different  names  for  the  same  force,  applied  to  it  acocMrding 
as  its  action  on  the  revolving  body  or  on  the  guiding  body  is  mider 
consideration  at  the  time. 

t)39.    A   Berolring  Simple  PeadalnM   OOnSlstB 

of  a  small  mass  A,  suspended  from  a  point  C  by 
a  rod  or  cord  C  A  of  insensibly  small  weight  as 
compared  with  the  mass  A,  and  revolving  in  a 
circle  about  a  vertical  axis  C  B.  The  tension  of 
the  rod  is  the  resultant  of  the  weight  of  the 
mass  A,  acting  vertically,  and  of  its  oentrifiigal 
force,  acting  horizontally;  and  therefore  the  rod 
Fig.  233.  will  assume  such  an  inclination  that 


height  B  C  _           weight          _^  gr  *. . 

radius  AB  "  centrifugal  force  "   v^ ^  '' 

where  r  =  A  B.     Let  n  be  the  number  of  turns  per  second  of  ^ 
pendulum;  then 

V  =  2  «•  w  r; 
and  therefore,  making  B  C  =  A, 


v^        4  7^^  n^ 

=  (in  the  latitude  of  London)  ^:«1^*  =  9-7848incl.es 

^         n^  n^  ^ 

When  the  speed  of  revolution  varies,  the  inclination  of  the  penda» 
lum  varies,  so  as  to  adjust  the  height  to  the  varying  speed. 

540.  J^eriating  Force  in  Tcsnns  of  Angular  Telodtj' — If  the  mdiol 

of  curvature  of  the  path  of  a  revolving  body  be  regarded  as  a  floH 
of  arm  of  constant  or  variable  length  at  the  end  of  which  the  body 
is  carried,  the  angular  velocity  of  that  arm  is  given  by  the  exprM* 


sion, 


«  =  ; (1.) 


Let  ar  be  substituted  for  v  in  the  value  of  deviating  force  of 
Article  537,  and  that  value  becomes 

Q  =  ^^ (2.) 


DEVIATING  FORCE. 
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In  the  case  of  a  body  revolviDg  with  uniform  velocity  in  a  circle, 
like  the  bob  A  of  the  revolving  pendulum  of  Article  539,  a  =  2Tn, 
where  n  is  the  number  of  revolutions  per  second,  so  that 


Q  = ; 


.(3.) 


from  which  equation  the  height  of  a  revolving  pendulum  might  be 
deduced  with  the  same  result  as  in  the  last  Article. 

541.  BectKBgalar  Components  of  ]»eTiatlng  Force. — First  D&momr 

BbraJtion,  Let  O  in  fig.  234  be  the  centre 
of  the  circular  path  E  F  G  H  of  a  body 
Tevolving  in  a  circle  with  an  uniform 
velocity,  through  which  centre  draw 
rectangular  axes,  O  X  and  O  Y,  in  the 
plane  of  revolution.  Let  the  angle 
«^  XOA,  which  at  any  instant  the 
radius  vector  of  the  revolving  body 
makes  with  the  axis  of  Xy  be  denoted 
by  0.    Let 


A  D  =  0?  =  r  •  cos  ^,  and  )   /i  \ 
AB  =  y  =  r  •  sin  ^,         J   ^  *^ 


■  A. 

/ 

^    . 

6 

D  iV 

Fig.  234. 


be  the  rectangular  co-ordinates  of  the  revolving  body  at  any  in- 
stant. Let  Q„  Qy,  be  the  components  of  the  deviating  force, 
parallel  to  O  X  and  O  Y  respectively.  Then  from  the  obvious 
proportion  between  the  magnitudes  of  those  components, 

combined  with  the  equation  2  of  Article  540,  follow  the  values  of 
those  components. 


(3.) 


Q,  =    -:^^;  Q,  =    J^L^ 

y  9 

Those  two  components  have  the  negative  sign  affixed,  because  they 
represent  forces  tending  to  dimiuish  the  co-ordinates  x  and  y,  to 
which  they  are  proportional. 

Second  Demonstration, — The  same  result  may  be  obtained,  though 
less  simply,  by  the  second  method  described  in  Article  530,  as  fol- 
lows : — Let  intervals  of  time,  t,  be  reckoned  from  an  instant  when 
the  revolving  body  is  at  R  Then  ^  =  a  ^,  and  the  values  of  the 
co-ordinates  x  and  y,  in  terms  of  the  time,  are 

X  =  rcosa^;  y  =  rsina^ (4.) 

The  components  of  the  velocity  of  the  body  ai-e, 
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dx 
dl 


dy 


=  — arsma^j  -j?  =  arconat^ (6.) 

at 

tlie  velocity  parallel  to  each  co-ordinate  being  proportional  to  flu 
other.     The  components  of  the  variation  of  motion  are 


dt^ 


d^ 


y 


dt' 


=  — a"r  cos  ai=  — o'aj; 


=  - a'r  sin  a^=  — «*yj 


.(e.) 


which  being  multiplied  by  the  mass  — ,  reprodooe  the  componflDli 

of  the  deviating  force  as  before  given  in  equation  3. 

542.  Straight  OscUiatioit  is  the  motion  performed  by  a  lx4f 
which  moves  to  and  fro  in  a  straight  line^  alternately  to  one  bw 
and  to  the  other  of  a  central  point;  and  in  order  that  this  motioD 
may  take  place,  the  body  must  be  urged  at  each  instant  towaidi 
the  central  point. 

In  most  cases,  the  force  so  acting  on  the  oscillating  body  is  eite 
exactly  or  very  nearly  proportional  to  its  dispUicemeinJty  or  distBDM 
from  the  cen^^  point  of  equilibrium ;  that  is  to  say,  that  finw 
follows  the  law  of  one  of  the  rectangular  components  of  the  devirt- 
ing  force  of  a  body  revolving  xmiformly  in  a  circle  once  fxa  anfc 
double  oscillation  of  the  osd&ating  body. 

In  fig.  234,  let  a  body  B,  equal  in  weight  to  the  body  A,  flM 
at  the  same  instant  from  E,  and  oscillate  to  and  fro  along  the  diir 
meter  E  G,  while  A  revolves  in  the  circle  E  F  G  H.  Then  if  B  ■ 
urged  towards  the  centre  O  with  a  force  at  each  instant  proposp* 
tional  to  its  distance  from  that  point,  and  given  by  the  equation 


Q.  =  - 


9     ' 


.(1.) 


being  equal  to  the  parallel  component  of  the  deviating  force  of  Af 
B  mil  accompcmy  A  in  its  motion  parallel  to  O  X ;  both  thow 
bodies  being  at  each  instant  in  the  same  straight  line  B  A  ||  0  T 
at  the  distance 

X  =  r  cos  at  =  T  cos  ^ (i) 

from  O :  the  velocity  of  B  being  at  each  instant  equal  to  Ihe  pl^ 
allel  component  of  the  velocity  of  A  ;  that  is  to  say. 


d  X 

—-  =  ^ar  sin  at  =  -^ar  sin  ^  :. 

dt 


w 


and  each  dovhle  oscUlation  of  B,  from  E  to  G  and  back  again  to  it 


•J 
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b^ng  petfbnned  in  the  same  time  -with  a  rerolation  of  A ;  that  is 
in  the  tiwiA 

where  r  is  the  aemi-emvpiitude  of  the  oscillation,  0  E  —  0  0-,  Q  in 
the  correspouding  greatest  magmtude  of  the  force  iirgiug  the  body 
towards  O,  being  the  Bame  with  the  entire  deviating  force  of  A, 
and  n  is  the  number  of  double  osoUIatioiis  in  a  second.  (The 
angle  i  =  atis  called  the  pease  of  the  oscillation.) 

The  greatest  value  Q  of  the  force  which  must  act  on  B  to  pio- 
dnce  n  double  oscillations  of  the  semi-amplitude  r  in  a  second,  is 
given  by  the  equation 

„       Wo*7-      dft'Wn'r  ,_. 

*^  =  -^  =  g         ' (''■) 

being  aimilnr  to  equation  3  of  Article  510. 

Berolution  in  a  circle  may  be  regarded  as  compounded  of  two 
oedllations  of  equal  amplitude,  ia  directions  ei,  light  angles  to  each 

543.    KIUpUcBl  OwUlBtlsaa  ar  KeTBlBtlam   Compounded    of  tVD 

stiaisht  oscillations  of  equal  periods,  but  un- 
eqnalamplitudes,  may  be  performed  by  a  body 
n^ed  towards  a  central  point  by  a  force  pro- 
portional to  its  distance  from  that  point.  In 
fig.  23d,  let  A  be  the  position  of  the  body  at 
any  instant ;  let  0  A  ^  g,  and  let  the  force 
niging  the  body  towards  0  bo 


W6'e 


..(1.) 


h  being  a  constant.    Then  the  rectangulai 
ponentfi  of  that  force  are 


(3.) 


ng.  28B. 


the  former  force  being  suited  to  maintain  a  atr(U|^t  oscUlation 
parallel  to  0  X,  and  the  latter,  a  straight  oscillation  parallel  to 
O  Y,  the  period  of  a  double  oscillation  in  either  cose  being  the 
same,  viz^: — 

..(3.) 


1 


according  to  equation  4  of  Article  543.    Hence  let  i,  =  0  E  =  0^ 
be  the  semi-ampIitudc  of  the  former  straight  oscillation,  and  yi  = 
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O  F  =  0  H  tliat  of  the  latter ;  then  at  any  instant  the  co-ordiiiates 
of  the  body  will  be 

x=zXi  cos  5^;  y  =  yi  sinht; (4.) 

which  equations  being  respectively  divided  by  Xi  and  yi,  the  results 
squared,  and  the  squares  added  together,  give 

??  +  ?^'  =  l; (5.) 

the  well  known  equation  of  an  ellipse  described  about  O  as  a  centre 
with  the  semi-axes  05,,  yi.  The  components  of  the  velocity  of  the 
body  at  any  instant  are 


dx  ,  •      r  ^  jL  ^1 

-=-  =  — 6a?iSino<=  —o  ^y ; 
dt  y/ 

dy  Vi 

-=^  r=  6  y,  cos  6  <  =  5  —  OJ. 
dt  X\ 


(6.) 


5iL 


A  simple  OsciUating  Pendnium  consists  of  an  indefimidj  I 
small  weight  A,  fig.  236,  hung  by  a  cord  or  rod  of  in- 
sensible weight  A  0  £rom  a  point  C,  and  swinging  in  ft 
vertical  plane  to  and  fro  on  either  side  of  a  centodpoiDt 
D  vertically  below  C.  The  path  of  the  weight  or  W 
is  a  circular  arc,  A  D  E. 

The  weight  W  of  the  bob,  acting  vertically,  may  I* 
resolved  at  any  instant  into  two  components,  via:— 

W  •  cos  ^  D  C  A  =  W  •££, 

C  A 

acting  along  C  A^  and  balanced  by  the  tension  of  ^ 
Fig.  236.      rod  or  cord,  and 

W-sin^DCA  =  W-  ~, 

CA' 

acting  in  the  direction  of  a  tangent  to  the  arc,  towards  D,  and  nxk* 
balanced.     The  motion  of  A  depends  on  the  latter  force. 

When  the  arc  A  D  E  is  small  compared  with  the  length  of  the 
pendtdimi  A  C,  it  very  nearly  coincides  with  the  chord  ABE;  anfl 
the  horizontal  distance  A  B,  to  which  the  moving  force  is  prop(»» 
tional,  is  very  nearly  equal  to  the  distance  of  the  bob  from  D,  Ae 
central  point  of  its  oscillations.  Hence  the  bob  is  very  nearly  in 
the  condition  of  straight  oscillation  described  in  Article  542 ;  and 
the  time  which  it  occupies  in  making  a  dmihle  osciUoHon  is  there- 


OSOLLATINa  PENDULUIL  ^^7 

fore  finuid  approximately  by  means  of  equation  4  of  that  Article, 


VM,:- 


n  V    ( 


.(1.) 


where  r  denotes  the  semi-amplitude,  and  Q  the  maTimnm  Talue  of 

W  •  ^=r-    Biit  if  the  length  of  the  pendulum,  C  A,  be  made  =  I, 
C  A 

we  have  

Q  AB      r         , 

^  =  mar.^  =  ^,  nearly; 

whence^  approximately,  for  small  arcs  of  oscillation, 

-  =  2» A/-:  and 
n  ^  g 

I 9 

^hich  being  compared  with  equatipn  2  of  Article  539,  shows,  that 
the  length  cfa  mrvpU  osdUcUing  pendtdum,  metkmg  a  given  nwrnher 
t^emaU  double  oscUlaUona  in  a  second,  is  sensibly  eqvual  to  ths  height 
^a  revolving  pendvlv/m,  Tnaking  the  same  nv/mher  of  revoliUions  in 
^eecond. 

When  the  amplitude  of  oscillation  becomes  of  considerable  mag- 
nitude, the  period  of  oscillation  is  no  longer  sensibly  independent 
of  the  length  of  the  arc,  but  becomes  longer  for  greater  amplitudes, 
according  to  a  law  which  can  be  expressed  by  an  elliptic  i^nction, 
Imt  which  it  is  unnecessary  to  explain  in  this  treatise.  (See  Le- 
^endre,  Traite  des  Fonctions  dliptiques,  voL  L,  chap.  viiL) 

545.  €?7cioidal  Pendninm* — ^In  order  that  the  oscillations  of  a 
ample  pendulum  may  be  exactly  isochronous  (or  of  equal  duration) 
ibr  all  amplitudes,  the  bob  must  oscillate  in  a  curve,  the  lengths  of 
whose  arcs,  measured  from  its  lowest  point,  are  proportional  to  the 
sines  of  their  angles  of  declivity  at  their  upper  ends,  to  which  sines 
iiie  moving  forces  at  those  upper  ends  are  proportionaL  That  this 
may  be  the  case,  the  radius  of  curvature  at  each  point  of  the  curve 
must  be  proportional  to  the  cosine  of  the  declivity:  the  greatest 
radius  of  curvature,  at  the  lowest  point  of  the  curve,  being  equal  to 
I,  as  given  by  equation  1  of  Article  544 ;  and  from  Article  390, 
ease  3,  equation  6,  it  appears  that  such  a  curve  is  a  cycloid,  traced 
by  a  rolling  circle  whose  radius  is 

'•.=1 - (1) 

2k 
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Fig.  237. 


It  is  well  known  that  a  cycloid  is  the  involute  of  an  eqiiil  nd 
similar  cycloid.     Hence,  in  fig.  237,  let  C  F,  C  G,  be  a  pair  rf 

cycloidal  cheeks,  described  by  rolling  i 
"  circle  of  the  radius  r^  on  a  boiisoiKtal 

line  traversing  C ;  let  C  A  be  a  flffl* 
ible  line,  fixed  at  C,  and  having  a  bob 

at  A,  its  length,  being  Z  =  4r^j  =  (JS 
=  the  length  of  each  of  the  semi- 
cycloids  C  F,  C  G.  Then  as  tii0 
pendulum  C  A  swings  between  tiia 
cycloidal  cheeks,  the  bob  osdllatei 
in  an  arc  of  the  cycloid  F  D G;  iU 
double  oscillations,  for  all  amplitudes,  have  exactly  the  penodifl 
time  given  by  equation  1  of  Article  544,  being  that  of  a  revo- 
lution of  a  revolving  pendulum  of  the  height  CD;  and  tiia 
motion  of  the  bob  in  its  cycloidal  path  follows  the  law  of  strai|^ 
oscillations  described  in  Article  542. 

546.  Besidaai  Forces. — If  two  bodies  be  acted  upon  at  evoj  j 
instant  by  imbalanced  forces  which  are  parallel  in  (}irectioiv  W 
proportional  to  the  masses  of  the  bodies  in  magnitude,  the  nat* 
tions  of  the  motions  of  those  two  bodies,  relatively  to  a  fixed  Iwiitfi 
whether  by  change  of  velocity  or  by  deviation,  are  simultaneov 
and  equal ;  so  that  their  motion,  relatively  to  each  other,  il  te^ 
same  with  that  of  a  pair  of  bodies  acted  upon  by  no  force  orly 
balanced  forces ;  that  is,  according  to  the  first  law  of  motion,  Azticb , 
510,  that  motion  is  none  or  uniform. 

If  two  bodies,  A  and  B,  be  acted  upon  by  any  unbalanced  fiiMI 
whatsoever,  and  if  &om  the  force  acting  on  B  there  be  taken  MOtlf^  \ 
force  parallel  to  that  acting  on  A,  and  proportional  to  the  loaaK'l 
B  (in  other  words,  if  with  the  actual  force  acting  on  B  theie  ba  | 
combined  a  force  equal  and  opposite  to  that  which  would  maikie  ttl ' 
motion  of  B  chaage  in  the  same  manner  with  that  of  A),  thenttlj 
resultant  or  residtud  unbalanced  force  acting  on  B  is  that  OQiXl'' 
sponding  to  the  va/ricUions  of  the  motion  ofB  rdcUivdy  to  A. 

This  is  the  exact  statement  of  the  case  of  a  body  near  the  eirttil 
surface.     From  the  total  oMraction  between  the  body  and  the  evA 
is  to  be  taken  away  the  deviatiTig  force  necessary  to  make  the  bo^l 
accompany  the  earth's  surface  in  its  motion,  by  revolving  inaoiMil| 
round  the  earth's  axis  once  in  a  sidereal  day  (Article  352),    Oil 
residual  force  is  the  weight  of  the  body,  W  =  g  rOy  which  rmUli^J 
its  motions  rdativdy  to  the  ea/rtKs  surface,     Thius  the  variatiOBi  flf ' 
the  co-efficient  g  in  difierent  localities  of  the  earth's  suiftoe^flit 
different  elevations,  expressed  by  the  formuke  of  Ajdacle  531,  sit 
due  partly  to  variations  of  attraction,  and  partly  to  variatioDBaf ! 
deviating  force. 


4M 

bofiev  we  taaaaed  ic  a  sk^  cr  ^vi^S^.  smI  as^  £rvi»  lo 
B0ve  ^widi  mpecsr  *»  it.  i&ca  *ne&  li^  s2dp  or  T«iix^  vvm  ii» 
notion,  the  bo£a  izi  qiaencm  pailmi  moiicsis  i«^i£tvi-t  iv>  iW 
Mp  or  f«kicife.  SQcb  v  vnudL  in  iLe  ewe  cf  i2ie  ToouKKn  iMka  o£ 
Hie  Mp  or  TaeiiicM:.  ht  pjudmaed  W  ihe  vf^extxm.  10  ilie  K>flb«  of 
teoes  eqaal  sod  ««.T«gn  'bd  Those  "viicii  wcqold  nftbe  tb«9&  a^Me 
PU17  the  Ajp  or  Ttiuckr  in  ihe  Tusations  of  its  moskn. 


547.  The  ActiHi  ranai  of  a  moving  body  reladTelv  to  a  £xed 
point  is  the  prddnci  cf  the  matg  of  the  K^dr  inu>  oni^^r  c£  the 
wquare  of  Us  vdocity.  or,  ae  Article  533  shows,  the  ponoduct  of  th* 
weight  ot  the  bodj  into  the  hdght  due  to  its  velocity ;  that  is  to  s^y» 
it  is  represenu^d  by 

fur*      WH 

-=r-  =  -T^ V^O 

The  product  m  t^,  the  double  of  the  actual  enei^  of  a  Uxly,  waa 
farm&Aj  called  its  vU-viva,  Actual  energy,  being  the  piwhun  of 
a  weight  into  a  height,  is  expressed,  like  potential  energy  and  ^Qrk» 
iajbot-paunds  (Article  513,  514). 

548.  Cmmr^memtm  m€  AcomI  EannBr. — ^The  actual  enci^'  of  a  body 

(tinlike  its  momentum)  is  essentially  posdtive,  and  invs]xvtive  of 

direction.     Let  the  velocity  r  be  resolved  into  three  Cimiptmenia, 

dx  dy  dz 

-77,  -ry,  -TT,  parallel  to  three  rectangular  axes ;  then  the  quantitiea 

of  actual  energy  due  to  those  three  components  respectively  jire 

W     ^^    ^    dy"    ^     d:^ 

2g'  ~de''  'Ig  '  de'  2g'  d^' 

Bot  the  square  of  the  resultant  velocity  is  the  sum  of  the  squares  of 
its  three  components,  or 

dV"^  dt*  ^  d^' 

therefore  the  actual  energy  of  the  body  is  simply  the  mm  of  the 
actual  eneigies  due  to  the  rectangular  components  of  its  velooity. 

549.  BBerar  wt  ¥artod  n«ttoik — THEOREM  L  A  deoioUng  j\yree 
produce$  no  diaaige  in  a  hody^a  actual  energy,  because  such  force 
produces  chaugo  of  direction  only,  and  not  of  vdocity;  and  actual 
energy  is  irresyjective  of  direction,  and  depends  on  velocity  only. 

Theorem  II.  TJie  increaee  of  actual  energy  produceil  by  an  tifi- 
bala/nced  effort  ie  equal  to  Hui  potential  energy  exerted  This  theorem 
is  a  consequence  of  tlie  second  Liw  of  motion,  deduced  as  foUowa  >— 


500 


PRINCIPLES  OP  DYNAMICS. 


Let  m  =  W  -r  gr,  be  the  mass  of  a  moving  body  acted  npoa  by  an 
effort  P,  and  a  resistance  E,  the  effort  being  the  greater^  so  that 
there  is  an  unbalcmced  effort  P  -  E ;  and  in  tiie  first  place  let  that 
unbalanced  effort  be  constant.  Then  the  body  is  nmfonnly  acce- 
lerated; and  if  its  velocity  at  the  beginning  of  a  given  interval  of 
time  ^  ^  is  Vi,  and  its  velocity  at  the  end  of  that  interval  v^  the 
increase  of  the  body's  momentum  is 


—  {vm  -  V,)  =  (P  -  R)  A  «. 

if 


(1.) 


Because  of  the  tmiformity  of  the  acceleration  of  the  body^  its  mean 
velocity  is  -^-^ — -,  and  the  distance  traversed  by  it  is 


A8  = 


Vi    +  «?2 


A  t. 


Let  brth  sides  of  equation  1  be  mtdtiplied  by  that  mean  velociiyi 
the  following  equation  is  obtained  : — 


A9: 


.(i) 


now  the  first  side  of  this  equation  is  the  mcrease  of  the  hod^a  adni 
energy,  and  the  second  is  the  potential  energy  exerted  by  the  un* 
balanced  effort;  and  those  two  quantities  are  equal — Q.  E.  D. 

When  the  unbalanced  effort  varies,  let  d  ^  be  taken  to  denote  a 
distance  in  which  it  varies  less  than  in  any  given  proportion,  ani 
d  '  17*  the  change  in  the  square  of  the  velocity  in  that  distance;  then 


W  d'v'       Wvdv 
^9      ^~9~ 


=  (P  — Il)d«;. 


.(3.) 


or  if  8iy  82,  denote  the  two  extremities  of  a  finite  portion  of  tho 
body's  path, 

5^:^=/;-(p-  R)„. ...(3  .) 

Theobeh  IIL  The  dimirmtion  of  <ic(/ual  ernergy  produced  iy  oa 
vmhaUvruxd  reaistcmce  ie  equal  to  the  work  peiformed  in  moving  agaM 
the  resistance.  This  is  a  consequence  of  the  second  law  of  motion^ 
demonstrated  by  considering  It  to  be  greater  than  P  in  the  equa- 
tions  of  the  preceding  theorem;  so  that  equation  1  becomes 


equation  2  becomes 


W 

j{v,  —  v,)  =  {B.  —  T)^t;. 


(4) 
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2g        ={^  —  r)A8; (5.) 

and  equation  3  and  3  A  become 

^^  =  /V-P,.. (e.) 

550.  Energy  Stored  and  Restored. — ^A  body  alternately  accelerated 
and  retarded,  so  as  to  be  brought  back  to  its  original  speed,  per- 
forms work  by  means  of  its  retardation  exactly  equal  in  amount  to 
the  potential  energy  exerted  in  producing  its  acceleration;  and  that 
amount  of  energy  may  be  considered  as  stored  during  the  accelera- 
tioD,  and  restored  during  the  retardation. 

551.  The  Traiuifomiatioii  of  Encrgr  is  a  term  applied  to  such 
processes  as  the  expenditure  of  potential  energy  in  the  production 
of  an  equal  amount  of  actual  energy,  and  vice  versa. 

552.  The  Conaerralloit  of  Energy  in  Taried  BKollon  is  a  fact  OF 

principle  expressed  by  combining  the  Theorems  11.  and  III.  of 
Article  549  with  the  definition  of  stored  and  restored  energy  of 
Article  550,  and  may  be  stated  as  follows : — in  cmy  interval  of  time 
during  a  hodjfs  motion,  the  potential  energy  exerted,  added  to  ike 
energy  restored,  is  eqwil  to  the  energy  stored  added  to  the  work  'per- 
formed.  This  principle,  expressed  in  the  form  of  a  differential 
equation,  is  as  follows : — 

Yds Rc?»  =  0: ^ (1.) 

g  ^ 

which  includes  equations  3  and  6  of  Article  549;  and  in  the  form 
of  an  integral  equation, 

/Pd«-^^^-^-/Rd«=0 (2.) 

553.  Periodical  BKoUon. — ^If  a  body  moves  in  such  a  manner  that 
it  periodically  returns  to  its  original  velocity,  then  at  the  end  of 
ttush  period,  the  entire  variation  of  its  actual  energy  is  nothing; 
and  in  each  such  period  the  whole  potential  energy  exerted  is  equal 
to  the  whole  work  performed,  exactly  as  in  the  case  of  a  body 
moving  uniformly  (Article  518). 

554.  BleaMires  of  Unbalanced  Force. — From  Articles  530  aad  531, 

and  from  Article  549,  it  appears  that  the  magnitude  of  an  un- 
balanced force  may  be  computed  in  two  ways,— either  from  the 
change  of  momentum  which  it  produces  by  acting  for  a  given  time, 
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or  by  the  cliange  of  energy  which  it  produces  by  acting  along  a 
given  distance.  Both  those  ways  of  computing  are  expressed  in  the 
following  equation : — 

p^W  dv W  vdv 

""  g     dt       g      ds ' 

and  each  is  a  necessary  consequence  of  the  other ;  yet  in  foimer 
times  a  fidlacy  prevailed  that  they  were  inconsistent  and  contza- 
dictory,  and  a  bitter  controversy  long  raged  between  their  respeo* 
tive  partizans. 

655,  Encrgr  due  ta  Oblique  Force. — ^It  has  already  been  sttted 
in  Chapter  I.  of  this  Part,  and  especially  in  Article  520,  that  if  an 
unbalanced  force  F  acts  on  a  body  while  it  moves  through  the  dn- 
tance  d  8,  making  the  angle  ^  with  the  direction  of  the  foroe^  the 
product 

Fcos^  'ds 

represents  the  eneigy  exerted,  if  ^  is  acute,  or  the  work  perfbnsed, 
if  ^  is  obtuse,  during  that  motion.  Now  that  product  maj  be 
treated  mathematically  in  two  ways :  either  as  the  product  of  f 
cos  tf  =  P  (or,  as  the  case  may  be,  F  cos  (a-  —  tf)  =:  E),  the  component 
of  the  force  along  the  direction  of  motion,  into  ds,  the  motioii;  er 
as  the  product  of  F,  the  entire  force,  into  cos  0*  ds,  the  component 
of  the  motion  in  the  direction  of  the  force.  The  former  me&od  ii 
that  pursued  in  the  preceding  Articles ;  but  occasionally  the  ktier 
may  be  the  more  convenient.  For  example,  when  the  foroe  F  ii 
either  directed  towards  or  from  a  central  point,  or  is  always  p** 
pendicular  to  a  given  surfsice;  let  z  denote  the  distance  of  the  bodf 
at  any  instant  from  the  central  point,  or  its  normal  distance  fiw* 
thei  given  surfaca,  as  the  case  may  be ;  then 

dzz=:co^6  'ds ^1.) 

is  the  component;  of  the  motion  of  the  body  in  the  direction  of  & 

The  force  F  is  to  be  treated  as  positive  or  negative  according  tf 
it  tends  to  increase  or  diminish  z.  Then  if  Vj,  Vg,  be  the  velocitiei 
of  the  body,  and  z^,  z^,  its  distances  from  the  given  point  or  suito 
at  the  beginning  and  end  of  a  given  interval,  the  change  of  Hi 
actual  energy  in  that  interval  is 

^<^  =  />cos....=  />.., .H) 

and  if  F  is  either  constant,  or  a  function  of  z  only,  the  velocity  of 
V  varies  with  z  alone. 

This  principle,  as  applied  to  the  force  of  gravity  near  the  earth** 
surface,  has  already  been  illustrated  in  Articles  533,  534,  and  Si6\ 
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for  in  that  case,  z  denotes  the  elevation  of  the  body  above  a  given 
level,  F  s  —  W  (beoaose  it  tends  to  diminiah  ti),  and  therefore 

~2y-=«i-^ W 

as  was  formerly  proved  by  another  process. 

556.  A  BcdFTocatiBg  Force  is  a  force  which  acts  alternately  as 
an  effort  and  as  an  equal  and  opposite  resistance,  according  to  the 
direction  of  motion  of  the  body.  Such  a  force  is  the  weight  of  a 
body  which  alternately  rises  and  falls ;  or  the  attraction  of  a  body 
towwxls  a  point  from  which  its  distance  periodically  changes.  Such 
a  force  is  the  force  F  in  the  last  Article,  when  it  is  constant,  or  a 
function  of  z  only ;  and  such  is  the  elasticity  of  a  perfectly  clastic 
body.  The  work  which  a  body  performs  in  moving  against  a  reci- 
procating force  is  employed  in  increasing  its  own  potential  ,energy, 
and  is  not  lost  by  the  body. 

557.  The  Total  Energy  of  a  body  is  the  sum  of  its  potential  and 
actual  energies.  It  is  evident,  that  if  at  each  point  of  the  course 
of  a  moving  body  its  total  energy,  or  capacity  for  performing  work, 
be  added  to  the  work  which  it  has  already  performed,  the  sum 
must  be  a  constant  quantity,  and  equal  to  the  initial  energy  which 
tJie  body  possessed  before  beginning  to  perform  work.  If  a  body 
performs  no  work,  its  total  energy  is  constant ;  and  the  same  is  tlio 
CMe  if  its  work  consists  only  in  moving  itself  to  a  place  where  its 
potential  energy  is  greater,  that  is,  moving  against  a  reciprocating 
fcree ;  and  the  increase  of  potential  energy  so  obtained  being  taken 
nrto  account,  balances  the  work  performed  in  obtaining  it. 

Easample  1.  If  a  body  whose  weight  is  W  be  at  a  height  z^  above 
tbe  groimd,  and  be  moving  with  the  velocity  v^  in  any  direction, 
its  initial  total  energy  relatively  to  the  ground  is 


W 


(c^+f-)-' (^•) 


V? 


rf  which  W  «i  is  potential  and  "W  ^  actual.     Supposing  the  body 

<o  have  moved  without  any  resistance  except  such  as  may  arise 
feom  a  component  of  its  own  weight,  which  is  a  reciprocating  force, 
^  a  different  height  Za  above  the  ground,  its  total  energy  relatively 
^  the  ground  is  now 


W 


(*'+5)^ ^'-^ 


t^g  the  same  in  amount  as  before,  but  differently  divided  between 
%e  actual  and  potential  forms. 
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Example  II.  Should  the  motion  of  the  body  be  opposed  %j  % 
resistance  such  as  friction,  which  is  not  a  reciprocating  ioaxe,  then 
the  total  energy  in  the  second  position  of  the  body  is  diminiahedto 

Example  III.  Let  a  body  oscillate  (as  in  Article  542)  in  a  straig^ 
line  traversing  a  central  point  towards  which  the  body  is  mged  ly 
a  force  varying  as  the  distance  from  the  point ;  let  Xi  be  the  semi- 
amplitude  of  oscillation,  x  the  displacement  at  any  instant,  -Qi 

the  greatest  value  of  the  moving  force,  so  that ^—  is  the  value 

.^ 
for  the  displacement  x»     Then  when  the  body  is  at  its  extreme 

displacement,  its  actual  energy  is  nothing ;  and  its  total  eosstg^ 

which  is  all  potential,  is 


9f/\rf.  =  Q^ (4) 

Xi  J  ^  -a 


When  the  body  is  in  the  act  of  passing  the  central  point,  its  poten- 
tial energy  is  nothing,  and  its  total  energy,  which  is  now  all  acM» 
is  in  amoimt  the  same  as  before,  viz. : — 

17 -"2~^ ^^•' 

i;o  being  the  Tna-gimnm  velocity.  At  any  intermediate  pointy  to 
total  energy,  partly  actual  and  partly  potential,  is  still  the  sam^ 
being 

T7*§|-^-^— ^-'"''^^ « 

where,  as  before,  a=  2  irw;  n  being  the  number  of  double  oocffli- 
tions  in  a  second.  For  the  elliptic  oscillations  of  Article  543,  tito 
total  energy  of  the  body  is  at  each  instant  the  sum  of  the  quanfr 
ties  of  energy  due  to  the  two  straight  oscillations  of  which  the  : 
elliptic  oscillation  is  compounded ;  and  for  a  body  revolving  in  *  - 
circle,  and  urged  towards  the  centre  by  a  deviating  force  propflf* 
tional  to  the  radius  vector,  the  total  energy  relatively  to  the  oentM 
is  one-half  actual  and  one-half  potential,  viz. : — 

■27  +  -2"  =  ^'^ ^'^ 
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Sbctiok  4. — Varied  Translation  of  a  System  of  Bodies, 

558.  c— m  t  ml—  •f  ]Hi»ic«twi> — ^Theoreh.  Tlie  mutucd  actioTis 
yfa  system  of  bodies  ca/nvot  cha/nge  their  restdtant  momentum,  (Re- 
mltant  momentum  has  been  defined  in  Article  524.)  Every  force 
is  a  pair  of  equal  and  opposite  actions  between  a  pair  of  bodies ;  iu 
Koy  given  interval  of  time  it  constitutes  a  pair  of  equal  and  oppo- 
ote  impulses  on  those  bodies^  and  produces  equal  and  opposite 
momenta.  Therefore  the  momenta  produced  in  a  system  of  bodies 
by  their  mutual  actions  neutralize  each  other,  and  have  no  result- 
ant, and  cannot  change  the  resultant  momentum  of  the  system. 

559.  BEotioit  of  Centre  of  GraritT* — COROLLABY.       Tlie  VO/riationS 

of  the  motion  of  the  centre  of  gravity  of  a  system  of  bodies  are  wholly 
jfoduced  by  forces  eocerted  by  bodies  eosternal  to  the  system ;  for  the 
motion  of  the  centre  of  gravity  is  that  which,  being  mtdtiplied  by 
the  total  mass  of  the  system,  gives  the  resultant  momentum^  and 
this  can  be  varied  by  external  forces  only. 

It  follows  that  in  all  dynamical  questions  in  which  the  mutual 
actions  of  a  certain  system  of  bodies  are  alone  considered,  the  centre 
cf  gravity  of  that  system  of  bodies  may  be  correctly  treated  as  a 
point  whose  motion  is  none  or  uniform ;  because  its  motion  cannot 
be  changed  by  the  forces  under  consideration. 

560.  The  Angular  niomentnm,  relatively  to  a  fixed  point,  of  a 
body  having  a  motion  of  translation,  is  the  product  of  the  momen- 
tom  of  the  body  into  the  perpendicular  distance  of  the  fixed  point 

fiom  the  line  of  direction  of  the  motion  of  the  body's  centre  of 
gavity  at  the  instant  in  question ;  and  is  obviously  equal  to  the 
product  of  the  mass  of  the  body  into  double  the  area  swept  by  the 
ladius  vector  drawn  from  the  given  point  to  its  centre  of  gravity 
h  an  unit  of  time.  Let  m  be  the  mass  of  the  body,  v  its  velocity, 
I  the  length  of  the  before-mentioned  perpendicular ;  then 

,      Wvl 
mvl  = 

9 
h  the  angular  momentum  relatively  to  the  given  point. 

Angular  momenta  are  compounded  and  resolved  like  forces, 
each  angular  momentum  being  represented  by  a  line  whose  length 
is  proportional  to  the  magnitude  of  the  angular  momentum,  and 
Vhose  direction  is  perpendicular  to  the  plane  of  the  motion  of  the 
body  and  of  the  fixed  point,  and  such,  that  when  the  motion  of  the 
body  is  viewed  from  the  extremity  of  the  line,  the  radius  vector  of 
the  body  seems  to  have  right-handed  rotation.  The  direction  of 
Such  a  line  is  called  the  axis  of  the  angular  momentum  which  it 
representa  The  resuUant  cmgvla/r  rrumientvm  of  a  system  of  bodies 
IS  the  resultant  of  all  their  angular  momenta  relatively  to  their 
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common  centre  of  gravity;  and  the  axis  of  that  resrultant  angahi 
momentum  is  called  the  aocis  qfangiUa/r  mornenl/wm,  of  the  syiAem. 
The  term  cmguLan'  Trtomenbim  was  introduced  by  Mi*.  BJaywatd. 

561.  Angalar  Impulse  is  the  product  of  the  moment  of  a  oonnle 
of  forces  (Article  29)  into  the  time  during  which  it  acts.  Let  F  be 
the  force  of  a  couple,  I  its  leverage,  and  dt  the  time  during  wbiob 
it  acts,  then 

"Fldt 

is  angular  imptdse.  Angular  impulses  are  compounded  and  reaolvad 
like  the  moments  of  couples. 

562.  Relations  of  Angular  Impnlse  and  Angular  TTffaicwf. 

Theobem.  The  vernation,  in  a  given  time,  of  the  a/ngrilar  momenAm 
of  a  body,  is  eqiud  to  the  omgvla/r  impulse  producing  thai  variaUon, 
cmd  has  the  same  axis.  This  is  a  consequence  which  is  deduced 
from  the  second  law  of  motion  in  the  following  manner : — Conceive 
an  tmbalanced  force  F  to  be  applied  to  a  body  m,  and  an  equali 
opposite,  and  parallel  force,  to  a  iixed  point,  during  the  interval  dt] 
and  let  I  be  the  perpendicular  distance  from  the  fixed  point  to  tbe 
line  of  action  of  the  first  force.  Then  the  couple  in  question  ezerti 
the  angular  imptdse 

^Idt 

At  the  same  time,  the  body  m  acquires  a  variation  of  momeDtom 
in  the  direction  of  the  force  applied  to  it,  of  the  amount 

Tndv^^'E  dt', 

so  that  relatively  to  the  fixed  point,  the  variation  of  the  body's 
angular  momentum  is 

mldv  =  Yldt; (1.) 

being  equal  to  the  angular  impulse,  and  having  the  same  aad&— 
Q.  E.  D. 

563.  Conservation  of  Angular  momentum. — ^THEOREM.    The  remft- 

ant  angvlar  TnomerUwrn,  of  a  system  of  bodies  camnot  be  chomged  •» 
7)iagnityde,  nor  in  tlie  direction  of  its  aods,  by  the  mtUtud  acHomrf 
tite  bodies. 

Considering  the  common  centre  of  gravity  of  the  system  of  bodies 
as  a  fixed  point,  conceive  that  for  each  force  with  which  one  of  the 
bodies  of  the  system  is  urged  in  virtue  of  the  combined  action  of  all 
the  other  bodies  upon  it,  there  is  an  equal,  opposite,  and  paralld 
force  applied  to  the  common  centre  of  gravity,  so  as  to  fom  i 
coupla  The  forces  with  which  the  bodies  act  on  each  other  a» 
equal  and  opposite  in  pairs,  and  their  resultant  is  nothing;  there- 
fore, the  resultant  of  the  ideal  forces  conceived  to  act  at  the  common 
centre  of  gravity  is  nothing,  and  the  supposition  of  these  forces  doee 
not  effect  the  equilibrium  or  motion  of  the  system.  Also,  the 
resultant  of  all  the  couples  thus  formed  is  nothing;  therefore,  the 
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Tesnltant  of  their  angnlar  impulses  is  nothing;  therefore,  the  result- 
ant of  the  several  variations  of  angular  momentum  produced  by 
those  angular  imptdses  is  nothing;  ^erefore,  the  resultant  angular 
momentum  of  the  system  is  invariable  in  amount  and  in  the  direc- 
tion of  its  axis. — Q.  E.  D. 

This  theorem  is  sometimes  called  the  prmciple  of  the  conservatum 
qf  areas.  When  applied  to  a  system  consisting  of  two  bodies  only, 
it  forms  one  of  the  laws  discovered  by  Kepler,  by  observation  of 
the  motions  of  the  planets. 

In  considering  the  relative  motions  of  a  system  of  bodies  as 
depending  on  their  mutual  actions  only,  the  axis  of  angular  momen- 
tum may  be  treated  as  defaced  direction,  as  already  stated  in  Article 
348.  A  plane  perpendicular  to  the  axis  of  angular  momentum  is 
called  by  some  writers  the  iruoa/riable  plane.  The  nearest  approach 
to  an  al^lutely  fbced  direction  yet  known  is  the  invariable  axis  of 
tlie  discovered  bodies  of  the  solar  system. 

564.  Actnal  EHorgy  ef  a  system  ef  Bodies. — ThEOBEM.   The  actual 

^"i^y  of  a  aystem,  of  bodies  rdaMvdy  to  a  point  extemaZ  to  the  systefm, 
i»  the  mrni,  of  the  adiwl  energies  of  the  bodies  rdativdy  to  their  com/mon 
^i*^  ofgramiMf^  added  to  the  ad/wal  energy  due  to  tlie  motion  of  the 
fnass  of  the  whole  system  with  a  vdocity  equal  to  tlml  which  its  centre 
ofgra/oiby  has  rdativdy  to  the  external  point. 

Let  the  motion  of  each  of  the  bodies,  and  of  their  common  centre 
of  gravity,  relatively  to  the  external  point,  be  resolved  into  three 
loctangular  components.  Let  m  be  any  one  of  the  masses,  and  u, 
%  w,  the  components  of  its  velocity  relatively  to  the  external  point; 
fet  2  •  7»  be  the  mass  of  the  whole  system,  and  Uq,  %  Wq,  the  com- 
ponents of  the  velocity  of  its  centre  of  gravity  relatively  to  the 
Ortemal  point. 

Conceive  the  motion  of  each  of  the  bodies  to  be  resolved  into  two 
Parts;  that  which  it  has  in  common  with  the  centre  ofgramty  rela- 
tively to  the  external  point,  and  that  which  it  has  reUUivdy  to  tJie 
Centre  of  gravity.     The  component  velocities  of  the  first  part  are 

and  those  of  the  second  part 

u  —  Wo  =  w';  V  —  Vq  =  ^'j  *^  —  w^=.  id  I 

BO  that  the  components  of  the  whole  motion  of  the  body  may  be 
represented  by 

tt  =  Mo  +  w';  t?  =  «?o  +  ^j  w  =  Wo  +  «/. 

Then  the  actual  energy  of  the  system  relatively  to  the  external 
point  is 

i  2 .  m[{u,  +  uy+  {v,+  tif+  K  +  «0*}; 
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which  being  developed,  and  common  factors  removed  outside  tba 
sign  of  summation,  gives 

i(ul  +  vl  +  uc^  *  ^m 
+  Wo  •  2  •  m  i^'  +  i?o  •  2  •  m  v'  +  i^o  *  3  •  m  to' 
+  ^2  'm{u'^  +  v'^  +  ti/^. 

But  in  Article  524  it  has  been  showii,  that  the  resultant  momentam 
of  a  system  of  bodies  relatively  to  their  common  centre  of  gravitj 
is  nothing;  that  is  to  say, 

so  that  the  above  expression  for  the  actual  energy  of  the  system 
becomes  simply 

^(«^  +  «?o+^Q)'2m  +  ^2'w(t^  +t/*  +  ti/^; (1.) 

of  which  the  first  term  is  ^  CLctiuU  energy  of  the  whole  man  oftki 
system  due  to  the  motion  of  thd  cffni/re  of  grcmty  rdativdy  to  the 
external  poirU,  and  the  second  term  is  the  «wm,  of  the  actual  energiet 
oftlie  bodies  rdalivdy  to  their  com/mon  cent/re  ofgra/oily. — Q.  E.  D. 

Those  two  parts  of  the  actual  energy  of  a  system  may  be  distin- 
guished as  the  external  and  internal  actual  energy. 

CoBOLLARY.  The  mutual  actions  of  a^  system  of  bodies  cJumge  thdr 
vnlefmal  acinwl  energy  alorie^ 

565.  Cenaerratien  •€  iHtemal  Energr. — Law.    The  total  llUernd 

energy,  actual  a/nd  potential,  of  a  system  of  bodies,  cannot  be  ehamgd 
by  thevr  mulnwl  auctions.  This  is  a  proposition  made  known  parfly 
by  reasoning  and  partly  by  experiment.  The  total  internal  enea^ 
of  a  system  is  the  sum  of  the  total  energies  of  the  bodies  of  whidi 
it  consists  relatively  to  their  common  centre  of  gravity.  It  has 
been  shown  in  Articles  549  to  557,  that  the  total  energy  of  a  sinj^ 
body  can  be  diminished  only  by  performing  work  against  a  resist- 
ance which  is  not  a  reciprocating  force ;  in  other  words,  agamst  aa 
irreversible  or  passive  resistance. 

Now  it  has  been  proved  by  experiment,  that  all  work  performed 
against  passive  resistances  is  accompanied  by  the  production  of  an 
equal  amount  of  energy  in  a  different  form  (as  when  Motion  pro- 
duces heat);  therefore  the  total  internal  energy  of  a  system  of  bodifil 
cannot  be  changed  by  their  mutual  actions.— Q.  E.  D. 

Although  tlus  law  has  become  known  in  the  first  instance  lif 
experiment  and  observation,  it  can  be  shown  to  be  necessary  to  the 
permanent  existence  of  the  universe  as  actually  constituted. 

566.  c«iiisi«it  is  a  pressure  of  inappreciably  short  duration  be- 
tween two  bodies.  The  most  usual  problem  in  cases  of  collision  is, 
when  two  bodies  whose  masses  are  given  move  before  the  collision 
in  one  straight  Hne  with  given  velocities,  and  it  is  required  to  find 
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their  yelocities  after  tlie  collision.  The  two  bodies  form  a  system 
\rhoae  resultant  momentum  and  internal  energy  are  each  unaltered 
ly  the  collision;  but  a  certain  fi-action  of  the  internal  energy 
disappears  as  visible  motion,  and  appears  as  vibration  and  heat. 
If  the  bodies  are  equal,  similar,  and  perfectly  elastic,  that  fraction 
Is  nothing. 

Let  mi,  971a,  be  the  masses  of  the  two  bodies,  and  Ui,  Ug,  their 
Cecities  before  the  collision,  whose  directions  should  be  indicated 
"by  their  signs.  Then  the  velocity  of  their  common  centre  of  gra- 
vity ia 

Wi  m,  +  w,  nig  .-  . 

*^= ; ; UO 

Wi  +  m, 

^  this  is  not  altered  by  the  collision ;  neither  is  the  external 
«Mrpy,  whose  amount  is 

(m,  +  m.)!| (2.) 

Ihe  iniemal  en/ergy  of  the  system  of  two  bodies  is 

m,  (t^i  -  "Mq)'  ^  m2  (^,  -  t^o)^  .   . 

2  "^  2  ^    -^ 

»^en  the  bodies  strike  together,  this  actual  internal  energy  is 
tended  in  altering  the  figures  of  the  bodies  at  and  near  their 
•ftfiwje  of  contact,  in  opposition  to  their  elastic  force.  So  soon  as 
fte  relative  motion  of  the  bodies  has  been  thus  stopped,  the  elastic 
ftlce  b^ins  to  restore  their  figures,  and  drive  them  asunder;  and 
« they  were  equal,  similar,  and  perfectly  elastic,  it  would  reproduce 
•ll  the  energy  of  relative  motion  given  by  the  formula  3,  so 
•kat  the  bodies  would  separate  with  velocities  relatively  to  their 
Ommon  centre  of  gravity,  equal  and  opposite  to  their  original 
'elocities  relatively  to  that  point ;  that  is  to  say,  with  the  velocities 

^tively  to  the  common  centre  of  gravity,  and  the  velocities 

f;j  =  2wo-t^,  t?a  =  2t^o--^ (4.) 

datively  to  the  earth.  But  as  a  certain  proportion,  which  may  bo 
«noted  by  1  —  ^^,  of  the  internal  actual  energy  takes  the  forms 
f  internal  vibration  and  of  heat,  the  internal  actual  energy  due  to 
isible  motion  after  the  collision  is 

2  '^  2  ' ^^-J 

he  velocities  of  the  bodies,  relatively  to  their  common  oentn 
iravity,  after  the  collision^  are 
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and  their  velocities  relatively  to  the  earth  are 

Vi  =  {l+k)iiQ-kui;  Va  =  {l+k)t^—kfif. (6.) 

Should  the  bodies  be  perfectly/  soft,  or  inelastic,  ^ = 0 ;  in  which 

«?i=v,=Wo; ^..(7.) 

that  is,  the  bodies  do  not  fly  asunder,  but  proceed  together  with  tiie 
velocity  of  their  common  centre  of  gravity.    (See  Addendum^  p.  512.) 

567.   The  Actloit  of  Unbalaitced  Sztemal  Forces  on  a  System  of 

bodies,  considered  as  a  whole,  is  to  vary  the  resultant  momentum 
and  the  resultant  angular  momentum.     .It  has  been  shown  in 
Article  60,  that  every  system  of  forces  can  be  reduced  to  a  single 
force  and  a  couple.     The  system  of  forces  applied  to  a  system  of 
bodies  is  to  be  reduced  to  a  single  force  acting  through  the  oesabte 
of  gravity  of  the  system,  and  a  couple,  as  shown  in  equations  5,  % 
7,  8,  of  Article  60 ;  then  in  a  given  interval  of  time,  the  variatiaB 
of  resultant  momentum  of  the  system  is  equal  to  and  in  the  direo- 
tion  of  the  impulse  of  the  single  resultant  force,  and  the  variation 
of  angular  momentum  is  equal  to  the  angular  impulse,  and  about 
the  axis,  of  the  resultant  couple. 

To  express  this  by  general  equations,  let  the  components  of  tiw 
niomentimi  of  any  mass  m  belonging  to  the  system,  whose  leoteih 

snilar  co-ordinates  are  x,  y,  z,  be  m  -7-,  m  -~,  m  -r-.     Then  fl* 
^  ' '^'   '  dt        at        at 

i*ates  of  variation  of  these  components  are 

d^x       d^y       d'z  n\ 

"^  d¥' "^  d¥'.  ""  d? ^^ 

Also,  the  rectangular  components  of  the  angular  momentum  of  tW 
mass  are 

about  or,  m  («J-y^)  ;  about  y,  m(a:^-«  ^)  J 


about  .,«.(,^-.g), (i) 


whose  rates  of  variation  are 


m 


rd'y       d'z\  (   d^z        (?aj\ 

\'di'yde)'^^\^d?--'d?)> 


m 


-(3-) 


♦.. 
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«,  Py,  Vg,  be  ihe  oompoiiieats  of  the  force  eztemallj  applied 
oint  whose  oo-ordinates  are  x,  y,  z.  Then  by  the  equality  of 
sultaut  impulse  to  the  variation  of  resultant  momentum; 


{f.-„^«}=o;,(p,-„|>}=0; 


2 


(f.-»|5}=0; 


...  (4.) 


Y  the  equality  of  the  resultant  angular  impulse  to  the  varia* 
f  the  residtant  angular  momentimi, 


=  0; 

=  0; 
=  0; 


,(5.) 


i  use  of  those  equations  is  to  determine  the  effect  of  a  given 
1  of  external  forces  on  a  system  of  bodies  when  the  relations 
^  the  motions  of  those  bodies  are  known,  without  taking  into 
eration  the  internal  forces  acting  between  the  bodies,  which 
forces  it  is  sometimes  difficult  or  impossible  to  determine  until 
Tects  of  the  external  forces  have  first  been  found. 

.   I^eterminatioH  ef  the  iHtemal  Forces. — ^When  the  relations 

exist  between  the  motion  of  the  system  as  a  whole, — that  is, 
idtant  momentum  and  angular  momentum, — and  the  motions 
\  several  bodies  of  which  it  consists,  are  fixed  by  cinematical 
pleSj  then  the  motion  of  each  body  can  be  determined  when 
eternally  applied  forces  are  known.  Then  if,  from  the  force 
aUy  a/pplied  to  each  hod/y  aJt  each  instcmty  there  is  taken  away 
rce  required  to  'produce  the  cha/nge  of  motion  of  the  body  which 
place  at  that  instaM,  the  remmnder  m/ast  he  hala/nced  by,  and 
amd  opposite  to,  the  vrUemal  force  acting  on  the  body  in  gues- 
and  this,  which  is  the  principle  op  D'Alembert,  serves  to 
nine  the  internal  forces.  Using  the  notation  of  the  last 
le,  the  components  of  the  internal  force  applied  to  a  given 
of  the  system  are 


d^x      -, 


"'d¥~'^'' 


K  Residual  External  Forces. — If  the  resultant  external  fin 
I  through  the  centre  of  gravity  of  a  system  of  bodiai  be 
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posed  to  be  divided  into  parallel  components,  each  applied  to  one 
of  the  bodies  and  proportional  to  the  mass  of  the  body  to  wludiifc 
is  applied,  such  will  be  the  system  of  external  forces  required  to 
make  all  the  bodies  of  the  system  have  equal  and  parallel  motiynn 
at  each  instant  in  common  with  their  centre  of  gravity.  Then  if 
the  forces  so  determined  be  taken  away  from  the  forces  actnallf 
applied  to  the  several  bodies,  the  residual  external  forces,  being 
combined  with  the  internal  forces,  will  constitute  those  forces 
which  regulate  the  motions  of  the  bodies  relatively  to  their  com- 
mon centre  of  gravity  considered  as  a  fixed  point. 

Addendum  to  Article  566,  page  510. 

c^oiiiMion. — It  was  formerly  supposed  that  the  disappearance  of 
energy  after  collision  was  wholly  due  to  imperfect  elasticity,  and 
that  any  two  perfectly  elastic  bodies  would  fly  asunder  aflier  col- 
lision with  a  relative  velocity  equal  to  their  relative  velocity  of 
approach  before  collision.  But  M.  de  St.  Tenant  showed  thii^ 
except  when  the  bodies  are  similar  and  equal,  a  certain  quantity  of 
energy  disappears,  even  in  perfectly  elastic  bodies,  in  prodociitf 
internal  vibrations  of  each  body.  The  value  of  the  co-efficient  4 
being  the  ratio  of  the  relative  velocity  of  the  recoil  to  that  of  the 
approach,  in  the  case  of  a  pair  of  perfectly  elastic  prismatic  bazi^ 
striking  each  other  endwise,  is  given  as  follows :  let  a^  and  Of  Im 
the  lengths  of  the  bars;  p^  and  P2t}ievr  weights  per  unit  of  length; 
8i  and  82  the   velocities  of  the  transmission  of  sound  (that  ii^ 

of  longitudinal  vibrations)  along  them;  let  -^  ^^  — -;  and  alaokt 
8,p,  .^s^p^i  i^  other  words,  let  -^  .^  —  and  7^  -A;  then 

j,^2'^^^^^±^^. &^_-l      .   ..(&) 

«2ft  Pih  +ft«2 

As  to  the  velocity  of  sound,  see  Article  615,  page  563.  !Dm 
paper  of  M.  de  St.  Tenant  is  published  in  full  in  the  Jbumal  <te 
M(UJiematique8  pares  et  appliqicees,  1867 ;  and  an  abstract  in  Endiik 
of  the  more  simple  of  its  results  in  The  Engineer  for  the  15th  Feb- 
ruarv,  1867. 
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CHAPTER  IIL 


BOTATIONS  OF  RIGID  BODIES. 


570*  The  OletleH  ef  a  Bigid  Wiodjy  or  of  a  body  whicli  sensibly 
TOeserves  the  same  figure,  Has  akeady  been  shown  in  Part  III., 
Chapter  II.,  to  be  always  capable  of  being  resolved  at  each  instant 
into  a  translation  and  a  rotation;  and  by  the  aid  of  the  piinciples 
coqplained  in  Section  3  of  that  chapter,  the  component  rotation  can 
always  be  conceived  to  take  place  about  an  axis  traversing  the 
centre  of  gravity  of  the  body,  and  to  be  combined,  if  necessary, 
with  a  translation  of  the  whole  body  in  a  curved  or  straight  path 
along  with  its  centre  of  gravity.  The  variations  of  the  momen- 
turn  of  the  translation,  whether  in  amount  or  in  direction,  are 
due  to  the  resultant  force  acting  through  the  centre  of  gravity 
of  the  body,  and  are  exactly  the  same  with  those  of  the  momen- 
tam  of  the  entire  mass  if  it  were  concentrated  at  that  centre; 
the  variations  of  the  angula/r  momentum  of  the  rotation  are 
due  to  the  resultant  couple  which  is  combined  with  that  re- 
sultant force.  The  variations  of  ctctual  energi/  are  due  to  both 
causes. 

When  the  translation  of  the  centre  of  gravity  of  a  rotating  body, 
and  its  rotation  about  an  axis  traversing  that  centre,  are  known, 
the  motion  of  every  point  in  the  body  is  determined  by  cinematical 
principles,  which  have  been  explained  in  Part  III.,  Chapter  II., 
Section  3 ;  so  that  by  the  aid  of  D'Alembert's  principle  (Article 
568)  the  internal  forces  acting  amongst  the  parts  of  the  body  can 
he  completely  determined. 

^  In  le  investigations  of  questions  respecting  the  motions  of 
xigid  bodies,  there  are  certain  quantities,  lines,  and  points,  de- 
pending on  the  figures  of  the  bodies,  the  mode  of  distribution 
of  their  masses,  and  the  way  in  which  their  iipiotions  are  guided, 
whose  use  facilitates  the  understanding  of  the  subject  and 
the  computation  of  results,  ana  vrhich  are  related  to  each  other 
by  geometrical  principles.  These  are,  moments  of  inertia,  radii 
c/  gyration,  momenta  of  deviation,  and  centres  of  percussion. 
Their  geometrical  relations  are  considered  in  the  xoUowing  sec- 
tion. 

2h 
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Section  1. — On  Momenta  of  Inertia,  Radii  ofGyraJbion^  Momaik^ 

Deviation,  and  Centres  of  Feraussion, 

571.  The  momeitt  of  inertia  of  an  indefinitely  small  body,  or 
"  physical  point,"  relatively  to  a  given  axis,  is  the  product  of  the 
mass  of  the  body,  or  of  some  quantity  proportional  to  the  WUB, 
such  as  the  weight,  into  the  square  of  its  perpendicular  disiBOOB 
from  the  axis  :  thus  in  the  following  equation  : — 

I  W  r^ 

-  =  wr»  = , (1.) 

r  is  the  perpendicular  distance  of  the  mass  m,  whose  weight  is  W, 
from  a  given  axis;  and  the  moment  of  inertia,  according  to  As 
unit  employed,  is  either  I,  otI-^  g;  the  former,  when  the  unit  ii 
the  moment  of  inertia  of  an  unit  of  weigM  at  the  end  of  an  am 
whose  length  is  unity;  and  the  latter,  when  the  unit  is  the  moment 
of  inertia  of  an  unit  of  Toass  at  the  end  of  the  same  amu  For  tin 
purposes  of  applied  mechanics,  the  former  is  the  more  convenkak 
unit,  and  will  be  employed  in  this  treatise. 

By  an  extension  of  the  term  ^^  moment  of  inertia,"  it  is  applW 
to  the  product  of  any  quantity,  such  as  a  volume,  or  an  area,  isi» 
the  square  of  the  distance  of  the  point  to  which  that  quaotitff 
relates  from  a  given  axis,  as  has  already  been  exemplified  in  Artiob 
95,  and  in  the  theory  of  resistance  to  bending;  but  in  the  remaixidBr 
of  this  treatise  the  term  wHl  be  used  in  its  strict  sense,  and  acoari- 
ing  to  the  unit  of  measure  already  specified;  that  is,  in  Britik 
measures,  moment  of  inertia  will  be  expressed  by  the  product  of  • 
certain  number  of  potmds  avoirdupois  into  the  square  of  a  ooiiHt 
number  of/eei. 

The  geometrical  relations  amongst  moments  of  inertia,  to  wIdA 
the  present  section  refers,  are  independent  of  the  unit  of  measoA 

672,   The  jnomont  of  InerUa  of  a  Sjateoi  of  Ph jslcal  Polats,  idi^ 

tively  to  a  given  axis,  is  the  sum  of  the  moments  of  inertia  of  Ai 
several  points ;  that  is, 

I  =  2  •  W  r» (L) 

573.   The  niomeHt  of  inertia  of  a  Rigid  Btkij  is  the  SUm  of  fli 

moments  of  inertia  of  all  its  parts,  and  is  found  by  integration;  4i 
is,  by  conceiving  the  body  to  be  divided  into  small  parts  of  regal* 
figure,  multiplying  the  mass  of  each  of  those  parts  into  the  aqotfi 
of  the  distance  of  its  centre  of  gravity  from  the  axis,  adding  4i 
products  together,  and  finding  the  value  towards  which  their  bob 
converges  when  the  size  of  the  small  parts  is  indefinitely  diminiahal 
For  example,  let  the  body  be  conceived  to  be  built  up  of  rectangnlv 
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■aaoleeoleB,  whose  dimensions  are  dx,  dy,  and  d  z,  the  Tolmne  of 
9axilidwdydz,a3id  the  mass  of  nnity  of  volnme  to.     Then 


1=  j  f  Jr'w^dsBdydz (1.) 


Hence  follows  the  general  principle  which  will  affcerwards  be 
illiistrated  in  special  cases,  that  propositions  relative  to  the  geome- 
trical relations  amongst  the  moments  of  inertia  of  systems  of  points 
are  made  applicable  to  continuous  bodies  by  substituting  integration 

tar  ordinary  summation;  that  is^  for  example,  by  putting  /  /  / 

£oT  2,  and  w  •  dxdy  dzforW. 

574.  The  RadiM  mf  Qymiimt  of  a  body  about  a  given  axis  is  that 
length  whose  square  is  the  mean  qfaU  the  sqwvrea  of  the  distances 
of  ^16  indefinitely  small  equal  partides  of  the  body  from  the  axis, 
and  is  found  by  dividing  the  moment  of  inertia  by  the  mass,  thus^ 


.(1.) 


When  symbols  of  integration  are  used,  this  becomes 

I  I  I  7^  w  dxdy  d z 

('=-rn (2-) 

/  /  /  t£?  'dxdydz 

IP[5.  CMMpoBCBta  ef  ifiomcBC  ef  incnla. — Let  the  positions  of  the 
poticles  of  a  body  be  referred  to  three  rectangular  axes,  one  of 
which,  O  X,  is  that  about  which  the  moment  of  inertia  is  to  be 
taken.     Then  the  square  of  the  radius  vector  of  any  particle  is 

r^^^  +  z"; 

wo  that  the  moment  of  inertia  round  the  axis  of  a;  is 

I,=:S-W3^  +  3-W  «»; (1.) 

that  is  to  say,  the  moment  of  inertia  of  a  body  round  a  given  axis 
utay  be  found  by  adding  together  the  sum  of  the  products  of  the  masses 
qf&e  particles,  each  multiplied  by  the  square  of  each  of  its  distances 
from  a  pair  of  planes  cutting  each  other  at  right  angles  in  Hie  given 


In  the  same  manner  it  may  be  shown  that  the  moments  of 
inertia  of  the  same  body  round  the  other  two  axes  are  given  by  the 
■qnations 

I,  =  3  •  W  a"  +  3  •  W  »■;  T,=  aWa^  +  3W  ^...(2.) 
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576.    SIomeBts    of  Inertia    Bomd    Paimllel 

Theobeil  The  Truyment  of  inertia  of  a  body  abatU  any  given  oaoi 
is  equal  to  its  moment  of  inertia  abovit  am,  aods  traversing  Us  caiin 
of  gravity  parallel  to  the  given  axis,  added  to  the  rnomerU  ofineriitk 
about  the  given  aoda  due  to  the  whole  mass  of  the  body  coTicentrakd  st 
its  centre  of  gravity. 

Take  the  given  axis  for  the  axis  of  Xy  and  any  two  planes  tat 
versing  it  at  right  aogles  to  each  other  as  the  planes  of  a;  y  and 
z  Xy  then,  as  in  the  preceding  Article, 

I,  =  s- Wy«+s  •W«». 

Let  y^y  Zoy  De  the  perpendicular  distances  of  the  centre  of  graYtfy  of 
the  body  from  the  two  co-ordinate  planes  before  mentioned;  con- 
ceive a  new  axis  to  traverse  that  centre  of  gravity,  parallel  to  the 
given  axis;  let  two  co-ordinate  planes  parallel  to  the  oziginil 
co-ordinate  planes  traverse  that  new  axis;  and  let  y,  2^,  be  iha 
perpendicular  distances  of  a  given  particle  from  those  new  co- 
ordinate planes.     Then 

y  =  3/0  +  3/;  «  =  ^  +  «'; 

and  introducing  those  values  of  the  original  co-ordinates  into  tfaft 
value  of  I,,  we  find 

I,  =  2  •  W  (yo  +  3/)"+  2  •  W  («o  +  -^T 

=  (3/S  +  «J)sW 

+  2  yo  2  •  W  2/ +  2  2^0  2  •  W  »  +  s  •  W  (2/«  +  i!^ ; 

but  because  2/  a-nd  ^  are  the  distances  of  a  particle  from  planfll 
traversing  the  centre  of  gravity  of  the  body, 

s  •W3/  =  0;  s  •Wa'zsO; 
and  the  preceding  equation  is  reduced  to  the  following : — 

i.  =  (3/S  +  ^)2W  +  2-w(y»  +  «^ (1.) 

which  expresses  the  theorem  to  be  proved. 

This  theorem  may  be  more  briefly  expressed  as  follows;— W 
1q  be  the  moment  of  inertia  of  a  body  about  an  axis  trayendng  iti 
centre  of  gravity  in  any  given  direction,  and  I  the  moment  of 
inertia  of  the  same  body  about  an  axis  parallel  to  the  former  at  tha 
perpendicular  distance  r^;  then 

I  =  rJ-2W+], (1) 

An  analogous  proposition  for  sur£sices  has  been  demonstrated  in 
Article  95,  Theorem  V. 

OoBOLLA&Y  L   The  radius  of  gyration  (e)  of  a  body  about  VBJ 
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is  equal  to  the  hypotenuse  of  a  right-angled  triangle,  of  which 
the  two  legs  are  respectively  equal  to  tibe  radius  of  gyration  of  the 
body  about  an  axis  traversing  the  centre  of  gravity  parallel  to  the 
iplven  axis  (eoX  and  to  the  perpendicular  distance  between  these  two 
axes  (r^.     That  is  to  say, 

e«  =  '-J  +  e! (3.) 

Ck>B0LLABT  II.  The  moment  of  inertia  of  a  body  about  an  axis 
traversing  its  centre  of  gravity  in  a  given  direction,  is  less  than  the 
moment  of  inertia  of  the  same  body  about  any  other  axis  parallel 
to  the  fbrst. 

OoBOLLABY  HI.  The  moments  of  inertia  of  a  body  about  all 
axes  parallel  to  each  other,  which  lie  at  equal  distances  from  its 
centre  of  gravity,  are  equal. 

577.  Combined  Slomeiito  of  Inertia. — THEOREM.     The  Combined 

moment  of  inertia  of  a  rigidly  connected  system  of  bodies  ah&aJt  a 
given  aads,  is  equal  to  the  combined  mameni  of  inertia  which  the  sys- 
tem loouM  have  about  the  given  aads,  if  each  body  were  concentrcUed 
ai  its  own  cevdre  ofgra/miy,  added  to  the  svmfb  of  the  several  moments 
of  inertia  of  the  bodies,  about  axes  tramersvng  their  respective  centres 
•  ofSf^'^I/y  poraUd  to  the  given  aods. 

Let  W  now  denote  the  mass  of  one  of  the  bodies,  L  its  moment 
of  inertia  about  an  axis  traversing  its  own  centre  of  gravity  parallel 
to  the  given  common  axis,  and  r^  the  distance  of  its  centre  of  gravity 
from  that  common  axis.  Then  the  moment  of  inertia  of  that  body 
about  the  common  axis,  according  to  Article  576,  equation  2,  is 

Consequently,  the  combined  moment  of  inertia  of  the  system  of 
bodies  is 

2l  =  2-WrJ+2l,; (1.) 

— Q.E.D. 

578.  Examples  of  Off  omenta  of  Inertia  and  Radii  of  Gyration  of 

homogeneous  bodies  of  some  of  the  more  simple  and  ordinary 
figures,  are  given  in  the  foUowing  tables.  In  each  ca^,  the  axis  is 
supposed  to  traverse  the  cerUre  of  grwmty  of  the  body;  for  the 
principles  of  Article  576  enable  any  other  case  to  be  easily  solved. 
rhe  axes  are  also  supposed,  in  each  case,  to  be  aaoes  ofsyrmnei/ry  of 
the  figure  of  the  body.  In  subsequent  Articles,  it  will  be  shown 
what  relations  exist  between  the  moments  of  inertia  of  the  same 
body  about  axes  traversing  it  in  difierent  directions. 

Tflie  column  headed  W  gives  the  mass  of  the  body;  that 
beaded  I^  gives  the  moment  of  inertia;  that  headed  e^  the  sqaa/re 
of  the  radius  of  gyration.  The  mass  of  an  unit  of  volume  is  in 
each  case  denoted  by  w. 


BODT. 

Axis. 

W 

u 

A 

L  Sphere  of  radios  r, 

Diameter 

8 

15 

6 

II.  Spheroid  of  rerolntion — 

polar  semi-axis  a,  equa- 

4iWW(u^ 

ft* 

torial  radios  r..... ........ 

Polar  a^^iA 

UL  Ellipsoid — semi-axes,  a, 
h,  c 

Axis,  2a 

3 

4i9^oabc 
3 

15 

4rioa6c(6'+c*) 
15 

6 

"1  »<)••••••••••••••••••#...•. 

5 

IV.  Spherical  shell — external 
radius  r,  internal  r',.... 

Diameter 

8 

8in(;(r»— r^ 
15 

2(i'-i^ 

V.  Spherical  shell,  insensibly 

thin  —  radios  r,  thick- 

R^iBr*dr 

Si' 

ness  «&•, 

Diameter 

4in0r^ 

8 

VI.  Circular  cylinder — ^length 

1 

2a,  radius  r, 

Longitodinal 

^ 

axis,  2a 

2«i0ar' 

■tOUr 

r 
1 

VII.  Elliptic  cylinder—length 

2a,  transverse  semi-axes 

6,  c 

Longitodinal 
axis,  2a 

29noabc 

•tflo5c(J*+c^ 

i»+^ 

4 

"»  ^^t********'******'******* 

VIII.  Hollow  circular  cylinder- 

2 

length  2a,  external  ra- 

dios r,  internal  r^, 

Longitodinal 

r'+f' 

axis,  2a 

2flpioa(r'— r^ 

««a(r*— r^) 

S 

IX.  Hollow  circolar  cylinder, 

. 

insensibly  thin — length 

2a,  radius  r,  thickness  (2r, 

Longitodinal 

axis,  2a 

^vwardr 

4«tBiBr'd^ 

f^ 

X.  Circolar  cylinder — ^length 

2a,  radios  r, 

Transverse 
diameter 

29wat^ 

awar*(8r*+4a*) 

^? 

XI.  Elliptic  cylinder — length 

6 

2a,  transverse  semi-axes 

5,  c, 

Transverse 
axis,  26 

2^twabc 

«tmJc(3c'+4a*) 

1^  1^ 

"*    V, »..•.•.••.••.••.....»... 

in 

XII.  Hollow  circolar  cylinder- 

0 

V       ^ 

length  2a,  external  ra- 

7^* {8(r*-0 
+4o=^(r»-0| 

dios  r,  internal  r^, 

Transverse 

2»too(r'-0 

diameter 

^+f^> 

XIII.  Hollow  circolar  cylinder. 

4   "1 

insensibly  thin  — radius 

r,  thickness  dSr,... ......•• 

diameter 

^wardt 

rioo(2r»  +  |aV)dr 
8 

?*F 

XrV.  Rectangolar  prism  —  di- 

8i«i5c(&»+c*) 

J*+<? 

mensions  20,  26,  2c, 

Axis,  2a 

Swabc 

8 

3 

XV.  Rhombic  prism — length 

2tt»a6c(6'+c») 

I'+e' 

2a,  diagonals  25,  2c,.... 

Axis,  2a 

4vmbc 

8 

6 

XVL  Rhombic  prism,  as  above. 

Diagonal,  2b 

AwaJbc 

2toa6c(c*  +  20 
8 

6*1 
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879.  Mmmmmim  •f  IneHla  fMiiid  by  IMTlitoM  bmA 
Thfh  of  the  solids  mentioned  in  the  table  of  the  preceding  Article 
mn  be  divided  into  two  equal  and  Eiymmetrical  halves  by  a  plane 
perpendicular  to  the  axis.  The  radius  of  gyration  of  each  of  those 
halves  is  the  same  with  that  of  the  original  solid.  Each  of  the 
■olids  can  also  be  divided  into  four  equal  and  symmetrical  wedges 
or  sectors  by  planes  traversing  the  axis;  and  those  which  are  soHds 
of  revolution  can  be  divided  into  an  unlimited  number  of  such 
wedges  or  sectors.  The  radius  of  gyration  of  each  such  sector  about 
ilie  original  axis,  which  forms  its  edge,  is  the  same  with  that  of 
tibe  original  solid 

To  find  the  radius  of  gyration  of  any  such  sector  about  an  axis 
parallel  to  its  edge,  the  original  axis,  and  traversing  the  centre  of 
gravity  of  the  sector,  let  Tq  be  the  distance  of  that  centre  of  gravity 
from  the  original  axis,  ^o  the  radius  of  gyration  of  the  original  solid, 
and  ^0  ^he  ladius  of  gyration  of  the  sector  about  the  new  axis  in 
question ;  then  from  Article  576,  equation  3,  it  follows  that 


'=-  '-ri m 


Excumple,  In  case  15  of  Article  578,  the  square  of  the  radius  of 

gyration  of  a  rhombic  prism  about  its 

&'  +  c 
longitudinal  axis  is  found  to  be  — — , 

h  and  c  being  the  two  semi-diagonals. 
Let  fig.  238  represent  such  a  prism, 
and  let  A  be  one  end  of  its  longitu- 
dinal axis,  and  BXB  =  2  5,  CATC  =  Fig.  238. 
2  c,  its  two  diagonals.     Divide  the  piism  into  four  equal  right- 
angled  triangular  prisms  by  two  planes  traversing  the  diagonals 
and  the  longitudinal  axis ;  the  radius  of  gyi-ation  of  each  of  those 
prisms  about  that  axis  is  the  same  with  that  of  the  original  prism. 

Bisect  B  C  in  D,  and  join  ATI),  in  which  take  ro  =  AE  =  |AD  = 

^  B  0  =  !il— —  j  then  E  is  the  extremity  of  a  longitudinal  axis 
o 

traversing  the  centre  of  gravity  of  the  triangular  prism  A  B  C,  and 

the  radius  of  gymtion  of  that  prism  about  that  new  axis  is  given 

faj  the  equation 

.._._^_^:±.^_5!±£=^±^ (2.) 

«^o-^    ^-     (J  9  18  ^    ' 

/HBO.   IVIomciiU  of  Inertia  found  bf  Transformniion. — The  moment 

of  inertia  and  radius  of  gyration  of  a  body  about  a  given  axis  are 
nut  cliangcd  by  any  tmnsfonnation  of  its  figure  which  can  be 
eiluctcd  by  shifting  its  imi-ticlcs  parallel  to  the  given  axis;  and  the 
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radius  of  gyration  is  not  altered  hj  altering  the  dimensions  of  tiis 
body  parallel  to  the  axis  in  a  constant  ratio ;  for  example,  in  caan 
1  and  2  of  Article  578.,  the  radius  of  gyration  of  a  spheroid  abont 
its  polar  axis  is  the  same  with  that  of  a  sphere  of  the  same  eqiur 
torial  radius. 

If  the  dimensions  of  a  body  in  all  directions  transverse  to  the 
axis  are  altered  in  a  constant  ratio,  the  radius  of  gyration  is  altered 
in  the  same  ratio. 

If  the  dimensions  of  a  body  transverse  to  its  axis,  in  two  direc- 
tions perpendicular  to  each  other,  are  altered  in  different  ratios; 
for  example,  if  the  dimensions  denoted  by  y  are  altered  in  the  ratio 
m,  and  the  dimensions  denoted  by  2;  in  the  ratio  n,  then  the  radios 
of  gyration  e  of  the  original  body  is  to  be  conceived  as  the  hypo- 
tenuse of  a  right-angled  triangle  whose  sides  are,  n  parallel  to  y, 
and  ^  parallel  to  z,  and  are  given  by  the  equations 


2W     '   ^  sW 


and  the  radius  of  gyration  /  of  the  transformed  body  will  be  the 
hypotenuse  of  a  new  right-angled  tiiangle  whose  sides  are  m  «  and 
n  (;  that  is  to  say, 

e'*  =  m«ai'^  +  w'^ (2.) 

This  method  may  be  exemplified  by  deducing  the  radius  of  gyiatioa 
of  an  ellipsoid  about  any  one  of  its  axes  (Article  578,  case  3)  from 
that  of  a  sphere  (t&.,  case  1). 

581.  The  Centre  of  PerciMsion  of  a  body,  for  a  given  axis,  is  a 
point  so  situated,  that  if  part  of  the  mass  of  the  body  were  concen- 
trated at  that  point,  and  the  remainder  at  the  point  directly  oppo- 
site in  the  given  axis,  the  statical  moment  of  ihe  weight  so  disfaci- 

buted  (Article.  42),  and  its  moment  of 
inertia  about  the  given  axis,  would  ^be 
the  same  as  those  of  the  actual  boo^ 
in  every  position  of  the  body. 

In  %.  239  let  XX  be  the  givea 
axis,  and  G-  the  centre  of  gravity  of 
the  body.  It  is  evident,  in  the  fiirt 
place,  that  the  centre  of  percusfflon 
must  be  somewhere  in  the  perpendi- 
cular C  G  B  let  fall  from  the  centre  of 
gravity  on  the  given  axis.  Secondly^ 
_^  in  order  that  the  statical  moment  of 
Fig.  239.  *^e  whole  mass,  concentrated  partly  at 

C,  and  partly  at  the  centre  of  percus- 
sion B  (still  unknown),  may  be  the  same  with  that  of  the  actual 
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My,  the  centre  of  gravity  must  be  imaltered  by  that  concen- 
tration of  mass  3  that  is  to  say,  the  masses  concentrated  at  B  and 
C  must  be  inversely  as  the  distances  of  those  points  from  G. 
Hence  denoting  the  weights  of  those  masses  by  the  letters  B  and 
C  respectively,  and  the  weight  of  the  whole  body  by  W,  we  have 
tbe  proportion 

W  :  C  :  B  :  :  BO  :  GTB  :  GO (1.) 

lastly,  in  order  that  the  moment  of  inertia  of  the  mass  as  supposed 
to  be  concentrated  at  B  and  C,  about  the  axis  X  X,  may  be  the 
Wme  with  that  of  the  actual  body,  we  must  have 

B-BC«  =  We»  =  W(e;  +  rJ) (2.) 

f^here  ro  =  G  C,  and  ^o  is  the  radius  of  gyration  of  the  body  about 
IX  axis  parallel  to  X  X  and  traversing  G ;  and  substituting  for  B 

ks  value  from  equation  1,  viz.,  B  =  Wtq  -^  B  C,  we  find,  for  the  dis- 
^ce  of  the  centre  of  percussion  from  the  axis, 

BC  =  -^'  =  -^'  +  ro; (3.) 

cid  for  its  distance  from  the  centre  of  gravity, 

GB  =  BC  —  ro  =  ^ (4.) 

le  last  equation  may  also  be  expressed  in  the  form 

GB  •  GO  =  eJ; (5.) 

^Hcb  preserves  the  same  value  when  GB  and  GO  are  inter- 
hanged  ;  thus  showing,  that  if  a  new  axis  parallel  to  the  original 
^  XX  be  made  to  traverse  the  original  centre  of  percussion,  the 
ew  centre  of  percussion  is  the  point  C  in  the  original  axis. 

The  proportion  in  which  the  mass  of  the  body  is  to  be  considered 
B  distributed  between  B  and  C  takes  the  following  form,  when 
luih  of  the  last  three  terms  of  the  proportion  1  is  multiplied  by 

ifc=:GC:— 

W  :  0  :  B  :  :  e5  +  r;  :  ^  :  r^ (6.) 

le  preceding  solution  is  represented  by  the  following  geometrical 
onstraction : — Draw  G  D  JL  C  G  and  =  eo ;  join  C  D,  perpendicu- 
ir  to  which  draw  D  B  cutting  C  G  produced  in  B ;  this  point  is 
he  centre  of  percussion. 

Also,  C  D  =  e,  the  radiud  of  gyration  about  X  X ;  and  I)  B  is  the 
idius  of  gyration  about  an  axis  traversing  B  parallel  to  XX 
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« 

If  CE  be  taken  =  C D,  E  is  soinetimes  called  tibie  crancHl  Of 
GYBATiON  of  th(B  body  for  the  axis  XX,* 

562.  No  Ccwm  of  percuMioa  exists  when  the  axis  traYeroes  th» 

centre  of  gravity  of  the  body.  In  that  oue^ 
the  statical  moment  of  the  body  is  nothii^; 
and  an  equal  mass,  concentrated  and  uni- 
formly distributed  round  the  circle  BBB^ 
whose  radius  is  #o>  the  radius  of  gyration,  or 
at  a  set  of  symmetrically  arranged  points  in 
that  circle,  has  the  same  moment  of  inertia 
with  the  actual  body. 

583.    niomento  of  Inertia  about  Inclined  Axes. — The  object  of  the 

present  Article  and  the  remaining  Articles  of  this  section  is  to 
show  the  relations  which  exist  amongst  the  moments  of  inertia  of 
a  body  about  axes  traversing  a  fixed  point  in  it  in  different  diree- 
tions.  The  mathematical  processes  which  it  is  necessary  to  emploj 
for  that  purpose,  though  not  very  abstruse,  are  somewhat  complex; 
and  the  reader  who  wishes  to  study  the  more  simple  parts  (tt  iie 
subject  only,  may  take  the  conclusions  for  granted. 

It  has  already  been  shown  in  Article  575  that  the  moment  rf 
inertia  of  a  body  about  a  given  axis  denoted  by  x,  is  given  by  the 
equation 

I,  =  Sy«  +  S;s«; (1.) 

in  which,  for  the  sake  of  brevity,  s  *  W  has  been  replaced  by  the 
single  symbol  S.  The  fixed  point  being  the  origin  of  co-ordinaie^ 
let  S  R*  be  the  sum  of  the  products  of  the  weight  of  each  particle 
into  the  square  of  its  distance  &om  that  point;  a  stun  whicliii 
independent  of  the  directions  of  the  axis.  Then  because  B'=a^+ 
^  +  «*,  the  moments  of  inei-tia  of  the  body  relatively  to  three  leo- 
tangular  axes  may  be -expressed  as  follows : — 

I.  =  SR«-Sa;»;  I,  =  SR2-Sy»;  I,  =  SR«-S«». (i) 

Further,  let  the  three  sums  of  the  weights  of  the  particles  of  ^ 
body,  each  multiplied  by  the  product  of  a  pair  of  its  co-ordinatei^ 
be  thus  expressed : — 

Syz;  Szx;  Bxy (3.) 

These  will  be  called  moments  of  deviation, 

Now,  let  three  new  rectangular  axes  of  co-ordinates,  denoted 
^y  ^'j  2/f  ^f  traverse  the  same  fixed  point  in  the  body;  let  ^ 
angles  which  they  make  with  the  original  axes  be  denoted  by 

*  As  to  the  centres  of  percussion  and  gyration,  and  other  remarkable  pointl  ii  a 
rigid  body,  see  a  memoir  by  M.  Poinsot  in  UouvUh's  Journal  for  1857. 
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(^) 


^^  ^i   'V/ 

□len  for  any  given  particle,  the  new  co-ordinates  are  thus  expressed 
in  teorms  of  the  original  co-ordinates  : — 

a/  :=a5'C08  XX  -T  y 'COS ya?+  z  'cos  zx\ (o.) 

ind  analogous  equations  for  ^  and  ^\  and  the  original  co-ordinates 
tte  thus  expressed  in  terms  of  the  new  co-ordinates  : — 

35  =  0?' 'COS  a5a/  +  y 'cos  ajy'  +  s'  'cosxa;';  &a (6.) 

He  nine  angles  of  equation  4  are  connected  by  the  relations  : — that 
tte  sum  of  the  squares  of  the  cosines  of  any  three  angles  in  one 
bey  or  in  one  column,  is  unity ;  for  example, 

cos'  xxf  +  cos'  x]/  +  COS*  aa'  =  1; (7.) 

'lid  that  the  sum  of  the  three  products  of  the  pairs  of  cosines  of 
he  angles  in  a  pair  of  lines,  or  a  pair  of  columns,  is  nothiug ;  for 
Sample, 

A  ,  A       ,  A  A  A,  ^1         /x        /ov 

COS  yx  •  COS  afoZ  +  cos  yy''QO^  zy  +cos  yz  '  cos  zz  =  0....(8.) 

L  relation  deduced  from  the  preceding  is  this,  that  the  cosine  of 
^ch  angle  is  equal  to  the  difference  between  the  binary  products 
Fthe  cosines  of  the  four  angles,  which  are  neither  in  the  siime  line 
or  in  the  same  column  with  the  first,  these  binary  products  being 
iken  diagonally ;  for  example, 

A  A  A  A  A  ,^  . 

cos  xaf  =  cos yy*  'cos  zsf  —  cosy:/  -cos  zy', (9.) 

lid  similarly  for  the  other  cosines. 
Now,  if  for  the  new  co-ordinates  of,  y,  of,  in  the  six  integrals, 

SiB^,  Sj/*,  Sa^,  &i/^,  &z^af,  ^af^J, 

here  are  substituted  their  values  in  terms  of  the  original  co-ordi- 
ates,  as  given  by  equation  5  for  xf,  and  analogous  equations  for 
''  and  s^,  there  are  obtained  the  six  expressions  for  those  integrolf 
elatively  to  the  new  axes,  in  terms  of  the  integrals  relatively  to  tlir 
dginal  axes,  and  of  the  cosines  of  the  nine  angles  between  ^ 
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new  and  the  original  axes ;  but  it  is  mmecessary  here  to  write  thoBo 
equations  at  length,  for  they  are  precisely  similar  to  the  equaUom  <^ 
transformation  in  Article  106  (pages  92,  93),  substituting  only 

Sa5*,  Sy",  S«*,  Sy«f,  Bzx,  Sxy, 

for    p^  p„,  p„j  p,„  p,„  p^ 

and  making  the  like  substitutions  in  the  symbols  referring  to  the 
new  co-ordinates. 

584.   Principal  Axes  of  Inertia. — THEOREM.    At   ecbch  point  in  a 

hody  there  is  a  system  of  three  rectarngvlar  axes,  for  which  the  momenk 
of  deviation  a/re  each  equal  to  nothing. 

Supposing  such  a  set  of  axes  to  exist,  let  co-ordinates  parallel  to 
them  be  denoted  by  Xi,  y^  z^.  Then  the  property  which  they  are 
required  to  have  is  expressed  by  the  equations 

By,z,  =  0;  Bz,x,  =  0;  ^x^y^z^O (1.) 

Co-ordinates  parallel  to  a  set  of  axes,  for  which  the  integrals 
S  03*,  &C.,  have  been  determined,  being  denoted  by  x,  y,  z,  we  hsn 

for  each  particle, 

A     ,  A      ,  A 

05  =  a?!  cos  xxi  +  yi  cos  xy^-jr  Zi  cos  xzxi 

A        ,  A        ,  A 

x^x  =zxl  COS  xxi-T  Xi yi  cos  xyi  +  Xi z^  cos  xzi; 
and  consequently, 

S  0?!  oj  =  cos  03 a?!  •  S  aj  -h  cos  ayi  •  S  x^  yi  +  cos  xzi'Sz^Xil 

but  because  of  the  conditions  expressed  by  the  equations  1,  this » 
reduced  to 

SaJiOj  =  cos  xxi  'SajJ; (3.) 


\y  =:  COB  yx^'Bai;  } 
j^ «  =  cos  «  a?!  •  S  a^.    ) 


.(3  a.) 


and  by  similar  reasoning  it  is  shown  that 

SaJiy  = 

Bx^z  = 
Now,  from  the  equation 

A  A  A 

Xiz=zx  cos  xxi-r  y  coayXi  +  z  cos  z  Xi, 

are  deduced  the  following  values  of  the  integrals  in  the  eqnAtioDB 
2,  2  A  : — 
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S a?! a;  =  cos  xxi,isar-f- cos yxi  •  S a? y  +  cos zxi  •  S « aj; 
S  «i  y  =  cos  a;  051  •  S  a;y  +  cos  y  oj^  •  S  y*  +  cos  »  a?!  •  S  y ;»; 

S  a?i  is;  =  cos  a;  a^  •  S  »  a;  +  cos  y  aJi  •  S  y  «  +  cos  zxi'^sr. 

Subtracting  the  equations  2  and  2  A  from  these,  we  find  the  fol- 
lowing equations : — 

cos  a;  aji  (S  a^  —  S  aj)  +  cos  y  a;^  •  S  a;  y  +  cos  »  oji  *  S  «  a;  =  0 ; 
cos^ari  •  S a;y  + cos ya?!  '(Sy^  — Sa^)  +  cos;&a;i  •Sy»  =  0;  r  (^O 

cos  a;  aji  •  S  «  «  +  cos  y  aii  •  S  y  «  +  cos  «  oji  (S  ;&'  —  S  a;?)  =  0. 

The  elimination  of  the  three  cosines  from  these  three  equations 
leads  to  the  following  cubic  equation  : — 

(Saf)»-A(Sa;J)»  +  B-Saf-C  =  0; (4.) 

in  which  the  co-efficients  have  the  following  values  : — 

A  =  S  aj2  +  S  y2  +  S  ;5'  =  S  R'; 
B  =  Sy^-S««  +  S;&*-Sa;*+Sa;2-Sy» 

—  {Syzy  —  {Szxy  —  {^X2/y;  -(5.) 

C  =  Sa;*-Sy--S«*  +  2Sy«-S«a;-Sa;y 
—  S  af  '  {S  y  zy  —  ^  if  '  {S  z  xy  —  8  z'  {S  X  yf. 

It  is  evident  that  A  is  always  positive.   By  considering  the  terms 
t)f  which  B  is  composed,  it  can  be  shown  that  it  is  equivalent  to 

8(2/sf^z2/y  +  S{zaf-xii^y+B{x  y'-yx'y; 

X,  y,  z,  a/,  i/y  ^y  being  the  co-ordinates  of  a  'pair  of  different  particles, 
and  the  particles  being  taken  in  pairs  in  every  possible  way;  and 
by  considering  the  terms  of  which  C  is  made  up,  it  can  be  diown 
to  be  equivalent  to 

8{xj/s^  +  0^1/  z-h  x"  yz'  —  xy"  z'—x"  y'  z  —  af  y  «")»; 

in  which  the  letters  without  accents,  with  one  accent,  and  with 
two  accents,  denote  the  co-ordinates  of  a  set  of  three  different 
particles,  and  the  particles  are  taken  in  triplets  in  every  possible 
way.  Hence  B  and  C,  being  both  sums  of  squares,  are  positive,  as 
well  as  A ;  and  the  cubic  equation  4  has  three  real  positive  roots, 
corresponding  to  the  three  rectangular  axes  which  satisfy  the  con- 
ditions of  equation  h    These  roots  are  the  values  of  Sa^  Sy!,  S^I; 
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and  their  existence  proves  the  existence  of  the  tihree  rectangiikr 

PKINCIPAL  AXES  OF  INEETIA. — Q.  E.  D. 

The  angles  which  any  one  of  the  principal  axes  makes  mth.  the 
three  original  axes  are  given  by  the  following  equations,  which  are 
deduced  from  the  equations  3  : — 


AAA 

cos  X  Xi :  cos  y  Xi :  oos  z  Xi 


{8a^,  —  ^a^)Byz-\-Szx'Sxy'{Qxl—Qy')Szx+&x^'Byz 

^ 1 

'  {S  af^  —  ^  z")  S  X  y  -h  By  z'  Bzx' 


fW 


Similar  equations^  substituting  yi  and  Zi  successively  for  o^i,  give  the 
ratios  of  the  other  two  sets  of  cosines. 

From  the  properties  of  the  roots  of  equations,  it  follows,  thai  tiie 
co-efficients  of  the  cubic  equation  4  have  the  following  values  in 
terms  of  the  integrals  S  icj,  &c. : — 


A  =  Sa!  +  S^/J  +  S;^=:S  R«  as  before; 

B  =  S2^-S«»  +  S^-Sif;  +  Sa^-S3/;; 

C  =  Sa;J-Sy?-S5^; 


•  ••••••(  f*^ 


and  hence  it  appears,  that  the  functions  of  the  six  integrals  S  a^,  A&i 
denoted  by  A,  B,  and  C,  in  the  equations  5,  are  isotropic;  that  in^ 
aro  the  same  in  magnitude  for  all  directions  of  the  rectangular  axHi 
of  Xy  y,  and  z, 

585,  EUipsoid  of  Inertia. — Let  the  principal  axes  of  a  body,  iit- 
versing  a  given  point,  be  now  taken  for  axes  of  co-ordinates;  ui 
the  moments  of  inertia  about  them,  called  the  principal  fnomentt  df 
inertia,  being  given,  and  denoted  by  I„  I2,  Is,  let  it  be  required  to 
determine  the  moment  of  inertia,  I,  about  any  axis  traversmg  ita 
same  point,  and  making  with  the  principal  axes  the  angle  «s  A  ^^ 
Let  co-ordinates  along  this  new  axis  be  denoted  by  x,  and  along 
the  principal  axes  by  a;,,  y^,  Zi,  as  before. 

It  has  already  been  shown  that 

BaP  =  cos*^ «  •  S  ajj  +  cos'  /S  •  S  y?  +  cos*  y  •  S »i,...(l.) 

and  that 

I  =  SR»-Sa^;  Ii  =  SR'-Sa;?;  l2  =  SIt«-SyJ; 

l3  =  SR»-S«?; (1) 

and  from  these  equations  the  following  is  easily  deduced : — 


I  =  Ij  •  cos* «  +  I,  •  cos^  /8  +  I5 


cofl'y. 


(8^) 
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y  by  Cyhe  the  three  semi^xes  of  an  ellipsoid,  and  8  its  semi** 
r  in  any  direction  which  makes  the  angles  »,  fi,  y,  with 
mi-axea     Then  it  is  well  known  that 

1^  __  COS^  et    .    COS^  /3        cos-  y 

comparing  this  with  equation  3  it  is  made  evident^  that  if 
»soid  be  constructed  whose  semi-axes  are  in  direction  the 
il  axes  of  the  body  at  a  given  point,  and  represent  in  magni- 
e  reciprocals  of  the  square  roots  of  the  moments  of  inertia 
liose  axes  respectively,  as  shown  by  the  equations 

''='4V'^Jv''^^V ^'-^ 

11  the  reciprocal  of  the  square  of  the  semidiamcter  of  that 
i  in  any  direction  represent  the  moment  of  inertia  about  an 
iversing  the  origin  in  that  direction,  as  expressed  by  the 

1  =  7, (6.) 

1  ellipsoid,  when  described  about  the  centre  of  gravity  of  the 
;  a  centre,  is  called  by  M.  Poinsot  the  central  dlipsaid. 
,  I2,  I3,  be  ranged  in  their  order  of  magnitude,  it  is  evideut 
e  greatest  of  them,  Ii,  is  the  greatest  moment  of  inertia  of 
[y  about  any  axis  traversing  the  fixed  point  j  that  the  least, 
e  least  moment  of  inertia  about  any  such  axis;  and  that  the 
jdiate  principal  moment  of  inertia,  L,  is  the  least  moment 
bia  about  any  axis  traversing  the  fixed  point  perpendicular 
ixis  of  I3,  and  the  greatest  moment  of  inertia  about  any  axis 
ing  the  fixed  point  perpendicular  to  the  axis  of  Ip 
Id  two  of  the  principal  moments  of  inertia  be  equal,  as 
,  the  ellipsoid  becomes  a  spheroid  of  revolution :  all  the  mo- 
)f  inertia  about  axes  traversing  the  fixed  point  in  the  plane 
jces  of  I2  and  I3  are  equal;  and  the  moments  of  inertia  about 
3  traversing  the  fixed  point  and  equally  inclined  to  the  axis 
e  equal     In  this  case  equation  3  becomes 

I  =  Il  COS"  »  +  L  sin«  » (7.) 

[  three  principal  moments  of  inertia  are  equal,  the  ellipsoid 
s  a  sphere,  and  the  moments  of  inertia  are  equal  about  all 
iversing  the  fixed  point.  • 

»ose  the  fixed  point  in  the  fizst  place  to  be  the  cenb 
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gravity  of  the  body,  whose  weight  is  W,  and  that  I^i,  I^b  I«i 
the  piincipal  moments  of  inertia  about  rectangular  axes  trayeEBBg 
it.  Let  a  new  fixed  point  be  taken  whose  distance  from  the  cenftn 
of  gravity  is  Tq,  in  a  direction  making  the  angles  «,  fi,  y,  with  As 
principal  axes  at  the  centre  of  gravity.  Then  with  respect  to  ft 
set  of  rectangular  axes  traversing  the  new  point  parallel  to  A0 
original  axes,  the  new  moments  of  inertia  are 


I,  =  T^j  +  W  rl  sin  ^a; 


I,  =  I02  +  W  rl  sin  V; 


; 


.(8.) 
I,  =  Io3+Wr2sinV 

and  there  are  at  the  same  time  moments  of  deviation  represented 

Byz  =  W  ti  '  cos  |3  cos y;  S«a5  =  W  rj  •  cos  y  cos  «; ) 

S  a?  y  =  W  rj  •  cos  »  cos  /8 ;  i 

so  that  the  principal  axes  at  the  new  point  are  not  parallel  to  thoMJ 
at  the  centre  of  gravity,  unless  two  at  least  of  the  direction 
of  Tq  are  null;  that  is  to  say,  unless  the  new  point  is  in  one  ci\ 
original  principal  axes,  when  all  the  moments  of  deviation 
and  the  new  axes  are  parallel  to  the  original  axes. 

586.   The  Beanltant  nffoment  of  Deriatloii  about  a  given  axul 

represented  by  the  diagonal  of  a  rectangular  parallelogram  of     * 
the  sides  represent  the  moments  of  deviation  relatively  to  t«o| 
rectangular  co-ordinate  planes  traversing  the  given  axis. 

Let  the  principal  axes  and  moments  of  inertia  at  a  given  point] 
lie  known,  and  let  three  new  axes  of  moments,  denoted  by  a^  Jf^j 
be  taken  in  any  three  rectangular  directions  making  angles 
the  original  axes  denoted  as  in  the  equations  of  Article  583. 
the  moments  of  deviation  in  the  new  co-ordinate  planes  are 


A  A    ^    ,  A  A    ^ 

S  1/  z  =  cosy  Xi  '  cos  z  x^a  a!{-\-  cosy  yi  '  cos  zyiSffi 

A  A     „    ^ 

+  COS  y  Zi  •  cos  »  »i  S  «J, 


(1.) 

and  similar  equations  for  Szx,  and  B  x  y,  mvlatia  mvian^,    Sd>*1 
stituting  for  S  x\,  &c.,  their  values,  S  R'  —  Ii,  &c.,  and  observing  Wj 

A  A      ,  A  A      ,  A  A        ^ 

cos  y  Xi  •  cos  z  x^-j-  cos  y  yi  •  cos  »  yi  +  cos  y  Zi  cos  zzi^% 

those  equations  become 

aaaaI 
^y  z  =  —li*  cos  y  xi'  cos  zx^  —  I,  •  cos  yyi  •  cos  zyi 

T            A            A 
-Iz'cosyzi  'coszzi, (&) 
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md  similar  equations,  nmtcUis  nvutcmdts,  for  Bzx,  Bxy;  from 
vliich,  by  the  aid  of  relaidons  amongst  the  direction  cosines 
ibeady  stated  in  Article  583,  the  following  value  is  foimd  for  the 
Rsaltant  moment  of  deviation  about  one  of  the  new  axes,  such 
ISO!: — 


K,  =  J  {ij  cos*  a;  051  +  IJ  cos'  xj/i-hll  cos'  x  Zi 
—  (Ii  cos*  05  a5i  + 1,  cos'  a;  yi  +  I3  cos*  x  z^"^}  j 
=  J \1\  cos"  xxi  +  \\*  cos" ayi  +  IJ  cos' xz^- IJj 


...(3.) 


Hus  equation,  expressed  in  terms  of  the  axes  of  the  ellipsoid  of 
inertia,  becomes  as  follows : — 

A  ,   A  ^         1    N 

j^    _  /\COS'X0SiiCO8^X2/iiCO8*XZi^    1    )         /i\ 

Ar      I      a*  6*  c*  «*  J  '" 

lilt  the  podtive .  part  of  this  expression  is  well  known  to  be  the 

^ue  of  -z—^  where  n  represents  the  normal  let  fall  from  the  centre 
srn 

»f  the  ellipsoid  of  inertia  upon  a  plane  which  touches  the  ellipsoid 

kt  the  point  where  it  is  cut  by  the  new  axis  x.     Hence 


Jl  which  it  is  to  be  observed,  that  J^  —  n'  represents  the  length  of 
%a  iamgefnJb  to  the  ellipsoid,  from  the  point  of  contact  to  the  foot  of 
9ie  normal.     Also,  let  ^  be  the  angle  between  the  noimal  n  and 

Qie  semidiameter  «;  then  Js^—n* :  w  =  tan  ^,  and 

K.  =  I,tan^ (6.) 

Bectiok  2. — On  Uniform  Rotation, 

587.  The  nomentmi  of  a  body  rotating  about  its  centre  of  gravity 
is  nothing,  according  to  the  principle  of  Article  524.  As  every 
Motion  of  a  rigid  body  can  be  resolved  into  a  translation,  and  a 
dotation  about  its  centre  of  gravity,  the  rotation  will  be  supposed 
^  take  place  about  the  centre  of  gravity  of  the  body  throughout 
tliis  section. 

588.  The  hmw^imr  sioBMMtini  is  found  in  the  following  maimer  :^- 
Xet  X  denote  the  axis  of  rotation,  and  y  and  z  any  two  axes  fixed 
S&  the  body^  perpendicular  to  it  and  to  each  other.     Let  a  be  tlM 

2m 
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mgnlar  velodly  of  lotatian.    Then  the  velooity  of  mny  pttrtu 
whose  radius  vector  is  r  =  ^y*  +  j2^,  is 


and  the  angular  momentum  of  that  particle^  relatively  to  the  i 
rotcUiony  is 

War"       W  a  ,  . 

^- =  —  (*•+ yOi 

being  the  frodwA  ofUa  moment  of  inertia  into  its  emgtdar  w, 
divided  by  g^  because  of  the  weights  of  the  particles  having 
used  in  computing  the  moment  of  inertia.  Kow  let  a  line,  p 
to  the  radius  vector  of  the  particle,  be  drawn  in  the  plane  cf 
zi  the  distance  of  that  line  from  the  particle  is  Xy,  and  the  ai 
momentum  of  the  particle  relatively  to  thai  Une  is 

—  ar  X  =  —  (^  X  J'lr  +  ar; 
9  9 

md  this  may  be  resolved  into  two  components;  one  reUxtvcdi 
axis  oiy, 

W  az  X 

~T~' 

and  the  other  relatively  to  the  axis  of  z, 

W  a  X  y  ^ 


and  these  are  equal  respectively  to  the  angular  velocity  divici 
the  acceleration  produced  by  gravity  in  a  second,  multiplied  1 
momeTUs  of  deviation  of  the  particle  in  the  co-ordinate  planes 
anda;y. 

Hence  it  appears  that  the  resultant  angular  momentum  < 
whole  body  consists  of  three  components,  viz.  :— 

Belatively  to  the  axis  of  rotation, 

9  ^ 

and  rekdzvely  to  the  transverse  axes^ 


—  •  S  »  05 :  -  •  S  a;  y : 
9  9 

and  if  lines  proportional  to  those  three  components  be  art  ofl 
llie  three  axes^  the  diagonal  of  the  rectangle  described  vpm 
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irin  represent  in  direction  the  axis,  and  in  length  the  magnitude, 
cf  the  resultant  angular  momentum. 

It  follows  that  the  aads  ofwngvla/r  mom&nJhim  of  a  rotating  body 
dom  not  coincide  with  the  ctada  ofrotationy  unless  that  ems  is  cm  oom 
ilf  inertia/  in  which  case  the  moments  of  deviation  are  each  equal  to 
nothing,  and  the  resultant  angular  momentum  is  simply  the  product 
qfthe  moment  o/inertia  ahotU  i^  axis  o/rotaiion  into  the  angular 
velocity,  divided  by  g. 

Now  let  the  axes  of  inertia  be  taken  for  axes  of  co-ordinates,  and 
let  the  axis  of  rotation  make  with  them  the  angles  «,  fi,  y.  Besolve 
fhe  angular  velocity  a  about  that  axis  into  three  components  about 
tihe  axes  of  inertia 

a  cos  et;  a  cos  /3 ;  a  cos  y ; 

then  the  angular  momenta  due  to  those  three  components  are 
zespectiyely 

a  ^  a  —.  ^  -r 

-  Ii  cos  «  :  -  I9  cos  /3;  -  Is  cos  y : 

9  9  9 

the  resultant  angular  momentum  is 

A  =  --^/{lfC0B*«  +  IIC08>/3  +  ISc08"7]j (2.) 

if 

ttid  the  axis  of  angular  momentum  makes  with  the  axes  of  inertia 
the  angles  whose  cosines  are 

a  Ii  cos  u    a  I,  cos  fi    a  Is  cos  y  .ox 

</A      '  ~7A~  '       gA     ^^-^ 

l^ow,  as  already  shown  in  Article  586,  the  quantity  whose  square 
^tH)t  is  extracted  in  equation  2  is  the  reciprocal  of  the  product  of 
^he  squares  of  the  semidiameter  and  normal  of  the  ellipsoid  of 
'llertia;  and  by  inspecting  the  equations  of  Article  586,  it  is 
^"Vident,  that  the  square  root  itself,  in  equation  2  of  this  Article,  is 
Qle  resultant  of  the  moment  of  inertia  and  moment  of  deviation 
Proper  to  the  axis  of  rotation;  so  that  equation  2  may  be  expressed 
^  ^e  following  form  : — 

A  =  -^  =  -  ^  (P  +  K«); (4.) 

gns      g^  ^ 

^  being,  as  before,  the  normal,  and  s  the  semidiameter  of  the 
ellipsoid  of  inertia  at  the  point  cut  by  the  axis  of  rotation;  for 
^hich  the  moments  of  inertia  and  of  deviation  are  I  and  K. 

Further,  the  direction  cosines  of  the  axis  of  angular  momentum, 
t^  the  formula  3,  which  may  otherwise  be  expressed  as  follows . — 
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L  COS  fi 


Is  COS 


.(&) 


I,  COS  »  

j{v-\-Ky  'Jlr+W)'  7(F+K^'- 

are  the  direction  cosines  of  the  normal  of  the  ellipsoid  of  ii 
Hence  the  cucia  qfcmgiUcMr  momerUum  aJt  cm/y  mstamJt  isin^ 
ti(m  of  ihe  Tumrud  let  faU  from  the  cefni/re  of  ih/e  eHipeMofh 
upon  a  plcme  touching  that  ellipsoid  cA  the  evidofthtxt  dicmuieT 
is  the  axis  ofrotaJtixm;  cmd  the  cmguiaflr  momefnifwm  itsdf  is 
as  the  cmgtUa/r  velocity/  of  rotation,  and  inversely  as  the  product  cfS 
normcd  cmd  semidiaTneter. 

The  angle  between  the  axes  of  rotation  and  of  angular  momeni 
is  the  angle  already  denoted  by  ^  in  Article  586,  whose  value 
given  by  the  equation 

By    the    follovidng    geoi 
construction^  the  preceding 
ciples    are    represented   to 
eye: — 

In  fig.  241,  let  O  be  the 
about  which  the  body  rotatei^i 
A  BO  A  £  C   its   eUipsoid 
inertia,  whose  semi-axes  navel 
proportions 

■    '     '    w 


COS  ^  =  -  = 
8 


Fig.  241. 


O  A  :  O  B  :  O  C  : :   rr  '    rr  '    rr 

n/Ii      N/Ii      is/I» 

Let  O  R  be  the  axis  of  rotation,  whether  permanent  or  i 

neous,  O  B  being  the  semidiameter  of  the  ellipsoid  of  inertia^ 

B  T  be  parfc  of  a  plane  touching  the  ellipsoid  at  B^  and  5l|] 
normal  upon  that  plane  from  O.     Then  the  moment  of  inertii)  ^ 
moment  of  deviation,  and  their  resultant,  the  total  momaU, 
the  following  proportions : — 


1  BN  1 


.« 


"OB^  *OB*ON'OB-ON' 

the  direction  of  the  axis  of  angular  momentum  is  ONj  aai 
amount  is  proportional  to 


g'OR'OUC 

589.  The  Actiml  Kncrgy  of  Botatton  of  a 


about 
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centre  of  gravity^  being  the  snm  of  the  masses  of  its  particles,  each 
mnltiplied  into  one-htdf  of  the  square  of  its  velocity^  is  found  as 
follows : — a  being  the  angular  velocity  of  rotation,  the  linear  velo- 
eitj  of  any  particle  whose  distance  from  the  axis  of  rotation  is  r,  is 


and  the  actual  energy  of  that  particle^  its  weight  being  W,  is 


2g        "17 


(1.) 


a' 


"being  the  moment  of  inertia  of  the  particle  multiplied  by  — .    Hence 
for  the  whole  body  the  actual  energy  of  rotation  is 

E  =  ^; (2.) 

that  is  to  say,  actiud  energy  hea/ra  the  same  rdation  to  amguta/r  veUh 
jaJty  and  Tnomervt  of  inertia  that  it  does  to  linear  velocity  a/nd  weight, 

[Referring  again  to  fig.  2i\,  it  appears  that  the  actual  energy  of 
rotation  is  proportional  to 

'^         (3.) 


2^ -OR 


Conceive,  as  in  the  last  Article,  the  angular  velocity  a  to  be  re- 
solved into  three  components  about  the  three  axes  of  inertia 
respectively,  viz. : — 

a  cos  «,  a  cos  /3,  a  cos  y; 

then  the  quantities  of  actual  energy  due  to  those  three  component 
rotations  are 

a'  I,  cos'  et    a?  la  cos'  /3    a'  I,  cos'  y  ^ .  ^ 

2^       '        27~^        Yg       '' ^'' 

which  being  added  together,  reproduce  the  amoimt  of  actual  energy 
given  in  formula  2;  showing  that  the  actual  energy  of  rotation  about 
a  given  aocia  is  the  ewm  of  the  acttuil  energies  dv^  to  the  components  of 
that  rotation  about  the  three  axes  of  inertia. 

590.  Free  BoiatioB  is  that  of  a  body  turning  about  its  centre  of 
gravity  under  no  force.  The  principles  of  the  conservation  of 
angular  momentum  (Article  563),  and  of  the  conservation  of  in- 
tenial  energy  (Article  565),  oeing  applied  to  free  rotation^  show 
that  it  is  governed  by  the  following  laws :— 
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L  The  directum  of  the  axie  o/angtdar  momenium  w/pbnL 
IL  The  cmgvUcur  momjenttmh  is  coruicmt. 
ILL  The  aciuud  tmargy  is  consUmt. 

The  first  law  shows,  that  the  direction  of  the  normal  Ofl,  %  J 
241,  is  fixed;  and  consequently^  that  unless  that  normal  coinodei 

with  the  axis  of  rotation  O  E,  which  takes  place  for  axes  of  jbbA 
only,  the  axis  of  rotation  is  not  a  fixed  direction,  and  is  thenftn 
an  inetantcmeotts  aods  only  (Articles  385  to  393).  Hence  the  au 
of  inertia  are  sometimes  called  ^^permoment  aoces  ofTotaJtMrnT 

The  second  and  third  laws  are  expressed  by  the  following  e^oi* 
tions: — 


A  = 


a 


E  = 


-  ^(I'  +  K*)  =  constant; 


2<7 


=  constant. 

dgulate  the  chomgea 
.te  the  angular  vdoci 


(L) 


grA'  _  r  +  K'  _  i;cos'«  +  gcoB'jS  +  Ijcos'y 
I        ""  Ii  cos* «  +  I,  COS*  /3  +  la  cos'  y 

=  constant. 


2E 


m 


Now,  referring  to  fig.  241,  and  to  equation  8  of  Article  58^il' 

appears  that  T  +  K*  ocl  -^  OR*  •  ON^,  and  that  I  a  1  ^  oi?r 
whence 

(^) 


r  +  K=^       1 

— V oc a  constant:. 

I  ON*  ' 


That  is  to  say,  the  norrrud  O^  ie  constcmt  in  length  as  wdl  <ufsm\ 
in  direction;  and  therefore  a  body  rotcUing  fredy  moves  in  auA  • 
7na/rmer,  that  its  ellipsoid  o/ inertia  abvays  ionuihes  ajioced  plcme  ijiitj 
the  plane  T  N  E,),  the  instcmtaneous  axis  t/rwuersmg  the  pokd 
contact. 

The  second  of  the  equations  (1.)  further  shows,  that  the  angdtf  j 
velocity,  being  given  by  the  equation 


w 


is  at  each  instant  proportional  to  the  semidiameter  O  R. 

If  the  instantaneous  axis  O  B  and  the  position  of  the  bodhf  Si] 
known  at  any  instant  of  the  rotation,  the  in7H»riable  plans  TlHl 
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and  the  lengtib.  and  directioii  of  the  fixed  normal  ON,  are  also 
known. 

Ckmceive  a  coxve  to  be  drawn  on  the  ellipsoid  of  inertia  through 
all  the  points  whose  tangent  planes  are  at  the  same  perpendicular 

diatanoe  ^N  from  the  centre*  then  the  instantaneous  axis  OB 
will  always  traverse  that  curve^  and  will  always  be  found  in  the 
am&oe  of  a  cone  of  the  second  order  Jixed  rdatwody  to  the  aaea  of 
mariikty  whose  equation  is 

O'-o'sr)  '^-+  («-^)  «^''+  («-^)  -•-=«•(«•) 

Let  this  be  called  ihe  rdUmg  cone.  Then  the  motion  of  the  body 
will  be  such  as  would  be  produced  by  the  rolling  of  the  rolling 

cone  upon  a  fixed  cone  generated  by  the  motion  of  O  B  relatiyely 

to  ON. 

As  free  rotation  is  of  unusual  occurrence  in  practical  mechanics^ 
I  shall  refrain  from  applying  its  principles  to  special  examples  here^ 
and  shall  refer  the  reader  to  the  work  of  M.  Poinsot  on  Botation^ 
and  to  a  paper  by  Professor  Clerk  Maxwell  in  The  Trameactuyns  of 
Ihe  Royal  Society  of  Ediriburghy  voL  xxi 

591.  Vnlfonn  Rotation  about  a  Fixed  Axis. — When  a  body  ro- 
tates about  a  fixfd  axis  traversing  its  centre  of  gravity,  with  an 
Tiniform  angular  velocity,  its  actual  energy  is  still  represented,  as 
in  the  case  of  free  rotation,  by 

E  =  -— =  constant: (1.) 

2/7  ' 

and  its  angular  momentum  by 

A  =x-^(r  +  KO  =  constant; (2.) 

but  unless  the  axis  of  rotation  is  an  axis  of  inertia,  the  axis  of  angu- 
lar momentum  O  N  is  no  longer  fixed,  but  revolves  about  the  fixed 
axis  of  rotation  O  R  with  the  angular  velocity  a.  In  order  to 
produce  that  continual  cliango  in  tlie  direction  of  the  axis  of  angu- 
lar momentum,  a  continual  angular  impulse,  or  continuously  acting 
couple,  must  be  applied  to  the  body ;  and  unless  that  couple  be 
applied,  the  axis  of  rotation  will  not  remain  fixed. 

592.  The  Deriating  Conpir,  as  the  couple  required  for  the  above 
purpose  is  called,  must  liave  its  axis  always  perpendicular  to  the 
axis  of  angular  momentum,  othciwiso  it  would  alter  the  amount  of 
the  angular  momentum,  coiitniry  to  the  condition  of  uniform  rota- 
tion.    The  axis  of  the  deviating  couple  must  also  be  always  per- 
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pendicular  to  the  axis  of  rotation,  because^  in  order  that  it  may  not 
alter  the  actual  energy  of  the  body  (contrary  to  the  conditum  of 
uniform  rotation),  the  pair  of  equal  and  opposite  forces  CQmpoang 
it  must  act  through  points  having  no  motion;  that  ib,  throuj^ 
points  in  the  axis  of  rotation.  (In  machines,  the  forces  constitiit- 
ing  the  deyiating  couples  are  supplied  by  the  pressures  of  the  bear* 
ings  against  the  axles.)  It  appears,  therefore,  that  the  aJds  of  the 
deyiating  couple  must  always  be  perpendicular  to  the  plane  OB  N, 
which  contains  the  axes  of  rotation  and  of  angular  momentum ;  and 
that  the  pair  of  forces  constituting  it  must  always  act  in  that  jdan^ 
changing  their  direction  as  the  body  rotates,  with  an  angular  velo- 
city equal  to  that  of  the  body.  The  dir^^on  of  the  deviating 
couple  must  be  such  as  would  of  itself  tend  to  turn  ON  towards  OE. 
To  determine  the  amount  of  the  deviatmg  couple,  let  ^,  as  before, 
denote  the  angle  O  It  N.  Then  in  the  indefinitely  short  interval 
of  time  d  t,  the  direction  of  the  axis  of  angular  momentum  is  shifted 
through  the  indefinitely  small  angle 

adt '  em  0, 

and  the  result  differs  to  an  indefinitely  small  extent  from  that 
which  would  be  produced  by  combining  with  the  actual  angular 
momentum  A,  an  angular  momentum  about  the  axis  of  the  deviat- 
ing couple  represented  by 


Aa-sin^-c?<  =  — JP  +  K*  •  sin  ^  •  dt; 

9 
and  this  is  the  angular  impulse  to  be  supplied  in  the  interval  dt 
by  the  deviating  couple ;  therefore  the  deviating  couple  is 


a» 


M  =  Aa-sin^  =  - jr  +  K"  -sin^: 

9 

but  sin  ^=  •;  therefore 

M=-^; (1) 

and  if  Q  be  the  magnitude  of  each  of  the  forces  constituting  thii 
couple,  and  I  the  length  of  the  arm  on  which  they  act  (being  ^ 
distonce  between  their  points  of  application  to  the  axis),  so  that 
M  =  Q;,  then 

which  being  compared  with  the  expression  for  devitxting  force  in 
Article  537,  shows  that  the  force  of  a  deviating  couple  bears  the 
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fcion  to  the  angular  velocity  a,  the  moment  of  deviation  K, 
rm  I,  which  a  simple  deviating  force  bears  to  the  linear 
',  the  weight  "W,  and  the  radius  vector  r. 
resent  these  principles  graphically,  it  is  to  be  observed 
r,  24  ly  the  ratio  of  moment  of  deviation  to  the  moment  of 


K  :  I  : :  RN  :  ON; (3.) 

this  also  expresses  the  ratio  of  the  deviating  couple  to 
actual  energy,  viz. : — 

=  -=■=  tan  tf (4.) 


2E       I 

ion  of  the  axis  of  the  rotating  body  on  its  bearings,  equal 
site  to  the  deviating  couple, — ^that  is,  tending  to  turn  the 
iose  bearings  towards  the  axis  of  angular  momentum  O  N, 
d  the  CENTBIFUGAL  COUPLE.  It  is  balanced,  in  machines, 
rength  and  rigidity  of  the  fi:amework. 
aount  and  direction  of  the  deviating  couple  might  have 
3rmined  by  finding  the  resultant  couple  of  the  deviating 
[uired  to  make  each  particle  of  the  body  revolve  in  a  circle 
i  with  the  common  angular  velocity;  and  the  result  would 
1  exactly  the  same. 

inergy  and  "WorU  oi  Couples. — The  energy  exerted  by  a 
the  product  of  the  common  magnitude  of  its  pair  of  forces 
jum  of  the  distances  through  which  their  points  of  appli- 
ove  in  the  interval  of  time  imder  consideration;  and  as 
is  the  product  of  the  length  of  the  arm  of  the  couple  into 
i  through  which  it  rotates  about  its  axis  in  that  time,  the 
certed  may  be  expressed  by 

■ 

Yldiz=z^di:=z^adt, ^ (1.) 

the  angle  of  rotation  about  the  axis  of  the  couple  in  the 
dt,  with  the  angular  velocity  a.     When  the^  couple  acts 
he  direction  of  rotation,  the  above  expression  becomes 
and  represents  work  performed, 

►uple  be  applied  to  a  rotating  body  whose  axis  of  rotation 
1  angle  <p  with  the  axis  of  the  couple,  then  the  energy 
Qay  be  found  either  by  resolving  the  couple  into  two  com- 
one  about  the  axis  of  rotation,  which  is  either  an  accele- 
•  a  resisting  couple,  gives  rise  to  energy  exerted  or  work 
i,  as  the  case  may  be,  and  may  be  called  the  dk'ect  couple, 
>ther  about  an  axis  perpendicular  to  the  axis  of  rotatiODr 
ly  be  called  the  lateral  couple,^-or  by  resolving  the  ro» 
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tion  into  oomponents  about  the  axis  of  the  couple  and  about  n 
axis  perpendicular  to  it,  and  multiplying  the  former  component  I9 
the  couple. 

The  result  obtained  by  either  method  is  expressed  by 

Ma  cos  <p  -  dt, (2.) 

which  represents  energy  exerted  or  work  performed,  according  as 
the  couple  acts  with  or  against  the  rotation. 

When  the  direct  couples  applied  to  a  rotating  body  are  balanced, 
the  actual  energy  of  the  body  remains  constant,  the  potential  eneargf 
exerted  in  any  interval  of  time  is  equal  to  the  work  performed; 
that  is 

2  •  M  cos  (p  =  0; (3.) 

and  the  same  law  holds  for  the  energy  exerted  and  work  performed 
during  each  period  in  the  motions  of  a  body  or  system,  whxm 
motions  vary  periodically;  but  it  is  unnecessary  to  enter  in  detail 
into  the  consequences  of  these  propositions,  which  are  only  a  pa^ 
ticular  form  of  expressing  a  part  of  the  general  principles  alr^ 
explained  in  Articles  518,  519,  520,  and  553,  further  than  to  state 
that  the  principle  of  t^irttud  velocities  (Article  520),  when  applied 
to  a  system  of  bodies  in  equilibrio,  capable  of  rotating  with  angdar 
velocities  bearing  given  ratios  to  each  other,  takes  the  form, 

2  •  Macos^=.0, (4) 

where  a  is  either  the  uniform  angular  velocity  of  which  the  }xAj  i 
acted  on  by  the  couple  M  is  capable  about  an  axis  making  ^  ' 
angle  (p  with  the  axis  of  M,  or  any  number  proportional  to  iU  . 
angular  velocity. 

\ 

Section  3. — On  Varied  Rotation.  • 

594.  The  liaw  of  Taricd  Rotation  is  the  Theorem  already  stated  11 
Article  562,  of  the  equality  of  each  variation  of  angular  momentni 
to  the  angular  impulse  producing  it;  a  principle  which  has  already 
been  applied  to  the  finding  of  the  deviating  force  required  to  pro- ' 
duce  uniform  rotation  about  a  fixed  axis. 

To  express  this  mathematically,  let  oj,  y,  z,  denote  three  ^'A 
rectangular  axes,  with  which  the  axis  of  angular  momentum  makes 
the  angles  A,  /b«,  i»;  and  let  the  angular  momentum  be  resolved  into 
three  components  about  those  three  axes, 

A,  =  A  cos  ?i;  Ay  =  A  cos  fc;  A,  =  A  cos  »; 

also,  let  the  unbalanced  couple  which  acts  on  the  body  be  resolved 
into  three  rectangular  components  denoted  by 


M^f  M^l  M,; 
ijien 

^=M.;^'  =  M,;^  =  M. (L) 

Those  time  eqnationB  exyrean  tLe  relatioiiB  between  the  nnbalanoed 
eouple  and  tiie  late  of  dumge  of  the  angulAr  momentiim.  Those 
xelatioiiB  maj  otLerwiae  be  expressed  as  follows : — let  >^  be  tiie 
ang^  made  bj*  tiie  axis  of  tiie  nnbalanoed  couple  with  tiie  axis  of 
angular  momentum;  tiien  tiie  ooaple  may  be  lesolTed  into  two 
oomponenti^ 

M  008  ^  and  M  sin  ^^ 

of  wbich  tine  £cirmer  produces  variation  in  the  amovnt  of  angular 
momentum,  and  ih*:  liMesTf  deviaUon  of  the  axit  of  an^^ular  momoi- 
turn,  aoooiding  to  tite  following  laws : — 

^=lI«.*;A^^  =  Man  ^; (i) 

fe  tiie  latter  of  wiiidi  etpaiionB,  d  %  denotes  the  angle  through 
wiiidi  tiie  axis  of  angular  momentum  deviates  in  the  ind^niteiy 
onall  interval  <f  C,  in  the  plane  which  OQutains  that  axis  and  th^ 
axis  of  tiie  couple  M,  and  in  a  direction  towards  the  latter  axis. 
This  equadon  of  de^intion  of  antrular  momentum  has  in  &ct  been 
alieadj  emplor^  in  Article  5^2,  to  £nd  the  deviating  couple 
required  in  oirder  to  £x  the  axis  of  rotaticaiy  when  that  diffeis  from 
tiie  axis  of  angular  SKimentum. 

The  equa.tiaiii»  1,  or  their  equivalents  2,  are  not  of  themselves 
sufficient  v>  dc^Uamine  the  vajiations  of  motion  of  a  body  rotating 
without  a  Sxtvd  azije>;  for  in  such  a  bod  v.  the  angular  momentum 
may  change  bv  a  change  of  the  diredir/n  o/its  axis  rdatively  to  U^e 
hody^  as  well  a>^  by  a  vanation  oi  amount,  or  a  devihti':m  of  its  axis 
in  afasolote  dirwtion.  llji*;  it  erpreased  ly  puttin;!  fcT  the  angular 
numienmm  it*»  value  in  tenu«  of  the  moments  of'  iutrtia  and  deviar 

a    '1*---^? 
tion  relative] V  to  the  illBlaJutan^JOUJ^  azifc,  viz.,  A  =  — ^ '■ ; 

when  the  *^i^jctili'jLi>.  1  taJ:.'.-  the  foUoviii;^'  form  : — 

j/M,audyM,; (3.) 

while  the  ^^uauoiu  )i  ^^^j'jixxh 
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It  is  therefore  necessary  to  have  an  additional  equation  to  complete 
the  data  for  the  solution  of  the  problem ;  and  this  is  afforded  by 
the  law  of  the  conservation  of  energy,  in  virtue  of  which  the  actoiil 
energy  stored  or  restored  by  the  rotating  body  is  equal  to  the  energy 
exerted  or  consumed  by  the  unbalanced  couple^  according  as  it  acts 
with  or  against  the  rotation,  as  the  following  equation  expresses, 
where  ^  is  the  angle  between  the  axis  of  the  unbalanced  couple  and 
the  instantaneous  axis  of  rotation. 

Ma  cos  (p  =  •-.-'  —-—. (5.) 

2g       at  ^  ' 

The  equations  3  or  4,  together  with  5,  and  with  the  rebtioDS 
between  the  positions  of  the  axes  of  rotation  and  of  angular 
momentum  demonstrated  in  the  two  preceding  sections,  ser?e  to 
solve  the  problem  of  varied  rotation  in  its  utmost  generality,  aod 
give  rise  to  some  exceeding  complex  mathematical  investigatkniB. 
In  the  present  treatise,  however,  it  will  be  sufficient  to  show  the 
solution  of  some  of  the  more  simple  cases. 

595.   Tarled  Rotation  about  a  Fixed  Axis. — ^When  a  body  FOtateB 

about  a  fixed  axis  traversing  its  centre  of  gravity,  and  is  acted  Qpo& 
by  a  couple  M,  whose  axis  makes  an  angle  0  wiiSk  the  axis  of  ix^ 
tion,  that  couple  is  to  be  resolved  into  a  direct  couple,  M  cos  ^,  aboot    i; 
the  axis  of  rotation,  which  will  be  an  accelerating  or  retarding    I 
couple  according  as  it  acts  with  or  against  the  motion,  and  a  laUri   • 
couple,  M  sin  (p,  which  tends  to  deviate  the  axis  of  rotation,  bat  is 
balanced  by  the  resistance  of  the  beaiinga     The  entire  amount  of 
the  couple  to  be  resisted  by  the  bearings  at  any  instant  is  ihft 
resultant  of  this  lateral  couple  and  of  the  centrifugal  couple  (Artide 
592^,  due  to  the  deviation  (if  any)  of  the  axis  of  angular  momentom. 
The  effect  of  the  direct  couple  in  varying  the  angular  velocity  is 
foimd  by  means  of  the  law  of  the  conservation  of  energy,  observing 
that  I  in  this  case  is  constant ;  that  is  to  say, 

HIT  /n     aJ-da  ,. . 

^**'"'*'=7ii-' (!•> 

and  by  dividing  this  equation  by  a,  and  observing  that  adt=ds 
where  di  ia  any  indefinitely  small  angle  of  rotation,  it  is  made  to 
assume  the  following  forms : — 


nrjoBss  WISE  "rsLASsuaias.    5^': 


-1    C«    t  — 3-T 


r/C   - 

flihoving 'dxHi  "Ufct  dm*c:  conifir  i-  _  ; f^ 

angular  momettUstk  abone  titr  jixsi  ^ 

ike  mrMrttoB  tfastud  t»tr^}  fl'™>iiuitiiDfr  i  h  ianr  a?  K  r  r^- 

the  eqixiXiicic  of  AnLcis-  I'i-^  X' 

595y  it  aji^iBBS  ijik:  'zxios^  ecrusuaiL-  ^ffl^''^S25^^E3BE^' 

other,  azui  "UOBi  "sait  inrnHr  r-  xsizisiusucf:.  iiri/  1*=-  jar^f :   -rjL't^  ius 

I.     ^      i     '. 
there  m^  reKrerovejr  mb^imnrt 

that  is  to  ttj-  L  CITE-!:  irinnjii  ior  i.  direcr:  i/n>,  z;;'ju#*:r  y:'  xi*«ijt 
for  "weiriit.  szuirclGr  jxi^hol  IiT  m>.^8<»  ziiyiyyL,  i£i:.\  azis'^iar  '^:\ysr.^ 

for  linear  T^i^sin-. 

•  _  ^ 

ing  to  the  vsa^i  -sauiaii^iiaL  ici^dii^vi.  .-7  ^  £i:r-r«r  3'/r>-  xuis*  m. 
tranafonned  ir»:-  a  !r:c7%*:i!iid:i;r  '='i:u<£U  /l  r:9»>r?LU4&-  ii»^  ^ArtfOL 
rotation  of  a  b:CT  t:»:rr:  &  ixei  tr-i.-  -ini;--?r-.:i;i  :v  y^ijir-  •/'  ^^i-jt; 
produced  bj  a  dir^w:  i';»iniii  T-r.^Tin li^  -^  "uui  ir-iuvj.Ji*  i»rr  ^r'.^i 
in  the  two  ii^'swzziz  ±:rLxlrr:. 

597.  J^wMmm^  TnaMMB  :!f  i.i;ri^  "-Lj^it^  ..   \>ryji-u'>!:'.   ;/*  *  '»:'' 


rotationp     Then  for  7  is  jI-  -^  5i.'>ej:. i:>?i 

I    '' 

-which  is  to  be  conaid*P£d  p«>iTi-r*  vb^  --  v.»r  :.L--,-r.rr.  '-/  />«* 
initial  ftngnLir  velocitr  a, :  and  f:r  a  Li  v  vt  «r.  yr^-.r^,  7a*^ 
equations  1  and  3  of  Ardcle  -5.^3.  c^ir.^  "Ms^d.rzzjf^.  jt  '.  ^ v  td^ 
angular  velocity  and  total  ang-ilar  iix«:ii'-.s,  *-•  thn  --:.»'.  -/  *  ;S[5.  '** 
time  f ,  the  expressions 

.     ,  ii^r-    ' 

Equation  4  gives 

M.-  =  ^-?l-*=Ai ; /3.^ 

2flr 


.(4) 
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It  is  therefore  necessary  to  Irave  an  additional  equation  to  complete 
the  data  for  the  solution  of  the  problem ;  and  this  is  afforded  Ij 
the  law  of  the  conservation  of  efnergy,  in  virtue  of  which  the  actaal 
energy  stored  or  restored  by  the  rotating  body  is  equal  to  the  eneigf 
exerted  or  consumed  by  the  unbalanced  couple^  according  as  it  acts 
with  or  against  the  rotation^  as  the  following  equation  expressefl^ 
where  ^  is  the  angle  between  the  axis  of  the  unbalanced  couple  and 
the  instantaneous  axis  of  rotation. 

M«cos*  =  --  •  _^. (5.) 

The  equations  3  or  4^  together  with  5y  and  with  the  idaiioDl 
between  the  positions  of  the  axes  of  rotation  and  of  angular 
momentum  demonstrated  in  the  two  preceding  sections,  seorve  to 
solve  the  problem  of  varied  rotation  in  its  utmost  generality,  and 
give  rise  to  some  exceeding  complex  mathematical  investigatksuL 
In  the  present  treatise,  however,  it  will  be  sufficient  to  show  ti* 
solution  of  some  of  the  more  simple  cases. 

595.   Tarled  Rotation  about  a  Fixed  Axis. — ^When  a  body  lotetti 

about  a  fixed  axis  traversing  its  centre  of  gravity,  and  is  acted  upoft 
by  a  couple  M,  whose  axis  makes  an  angle  ^  witih  the  axis  of  xotar 
tion,  that  couple  is  to  be  resolved  into  a  di/rect  couple^  M  cos  ^,  about 
the  axis  of  rotation,  which  will  be  an  accelerating  or  letardiDg 
couple  according  as  it  acts  with  or  against  the  motion,  and  a  lakm 
coupUy  M  sin  ^,  which  tends  to  deviate  the  axis  of  rotation,  bat  is 
balanced  by  the  resistance  of  the  bearings.  The  entire  amount  of 
the  couple  to  be  resisted  by  the  bearings  at  any  instant  is  tbft 
resultant  of  this  lateral  coup]e  and  of  the  centrifug^  couple  (Aitida 
592),  due  to  the  deviation  (if  any)  of  the  axis  of  angular  momeniiDBi 
The  effect  of  the  direct  couple  in  varying  the  angular  vekKaiy  ■ 
foimd  by  means  of  the  law  of  the  conservation  of  energy,  obser^ng 
that  I  in  this  case  is  constant ;  that  is  to  say, 

Ma  cos  (P  =  ?5l^ (L) 

and  by  dividing  this  equation  by  a,  and  observing  that  adt^Ht 
where  di  i^  any  indefinitely  small  angle  of  rotation^  it  is  made  to 
assume  the  following  forms : — 
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j^^   of  Article  542,  it  appears  that  tho 

M  '008^  =  — ,-  =iwc?is 
gat 

sihowing  that  the  direct  couple  is^^. /3\ 

aingtdar  momentum  ah(nU  the  Jlxed^  '^ 

the  variation  ofachial  energy  divu>^^]itade  i,  so  long  as  Mx  is  pro- 
696.  A>ai«B7  of  Tartod  BotaUon  \^  constitutes  iaochnmism,  and 
the  equation  of  Article  o5^  is  comi^^^^^^^^^g^^^^^^^^ 
695,  it  appears  that  those  equationsSeexaffl^ffia^^HR^acIi 
other,  and  that  the  former  is  transformed  into  the  latter,  when  for 

there  are  respectively  substituted 

M  cos  ^,     I,    t,     a ; 

that  is  to  say,  a  direct  couple  for  a  direct  force,  moment  of  inertia 
for  weight,  angnlar  motion  for  linear  motion,  and  angular  velocity 
for  linear  velocity. 

Consequently,  by  making  those  substitutions,  any  equation  relat- 
ing to  the  varied  translation  produced  by  a  direct  force,  may  be 
Ixuisformed  into  a  corresponding  equation  respecting  the  varied 
rotation  of  a  body  about  a  fixed  axis  traversing  its  centre  of  gi-avity 
produced  by  a  d&ect  couple.  Examples  of  this  principle  are  given 
in  the  two  following  Articles. 

597.  Vntronn  Tariation  of  angular  velocity  is  produced  by  a  con- 
stant couple,  and  is  analogous  to  the  vertical  motion  of  a  heavy 
body,  as  given  in  Article  533.  In  that  Article,  g  is  the  proportion 
of  the  moving  force  to  the  mass  of  the  body.  Let  M  be  the  couple, 
and  let  ^  =  0 ;  that  is,  let  the  couple  be  altogether  about  the  axis  of 
rotation.     Then  for  ^  is  to  be  substituted 

T' 

which  is  to  be  considered  positive  when  in  the  direction  of  the 
initial  angular  velocity  Oq  ;  and  for  ^  is  to  be  substituted  i.  Then 
equations  1  and  3  of  Article  533,  being  transformed,  give  for  the 
angular  velocity  and  total  angular  motion  at  the  end  of  a  given 
time  t^  the  expressions 

.  Mori 
a  =  ao  +  -y- ; 


Equation  4  gives 


2^      ' 


.(1.) 
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</M  cos>/^  =  ;r-(<^  to  lihe  present  case  thelmr.oC 
^*^;  right  hand  side  of  the  eq— *^ 

,^  and  the  leffc  hand  side  tiba 

gr  M  sin  y  =  a  V - 

)  a  body  will  tam  before  BiopiBiig 

It  is  therefore  necessary  to  haveits  initial  angular  velocity  being 
the  data  for  the  solution  of  tl;  ia  the  resistance,  and  I  its 

^xis,  the  resisting  couple  is 

and  th»t  a  is  to  be  made  =  0 ;  whence  equation  2  gives 

^''-ii w 

598.  Ojratioii  about  a  fixed  axis,  or  Ancuiar  Oaciiiaiiwii,  is  atto^. 

nate  rotation  to  one  side  and  to  the  other  of  a  middle  poaitiaoL 
Let  a  straight  line  be  conceived  to  be  drawn  perpendicular  to  tite 
axis  of  the  gyrating  body,  to  serve  as  an  index ;  let  its  middle  poo- 
tion  be  denoted  by  0,  and  its  angular  displacement  from  that  pofi- 
tion  by  i,  positive  or  negative  according  as  it  is  to  one  side  or  is 
the  other ;  and  let  ii  be  the  semi-amplitiide  of  gyration,  or  extraiDB 
displacement.     To  produce  gyration,  the  body  must  be  acted  iipon 
by  a  couple  directed  towards  the  middle  position ;  that  is,  ocfBHaxf 
to  the  displacement  i.     In  most  cases  which  occur,  the  ooujile  iB 
either  exactly  or  nearly  proportional  to  the  displacement.     Snqspof* 
ing  it  to  be  exactly  proportional,  let  Mi  be  its  extreme  magmiiiii 
irrespective  of  sign  ;  then 

M=-^; (1.) 

the  negative  sign  showing  that  the  couple  is  contrary  to  the  dis- 
placement, tending  to  restore  the  body  to  its  middle  position. 

It  is  obvious  £rom  this  equation,  that  gyration  is  analogous  to 
straiglU  oscillation,  explained  in  Article  542 ;  and  that  the  equr 
tions  of  that  Article  are  to  be  transformed  by  substituting  leepeo- 
tively  for 

^      Wa«      ^       dx 
r,    X,     Q,     — ,     Q„     ^,     a», 

*i,    h    Ml,     -v-^       M,      a,    Vy  . 
For  brevity's  sake,  let  the  substitute  for  a*  be  thus  expressed :— 

t^'=^-';.... (2.) 
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yy  taratnBfeaming  equation  4  of  Article  542,  it  appears  that  the 
9r  i^  daubU  gifrdiions  per  aec<md  is 


k_ 


""  =  —'■ (3.) 


i  ja  indflMndflnt  of  the  semi-amplitude  ti  so  long  as  Mi  is  pi*o- 

^%lto  «i,  uid  I  is  constant.    This  constitutes  isochronism,  anil 

^^Mty  aimed  at  in  the  balance  wheels  of  watches,  where  I 

^%t  of  inertia  of  the  wheel,  and  the  conple  is  derived 

noity  of  the  balance  spring. 

K       ^118  2  and  3  being  transformed,  give  for  the  angle  and 

^      ily  of  displacement  at  any  instant, 


X. 


i  =  ix  cos  kt'y 


(*•) 


^sl  ^^  J 

^|,  iximnm  conple  Mi,  in  terms  of  the  number  of  double 
^i\      '  per  second  n,  is  given  by  the  equation 

"^  M,  =  ^liii=i^!^^ (5) 

9  9  "^'^ 

599.  A  fliagie  Vmree  applied  to  a  body  with  a  fixed  axis  causes 
\  bearings  of  the  axis  to  exeH  a  pressure  equal,  opposite,  and 
nllel ;  so  that  if  the  line  of  action  of  the  foi*ce  traverses  the  fixed 
is,  it  is  balanced  j  and  if  not,  a  couple  is  formed  whose  moment 
the  product  of  the  force  into  its  perpendicular  distance  from  the 
is,  and  whose  effects  are  such  as  have  been  already  described. 

Section  4. — Varied  Rotation  cmd  Tramsloition  Cornbrned. 

600.  csenemi  Principles. — ^All  rotation  of  a  body  about  an  axis, 
ted  or  instantaneous,  which  does  not  traverse  the  centre  of  gravity 
the  body,  is  to  be  considered  as  compounded  of  rotation  about  a 
lullel  axis  traversing  the  centre  of  gravity,  and  translation  of  the 
uta-e  of  gravity  with  a  velocity  equal  to  the  product  of  the  angu- 
*  velocity  into  the  distance  of  the  centre  of  gravity  from  the 
bual  axis  of  rotation. 

Consequently,  every  variation  of  the  motion  of  a  body,  which 
Qsists  in  a  variation  of  the  angular  velocity  about  an  axis,  fixed 
instantaneous,  and  not  traversing  the  centre  of  gravity,  is  to  be 
Qsidered  as  producing  a  change  of  the  momerUwm,  which  is  the 
Dduct  of  the  mass  of  the  entire  body  into  the  veloci^  of  its  oentre 
gravity,  and  a  simultaneous  change  of  the  angvUwr  momenlbun 
e  to  the  rotation  of  the  body  with  the  given  angular  velooitj 


M         I 


9 


^  =  ^=GB; (S.) 


that  is,  the  resultant  of  the  force  and  couple  is  a  single  force  P  «* 
ing  tlvrough  the  centre  of  percussion  B  corre8p<yndvng  to  ike  gioen  (M 
(See  Article  581,  equation  4.) 

Now  suppose,  as  in  Article  581,  that  the  weight  of  the  body  Si 
distributed  in  two  rigidly  connected  masses,  one  concentrated  at  C 
and  the  other  at  B,  and  having  their  common  centre  of  gravilj 
still  at  G.  Then  in  producing  the  same  change  of  angular  velo- 
city d  a  about  the  axis  X  0  X,  the  momentum  of  C  is  unchaDgedi 
while  that  of  B  undergoes  the  change 

BBC'  —  =  Wr^ — , 

being  the  exact  change  of  momentum  already  given  in  equation  I; 
a  consequence,  indeed,  of  the  fact,  that  the  centre  of  gravity  is  nfli 
changed  by  the  concentration  of  the  masses  at  B  and  C;  and  to 


i 


544  PRINCIPLES  OF  DYNAMICS. 

about  an  axis  traversing  its  centre  of  gravity  paiaUel  to  the  actoal 
axis  of  rotation ;  and  the  force  required  to  produce  the  given,  vazm- 
tion  of  motion  will  be  the  resultant  of  the  force  required  to  prodooe    ! 
the  change  of  momentum,  applied  at  the  centre  of  gravity,  and  the 
couple  required  to  produce  "die  change  of  angular  momentum. 

601.  Properties  of  the  Centre  of  PercnMion. — In  fig.  239,  Aztide 

581,  page  520,  let  G  be  the  centre  of  gravity  of  a  rigid  body  whose 
weight  is  W,  XX  the  axis  about  which,  in  the  interval  dt^  a  change 

of  angular  velocity  denoted  hj  da  takes  place,  and  G C  =  rc^  the 
perpendicular  distance  of  the  centre  of  gravity  from  that  axiB. 
Then  the  force,  in  a  direction  perpendicular  to  the  plane  of  XX 
and  G  C,  required  at  G  to  produce  the  change  of  momentum,  is 

'  gdt     ' ^*' 

and  the  couple  required  to  produce  the  change  of  angular  monHB- 
turn  due  to  the  change  of  angular  yelodiy  d  a  about  the 
G  D  II  X  X  is 

M  =  ?2^; (1) 

gdt  ^  ' 

and  the  resultant  of  that  force  and  couple  (according  to  Aitiefe 
41)  is  a  force  acting  in  the  same  plane  with  them,  parallel  ud 
equal  to  F,  and  in  the  same  direction,  but  acting  through  a  point 
whose  distance  from  G,  in  a  direction  opposite  to  G  C,  is 
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jiixuluoe  tbis  cLange  of  momentum  iu  the  intci'val  dt,  there  is  re- 
quui:d  tbe  same  force  ¥  applied  at  B,  whidi  lias  already  been 
iQuud;  which  proves  the  following 

Theobbm  I,  I/che  tnass  of  a  body  he  conceived  to  he  concentrated 
at  Iwo  rigidly  ecmiiected  poi'iUs,  one  at  a  given,  axis,  and  tlus  ol/ier  at 
t/is  corresponding  centre  of  percussion,  so  a»  not  to  alter  the  position  of 
t}ie  centre  of  gravity  of  the  body,  Uie  force  required  to  produce  a  given 
cftange  of  angular  velocity  in  (Ae  body  ahoiU  the  given  axis  it  l/ia 
same,  in  magnitude,  direction,  a7td  line  of  action,  wiHt  t/iat  reguireii 
to  produce  t/ie  corresponding  diange  qf  tnotion  in  Hiat  pairt  of  the 
titass  Khich  is  conceived  to  be  concentrated  at  t/ie  cent/re  of  perouseion. 
This  pi-opoaition  might  also  Lave  been  anived  at  by  censidering 
TiiEOKEM  II.  If  a  body  rotates  about  a  given  asnn  not  traversing 
its  centre  of  gravity,  and  Ute  mass  ofl/tat  body  be  conceifed  to  be  C07i- 
eentrated  at  the  axis  of  rotation  and  centre  <f  percussion  so  as  not  to 
alter  tlie  centre  of  graoity,  tJis  momeniwn,  the  angular  momentum-, 
and  the  actual  energy  of  Oie  body  are  not  dianged  by  tltat  concentra- 
tion  ofmms. 

For  the  centre  of  gravity  being  unchanged,  the  moinentuin  is 
unchanged;  and  because  (by  tlio  deSnition  of  the  centre  of  percoe- 
sion)  the  moment  of  inertia  about  the  axis  of  rotation  is  unchanged, 
the  angular  momentum  and  actual  energy  ai-e  unchanged. — Q.  E.  D. 
CoROLLABY.  From  Theorem  L,  and  from  equation  5  of  Article 
581,  it  follows,  that  the  action  of  an  impulse  upon  a  free  body  at 
either  of  the  points  B  or  C,  produces  a  rotation  about  an  axis  tra- 
versing the  other  point. 

602.  I'lisd  AsU. — ^Wheu  the  a:ds  of  rotation  XX  is  fixed,  uu 

impulse  applied  to  the  centre  of  percussion  B,  in  a  direction  per- 

^  pendicuhu-  to  the  plane  B  X  S,  simply  alters  the  angular  velocity 

I  according  to  the  principles  explained  in  the  last  Article,  without 

causing  any  additional  pressure  between  the  axis  and  its  bearings. 

But  should  the  force  giving  the  impulse  not  traverse  the  centre  of 

percussion,  or  traverse  it  in  n  different  direction,  it  is  to  bo  resolved 

by  the  principles  of  statics  into  two  components,  one  traversing  the 

c'-ntre  of  percussion  in  the  required  direction,  and  the  other  tra- 

.  i-.-ing  the  aiis  of  rotation;  when  the  former  will  produce  change 

[notion,  and  the  latter  will  he  balanced  by  the  resistance  of  the 

iriiigsoftheaxis. 

<'<i3.  ThD  DevinMns  Force  of  a  body  rotating  about  a  fixed  axis 

i  traversing  its  centre  of  gravity  is  die  resultant  of  the  deviating 

I '  i:  due  to  the  revolution  of  the  whole  mass  conceived  as  concen- 

I'lJ  at  its  centre  of  gravity,  found  as  in  Article  540,  combined 

.  itb  the  deviating  couple  due  to  the  rotation  of  the  body  with  the 

winio  angular  velocity  about  a  parallel  axis  traverwDg  the  centre  of 

giavity,  found  as  in  Article  592.     Tlds  resultant  deviating  force  u 
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supplied  by  the  resistance  of  the  bearings  of  the  axis,  and  an  efui 
and  opposite  centrifugal  force  is  exerted  by  the  axis  agamsttba 
bearings. 

604.  A  Compomid  OMiiiating  Pendaiiiiii  is  a  body  Supported  \lj 
a  horizontal  £xed  axis^  about  which  it  is  £ree  to  swing  under  tfa» 
miction  of  its  own  weight,  its  centre  of  gravity  not  being  in  the 
axis. 

Now,  by  Article  601,  Theorem  H.,  the  momentum  and  angokr 
momentum  of  the  body  are  at  every  instant  the  same  as  if  its  jam 
were  concentrated  at  the  axis  and  at  the  centre  of  oscillation  in  the 
proportions  given  by  Article  581,  equations  1  and  6 ;  and  by  tlie 
definition  of  the  centre  of  oscillation,  the  statical  moment  of  tb» 
weight  of  the  body  with  respect  to  the  axis,  being  the  couple  whidi 
causes  the  motion,  is  in  every  position  the  same  as  if  the  hum 
were  concentrated  in  these  proportions ;  therefore,  the  motion  of 
the  body  is  exactly  the  same  as  if  it  were  so  concentrated  j  that  iB 
to  say,  it  oscillates  in  the  same  time  and  according  to  ^e  exm 
laws,  with  a  simple  oscillating  pendulum  as  defined  in  Article  5Uf 
whose  length  is  the  distance  from  the  axis  X  C  X  to  the  centre  J 
oscillation  B,  as  given  by  equation  3  of  Article  581,  viz. : — 


BC  =  ^  +  r, (1.) 


^0 


Such  a  simple  pendulum  is  called  the  equimlerU  simple  pendidutL 
It  is  obvious  that,  for  a  given  body  swinging  about  all  possilib 
axes  parallel  to  a  given  direction  in  ike  body,  the  shortest  eqni^ 
lent  simple  pendulimi  is  that  whose  length  is  the  minimum  value 
of  £  C  as  given  by  the  above  equation.  That  Tm'm'Tn^Tn  leDgkk 
corresponds  to  the  condition, 

whence,  >> (a) 

min.FC  =  2eo;J 

that  is  to  say,  the  least  period  of  oscillation  of  a  pendulous  bo^ 
takes  place  when  the  distance  of  its  centre  of  gravity  from  its  axi 
is  equal  to  the  radius  of  gyration  about  a  parallel  axis  traveniiig 
the  centre  of  gravity;  and  the  length  of  the  equivalent  simple  pcB" 
dulum  is  double  of  that  radius  of  gyration. 

If  for  a  given  direction  of  axis,  a  pair  of  points  be  so  related  tW 
each  is  the  centre  of  percussion  for  an  axis  in  the  given  directk* 
traversing  the  other  (as  shown  by  Article  581,  equation  5),  tto 
the  period  of  oscillation  about  either  axis  is  the  same. 

From  the  properties  of  the  centre  of  percussion  explained  in  tiui 
Tticle.  it  is  sometimes  called  the  centre  op  oscillation. 
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)5.  €«Mp«nMd  KevwlHng  PeadBhiBi. — To  avoid  xinnecessaTy 
)lexity  in  like  theory  of  a  compound  revolving  pendulum,  let 
)ody  of  which  it  consists  be  of  such  a  figure  and  so  suspended^ 
the  straight  line  C  G  B  (fig.  239),  traversing  the  point  of  sus- 
lon  C  and  the  centre  of  gravity  G,  shall  be  one  of  the  axes  of 
iia,  and  that  the  moments  of  inertia  about  the  other  two  axes 
be  equal  Then  for  every  axis  traversing  the  centre  of  gravity 
^ht  angles  to  C  G  B,  the  radius  of  gyration  is  the  same ;  and 
jquently,  for  every  axis  traversing  the  point  of  suspension  C  at 
i  angles  to  C  G  B^  the  centre  of  percussion  B  is  the  same ;  and 
body  moves  exactly  like  a  simple  revolving  pendulum  of  the 

ih  C  B,  and  height  C  B  •  cos  ^,  if  ^  is  the  angle  which  it  makes 
the  vertical 

is  to  be  borne  in  mind,  that  in  order  that  a  pendulum  may 
.ve  according  to  the  above  law,  it  must  have 
Ttation  about  its  longitudinal  axis  B  G  C, 
nust  swing  as  if  hung  by  a  double  universal 
at  C  (Article  492). 

6.  A  Rotating  Pendalam  (fig.  242)  is  a  body  ^ 

suspended  by  a  point  C  not  in  the  centre  of 
ity  G,  and  rotating  aj^out  a  vei-tical  axis 

traversing  the  point  of  suspension.  To 
i  needless  complexity,  as  before,  let  C  G, 

E  G  perpendicular  to  it  in  the  vertical 
e  of  C  G  and  C  X,  be  two  of  the  axes  of 
ia  of  the  pendulum.     Let  Ii  be  its  moment  2^2 

aertia  about  G  E,  and  !»  its  moment  of  ^' 

tda  about  G  C,  and  ei,  fo,  the  corresponding  radii  of  gyi*ation. 
the  angle  X  C  G  =  «;  let  C  G  =  ro;  and  let  the  weight  of  the 
lulum  be  W.  Then,  a  being  the  angular  velocity  of  rotation 
it  the  vertical  axis,  it  appears  from  Articles  592  and  586  that 
deviating  couple  due  to  rotation  about  a  vertical  axis  traversing 

^(I  — L)cosa  mn«  = (d  —  ^cos^sina; 

g^  9 

hich  has  to  be  added,  the  couple  due  to  the  deviating  force  of 
evolving  along  with  the  centre  of  gravity  G,  and  to  the  leverage 
IS  «,  being  the  height  of  G  above  G;  that  is  to  say, 

•  rS  cos  «  sm  « : 

9 
ing  for  the  entire  deviating  couple 

(e!  — d  +  rg)cos«8in«;.  ^ 
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supplied  by  the  resistance  of  the  bearings  of  the  axis,  and  an  eqoal 
and  opposite  centrifugal  force  is  exerted  by  the  axis  against  tbe 
bearings. 

604.   A  Compomid  OueiUaUxtg  Pendalani  is  a  body  supported  bf 

a  horizontal  fixed  axis,  about  which  it  is  £ree  to  swing  under  ike 
iiction  of  its  own  weight,  its  centre  of  gravity  not  being  in  the 
axis. 

IN'ow,  by  Article  601,  Theorem  IL,  the  momentum  and  angokr 
momentum  of  the  body  are  at  every  instant  the  same  as  if  its  nuui 
were  concentrated  at  the  axis  and  at  the  centre  of  oscillation  in  the 
proportions  given  by  Article  581,  equations  1  and  6  j  and  by  the 
definition  of  the  centre  of  oscillation,  the  statical  moment  of  the 
weight  of  the  body  with  respect  to  the  axis,  being  the  couple  which 
causes  the  motion,  is  in  every  position  the  same  as  if  the  man 
were  concentrated  in  these  pi*oportions ;  therefore,  the  motion  of 
the  body  is  exactly  the  same  as  if  it  were  so  concentrated ;  that  ii 
to  say,  it  oscillates  in  the  same  time  and  according  to  the  same 
laws,  with  a  simple  oscillating  pendulum  as  defined  in  Article  5^, 
whose  length  is  the  distance  from  the  axis  X  C  X  to  the  centre  d 
oscillation  B,  as  given  by  equation  3  of  Article  581,  viz. : — 

.      BC=f  +  r, (1.) 

Such  a  simple  pendulum  is  called  the  equivdlent  simple  penduhK^ 
It  is  obvious  that,  for  a  given  body  swinging  about  all  posfflU* 
axes  parallel  to  a  given  direction  in  the  body,  the  shortest  equi^ 
lent  simple  pendulimi  is  that  whose  length  is  the  Tninimum  valw 
of  BC  as  given  by  the  above  equation.  That  Tm'm'Tn^Tn  leoglk 
corresponds  to  the  condition, 

whence,  V (2.) 

min.  BC  =  2eo;J 

that  is  to  say,  the  least  period  of  oscillation  of  a  pendulous  lot] 
takes  place  when  the  distance  of  its  centre  of  gravity  from  its  aii 
is  equal  to  the  radius  of  gyration  about  a  paiidlel  axis  traversing 
the  centre  of  gravity;  and  the  length  of  the  equivalent  simple  pen- 
dulum is  double  of  that  radius  of  gyration. 

If  for  a  given  direction  of  axis,  a  pair  of  points  be  so  related  that 
each  is  the  centre  of  percussion  for  an  axis  in  the  given  direction 
traversing  the  other  (as  shown  by  Article  581,  equation  5),  then 
the  period  of  oscillation  about  either  axis  is  the  same. 

f^m  the  properties  of  the  centre  of  percussion  explained  in  this 
Article,  it  is  sometimes  called  the  centre  of  oscillation. 
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Caiy— d  KeT«lHBg  Peadalun. — To  avoid   xmnecessaTy 

itj  in  the  theory  of  a  compound  revolving  pendulum,  let 

of  which  it  consists  be  of  such  a  figure  and  so  suspended, 

straight  line  C  G  B  (fig.  239),  traversing  the  point  of  sus- 

0  and  the  centre  of  gravity  G,  shall  be  one  of  the  axes  of 
md  that  the  moments  of  inertia  about  the  other  two  axes 
equal  Then  for  every  axis  traversing  the  centre  of  gravity 
angles  to  C  G  B,  the  radius  of  gyration  is  the  same ;  and 
ntly,  for  every  axis  traversing  the  point  of  suspension  C  at 
;les  to  C  G  B,  the  centre  of  percussion  B  is  the  same  j  and 
'■  moves  exactly  like  a  simple  revolving  pendulum  of  the 

B,  and  height  0  B  *  cos  ^^  if  ^  is  the  angle  which  it  makes 
vei-ticaL 

3  be  borne  in  mind,  that  in  order  that  a  pendulum  may 
ccording  to  the  above  law,  it  must  have 
on  about  its  longitudinal  axis  B  G  C, 
}  swing  as  if  hung  by  a  double  universal 
J  (Article  492). 

L  Rotating  Pendalam  (fig.  242)  is  a  body  . 

•ended  by  a  point  C  not  in  the  centre  of 
G,  and  rotating  aj^out  a  vei'tical  axis 
versing  the  point  of  suspension.  To 
jedless  complexity,  as  before,  let  C  G, 
T  perpendicular  to  it  in  the  vertical 
C  G  and  C  X,  be  two  of  the  axes  of 
f  the  pendulum.  Let  Ii  be  its  moment 
B.  about  G  E,  and  !«  its  moment  of  *^* 

tbout  G  C,  and  fi,  ca?  ^e  corresponding  radii  of  gyi*ation. 
Euagle  X  C  G  =  «;  let  C  G  =z  ro;  and  let  the  weight  of  the . 
n  be  W.     Then,  a  being  the  angular  velocity  of  rotation 
e  vertical  axis,  it  appears  from  Articles  592  and  586  that 
iting  couple  due  to  rotation  about  a  vertical  axis  traversing 

9  W  a' 

L(Ij — J^)  cos  a  mn«  = (d  —  ^cos«sin«ft; 

if 

1  has  to  be  added,  the  couple  due  to  the  deviating  force  of 
ving  along  with  the  centre  of  gravity  G,  and  to  the  leverage 
being  the  height  of  C  above  G;  that  is  to  say, 

•  Tq  cos  «  sm  « : 

9 

for  the  entire  deviating  couple 

Wo? 

(el  —  d  +  «f)  cos  «  sin  « ;  • 

9 
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and  this  couple  has  to  be  supplied  by  means  of  the  weight  of  iib 
pendulum  acting  with  the  leverage  ro  sin  «;  that  is,  it  must  be 
equal  to 

W  7*0  sin  «. 

Dividing  by  this  quantity,  we  find 

j'(^V»-o)cos«  =  l; (1.) 

and  putting  for  a'  its  value,  4  «^  T*,  where  T  is  the  number  of  turns 
per  second,  this  leads  to  the  equation 

(?I^-l'+r.)coB«  =  j-^^,  =  7.; (2.) 

Zt  being  the  heigM  of  the  equivalent  simple  revolving  pendulum,  as 
given  in  Article  539,  equation  2. 

When  ^t,  the  radius  of  gyration  about  C  G,  is  insensibly  small 
compared  with  r^,  the  radius  of  gyration  about  G  E,  A  becomes 
equal  to  the  height  of  the  simple  pendulum  eqidvalent  to  the  pen- 
dulum in  the  figiu'e,  when  made  to  revolve  witiiout  rotation  abont 
C  G,  as  in  the  last  Article.  When  ea  =  iu  the  height  becomes 
simply  7*0  cos  «,  being  the  same  as  if  the  whole  mass  were  concen- 
trated at  the  centre  of  gravity.  This  is  very  nearly  tlie  case  in  the 
rotating  pendulums  used  as  governors  for  prime  movers,  whidi 
are  in  general  large  heavy  spheres  hung  by  slender  rods. 

607.  The  Ballistic  Pendaiam  is  used  to  measure  the  momentum 
of  projectiles,  and  the  impulse  of  the  explosion  of  gunpowder.  To 
measure  the  momentum  of  a  projectile,  such  as  a  iifle  ball,  the 
pendulum  must  consist  of  a  mass  of  material  in  which  the  ball  can 
lodge,  such  as  a  block  of  wood,  or  a  box  full  of  moist  clay,  hung  by 
rods  from  a  horizontal  axis.  '  Suppose  the  ball  to  be  of  the  waght 
5,  and  to  move  with  the  velocity  v  in  a  line  of  flight  whose  perpen- 
dicular distance  from  the  axis  of  suspension  is  /.  Then  the  angular 
momentum  of  the  ball  relatively  to  the  axis  of  suspension  is 

-^\ (1.) 

if 

and  because  the  ball  lodges  in  the  pendulum,  this  angular  momen- 
tum is  wholly  communicated  to  the  joint  mass  consisting  of  the 
ball  and  the  pendulum,  which  swings  forward,  carrying  with  an 
index  that  remains,  and  points  out  on  a  scale  the  extreme  angular 
^i'^splacement.  Let  this  be  denoted  by  i.  Let  I  denote  the  length 
mi?  simple  pendulum  equivalent  to  that  mass,  which  can  be 
llTOiiLy.  means  of  Article  544,  equation  1,  from  the  number  of 
Article,  it  lb 
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oscillations  in  a  given  time;  let  W  be  the  joint  weight  of  the  pen- 
dnlnm  and  ball,  and  r^  the  distance  of  their  common  centre  of 
gravity  from  the  axis;  then 

^  =  '^-, (2.) 

is  the  portion  of  the  joint  weight  to  be  treated  as  if  concentrated 
at  the  centre  of  oscillation. 

Let  V  be  the  velocity  of  the  centre  of  oscillation  at  the  lowest 
point  of  its  arc  of  motion;  this  is  the  velocity  due  to  the  height^ 
2  *  versin  i;  that  is  to  say, 

• 

% 

Y  =  J  {2gl  •  versin  i)  =  2  sin  2  '  J  yli (3.) 

and  the  corresponding  angular  momentum  of  the  combined  mass  is 

;  which,  being  equated  to  the  angular  momentum  of  the  ball 

before  the  collision  (1),  gives  the  equation 

hvr=BYl; (4.) 

giving  for  the  velocity,  momentum,  and  actual  energy  of  the  ball, 
respectively, 

BYl 


hr'   ' 
hv  __  BYl    h^  __  B^Y'Z' 


(5.) 


BV* 

The  energy  of  the  combined  mass  after  the  collision  being  —x —  > 

and  less  than  that  of  the  ball  before  the  collision  in  the  proportion 
of  6  r^  :  B  Z",  shows,  that  an  amount  of  energy  denoted  by 


KO-^Q <«■) 


disappears  in  producing  heat  and  molecular  changes  in  the  ball  and 
in  the  soft  mass  in  which  it  is  lodged. 

To  measure  the  impulse  produced  by  the  explosion  of  gunpowder, 
the  gun  to  be  experimented  on  is  to  be  fixed  to  and  form  part  of 
the  pendulum,  and  a  ball  is  to  be  fired  from  it  The  gas  produced  by 
the  explosion  exerts  equal  pressures  during  the  same  time, — that  is, 
equal  impulses, — forwards  against  the  ball,  and  backwards  against 
the  gun,  and  the  pendulum  swings  back  througli  a  certain  angle, 
which  is  registered  by  an  index  as  before,  and  fi'om  which  the 
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maximum  velociiy  of  the  centre  of  percussion  of  the  pendulum  om 
be  calculated  as  before  by  equation  3.  Let  /  now  denote  the 
distance  from  the  axis  of  suspension  to  the  axis  of  the  gun,  and  P 
the  pressure  exerted  by  the  explosive  gas  at  any  instant;  the  total 

impulse  exerted  by  the  gas  is  /  T  dt;  and  the  angular  impnlfle 

f' '  I  T  dt;  which  being  equated  to  the  angular  momentum  pro- 
duced in  the  pendulum,  gives 

^fFdt  =  ^, (7.) 

in  which  it  is  to  be  observed,  that  B  does  not  now  include  the 
weight  of  the  baJL    The  impulse  exerted  by  the  powder  is  therefflW 

^^^^Ji^' ^^^ 

and  the  velocity  of  the  ball  b  on  leaving  the  gun  is  consequentlf 


/ 


_9J^^^  _B'Vl 


^—F-  =  -W <«•) 


The  eTiergy  exerted  by  the  exploding  powder  is 


/ 


P^.=|::+BI-, pa) 

of  which  the  portions  communicated  to  the  ball  and  to  the  penddtfl* 
are  indicated  by  the  two  terms,  being  in  the  ratio 

bifiBY'iiBPibr'' (11.) 

In  the  preceding  calculations,  the  momentum  and  energy  p«^ 
duced  in  the  explosive  gases  themselves  are  not  considered;  but  ft 
is  very  doubtful  whether  any  attempt  to  take  them  into  account 
hypothetical  as  it  must  be,  adds  to  the  practical  correctness  of  ^ 
result.  As  a  probable  approximation,  the  following  may  be  flift' 
ployed  : — ^Let  w  bo  the  weight  of  powder  used.  Divide  this  voio 
two  parts  proportional  to  b  and  B,  viz. : — 

bw        ,    Bw 
b  +  B'^^b  +  B' 

consider  the  smaller  part  to  move  with  half  the  velocity  of  B,  aal 
the  larger  with  half  the  velocity  of  b;  that  is  to  say,  in.  equatiflO* 
7,  8,  and  9,  put, 
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DSteadof  B, 


md  instead  of  h. 


B  + 


b  + 


bw 


2(6  +  B)' 

Bw 

2(6  +  B)'J 


.(12.) 


rhe  equation  10,  iu  its  original  form,  "will  still  show  the  actual 
energies  of  the  pendulum  and  of  the  ball,  and  their  sum ;  but  that 
wan  will  be  eocdusive  of  the  energy  exerted  in  giving  motion  to  the 
explosive  gases  themselves. 

The  ballistic  pendulum  was  invented  by  Bobins,  celebrated  for 
as  investigationB  on  gunnery. 
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CHAPTER  IV. 


MOTIONS  OF  PLIABLE   BODIE& 


608.   Natnr«  of  Che  Subject  j  Tlbratlon. — The  motion  of  each  ptf- 

tide  of  a  pliable  body  may  always  be  resolved  into  three  oomponentis 
that  which  it  has  in  common  with  the  centre  of  gra^^ly  of  the  bodfi 
being  the  motion  due  to  ti-anslation  of  the  whole  body;  that  whidi 
it  has  about  the  centre  of  giuvity  of  the  body,  being  the  motion  d» 
to  rotation  of  the  whole  body;  and  a  third  component,  being tba 
motion  due  to  alterations  of  the  volume  and  figure  of  the  body  and 
of  its  parts.  This  third  component  is  alone  to  be  considered  in  tba 
present  chapter. 

The  cinemcUical  branch  of  the  present  subject, — ^that  is  to  mjt 
the  branch  which  comprehends  the  relations  amongst  the  dispkfle* 
ments  of  the  particles  in  a  strained  solid  from  their  free  positioiiih 
and  the  strains  or  disfigurements  of  its  parts  accompanying  8iidll 
displacements, — has  already  been  treated  of  generally  in  ArtidM 
248,  249,  250,  260,  and  261 ;  with  reference  to  bending,  in  paitof- 
293,  part  of  300,  301,  part  of  303,  part  of  304,  part  of  307,  part  of 
309,  part  of  312,  and  part  of  319;  with  reference  to  twisting^  m^ 
part  of  321  and  part  of  322; — and  again  with  reference  to  benainf^ 
in  part  of  Article  340. 

The  dynamical  branch  of  the  subject  has  been,  to  a  certain  extent 
anticipated  in  Article  244,  where  resilience  is  defined ;  in  Article 
252,  where  potential  eriergy  of  elasticity  is  defined  ;*  in  Articles  3M 
and  269,  which  relate  to  the  resilience  of  a  stretched  bar  and  the 
efiect  of  a  sudden  pull;  in  Article  305,  wlach  relates  to  the  fwiK«* 
o/a  beam;  in  Article  306,  which  relates  to  the  eflTect  of&suddentjf 
applied  transverse  load;  and  in  Article  323,  which  relates  to  the 
resilience  of  an  aode. 

The  motions  due  to  strains  amongst  the  particles  of  pliable  bodki 
being  all  of  limited  extent,  and  consisting  in  changes  of  the  difr 
placement  of  each  particle  from  the  position  which  it  would  occupf 
in  a  state  of  equilibrium,  which  displacement  is  limited  and  gen*" 
rally  small,  are  of  the  kind  called  vibrations,  and  are  more  or  le» 

*  In  Article  262,  the  first  employment  of  this  function  is  correctly  ascribed  to  Ml 
Green;  but  it  i^  right  also  to  mention,  that  its  use  was  independently  didcovered  ^ 
M.  Clapc^rou. 
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analogous  to  the  oscillations  already  treated  of  in  Articles  542  and 
543. 

The  complete  theory  of  vibration  embraces  all  the  phenomena  of 
the  production  and  transmission  of  sound,  and  all  those  of  the  pro- 
pagation of  light,  as  well  as  those  of  the  visible  and  tangible  vibra- 
tions of  bodies.  Many  of  its  branches  are  foreign  to  the  objects  of 
this  treatise;  and  therefore  in  the  present  cliapter  there  will  be 
given  only  an  outline  of  the  general  principles  of  the  theory  of 
vibration,  and  an  explanation  of  such  of  its  applications  as  are  of 
importance  in  practical  mechanics. 

609.  isochronons  vibraUons  of  an  elastic  body  are  those  in  which 
each  particle  of  the  body  performs  a  complete  oscillation  in  the 
same  period  of  time,  so  that  all  the  particles  return  to  the  same 
relative  situations  at  the  end  of  each  equal  period  of  time,  and  that 
whether  the  oscillations  are  of  greater  or  of  less  amplitude.  Iso- 
chronous vibrations  being  communicated  to  the  ear  produce  the 
sensation  of  a  sound  of  uniform  pitch,  or  musical  tone.  In  order 
that  oscillations  of  different  amplitudes  may  be  performed  by  equal 
masses  in  the  same  time,  it  is  evidently  necessary  that  the  forces 
under  which  they  are  performed  should  be  proportional,  wnd  directly 
opposed,  to  tJie  displacements  at  each  instant.  This  is  the  condition 
OF  ISOCHRONISM,  and  has  already  been  illustrated  in  Articles  542, 
543,  544,  545,  and  557,  Example  III.,  for  the  case  of  a  single  par- 
ticle acted  on  by  a  single  force,  and  in  Article  598  for  the  analogous 
case  of  a  gyrating  rigid  body,  where  angular  is  substituted  for  linear 
displacement,  and  a  couple  for  a  force.  To  express  that  condition 
by  an  equation  suited  to  the  present  class  of  questions,  letW-i-g 
be  the  mass  of  a  particle,  ^  its  displacement  from  its  position  of 
equilibrium  at  any  given  instant,  F  an  unbalanced  force  by  which 
it  is  urged  directly  towards  that  position,  and  «'  a  numerical  con- 
stant, expressed  as  a  square  for  reasons  which  will  presently  appear; 
then  the  condition  of  isochronism  is  expressed  as  follows : — 

i'-^; (1.) 

an  equation  identical  with  equation  1  of  Article  542 ;  while  from 
equation  4  of  the  same  Ai'ticle  it  appears  that  the  number  of  double 
oscillations  per  second  is  expressed  by 


a 
n^  •—, 

2cr 

and  tlie  period  of  a  double  oscillation  by 

1       3^ 


n        a 


I 


(2.) 


/ 
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All  the  equations  of  Article  542  and  Article  557,  Example  lU, 
arc  made  applicable  to  the  present  case,  by  substituting  respeofchefy 
for 

QorQ,,     Q„     r  or  051,     x, 

F|,         F,        J„         I,  respectively, 

where  Fi  represents  the  maximum  force,  corresponding  to  ^i  fta 
maximimi  displacement,  or  semi-amplitude ;  consequently,  if  in 
order  to  make  the  formulsB  more  general  we  represent  1^  ^  any 
instant  of  time  at  which  the  particle  reaches  the  extremity  of  an 
oscillation,  we  have 


dl  .    '       u    *\     \ (*) 

—  =  —  adj  sma(«-^).    J  ^  ' 


When  the  restoring  force  corresponding  to  a  given  difiplaoenWDt 
is  known,  the  constant  a?  is  computed  by  the  formula 

'*'=^^ • (^) 

in  which  the  negative  sign  denotes,  that  although  F  being  oontay 
to  2  in  direction,  their  quotient  is  implicitly  negative,  it  is  to  Iisn 
that  negativity  reversed  and  to  be  treated  as  positive. 

The  equations  2  and  4  show,  that  the  squa/re  of  the  TWtmitr  rf 
osdUcUions  made  hy  a  particle  in  a  second,  is  imioeTsdy  as  the  mmrf 
the  pwrdcle,  cmd  di/rectly  as  the  ratio  of  tJie  restoring  force  totk^Ht 
placcTnent, 

610.   TIbmtioiis  of  a  IKIaM  held  by  a  Iiigkt  Springw— The  deflectior: 

of  a  straight  spnng  or  elastic  beam  under  any  load  is  given  by  tk 
equations  of  Article  303  for  those  cases  in  which  it  is  senSLbly  pru- 
portional  to  the  load. 

The  position  of  equilibriimi  of  the  spring,  if  not  affected  by  * 
lateral  transverse  load  (for  example,  if  it  is  placed  vertically),  fOKf 
be  straight ;  or  if  there  be  a  permanent  transverse  load,  that  pofr 
tion  may  be  more  or  less  deflected.  In  either  case,  the  produotkA 
of  an  independent  deflection,  8,  of  the  point  for  which  defleotiotf 
are  computed  by  the  formulae,  to  one  side  or  to  the  other  of  th* 
position  of  equilibrium,  provided  the  limits  of  perfect  elasticity  iw 
not  exceeded,  causes  the  spiing  to  exert  a  restoring  force  F,  Y/hxft 
value  is  found  by  applying  to  this  case  equation  4  of  Artide  303; 
that  is  to  say, 

n'Ebh""  «"V         '    ). (1.) 

=.  —fi  for  brevity's  sake ; 
in  which/* may  be  called  the  stijffmaa  of  the  spring. 


r 
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i.  Now  sappose  that  there  is  attached  to  the  point  of  the  spring  for 
[  which  S  is  adculated,  a  mass  "W  -r-  ^,  in  comparison  with  which  the 
yntkM  of  the  spring  is  inappreciably  small.  Then  if  that  mass  be 
drawn  to  one  side  or  to  the  other  of  the  position  of  equilibrium,  and 
left  free  to  vibrate,  the  spring  will  make  it  vibrate  according  to  the 
law  already  explained  in  Article  609 ,  putting  for  the  constant  a 
the  value 

'^ (2-) 

If  the  mass  gyrates  about  a  fixed  axis  traversing  its  centre  of 
gravity,  let  I  denote  the  distance  from  that  axis  to  the  point  upon 
which  the  spring  acts ;  then  in  the  equations  of  motion,  substitu- 
tions are  to  be  made  according  to  the  principles  of  Article  598, 
when  the  above  equation  becomes 

k  = 


a=y^. 


=V^ (^•) 


If  the  mass  oscillates  about  a  fixed  axis  not  traversing  its  centre 
of  gravity,  the  above  equation  is  still  applicable,  when  the  proper 
value  is  put  for  the  moment  of  inertia  I. 

The  restoring  couple  F  ^  for  a  gyrating  body  may  be  supplied  by 
ihe  resistance  of  a  rod  or  wire  to  torsion ;  in  which  case /I  is  to  be 
taiken  to  represent  the  ratio  of  the  moment  of  torsion  to  the  angle 
of  torsion,  which,  for  a  cylindrical  rod  or  wire,  is  given  in  Article 
322^  case  2,  equation  4,  viz. : — 

•^         i    ""   32x' ^  \ 

m  being  the  length,  and  h  the  diameter  of  the  rod  or  wire,  and  0 
the  co-efficient  of  transverse  elasticity  of  the  material. 

By  the  aid  of  the  piinciples  here  explained,  experiments  on  the 
numbers  of  vibrations  per  second  made  by  springs  and  wires  loaded 
with  masses  great  in  proportion  to  the  masses  of  the  springs  and 
wires,  may  be  used  to  determine  the  co-efficients  of  elasticity  E 
and  C. 

611.  Snperposidon  of  Sniaii  MocIobs. — If  the  restoring  force  of 
a  particle  for  vibrations  in  a  given  direction  be  opposite  and  pro- 
portional to  the  displacement,  and  if  the  same  be  the  case  for  one 
or  more  other  directions  of  vibration,  then  for  a  displacement 
which  is  the  resultant  of  two  or  more  displacements  in  the  given 
directions,  the  force  acting  on  the  particle  will  evidently  be  the 
resultant  of  the  separate  forces  corresponding  to  the  component 
displacementSy  and  the  velocity  the  resultant  of  the  component 
velocities. 


55Q  PRINCIPLES  OF  DTNAiaCS. 

Tills  is  called  the  principle  of  the  supeupgsition  of  smau 

MOTIONS. 

If  the  co-efficient  a  of  Article  609  is  the  same  for  the  differenb 
directions  of  the  component  displacements,  the  component  YibEir 
tions  will  not  only  be  isochronous  in  themselves,  but  isochronou 
with  each  other,  or  aimtdtaneous,  and  so  also  will  be  the  resultant 
vibration.  This  has  already  been  sufficiently  illustrated  in  Artidoi 
542  and  543,  where  circular  and  elliptic  oscillations  are  treated  u 
compounded  of  a  pair  of  straight  oscillations  in  directions  perpen- 
dicular to  each  other.  Such,  for  example,  is  the  oscillation  of  a 
mass  placed  at  the  end  of  a  spring  whose  stiffness  is  the  same  fir 
all  directions  of  deflection. 

If  the  co-efficient  a  has  different  values  for  the  different  diree- 
tions  of  the  comi)oncnt  vibrations,  they  will  no  longer  be  isochronoa 
with  each  other;  the  resultant  restoring  force  will  not  at  eveij 
instant  act  directly  towards  the  position  of  equilibrium,  and  the 
resultant  vibration  will  take  place  in  a  complex  curve  which  jnaj 
have  a  great  variety  of  figures.     For  example,  let  a  mass  W^-^  be 
flxed  at  the  end  of  a  spring  whose  cross  section  is  a  rectan^e  of 
unequal  dimensions,  so  that  its  stiffness  is  different  for  dis^floe- 
ments  in  the  directions  of  two  rectangular  axes,  denoted  hjx  amd 
y.     Let  fg,  fy,  be  the  two  values  of  the  stiffness  of  the  spring  for 
those  two  directions  of  displacement ;  and  let  S  and  n  denote  oom- 
ponent  displacements  in  those  two  directions  respectively,  aiKl  & 
and  »!  their  maximum  values  or  semi-amplitudes.     Then  tiie  equa- 
tions of  motion  of  the  mass  are  the  following; — 


5  =  li  cos  a,  («-«,,,) ; 

n  =   r|^  cos 


where 


and  t^^g  and  f„  y  arc  two  arbitraiy  constants.     Thus  the  numben  in 
a  second  of  the  two  series  of  component  vibrations,  viz., 

'^'       =       ^'        "^^      =       ^^ (^) 

are  proportional  to  the  square  roots  of  the  stiffnesses  of  the  spring 
in  the  directions  of  the  two  rectangular  axes;  that  is,  they  aw 
proportional  to  its  thicknesses  in  these  two  directions  respectively. 
If  n^  and  7^y  are  commensurable,  the  path  of  the  vibrating  xnaai 
is  a  closed  curve ;  for  example,  to  take  the  simplest  case,  if  n,  = 
2  n^y  that  path  is  such  a  curve  as  is  represented  in  fig.  243.     If  i^ 
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aad  n,  axe  incommensurable,  the  path  is  of  indefinite  length ;  but 
in  every  case  it  is  wholly  inscribed  within  the  rectangle  whose 
■ides  are  the  amplitudes  2 1„  2  vii,  of  the  component  vibrations. 

612.  Tibnuions  not  lnochronons  can  only 

be  expressed  mathematically  by  conceiving 
them  to  be  compounded  of  a  number  of 
■aperposed  vibrations,  each  isochronous  in 
itself^  but  not  isochronous  with  each  other, 
as  in  the  last  example  of  the  preceding 
Article ;  and  the  forces  under  which  such 
vibrations  take  place  are  in  like  manner  to 
he  conceived  to  be  resolved  into  component  p.    g.. 

fbrces,  each  proportional  to  a  parallel  com- 
ponent of  the  displacement.     The  art  of  resolving  displacements  of 
any  kind  whatsoever  into  components,  each  of  which  separately 
■atisfies  the  conditions  of  isochi'onism,  is  a  mathematical  process 
wbich  it  will  not  be  necessary  to  exemplify  in  this  treatise. 

613.  Tibratlons   of  an   Elastic   Bodr   in  General. — The   general 

eqnations  of  the  vibration  of  an  elastic  body  are  found  by  the  aid 
m  D'Alcmbert's  principle  (Article  508),  by  conceiving  the  body  to 
1)6  divided  into  indefinitely  small  rectangular  or  other  regularly 
■haped  molecules,  and  equating  the  components  of  the  rate  of  varia- 
^on  of  momentum  of  each  molecule  to  the  corresponding  com- 
3K>nents  of  the  restoring  force  caused  by  the  internal  stresses, 
lO^tc/t  restoring  force,  for  each  molecule,  is  at  each  instant  equal  and 
'^Jfpposite  to  the  share  belonging  to  that  molecule^  of  a  distributed  ex- 
ternal load  that  would,  in  a  state  of  equillbnum,  produce  the  actual 
Mate  of  disfigurement  of  the  body  at  the  instant.     The  condition  of 
isochronism  is  expressed  by  making  each  restoring  force  propor- 
tional and  opposite  to  the  displacement  of  the  molecule  to  which  it 
18  applied ;  and  the  displacements,  velocities,  and  forces  for  vibrn- 
tions  not  isochronous  are  expressed  by  sums  of  series  of  corre- 
sponding quantities  for  isochronous  vibrations. 

By  the  application  of  D'Alcmbert's  priDciple  as  stated  above, 
every  equation  concerning  the  equilibrium  of  an  clastic  body  under 
external  forces  distributed  amongst  its  molecules  can  be  converted 
into  a  corresponding  equation  concerning  its  vibration. 

Eocamiple  I.  General  Differential  Equations.  —  In  Article  IIG, 
illustrated  by  fig.  58,  are  given  the  equations  of  internal  equili- 
brium (2.)  of  an  elastic  solid  for  a  rectangular  molecule  dxdy  dz, 
expressing  the  three  components  of  the  external  force  ^;er  unit  of 
volu/me  of  that  molecule,  in  tcims  of  the  equal  and  opposite  coni- 
^M)ncnt8  of  the  internal  forces  arising  fi*om  the  vjudations  of  the 
t  elementary  stresses,  pulls  being  considered  as  positive,  and 
rusts  as  negative.     Those  equations  are  converted  intp  general 
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equations  of  Tibration  of  tlie  saioe  molecule  by  Babstdtating,  tt tbJ 
light-haad  sides  of  the  three  equations  respectively,  I 


<j    df'  g    di*'  g 


df" 


where  —  ia  the  mass  per  unii  ofvdwne,  and  g,  n,  ^,  are  the  t 

componenta  of  the  displacement  of  the  molecule ,/ivmtto;)ontuii^ 
e^Uibritcm. 

To  make  use  of  the  three  equations  thus  obtained,  each  of  tb 
six  elementary  atressea  is  to  be  expressed  in  terms  of  the  six  si 
mentary  etraina  multiplied  by  the  proper  co-efficienta  of  elaatuat^i 
the  substance  (Article  253);  then  each  of  the  six  elementary 
is  to  be  expressed  as  in  Article  250,  by  means  of  the  diT 
co-efficients  of  the  three  component  displacements  S,  n,  ^  j  I 
the  thi-ee  original  equations  are  converted  into  three  linear 
Hoi  eqtKUions  of  the  second  order  in  £,  »,  and  (,  by  the  inl 
of  which,  with  due  regard  to  the  circmnstances  of  each  rwrtimlp 
problem,  all  questions  respecting  vibration  are  solved.  It  ia  un- 
necessary hero  to  enter  into  details  respecting  those  mtogaiit 
The  most  complete  compendium  of  the  processes  which  tlisy 
volve  and  the  results  to  which  they  lead,  is  contained  in  M.  Lunffa 
Zejons  8w  VBlasticUe  des  Corps  solides. 

Example  JL  Caseof  an  Axis  qf  Vibration. — In£g&  244  and 


Fi£.  315. 
let  S  S  ard  the  lines  parallel  to  it  represent  a  aaam  of  |JiWi  I 


r 
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pnaUel  to  eaoh  other,  and  let  the  mode  of  vibration  of  the  particles 
cf  the  body  be  such,  that  all  the  particles  in  any  one  of  those  planes 
haye  equal  displacements  in  parallel  directions  at  the  same  instant. 
A  straight  line  O  X,  perpendicular  to  all  those  surfaces,  may  be 
oalled  an  axis  of  vibration.  Let  the  displacement  of  each  particle, 
denoted  at  any  instant  by  S,  take  place  in  a  direction  making  an 
angle  ^  with  O  X,  in  the  plane  of  x  y;  so  that  its  component  dis< 
placements  are 

£  =  5  cos  ^, )  /o . 

.  =  Ssin^./ ^^-^ 

In  the  condition  of  equilibrium,  conceive  a  square  prism  to  extend 

along  the  axis  O  X,  as  in  fig.  244,  and  to  be  divided  into  cubical 

w 
molecules,  each  of  the  volume  dxdydz,  and  mass  ^  dxdydz. 

At  a  given  instant  in  the  state  of  vibration,  let  those  molecules  be 
displaoed  in  the  manner  shown  in  fig.  245,  the  displacement  of  each 
pomt  in  each  molecule  depending,  according  to  some  law  yet  to  be 
detennined,  upon  the  lapse  of  time  and  upon  the  distance,  when  in 
ft  state  of  equilibrium,  of  the  plane  of  equal  displacement  coutainiug 
it  firam  O,  which  distance  is  denoted  by  a;  j  that  is,  let 

3  =  function  of  (<,  x) (3.) 

TThen  it  is  evident,  that  each  molecule,  originally  cubical,  becomes 
^izectly  strained  and  distorted ;  the  direct  strain  along  x  (an  elonga- 
*tion  if  positive)  being  represented  at  any  instant  by 

di      dl        ,  , ,  . 

*=d^=rf^  *'*«'' ^*-> 

«nd  the  distortion,  in  tlic  plane  of  x  y,  by 

dyi       d^ 


9  = 


dx      dx 


sin  6 (5.) 


The  vibrating  substance  will  be  supposed  to  be  isotropic  as  to 
eUflticity,  according  to  the  definition  given  in  Article  256,  A  being 
its  direct  and  C  its  transverse  elasticity.  Then  at  a  given  plane  of 
equal  displacement,  and  at  a  given  instant,  there  is  a  direct  stress 
(tension  being  positive)  of  the  intensity 

»„  =  A«  =  A-^—  =  A  -7— cos  ^: (6.) 

^  dx  dx  ^  ' 

and  a  tangential  stress  of  the  intensity 

^•-^'=<^^=«£«^'' (7-) 
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aiid  applying  to  tliese  data  the  reasoning  of  tlie  preceding  example^ 
we  tind  that  the  components  of  the  moving  force,  per  unit  of  Yolame^ 
acting  on  a  given  molecule^  at  a  given  instant,  are  as  follows : — 


Longitudinal, 


0-A^-A^^os^ 


transverse,  Q,  =  C  -y— ^  =  C  ^^  sin  ^; 

80  that  if  we  make 

w  '   w  ' 

we  find  for  the  equations  of  vibration, 

longitudinal, 


(8.) 


transverse. 


d? 


daf 


The  general  integral  of  those  two  equations  is  given  by  the  pair  rf^ 
equations, 

iz=:(l){at  +  x)  +  y}y{at-^x);) 

THz=zx{ci-{-  x)+  a  (ct  —  x);f 

where  0,  ^,  x,  ^,  represent  any/unctions  whatsoever.     But  to  ol 
definite  results,  wliich  can  be  used  in  calculation,  the  conditions 
isochronism  are  to  bo  applied ;  and  they  lead  to  the  following  con- 
sequences : — 

First,  in  order  that  vibrations  may  be  isochronous,  the  restoring 
force  must  act  along  the  direction  of  vibration ;  that  is,  we  nwi* , 
have 


Q,  :  Q„ : :  cos  ^  :  sin  ^; 


.(U) 


and  because  for  every  known  substance,  A  and  C  are  unequal,  tW 
condition  can  only  be  fulfilled  when  either  cos  a  or  sin  ^  is  notbiofi 
that  is  to  say,  in  an  isotropic  substance,  isochrorums  vibrationt  (ii^\ 
eitlier  wliolly  longitudincd,  or  wholly  transverse. 

Secondly,  the  moving  force  acting  on  a  paiiiicle  must  be  ppopi^  | 
tional  and  opposite  to  its  displacement;  a  condition  expreMW^' 
longitudinal  and  transverse  vibmtions  respectively,  by 


— "  =  a«??i 


di" 

drvi 
dt' 


=  c 


dx' 


b'i; 


daf 


1  =  — 6'»>», 


.(14.) 
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where  V  and  It*  are  two  arbitrary  positive  constants.  The  most 
sonvenient  way  of  expressing  those  constants,  for  reasons  which 
vill  afterwards  appear,  is  the  following  : — 

i  and  A'  being  mrhitrary  lengths.  Then  it  is  easily  seen,  that  to 
atisfy  the  equations  14  and  15,  the  displacements  must  be  expressed 
0  follows : — 

5  =  gi-cos-— (oj  — iBb)  'COS-— —  (^  — <o); (16.) 

A  A 

2  V                      2  vc 
ij==>?i-cos-^(a;  — «o)-cos-^(<  —  ^o) (17.) 

5u  *»ij  ^f  '^'j  ^  ^09  ^  ^i^^  ^0  being  arbitrary  constants,  having  values 
depending  on  the  circumstances  of  each  particular  problem.  These 
constants  have  the  following  meanings  : — 

Si  and  Hi  are  the  maamw/m  semi-a/mplittides  of  vibratiou. 

X  x' 

7; and  75 ,  are  the  periodic  timee  of  a  complete  oscillation. 

2xa         2  fl:<r  ^ 

X  and  x'  are  the  distances  (for  the  longitudinal  and  transverse 
vibrations  respectively)  between  a  pair  of  planes  in  which  the 
particles  are  in  the  same  pliose  of  vibration  at  the  same  instant ; 
>Qch  as  the  planes  A  and  E  in  figs.  244,  245. 

Nodal  planes  are  planes  in  which  the  particles  have  no  displacc- 

X       x' 

Jaent,  x  —  o^  or  a?  —  a/©,  being  an  odd  multiple  of—  or  — .    Their 

X       x' 

distance  apart  is  -  or  -  (A,  C,  and  E,  in  the  figures). 

Yeniral  pla/nes  are  those  of  maximum  displacement,  x  —  Xqj  or 

X       x' 
*  —  i^o,  being  a  multiple  of   -  or  -  (B  and  D  in  the  figures).   They 

fie  midway  between  the  nodal  planes. 

The  following  quantities  for  isochronous  vibrations  are  deduced 
ftom  equations  16  and  17  : — For  longitudinal  vibrations, 

Vdocityof )  JS         2'jra^         2«-        ^\.„:„2^a,,     .., 
iiparticle,}rf^  =  --T-^^'"^'~(^"'^^   '^~^'"^"^^ 

direct  strain,  3-= — -"-gism  — (rB-a?o)  "cos— -(«-<o). 
dx  y<  X  X 

i'or  transverse  vibrations, 

2o 


(18.) 
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Distortion,  -y-  =  —  —7-  Ui  •  sin  —  (a? — oTo)  'cos  -—7-  {t  -  fo). 

U47  A  X  A 

"Vibrations  may  exist  in  which  the  displacements,  strains,  velocitia^  . 
and  forces,  are  the  resultants  of  combinations  of  isochronous  "viliir 
tions,  having  any  number  of  different  sets  of  arbitrary  constantfl^  ui 
having  only  in  common  the  co-efficients  a  and  c.  ^ 

The  results  of  the  preceding  investigation,  so  fax  as  they  relate  is  \ 
longitudinal  vibrations,  are  applicable  to  fluids  as  well  as  to  solidi  ^ 
Tnuisverse  vibrations  are  impossible  in  fluids,  because  in  them  that 
is  no  transverse  elasticity. 

614.  Wares  of  TibraUon  consist  in  the  transmission  of  a  yibnr 
tory  state  from  particle  to  particle  through  a  body.  Let  OX  denote 
the  direction  in  which  the  vibratory  state  is  transmitted,  being,  M 
in  the  last  Article  and  its  figures,  an  cuds  of  vibratum,  or  line  pv- 
pendicular  to  a  series  of  surfaces  of  simultaneous  and  equal  displMO- 
ment,  which  surfaces  do  not  now  remain  stationary,  but  adwM 
from  particle  to  particle  with  a  velocity  called  the  velocUy  of  tnMt 
miission  or  o£  propagation.  With  respect  to  wave  motion  in  eenflnlf 
it  has  already  been  explained  in  Article  416,  that  the  conditioA  cf 
motion  of  »lj  particle,  ^hose  distance  from  the  origin  is  >^  b 
expressed  by  a  function  of  at—x,  where  i  is  the  time  elapsed  ftw 
a  given  instant,  and  a  the  velocity  of  transmission.  Applying  ikii 
to  the  displacements  in  longitudinal  and  transverse  vilmtionB  1^ 
spectively,  we  find  the  equations 

g  =  <p  {at-x); 


=:(p{at-x);l  a.) 

=  yHct-x)'J ^' 


where  a  and  e  are  the  velocities  of  transmission  of  longitudinil  ni 
transverse  vibrations  respectively.  Now  the  equations  1  !»«•• 
already  been  shown  in  Article  613  to  be  forms  of  the  int^prab  « 
the  general  equations  of  vibratory  motion,  a  and  c  having  the  vain* 
there  given,  viz. : — 

*=a/??;   c  =  >\/^ (i) 

which  accordingly  are  the  respective  velocities  of  transnuoBoa  * 
waves  of  longitudinal  and  transverse  vibration  in  a  medium  who* 
weight  per  unit  of  volume  is  w,  and  its  direct  and  transverse  eh!" 
ticities  A  and  0.  In  a  fluid,  for  which  C  =  0,  the  transminon  d 
waves  of  transverse  vibration  is  impossible. 

It  may  here  be  observed,  that  it  is  essential  to  the  eaaotnev  d 
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fle  fihieB  grfen  alwTe  for  the  T-dodtia  of  tlte  tmumiflBoii  of 
iftveSy  tliat  the  msrfaeeB  of  simadianumt  diipf4iea!tent  (caUed  amie- 
ioBes  toave-surfaees)  should  also  be  suri&oes  of  equal  amplitude  of 
vStfotion,  If  the  amj^tude  Tahes  at  dif erent  points  of  the  same 
l&ye^oi&ceiy  the  velodtv  of  tranfmissioii  beoc'ines  less  than  that 
pma  by  the  equations  2,  aooording  lo  a  law  which  it  is  mmeceasaiy 
iae  to  explain  in  detail 

615.  Tdsclir  W  ••■■4> — Longitadinal  vibnitions,  being  those 
idiich  can  be  transmitted  through  all  substances,  solid  and  fluid, 
lie  the  ordinaty  means  of  transmitting  sound ;  so  that  the  velocity 
of  sound  in  a  given  medium  is  the  co-efficient  a  in  the  equations  2 
of  Article  614 ;  being  the  velocity  which  a  body  would  acquire  in 
&IliDg  from  the  height  A  -^  2  irf  that  is.  a  height  equal  to  half  the 
length  of  a  prism  of  the  substance  of  the  base  unity,  whose  weight 
i8  equal  to  the  co-efficient  of  longitudinal  elasticity. 

The  velocity  of  sound,  as  determined  by  experiment,  is, 

In  water,  at  6P  Fahr..... 4,708  feet  per  second ; 
In  dry  air,  at  32"  Fahr...  1,092      

In  air  and  other  gases,  the  velocity  of  sound  depends  on  the  pres- 
nre,  density,  and  temperature  in  the  following  manner : — ^When  a 
nearly  perfect  gas  has  its  density  changed,  and  is  kept  at  a  constant 
temperature,  the  pressure  varies  nearly  in  proportion  to  the  density 
cmply.  But  with  eveiy  change  of  density  which  takes  place  under 
orcumstances  such  that  the  gas  cannot  gain  or  lose  heat  by  con- 
chiction,  a  variation  of  temperature  occurs  depending  on  the  change 
<if  density  in  such  a  manner,  that  the  pressure,  instead  of  varying 
ttmply  as  the  density,  varies  as  a  power  of  the  density  higher  than 
the  firstw  Let  y  denote  the  index  of  that  power,  p  the  pressure, 
md  w  the  density  of  the  gas ;  then 

pccvfi^; (1.) 

>o  tiiat  the  co-efficient  of  elasticity  A  has  the  foUowing  value : — 

A=^  =  ^ (2.) 

The  value  of  the  index  y  for  air  is 

y  =  1408; (3.) 

it  is  nearly  the  same  for  oxygen,  hydrogen,  carbonic  oxide,  and 
3ther  nearly  perfect  gases;  but  has  smaller  values  for  carbonic  acid, 
ndphurous  add,  and  other  gases  which  deviate  considerably  ficoia 
:he  perfectly  gaseous  condition. 
Now,  if  p  be  taken  in  pounds  on  the  aqvaxe  iac^  H 
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pounds  per  cubic  foot,  and  if  T  be  the  temperature  of  the  air  ^ 
degrees  of  Fahrenheit  (see  Article  122), 

^  =  26214  •  :  m 

and  for  gases  nearly  perfect  in  general,  if  p^  represent  one  atmi>- 
sphere — ^that  is,  21 16*4  lbs.  per  square  foot, — ^and  w^  the  weight  of  a 
cubic  foot  of  the  gas  at  32^  Fahrenheit,  and  under  that  pressure^ 


whence  the  velocity  of  sound  in  a  nearly  perfect  gas  is 


and  in  air 


'•-■«\/('^^) w 


616.    fiiiimct  and  Preaaave;  Pile  llrlrlBg. — ^The  impact  Or  Uo^ 

of  a  body  which  has  acquired  momentum  by  the  action  of  a  oertaiA 
force  during  a  greater  time,  is  used  to  overcome  a  greater  fivo^ 
during  a  less  time;  as  when  the  ram  of  a  pile  engine,  having 
acquired  momentum  by  the  action  of  its  weight  duiing  a  fidiort  bat 
sensible  interval  of  time,  overcomes  the  resistance  of  a  pile  to  beiiig 
driven,  many  times  greater  than  the  weight  of  the  ram,  and  danng 
an  interval  too  short  to  be  measured. 

If  the  ratio  of  the  times  could  be  ascertained,  the  ratio  of  tli0 
forces  could  be  inferred  from  it ;  but  as  one  of  the  times  is  al^J* 
insensibly  shoii;,  the  ratio  of  the  forces  has  to  be  computed  fitWB 
the  »paAX8  through  which  they  act,  by  considering  how  the  emsffl 
of  the  blow  is  distributed. 

Let  W  be  the  weight  of  the  ram ;  A,  the  height  fix)m  whi(l  "* 
falls.     Then 

is  the  energy  of  the  blow. 
That  energy  is  employed — 

1.  In  compressing  the  ram ; 

2.  In  compressing  the  pile  \ 

3.  In  giving  actual  energy  of  motion  to  the  ram  and  pile; 

4.  In  driving  the  pile  against  the  resistance  of  the  ground. 
The  compression  of  the  ram  is  inappreciable  in  practice ;  and  ^ 

*^  are  the  velocities  of  the  ram  and  pile  after  the  collision.    I^ 
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•eoond  and  fomih  ways  of  expending  the  energy  Lave  therefore 
alone  to  be  considered. 

Let  R  be  the  effediivt  resistance  of  the  ground  \  that  is^  its  total 
resistance  less  the  weights  of  the  pile  and  ram.  Let  S  be  the  area  of 
ihe  head  of  the  pile,  and  P  the  pressure  exerted  at  any  instant 
between  it  and  the  ram.  At  first,  P  is  nothing;  it  increases  as  the 
pile  becoDies  compressed,  until  at  length  it  becomes  equal  to  It ; 
then  the  compression  of  the  pile  ceases ;  it  begins  to  penetrate  into 
the  ground,  and  continues  to  do  so  until  the  eneigy  of  the  blow  is 

all  expended.  The  mean  value  of  P  is  -^.  The  distance  through 
which  it  is  overcome  in  compressing  the  pile  is  the  compression  due 
to  its  maximum  value,  viz.,  -=-^,  where  E  is  the  modulus  of  elasti- 
city of  the  pile,  and  L  the  length  of  a  post,  which,  if  uniformly 
compressed  throughout  its  length,  would  be  as  much  shortened  as 
the  pile.  Considering  that  the  pile  is  held  in  a  great  measure  by 
fiictiou  against  its  sides,  L  may  be  made  equal  to  half\^A  lengtL 

"PIT 

Then  the  work  performed  in  compressing  the  pile  is     -,q  ;  and 

the  work  performed  in  driving  it  deeper  is  E»  a;,  where  x  is  the 
depth  through  which  it  is  driven  by  a  blow  \  and  equating  these  to 
the  energy  of  the  blow,  we  find 

^* = s  ^  ^* • (^•> 

When  X  has  been  ascertained  by  observation,  R  is  found  by  solving 
%  quadratic  equation,  viz., 

Piles  are  in  general  driven  till  It  amounts  to  between  2,000  and 
^000  lbs.  per  square  inch  of  the  area  of  head  S,  and  are  loaded 
with  from  200  to  1,000  lbs.  per  square  inch ;  so  that  the  factor  of 
safety  is  from  10  to  3. 

The  overcoming  of  any  resistance  by  blows  is  analogous  to  the 
example  here  given,  which  is  extracted,  and  somewhat  modified, 
from  a  section  by  Mr.  Airy  in  Dr.  Whewell's  treatise  on  Mechanics. 
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CHAPTER  V. 

I 

MOTIONS  OF  FLT7ID8. 

617.  ]MTiBi«a  of  the  Subject. — ^The  principles  of  dynamicfl^  m 
applied  to  fluids^  so  &ir  as  small  and  rapid  changes  of  density  an  j 
concerned,  have  already  been  discussed  under  the  head  of  yihniMf 
motions.  Now  the  only  changes  of  density  which  occur  dorng 
the  motions  of  liquids  are  small  and  rapid ;  so  that  in  the  present 
chapter  those  motions  of  liquids  are  alone  to  be  considered  in  wbidi  j 
the  density  is  constant,  and  whose  cinematical  principles  have  bea 
treated  of  in  Part  III.,  Chapter  III.,  Section  2.  In  the  motions  of 
gases,  great  and  continuous  changes  of  density  occur,  such  as  tbow 
whose  cinematical  principles  have  been  treated  of  in  section  3  (t 
the  chapter  already  referred  to ;  and  the  dynamical  laws  of  motioof 
affected  by  such  changes  have  still  to  be  considered.  One  mode  of 
division,  therefore,  of  hydrodynamics,  is  founded  on  the  distinctkm 
between  the  motions  of  liquids,  regarded  as  of  constant  densityi  vai 
those  of  gases. 

Another  mode  of  division  is  founded  on  the  distinction  betweea 
motions  not  sensibly  affected  by  friction,  and  those  which  are » 
affected.  The  motions  of  fluids  not  sensibly  affected  by  frictioBiy 
and  therefore  governed  by  pressure  and  weight  only,  take  plao 
according  to  laws  which  are  exactly  known ;  so  that  any  difficolif 
which  exists  in  tracing  their  consequences,  in  particular  cases,  ariefii 
from  mathematical  intricacy  alone.  The  laws  of  the  friction  rf 
fluids,  on  the  other  hand,  are  only  known  approximately  and 
empirically;  and  the  mode  of  operation  of  that  force  amongst  the 
particles  of  a  fluid  is  not  yet  thoroughly  understood ;  so  that  the 
solution  of  a  particular  problem  has  often  to  be  deduced,  not  frott 
first  principles  representing  the  condensed  results  of  all  experience 
but  from  experiments  of  a  special  class,  suited  to  the  problem  nndtf 
consideration. 

The  laws  of  the  mutual  impulses  exei  ^  between  masses  oi&Boi 
and  solid  surfaces  require  to  be  considered  separately. 

The  following  is  the  division  of  the  subject  of  this  chapter  :— 
I.  Motions  of  Liquids  under  Gravity  and  Pressure  alona 
II.  Motions  of  Gases  under  Gravity  and  Pressure  alone. 

III.  Motions  of  Liquids  affected  by  Friction. 

IV.  Motions  of  Gases  affected  by  Friction. 
T,  Mutual  Impulses  of  Fluid  Masses  and  Solid  Surfaoeft 
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SscnoB'  1. — Motions  of  Liquids  tmthovi  Frictum. 

618.  ctcaerai  Bqnatioiis. — ^In  Articles  414  and  415  have  been 
giveii  the  three  general  equations,  by  which  the  rates  of  variation 
of  the  components  of  the  velocity  of  an  individual  particle  of  liquid 
are  expressed  io  terms  of  those  of  the  velocity  at  a  point  given  in 
position;  and  in  Article  412  has  been  given  the  equation  of  con- 
Hntdty  which  connects  the  components  of  the  latter  velocity  with 
each  other.  To  obtain  the  general  dynamical  equations  of  the 
motion  of  a  liquid,  the  first  three  equations  are  to  be  converted  iuto 
expressions  for  the  rates  of  variation  of  the  components  of  the  mo- 
menium  of  a  particle,  and  the  results  equated  to  the  imbalanced 
fbroBB  which  act  upon  it. 

liSt  dxdydz  denote  the  volume  of  a  rectangular  molecule,  and 
p  the  intensity  of  the  pressure  of  the  liquid  at  a  point  whose  co- 
ordinates are  x,  y,  z.  Let  z  be  vertical,  and  positive  downwards. 
Vf  being  used  to  denote  one  of  the  components  of  the  velocity  at  a 
pointy  the  symbol  ^  will  now  be  employed  to  denote  the  weight  of 
a*  vmt  ofviaUvme.  Then  the  forces  by  which  the  molecule  is  acted 
upon  are 


along  a^  —  ^.dxdydz-,  along  y, — -—'dxdydz^ 


along  5?,  (^  —  -j-\  dxdydz. 


(1) 


Iiet  the  rates  of  variation  of  the  components  of  the  momentum  of 
the  molecule  be  found  by  multiplying  the  three  rates  of  variation 
of  the  components  of  the  velocity  in  Article  415,  equation  2,  each  by 

^- — ;  then  equating  these  respectively  to  the  three  forces  in 

eqiiation  1  above,  dividing  hy  dxdydz,  so  as  to  reduce  the  equa- 
Uon.  to  the  unit  of  volume,  and  then  by  f,  so  as  to  reduce  them  to 
the  imit  of  weight,  the  following  results  are  obtained  : — 

_±P_^]_.^A^lfdu  du  du  du) 

edx     g    d^     gXdt  dx  dy  dz )  ' 

dp       I    d'fi      l(dv.  dv.  dv.  dv\ 

cdy     g    dt^     g  i  dt  dx  dy  dz) 

dp      1    d^l     \  {  dw  .      dw  .     dw  .      dw\ 
edz     g     dt'     g(  dt  dx         dy  dz)     J 

Combining  with  those  three  equations  of  motion  the  equation  of 
oontiniiity,  viz. :— 


(2.) 
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(3.) 


we  have  the  data  for  solving  all  dynamical  questions  as  to  liquidf 
without  friction.  These  equations  are  adapted  to  the  case  of  Wmk^ 
motion  by  making 

du_dv_dw  .. 

dt~  dt~  dt'^' ^^^ 

as  in  Article  413. 

619.  Dnunnic  Kead. — ^The  quotient  ~  is  what  is  called  the  hmgH,l 

or  head,  dvs  to  the  pressure;  that  is,  the  height  of  a  column  of  tlie 
liquid,  of  the  uniform  specific  gravity  e,  whose  weight  per  unit  of 
base  would  be  equal  to  the  pressure  p.  Now  as  the  vertical  ordinate 
z  is  measured  positively  downwards  from  a  datum  horizontal  plane^ 
fz  is  the  weight  of  a  column  of  liquid  per  unit  of  base  extending 
down  from  that  plane  to  a  particle  under  consideration;  p  —  (sii 
the  difference  between  the  intensity  of  the  actual  pressure  at 
particle  and  the  pressure  due  to  its  depth  below  the  datum  luii*; 
zontal  plane;  and 


£-«  =  A. 


.(L) 


is  the  height  or  head  due  to  thai  difference  of  intensity,  being  iHbik 
will  be  termed  the  dynamic  Ivead.  When  z  is  measured  ponMf 
upwa/rds  from  a  datum  horizontal  plane,  its  sign  is  to  be  chaogBd;.| 
so  that  the  expression  for  the  dynamic  head  in  that  case  becomei 


.(2.) 


^■\-z  =  h 

620.   Oeneral  Djiiaiiiic  Bqnatlons  In  Terma  of  Djiiaiiile 

If  instead  of  the  rates  of  variation  of  the  pressure  in  the  equatiooi' 
2  of  Article  618,  there  are  substituted  their  values  in  terms  of  tin 
dynamic  head,  those  equations  take  the  following  forms : — 


dh 
dx 


h 

dh      1    d'n      1  (dv  .      dv  .      dv  .       dv\ 

=  —  •  —  =  —  i r^  "7 — r  V r  ^  —  r  * 

dv     a    dt^      g(dt         dx        dy  dz) 


1    (£^i     1  i  du  ,      du  .      du  ,       du 

-'  -T-T=  -i-TZ'TU  ^ \-V  3 f-W  ■^— 

g    dir     g  {  dt         dx        dy  dz 


y 

dw 


dz 
dw 


dh     1    d? I     1  idw  ,      dw  ,      dw  ,      dw\ 

=  -•  ---^  =  -  i  TT  +  ^-i — \"o  1 — rw-^—  r  • 

dz     g    dt^     g  {dt         dx         dy  dz  )     J 


.(L) 


621.    JLaw   of  Djnamic    Head    for    Steady  Slotlmk — ^From  tlMi 

ations  is  deduced  the  following  consequenoei  in  the  ctaa  cl 
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Ifeeady  motion,  in  which  there  is  no  variation  of  the  dynamic  head 
at  a  particle,  except  that  arising  from  the  change  of  position  of  tho 
particle. 

Let  V  be  the  velocity  of  a  given  particle.     Its  value,  in  terms  of 
its  rectangular  components,  is  given  by  the  equation 


df        dt*    '     dt^'' 


(1.) 


wliich,  being  divided  by  2^,  gives  the  height  due  to  the  velocity; 
ao  that  the  variation  of  that  height,  in  a  given  indefinitely  short 
interval  of  time,  is 


2g     g\dt    dt'^dt    d^^  dt    df) 


fdh    d^.dh    dti  ,  dh   d^\   ,  ,, 

\dx    dt      dy    dt      dz    dtj 


(2.) 


This  principle  might  otherwise  be  stated  thus  : — In  steady  motion, 
the  nan  of  the  height  due  to  the  velocity  of  a  particle  <md  of  its 
dynamic  head  is  constant,  or  symbolically 

y« 

"5 1- A  =  constant (3.) 

if 

This  equation  applies  to  the  particles  which  successively  occupy  the 
nme  fixed  point,  as  well  as  to  each  individual  particle. 

622.  The  Total  snergr  of  a  particle  of  a  moving  liquid  without 
fnction  is  expressed  by  multiplying  the  expression  in  equation  3  of 
the  last  Article  by  the  weight  of  the  particle  W,  thus  : — 

^+w^^ (!•) 

in  which  — —  is  the  actual  energy  of  the  particle,  and  W  A  is  its 

if 

potential  energy;  because,  from  the  last  Article  it  appears,  that  by 

the  diminution  of  W  A,  — ^ —  may  be  increased  by  an  equal  amount, 

and  vice  versa;  so  that  the  dynamic  Iiead  of  a  particle  is  its  potential 
energy  per  unit  of  vjeight.  In  tho  case  of  steady  motion,  the  total 
energy  of  each  particle  is  constant;  and  the  total  energy  of  each  of 
the  equal  particles  which  successively  occupy  the  same  position  is 
the  same. 

In  the  case  of  unsteady  motion  of  a  liquid  mass,  the  total  internal 
eneifu  of  the  entire  mass  is  constant;  that  is,  if  tho  centre  of 
gravity  of  the  mass,  or  a  point  either  £xed  or  moving  uniformly, 
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with  respect  to  that  centre  of  gravitj,  is  taken  as  the  fixed  poiiit 
-which  the  motions  of  all  the  particles  are  releixed,  the  fulowii 
equation  is  fulfilled  : — 

2-W  L — t-A)or  m(^  +  A)e-da?dyi«  =  constaafc...(i)j 

623.  The  Free  Surface  of  a  moving  liquid  mass,  being  that 
is  in  contact  with  the  air  only,  is  characterized  by  the 
being  uniform  all  over  it,  and  equal  to  that  of  the  atmospl 
Let  pi  be  the  atmospheric  pressure,  Zi  the  vertical  ordinate, 
suied  positiveli/  uptoards  from  a  given  horizontal  plane,  of  any  _ 
in  the  free  surface  of  the  liquid,  and  hi  the  dynamic  head  at-^ 
same  point ;  then  it  appears  from  Article  619,  equation  2,  that 
that  surfiice, 

Th—Zi  =  —  =  constant (1.) 

e 

624.  A  Snr&ce  of  Bqvai  Presanre  is  characterized  by  an  anibh^ 
gous  equation, 

(1.) 


h—z  =  ^=  constant :. 

e 


and  all  surfaces  of  equal  pressure  fulfil  the  differential  equatioD, 

dh  =  dz; (i) 

which,  for  stetidy  motion,  becomes 

.(1) 


az=zdh=^  —  d  '  — :. 


expressing  that  the  variations  of  actual  energy  are  those  doe  to 
variations  of  level  simply. 

625.  niotioii  in  Plane  ijaycrs  is  a  state  which  is  either  ezadif ' 
or  approximately  realized  in  many  ordinary  cases  of  liquid  motion}  i 


j^f 


1 
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Fig.  246.  Fig.  247. 

d  the  assumption  of  which  is  often  used  as  a  first  approziiDtiifli 
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:io  the  aolutioii  of  yarioua  questions  in  hydraulics.  It  consists  in 
Uie  motions  of  all  the  particles  in  one 
jbuate  being  parallel  to  each  other,  per- 
pendicular to  the  plane,  and  equal  in 
valocily.  It  is  illustrated  by  the  three 
iigiires  246,  247,  and  248,  each  of  which 
lepresents  a  reservoir  containing  liquid 

up  to  the  elevation  02^  =  z-^  above  a  given 
datoniy  and  discharging  the  liquid  from 

ML  orifice  Aq  at  the  smaller  elevation  0  Zq 
K  «^  The  liquid  moves  exactly  or  nearly 
in  plane  layers  at  the  upper  surface  A^ 


Fig.  248. 


and  at  the  orifice  Aq. 
X^et  these  symbols  denote  the  areas  of  the  upper  surface  and  of  the 
isBoing  stream  respectively. 

Let  Q  denote  the  rate  of  flow  per  second,  v,  the  velocity  of  descent 
rf  the  liquid  at  the  upper  surface,  Vq  its  velocity  of  outflow  from  the 
I ;  then,  according  to  Article  405,  the  equation  of  continuity  is 


ViAi  =  i7oAo  =  Q; 


Q 

or  Vi  =  —  ; 

A/ 


Q 


%=-:-. 


A.- 


(1-) 


Tlie  pi^easui'es  at  the  upper  surface  and  at  the  orifice  respectively 
are  each  equal  to  the  atmospheric  pressure ;  hence  the  difference  of 
djnamic  head  is  simply  the  diflerence  of  elevation ;  that  is  to  say, 

7*1  —  /«o  ^  ^l  "*  ^0  j 

therefore^  according  to  Article  621,  equations  2  and  3, 

-27"  =  2-^Vl-Ajh"^-^ ^-^ 

lis  gives  for  the  velocity  of  outflow, 


-vl^!' « 


A! 

from  which  can  be  computed  the  rate  of  flow  or  discharge  by  means 
of  equation  1. 

The  general  equation  of  motion,  for  every  part  of  the  vessel  or 
channel  at  which  the  motion  takes  place  in  plane  layers,  is,  accord- 
ing to  Article  G21,  equation  3, 

^  +  A=constant  =  ^  +  A,=  ^  +  26+^" (4.) 

2g  2g  2g  e 


t?,:=-e  =  -.    ; (^) 
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The  motion  may  be  considered  to  take  place  in  plane  lajen  tA  m' 
part  of  the  channel  whose  sides  are  nearly  straight  and  panlU, 
such  as  Aj  in  fig.  246,  whose  elevation  above  the  datum  is  2^.  To 
find  the  dynamic  head,  and  thence  the  pressure,  at  this  intermediitB 
section  of  the  channel,  the  velocity  through  it  is  to  be  computed  If 

the  formula 

Q  _  n,Ao 

A,""    Aj 

whence  the  dynamic  head  relatively  to  the  datum  O  is  obtained  bj 
the  equation 

A.  =  A,+^'; (^)     1 

and  thence  the  pressure  by  the  formula 

Pi^^i^h-^a) (7-) 

When  a  large  vessel  discharges  liquid  through  a  small  orifice^  tfaa 

AJ 
ratio  —  is  often  so  small  a  fraction,  that  it  may  be  neglected  in 

Ai 
equations  2  and  3. 

62G.  The  contracted  Vein  is  the  name  given  to  a  portion  of  ft  J0t 
of  fluid  at  a  short  distance  from  an  orifice  in  a  plate^  whidi  it 
smaller  in  diameter  and  in  area  than  the  orifice,  oiving  to  a 
neous  contraction  which  the  jet  undergoes  after  leaving  the  otifiea 

The  area  of  the  narrowed  part  of  the  contracted  vein  is  in  ewiy 
case  to  be  considered  as  the  virtual  or  effective  ouUety  and  used  fiv 
Aq  in  the  equations  of  the  last  Article. 

The  ratio  of  the  area  of  the  contracted  vein,  or  efiective  orififli^ 
to  that  of  the  actual  orifice,  is  called  the  co-efficient  of  eontradittL 
For  sharp  edged  orifices  in  thin  plates,  it  has  different  values  te 
difierent  figures  and  proportions  of  the  orifice,  ranging  from  abolt 
0*58  to  0*7,  and  being  on  an  average  about  |.  It  diminishes  sodM' 
what  for  great  pressures,  and  for  dynamic  heads  of  six  feet  lo'  j 
upwards  may  be  taken  at  about  0*6.  The  most  elaborate  tftUe  d 
those  co-efficients  is  that  of  Poncelet  and  Lesbros. 

For  orifices  with  edges  that  are  not  sharp  and  thin,  the  dischs^ 
is  modified  sensibly  by  fnction. 

627.  Terdcai  OriAces  of  discharge,  whose  vertical  dimensioDS  tf* 
not  small  in  comparison  with  their  depths  below  the  upper  soifrfli' 
of  the  reservoir,  are  treated  as  having  a  mean  velocity  of  diachaigl 
through  their  contracted  veins  due  to  the  mean  value  o/tke  aptti 
root  of  ike  dynamic  head  for  the  several  parts  of  the  orifice.  For 
''^xample^  let  y  be  the  horizontal  breadth  of  an  orifice  at  any  fp^ 
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devstion  z  above  the  datum,  a'  the  elevation  of  the  lower,  aud  z" 
that  of  the  upper  edge  of  the  orifice,  so  that 


Ao  =  C  J^ydz (1.) 


is  itB  effective  area,  c  being  the  co-efficient  of  conti-action.  Then 
ihat  oiifioe  is  to  be  treated  as  if  its  depth  below  t]ie  upper  surface 
At  were 


and  the  formulae  of  Article  625  applied  accordingly.  For  a  rectan- 
gular orifice  for  which  y  is  constant,  this  gives 

V^i    ^  —  3  <gf»_^  9 \y^) 

and  if  it  is  a  Tiotch,  or  a  rectangular  orifice  extending  to  the  upper 
■iii&ce,  so  that  z"  =  Zi, 

Jz^^Zo=^  •  J^i  —  -' (4.) 

628.  Sarfiices  of  Equal  Head,  which  for  steady  motion  are  also 
lURFACES  OF  EQUAL  VELOCITY,  are  ideal  surfaces  traversing  a  fluid 
masSy  at  each  of  which  the  dynamic  head  is  uniform.  Their  posi- 
tiona  are  related  to  the  direction,  velocity,  curvature,  and  variation 
of  velocity  of  the  fluid  motion  in  the  following  manner : — 

In  fig.  249,  let  Hi  H^,  H,  H,,  represent  a  pair  of  such  surfaces, 
▼ery  near  each  other;  their  normal  distance 
i^Murt  being  dn,  measured  forwards  from  Hi 
towards  Hj,  and  the  difierence  of  dynamic 
head  at  them  being  dh.     Let  A  B  be  part  of  ^^' 
the    moving   fluid,    forming    an    elementary 
stream  whose  velocity   is  V,  its   radius  of       "* 
corvature  r,  its  thickness  dr,  and  the  varia-  *^' 

tion  of  its  velocity  d  V ;  velocities  from  A  towards  B  being  posi- 
tive, and  curvature  concave  towards  H,  being  positive.  Then  the 
equations  2  and  3  of  Article  621  give,  as  before, 

YdY  V* 

=  —  dh;    or  -—  +  h  =  constant: (1.) 

g  ^9 

and  in  order  that  the  variation  of  head  may  supply  the  deviating 
force  necessary  to  produce  the  curvature  of  the  stream  A  B,  the 
radius  of  curvature  must  be  in  a  plane  i^erpendicular  to  tlie  stufaces 
of  equal  head,  and  the  following  equation  must  be  fulfilled  : — 


-A. 


11/ 
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gr 

or     —  = 
gr 


dh    jj  ^ 
-ar  cos  «r; 

dn 

dh  A 

-  —  •  cos  nr, 
dn 


w 


629.    Id   a  Ila4lastiiip  Cwmmmu 

towards  or  from  an  axis^  as  described  i 
Article  407,  the  surfaces  of  equal 
mic  head  and  equal  velocity  are  cyl 
described  about  the  axis.     The  eqc 
of  continuity,  1  of  Article  407,  put 
instead  of  A  to  denote  the  depth, 
to  the  axis,  of  the  cylindrical  fppuod 
which  the  current  flows,  gives  for 
velocity  the  formula 


Fig.  250. 


V  = 


Q 


2  vbr 


.(1). 


where  r^  is  the  radius  of  the  cylindrical  surface  E.^  fig.  250, 
which  the  radiating  part  of  the  current  begins  or  ends,  accord' 
as  it  flows  outwards  or  inward&     The  radiating  current  may 
tend  indefinitely  in  all  directions  beyond  this  surface,  the  vek 
being  at  any  point  inversely  as  the  distance  from  the  axis  0. 
Aq  be  the  dynamic  head  at  "R^;  then  at  any  other  cylindzioal 

face  of  the  radius  O  ft  =  r,  we  have  the  dynamic  head, 

^  =  ^o+o^~ar'=^o+o~  (^"3) W 

•       2g      2g  2g  \      r*/,  ^ 

Let  hi  be  the  limit  towards  which  the  dyifamic  head  9!pfmi 
mates  as  the  distance  from  the  axis  is  indefinitely  increased ;  thtf 


Vi 


^  =  ^0  +  ;v^  =  ^  +  o^; 


2!7 


2^ 


•••««•••••»••••  \^^ 


630.  Free  Circular  Tortcx. — ^In  the  cylindrical  space  of  fig^  Sfl^ 
lying  outside  of  the  surface  Ro>  let  the  particles  of  the  fluid  revoh* 
in  a  circular  current  round  the  axis  0  ;  and  let  the  velocity  of  eiA 
circular  current  be  such,  that  if,  owing  to  a  slow  radial  movemflDM 
particles  should  find  tlieir  way  from  one  circular  current  to  anothtftj 
they  would  assume  freely  the  velocities  proper  to  the  several  ciff" 


1575 

cmtared  by  iheniy  inthont  the  action  of  any  force  bat  weight 
md  fluid  piesBiiTe.  This  last  condition  is  what  constitutes  a  fiee 
vortex,  and  is  a  condition  towards  which  every  vortex  not  acted 
mk  by  external  forces  tends,  because  of  the  tendency  to  the  inter- 
ndxtore  of  the  particles  of  adjoining  circular  currents.  It  is  ex- 
pnmod  mathematically  by 

h  +  -^r—  =  hi  =  constant. (1.) 

4^  irin  be  called  the  maximum  head. 

Conceive  a  portion  of  a  thin  circular  current  of  the  mean  radius 
r,  contained  between  two  cylindiical  surfaces  at  the  indefinitely 
■mall  distance  apart  dr,  and  of  the  area  imity,  the  current  having 
flfte  Yelodty  v.  Then  the  centrifugal  force  of  that  portion  of  the 
emrent  is 

which  is  equal  and  opposite  to  the  deviating  force 

^dh; 
that  is  to  say, 

f^  =  ^ (2.) 

ar       gr  ^   ' 

But  by  the  condition  of  freedom  in  equation  1,  we  have  -  s 
i(hi—h)y  which  being  substituted  in  equation  2,  gives 

dh^  2{h,--h) 

dr  r       * 

wlienoe 

^"^^Yg'^^' (^-^ 

or,  ihs  vdodby  is  vn/oersdy  as  the  distance  from  the  axis,  exactly  as 
in  a  radiating  current.  Then  let  v«  be  the  velocity  of  revolution, 
and  \  the  dynamic  head,  at  the  inner  boundary  ft,  of  the  vortex ; 
we  have  for  the  general  equations  amongst  the  dynamic  heads  and 
velocities  at  all  points, 


2g  2g  2g   r' 


(4-) 
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631.  Free  Spiral  Tortex. — As  the  equations  of  the  motion  of  ft 
free  circular  vortex  are  exactly  the  same  "with  those  of  a  radiaiiiy 
current,  it  follows  that  they  also  apply  to  a  vortex  in  which  tb, 
motion  is  compounded  of  those  two  motions  in  any  proportion^ 
80  long  as  the  velocity  is  inversely  as  the  distance  from  l^ie  axis.  Ti 
fulfil  this  condition,  the  currents  of  liquid  must  have  a  form  tlat 
is  at  every  point  equally  inclined  to  the  radius  drawn  from  Oe. 
axis  ;  a  proj)erty  of  the  logarithmic  spiral.  Let  v  be  the  velochf 
of  the  current  in  a  free  spiral  vortex  at  any  pointy  and  ^  the  oob- 
stant  inclination  of  the  current  to  the  radius  vector ;  then  the  oonir 
ponent  of  the  motion  whose  velocity  is  v  cos  ^,  is  analogous  to  tfe 
motion  of  a  radiating  current,  and  that  whose  velocity  is  v  sin  I  ii 
analogous  to  the  motion  of  a  free  circular  vortex. 

632.  A  Forced  Torflex  is  one  in  which  the  velocity  of  revdntioiL 
of  the  particles  follows  any  law  dijQTerent  from  that  of  a  free  vov* 
tex  j  but  the  kind  of  forced  vortex  which  it  is  most  useful  to 
sider,  is  one  in  which  the  particles  revolve  with  equal 
velocities  of  revolution,  as  if  they  belonged  to  a  rotating 
body ;  so  that  if  r©  be  the  radius  of  the  oiUer  boundary  of  the 
tex,  where  the  velocity  is  Vo, 

V  =        - (1.) 

The  equation  of  deviating  force,  2  of  Article  630,  is  applicable  toj 
all  vortices,  forced  as  well  as  free.  Inti-oducing  into  it  the  vihij 
of  V  from  equation  1,  above,  we  find, 

^  *  _  !^  (%) 

'which  being  integrated,  with  the  Tinderstanding  that  the  djnuut 
head  is  to  be  reckoned  relatively  to  the  axis  of  the  vortex,  gives 

^  =  2j?  =  rg'^  =  Tg' (*) 

from  which  it  appears,  that  in  a  rotating  vortex,  the  dynaiMC  hm\ 
aJt  any  'point  is  tlie  heigid  due  to  the  velocity,  and  ih/e  energy  of  0t\ 
particle  is  lialf  actual  and  half  potential, 

633.  A  Combined  Vortex  consists  of  a  free  vortex  without  anlftj 
forced  vortex  within  a  given  cylindrical  surface,  such  as  BqIII  %{ 
250.     In  order  that  such  a  combined  vortex  may  exist,  the 
city  v^  and  the  djnuiraic  head  A©  at  the  surface  of  junction  mnitl* 
the  same  for  the  two  vortices ;  consequently,  as  the  dynamic  Imij 
of  the  forced  vortex  is  equal  to  the  height  due  to  its  velodtyi »' 
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the  sam  of  tihoBe  heights  for  the  surface  of  junction  is  equal  to  tlie 
wiaximum  head  hi  of  the  free  vortex,  we  have  this  principle : — In  a 
combined  voriex,  the  maximum  dynamic  head  is  double  of  the  dyna- 
mic head  at  the  aurfaee  of  junction,  each  being  measured  rdatively  to 
He  aade  of  the  vortex  ;  or  symbolically^ 


(I) 


7-^ 


To  illustrate  this  geometrically^  let  a  combined  vortex  revolve 
ibout  a  vertical  axis,  O  Zq  Z],  fig. 
S51,  the  upper  surface  of  the 
liqaid  being  firee,  and  represented 
in  section  by  DBOBD.  Let 
I*  A]^  A  B,  be  the  (^lindrical  sur- 
&6e  of  junction  between  the  free 
nd  the  forced  vortices.  Let 
A  0  A  be   a  horizontal  plane, 


o 


Fig.  251. 


touching  the 

axis,  and  let  vertical  ordinates  be  measured  from  this  plane.  The 
ptessure  of  the  atmosphere  being  equal  at  all  points,  may  be  left 
out  of  consideration ;  so  that  if  2;  be  the  height  of  any  point  in  the 
Xii£eu»  of  the  vortex  above  A  0  A,  we  shall  have  simply 

«  =  A (2.) 

Then  for  the  forced  vortex, 


(3.) 


*o  tbat  B  O  S  is  a  paraboloid  of  reyolution  with  its  vertex  at  0. 

Make  AC  =  2AB^22,;  this  'will  represent  A,,  the  maximum 
dynamic  head ;  and  for  the  free  vortex, 


z  =  h  — 


2gr'~    '       r' 


(1.) 


and  D  B,  D  B,  is  a  hyperboloid  of  the  second  order,  described  by 
the  rotation  round  the  vertical  axis  of  a  hyperbola  of  the  second 
oirder,  whose  ordinate  hi—z,  measured  doumvxirds  from  C  Z^  C,  is 
inveraely  as  the  square  of  the  distance  from  the  axis.  The  two 
forfiices  have  a  common  tangent  at  B  B,  where  they  join. 

The  velocity  of  any  particle  in  the  free  vortex  is  that  due  to  its 
depth  below  CO;  that  of  any  particle  in  the  forced  vortex  is  thai 
due  to  its  height  above  A  A ;  and  B,  where  those  velocities  axe 
equal,  is  midway  between  C  C  and  A  A 

2p 
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The  theory  of  the  combined  vorfcex  was  made,  by  Profeaaog 
James  Thomson  of  Belfast^  the  principle  of  the  action  of  his  tor- 
bine  or  vortex  water- wheeL 

634.  Terticai  Beroiiitioii. — ^When  a  mass  of  liquid  revolyeB  in  a 
vertical  plane  about  a  horizontal  axis  (like  the  water  in  a  bucket  of 
an  overshot  wheel),  its  upper  surface  is  not  horizontal,  but  assumes 
a  figure  depending  on  the  deviating  force  required  by  its  revo- 
lution. 

In  fig.  252,  let  0  represent  a  horizontal  axu^ 
and  B  a  bucket  of  liquid  revolving  round  it  in  a 

vertical  circle  of  the  radius  B  C,  with  the  angolsr 
velocity  of  revolution  a.  Let  W  be  the  weight  of 
liquid  in  the  bucket. 

Then  the  deviating  force  required  is  given  If 
the  formula 


BC. 


Fig.  262. 


Take  the  radius  B  C  itself  to  represent  the  devi- 
ating force,  and  C  A  vertically  upwards  from  the  axis  to  represenfe 
the  weight ;  the  height  C  A  is  given  by  the  proportion 


that  is, 


CA:BC::W:^-^BO, 


(1.) 


where  n  is  the  number  of  revolutions  per  second. 

Now  A  C  representing  the  weight,  and  C  B  the  centrifugal  ftite^ 
eqiud  cmd  opposite  to  the  deviating  force,  the  irUemal  condUi(m  of  tbs 
liquid  in  the  bucket,  according  to  D'Alembert's  principle,  is  tlis 

same  as  if  it  were  under  a  force  represented  by  A  B,  the  resultant 
of  these  two  forces  j  therefore  the  surfeice  of  the  liquid  is  perpendh 

cnlar  to  AB. 

Kow  it  appears  from  equation  1,  that  the  height  of  A  above  0 
is  independent  of  the  radius  of  the  wheel,  and  of  every  circumstanos 
2xcept  the  time  of  revolution;  beiug,  in  fact,  the  height  of  a  revolv- 
ing pendulum  which  revolves  in  the  same  time  with  the  wheel 
(See  Article  539.)  Therefore  the  point  A  is  the  same  for  all 
buckets  carried  by  the  same  wheel  with  the  same  angular  velodlyi 
and  for  all  points  in  the  surface  of  the  liquid  in  the  same  bucket) 
whether  nearer  to  or  farther  from  the  axis  C ;  therefore  the  upptf : 
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BOi&oe  of  the  liquid  in  each  bucket  is  part  of  a  cylinder  described 
about  a  horizontal  axis  passing  through  A  and  parallel  to  0. 

The  theory  of  rolling  waves  may  be  deduced  from  the  above 
proposition.  For  a  brief  sketch  of  that  theory,  see- Addendum, 
2>agexv. 

Seohon  2. — Motions  of  Gases  wUihcmt  Friction, 

635.  l^ynamic  Kead  In  Oaaes. — The  dynamical  equations  of 
motion  of  a  gas  are  the  same  with  those  already  given  in  Article 
618,  equation  2;  and  in  their  integration,  it  has  to  be  observed 
that  ^  the  density,  is  no  longer  constant,  but  depends  on  the  pres- 
sura  The  equations  of  continuity  have  been  given  in  Articles  419 
to  423. 

In  finding  the  DYNAMIC  HEAD  for  a  particle  of  a  gas,  instead  of 

^  there  is  to  be  taken  /  — ,  as  is  evident  from  the  general  equa- 
tions of  fluid  motion  already  referred  to.  Consequently,  the  dyna- 
mic head  for  a  gaseous  particle,  at  a  given  elevation  z  above  a  fixed 
liorizontal  plane,  is,  relatively  to  that  plane, 


-'"f  +  >: (1.) 


'=/ 


and  the  putting  of  this  value  for  A  in  all  the  dynamAcal  eqiuUiona 
relating  to  liquids,  transforms  them  into  the  correspondii]^  equa- 
tions for  gases. 

In  most  practical  problems  respecting  the  flow  of  gases,  the  dif- 
ferences 6i  level  of  diflerent  points  of  the  gaseous  mass  have  little 
or  no  sensible  eflect  on  the  motion ;  so  that  z  may  ofben  be  omitted 
from  the  preceding  formula. 

In  determining  the  value  of  the  integral  in  that  formula,  it  is  to 
be  observed  that  almost  all  changes  of  velocity  of  gases  take  place 
so  rapidly,  that  the  particles  have  no  time  to  receive  or  to  emit 
heat  to  any  sensible  amount ;  and  therefore  the  pressure  and  den- 
sily  of  eadi  particle  are  related  to  each  other  according  to  the  law 
already  explained  in  treating  of  the  velocity  of  sound;  that  is 
to  say, 

p^e-y (2.) 

the  exponent  y  having  the  values  therein  stated,  of  which  the  most 
important  is  1  *408  for  air.  This  gives  for  the  value  of  the  integral 
in  equation  1, 

' — /:7-'=.--if> "•' 

in  which^  for  air, 
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^^:=n:  ^408="**^^ •-^*' 

Let 

T  =  T  +  46r-2  Fahr. (5.) 

denote  the  absolute  tenvperaJtv/re  of  the  gas,  T  being  its  temperatoio 
on  the  ordinary  Fahrenheit's  scale ;  and  let 

T^=  493°-2  Fahr. (6.) 

be  the  absolute  temperature  of  melting  ice.     Then  for  gases  sen* 
sibly  perfect, 


^  — ^ 


T 


.  (7.) 

firom  which  we  have  the  following  value  of  the  integral  in  terms  of 
the  temperature : — 

A-;,=   r^=-Jl--.^».-^; (8.) 

so  that  it  is  rnnply  proportional  to  the  abaclvie  temperature. 

It  is  known  by  the  science  of  thermodynamics^  that  the  above 
expression  is  equivalent  to 

J(/tj (9.) 

where  d  is  the  specific  heat  of  the  gas  at  constant  pressure,  and  J  is 
^^Joulds  equivalent"  or  the  height  fix)m  which  a  given  weight  mart 
iisdl^  in  order  to  produce  by  friction  as  much  heat  as  will  raise  ib 
temperature  of  an  equal  weight  of  water  by  one  degree.  For 
Fahrenheit's  scale, 

J  =  772  feet (10.) 

The  foUowi^  are  the  values  ot^^^i^ior  certain  gaees «d 

vapours : — 

^  feet  </. 

Co 

Air, 26,214     0-238 

Oxygen, 23,710 

Hydrogen, 378,819 

Steam, 42,141*  0*480 

uEther  vapour, 10,110     0*481 

Bisulphuret  of  carbon  vapour, . . .  9,902     0*1575 

Carbonic  acid,  if  a  perfect  gas, ...  1 7,264 

Do.,  actually, i7,i45     0*217 

*  This  is  an  ideal  result,  arrived  at  not  by  direct  experiment,  bat  hy  ^4iTfflilit*« 
from  the  chemical  composition  of  steam. 


r 
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The  vaiiatioiis  of  pressore,  Yolume^  and  absolute  temperature  of 
a  gas  during  rapid  changes  of  motion^  are  connected  by  the  propor- 
tional  equation 

T  a  p^^    cc  p  y  (11.) 

The  equations  in  this  Article  are  all  adapted  to  perfect  gases. 
Actual  gases  deviate  from  the  perfectly  gaseous  condition  more  or 
less ;  but  in  most  practical  questions  of  hydrodynamics  the  equa- 
tions for  perfect  gases  may  be  applied  to  them  without  material 
eiTor. 

636.  The  BqvatioB  of  CondiiaitT  for  a  SiMidy  Stream  of  Ctea  takes 

the  following  form^  when  the  laws  stated  in  the  last  Article  are 
taken  into  account.  The  original  equation^  as  given  in  Article 
421y  being  equivalent  to 

Qp  =  Avp  =  constant; (1.) 

we  have  to  consider  that^  by  the  equations  of  the  last  Article^  we 
have 

1         _i_                 J_ 
p  (X  py  (X  r^^  oc  {h-zf-^ (2.) 

the  exponents  having,  for  air,  the  values 

^  =  0-71  y  -^  =  2-451 (3.) 

y  y-1  ' 

Hence  the  equation  of  continuity,  in  terms  of  the  pressure,  of  the 
absolute  temperature,  and  of  the  dynamic  head  respectively,  takes 
the  following  forms  : — 

i               1 
Qjp'^rr  Avjt?''  =  constant; (4.) 

Q  T^— *  =  Av  t''""'  =  constant ; (5.) 

(HJh-zf-^  =z  A.v{h-zy-'^  =  constant; (G.) 

637.  Flow  of  Ctea  lirom  aa  Orifice. — Let  the  pressure  of  a  gas 
within  a  receiver  be  p^,  and  without,  p^ ;  let  A  be  the  effective  area 
of  an  orifice  with  thin  edges ;  that  is,  the  product  of  the  actual  area 
by  a  coefficient  of  corUrdctiony  whose  value  is 

0*6,  nearly. 

I^et  the  receiver  be  so  large  that  the  velocity  within  it  is  insensible. 
Let  the  absolute  temperature  and  density  of  the  gas  within  the 
receiver  be  r^  ^^  and  those  of  the  issuing  jet  r„  ^^     The  latter  are 
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not  the  same  with  those  of  the  stiU  gas  outside;  for  reasoiiB  to  be 
stated  afterwards.     Then 

y  — 1  1 


^=C^)'^r:=©'^ « 


and  by  equation  8  of  Article  635,  and  equation  3  of  Ardcle  621, 
we  have  rar  the  height  due  to  the  velocity  of  outflow^ 

2g  y—l    Co         ^0 

Z^      [  (2.) 

y  —  l    io     To  I  \pj       ^  f 

from  which  the  velocity  itself,  and,  the  Jlow  of  volv/me  Q  =  «  A  ai 
the  contracted  vein,  ore  easily  computed.  To  find  the  flow  (^ 
weight,  the  last  quantity  is  to  be  multiplied  by 

—•©'"^•(S)'' « 

giving  the  following  results  : — 

^,  Q  =  v  A  ^ 

=-..v^i^v{-(g)'"^}-#r' 

I 

For  small  differences  of  pressure,  such  that  —  is  nearly  =z=  1,  thfl  ' 

following  approximate  formula  may  be  used  where  great  accui»cj 
is  not  required  : — 

^9       io     To         Pi     

When  the  motion  of  the  jet  is  finally  extinguished  by  fiictuMiy 
heat  is  reproduced  sufficient  to  raise  the  absolute  temperature  nmij 
to  its  original  value,  ti. 

637  A.  Maximiim  Flow  of  Gwuh — When  —  is  indefinitely  dimin.' 

ished,  the  velocity  of  outflow  given  by  equation  2  of  Article  MJ 
increases  towards  the  limit 


V{|a^.}. ^) 


i 
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"being  greater  than  the  velocity  of  sound  in  the  ratio  \/ =- :  1, 

V      y  —  1 

whoee  value  for  air  is  2*21^  giving  for  the  limiting  velocily  of  flow 
of  air 

2,413  feet  per  second  x  a/— (2.) 

The  JUm  of  weighty  however,  as  given  by  equation  4  of  Article 
637>  does  not  continuously  increase  as  —  is  indefinitely  diminished, 
bat  reaches  a  Tnaximnm  for  the  value 


carxesponding  to 


y 
y-I 


1_ 
2    \''~* 


ft      \y  +  l/ 


(3.) 


The  valaes  of  these  ratios  for  air  are 

?1  =  0-527  J  ««  =  0-6345 :  -*  =  0-8306 (4) 

Pi  ei  ^'  ' 

and  ihfl  oorrespouding  velocity  of  flow  is 

being  less  than  the  velocity  of  soimd  in  the  ratio  a/  —_rT  '  1> 

whose  value  for  air  is  0*912 ;  giving  for  the  velocity  of  flow  of  air 
oonesponding  to  the  greatest  now  of  weight  through  a  given  orifice 
from  a  receiver  where  the  pressure  and  temperature  are  given, 

»  =  997  feet  per  second  x  A  /  — (6.) 

It  18  often  convenient  to  express  the  flow  of  weight  in  the  following 

fcQ  =  ^-Aft; (7.) 

in  which  — ^  is  what  is  called  the  redv4ied  velocity,  being  the  velo- 

Pi 
city  of  a  current  of  a  density  equal  to  that  of  the  gas  in  the  receiver, 

whoee  flow  of  weight  would  be  equal  to  that  of  &e  actual  current. 
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The  TnaximiiTn  reduced  velocity  corresponds  to  the  mazimiim  flow; 
and  its  value  is 

H-i 

— ^  =  velocity  of  sound  X  f      it)        (8.) 

whose  value  for  air  is 

velocity  of  sound  x  0*579  =  632  feet  per  sea  x  A  /  -...(9. 

The  investigations  in  this  and  the  preceding  Article  are  substan- 
tially the  same  with  those  originally  communicated  to  the  Roysl 
Society  in  May,  1856,  by  Dr.  Joule  and  Dr.  Thomson;  and  the 
results  differ  by  small  quantities  arising  mainly  from  those  gentle- 
men having  taken  y  =  1*41,  instead  of  1*408. 

Messrs.  Joule  and  Thomson  tested  the  theoretical  result  as  to 

the  rruKxAnvwnh  reduced  velocity  given  in  equation  9,  by  experimentB 

on  the  flow  of  air  through  onflces  in  plates  of  copper  of  0*029, 

0*053,  and  0*084  of  an  inch  in  diameter,  at  the  temperature  oi6T 

r       518*2 
Fahrenheit,  for  which  —  =  .^^  ^,  and  the  calculated  maximum 

To  ^MO'Z 

reduced  velocity  is  647  feet  per  second. 

The  ma,ximuTn  reduced  velocity  foimd  by  experiment  was  ^ 
feet  per  second,  or  0*84  of  that  fo\md  by  theory;  but  in  calculating 
the  velocity  from  the  experiments,  the  actual  area  of  the  orifice  ira 
employed;  so  that  the  difference  probably  arises  from  contraction. 
The  corresponding  value  of  the  ratio  j9, :  j9i,  as  found  by  experiment^ 
was  0*375  instead  of  0*527 ;  a  difference  produced  by  friction. 

Section  3. — Motions  of  Liquids  with  Friction. 

638.  Oeneral  liaws  of  Flnid  Frietl«a. — It  is  known  by  ezpoi- 

ment,  that  between  a  fluid,  and  a  solid  surface  over  which  it  gbdei» 
there  is  exerted  a  resistance  to  their  relative  motion  which  is  pro- 
portional to  their  surface  of  contact,  and  to  the  density  of  the  flnidi 
and  is  approximately  proportional  to  the  square  of  the  velocity  of 
the  relative  motion ;  that  is,  the  resistance  is  approximately  pro- 
portional to  the  vmght  of  a  prism  of  the  fluid,  whose  bass  is  As 
surface  of  contact,  and  its  Iieight  the  height  due  to  the  rdaUve  veioeUjf* 
Let  S  be  the  surface  of  contact,  v  the  velocity,  ^  the  weight  of  an 
unit  of  volimie  of  the  fluid,  and  fa,  factor  called  the  co-efficient  ^ 
fricUon;  then 


V 


2ff 
is  the  amount  of  the  friction  at  the  tmrface  &L 


R=/jS^, (1.) 
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The  oo-effident^is  not  absolutely  constant  at  different  velocities. 
The  mode  of  calculation  employed  in  practice,  where  the  velocity  is 
one  of  the  unknown  quantities  to  be  determined,  is  to  find  an 
approximate  value  of  the  velocity  from  the  mean  value  of  ^;  then 
to  compute  the  value  of  /  corresponding  to  that  approximate 
Telocity^  and  use  it  to  compute  the  velocity  more  exactly. 

The  following  are  some  of  the  values  of  the  co-efficients  of  friction, 
according  to  different  authorities,  for  streams  of  water,  gliding  over 
various  sur&ces  j  v  being  the  mean  velocity  of  the  al/recmiy  in  feet  per 
aeoond: — 

Iron  pipes  (Darcy).     Let  d  =  diameter  of  pipe  in  feet;  then, 

/=o««(i.f,).»:2»l(i.^> 

cr  for  velocities  that  are  not  very  small, 

/=  0005(1+^). 

Iron  pipes,  value  of/ for  first  approximation,  0*0064 
Beds  of  rivers  (Weisbach),.../=  «  +  -;«  =  0*0074. 

h  =  0*00023  ^^^^ 

Beds  of  rivers,   value  of  /  for  first )  ^^ 

..                      "^  >  0*0070. 

approximation, j  ' 

A  collection  of  numerous  formulse  for  fluid  friction,  proposed  by 
different  authors,  together  with  tables  of  the  results  of  the  best 
KmnnulflB,  is  contained  in  Mr.  NeviUe's  work  on  hydraulics.  The 
fbrmnliB  of  many  authors,  though  differing  in  appearance,  are 
founded  on  the  same,  or  nearly  the  same,  experimental  data,  being 
ehiefly  those  of  Du  Buat,  with  additions  by  subsequent  inquirers; 
and  their  practical  results  do  not  materially  differ.  The  two 
£irmnl83  given  above,  on  the  authority  of  Darcy,  for  iron  pipes, 
are  based  on  his  experiments  as  recorded  in  his  treatise  du 
Mcuvememt  de  VEau  dans  lea  Tuyaux. 

639.  iMtomal  Fluid  Friction.— Although  the  particles  of  fluids 
have  no  transverse  elasticity — that  is,  no  tendency  to  recover  a 
certain  figure  after  having  been  distorted— it  is  certain  that  they 
reaist  being  made  to  slide  over  each  other,  and  that  there  is  a  lateral 
oommnnication  of  motion  amongst  them ;  that  is,  that  there  is  a 
tendency  of  particles  which  move  side  by  side  in  parallel  lines  to 
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assume  the  same  velocity.  The  laws  of  this  lateral  commimicatioii 
of  motion^  or  internal  Mction,  of  fluids,  are  not  known  ezact^; 
but  its  effects  are  known  thus  far : — ^that  the  energy  due  to  differ* 
ences  of  velocity,  which  it  causes  to  disappear,  is  replaced  by  heat 
in  the  proportion  of  one  thermal  unit  of  Fahrenheit's  scale  for  772 
foot  pounds  of  energy,  and  that  it  causes  the  Motion  of  a  stream 
against  its  channel  to  take  effect,  not  merely  in  retarding  the  film 
of  fluid  which  is  immediately  in  contact  with  the  sides  of  the  c>>fty>T»fl1j 
but  in  retarding  the  whole  stream,  so  as  to  reduce  its  motion  to  one 
approximating  to  a  motion  in  plane  layers  perpendicular  to  the  axis 
of  the  channel  (Article  625). 

640.   Frlctl«ii  in  an  IJniform  Stream. — ^It  is  this  last  &ct  wMch 

renders  possible  the  existence  of  an  open  stream  of  uniform  section, 
velocity,  and  declivity.  In  hydraulic  calculations  respecting  the 
resistance  of  this,  or  any  other  stream,  the  value  given  to  tiie 
velocity  is  its  mean  value  throughout  a  given  cross-section  of  the 
stream  A, 

"=1 w 


The  greatest  velocity  in  each  cross-section  of  a  stream  takes  plaM 
at  the  point  most  distant  from  the  rubbing  surface  of  the  channeL 
Its  ratio  to  the  mean  velocity  is  given  by  the  following  empmol 
formula  of  Prony,  where  V  is  the  greatest  velocity  in  feet  per 
second: — 

^  ___   7-71 +Y  . 

V""  10-25 +  V ^  ' 

In  an  uniform  stream,  the  dynamic  head  which  would  otherwise 
have  been  expended  in  producing  increase  of  actual  eneigy,  is 
wholly  expended  in  overcoming  friction.  Consider  a  portion  of  the 
stream  whose  length  is  I,  and  ML  z.  The  loss  of  head  is  equal  to 
the  fall  of  the  surface  of  the  stream,  according  to  Article  623;  and 
the  expenditure  of  potential  energy  in  a  second  is  accordingly 

zf(i  =  zfvA, 

Equating  this  to  the  work  performed  in  a  second  in  overcomiiil 
friction,  viz.,  v  R,  we  find 

«ffvA=:/eS^-; 

or  dividing  by  common  factors,  and  by  the  area  of  section  A,  m 
find  for  the  vulue  of  the  fall  in  terms  of  the  velocity 

^=-^A-2-7 W 
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I  what  is  called  the  welted  perimeter  of  the  cross-section  of 
l;  that  is,  the  croea-section  of  the  rubbing  aur&ce  of  the 
1  oh&iinel ;  then 


Dg  both  sides  of  equation  3  by  ^,  ve  fiitd  for  the  relation 
ie  rate  of  decUvity  and  the  velocity. 


=l=/r 


■■(*■) 


is  called  the  "hiobaouo  xbas  depth"  of  the  streani; 

)  friction  ia  inversely  proportional  to  it,  it  is  evident  that 
of  croas-aection  of  chtumel  "wbich  gives  the  least  friction 
lose  hydraulic  metm  depth  is  greatest,  viz.,  a  semicircla 
B  stability  of  the  matraial  Emita  the  side-slope  of  the 
I  a  certain  angle,  Mr.  Neville  has  sbo-wn  that  the  figure 
Iction  consisfa  of  a  pair  of  straight  side-slopes  of  the  given 
1  connected  at  the  bottom  by  an  arc  of  a  circle  vhosa 
the  depth  of  liquid  in  the  middle  of  the  channel;  or, 
)ttom  be  necessary,  by  a  horizontal  line  touching  that  arc. 
a  channel,  the  hydraulic  mean  depth  is  half  of  the  depth 
in  the  middle  of  the  channel. 

uTtBB  B>re«B.-~In  a  Stream  whose  area  of  cross-section 
id  in  ■which,  consequently,  the  mean  velocity  varies  at 
ixoas-sections,  the  loss  of  dynamic  head  is  the  sum  of  that 
in  overcoming  &iction,  and  of  that  expended  in  producing 
velocity,  when  the  velocity  increases,  or  the  difference  of 
quantities  when  the  velocity  diminish  ea,  which  difference 
ositive  or  negative,  and  may  represent  either  a.  loss  or  a 
tad.  The  following  method  of  representing  this  principle 
lly  is  the  moat  Con- 
or practical  porpoaes. 
3,  let  the  origin  of  co- 
be  taken  at  a  point  O 
'  bdow  the  part  of  the 
be  considered;  let  ho- 
bscisste  x  be  measured 
he  direction  of  flow, 
:cal  ordinatea  to  the 
f  4^6 


,  *,  up- 


E1g.!as. 
Consider  any  indefinitdy  short  portion  of  the  stream  irtioae 
I  length  is  ax;  in  practice  this  may  almost  always  be  oon- 
)  equal  to  th&  actiial  lengtL    The  fidl  in  that  portion 


588  PRINCIPLES  OF  DYNAMICS. 

the  stream  la  d  z,  and  the  acceleration  —  dv,  because  of  v  being 
opposite  to  X,  Then  modifying  the  expression  for  the  loss  of  head 
due  to  friction  in  equation  3  of  Article  640  to  meet  the  presGnt 
case^  and  adding  the  loss  of  head  due  to  acceleration^  we  find 

,  vdv  ,    -  sdx     v^  g. . 

In  applying  this  differential  equation  to  the  solution  of  any  parti- 
cular problem,  for  v  is  to  be  put  Q  -h  A,  and  for  A  and  b  are  to  be 
put  their  values  in  terms  of  x  and  z.  Thus  is  obtained  a  diiferential 
equation  between  x  and  z^  and  the  constant  quantity  Q,  the  flow 
per  second.  If  Q  is  known,  then  it  is  sufficient  to  know  the  yb1ii0 
of  z  for  one  paiiicular  value  of  x^  in  order  to  be  able  to  determine 
the  integral  equation  between  z  and  x.     If  Q  is  unknown,  the 

d  z 
values  of  z  for  two  particular  values  of  x,  or  of  z  and  -j-  (tie 

€b  X 

declivity),  for  one  particular  value  of  x,  are  required  for  the  solu- 
tion, which  comprehends  the  determination  of  iJie  value  of  Q. 

642.     The    Friction    in  a  Pipe   Bnnning  Full    produces   loSS  of 

dynamic  head  according  to  the  same  law  with  the  friction  in  a 
channel,  except  that  the  dynamic  head  is  now  the  sum  of  the  ele- 
vation of  the  pipe  above  a  given  level,  and  of  the  height  due  to  the 
pressure  within  it.  The  (Sfferential  equation  which  expresses  thk 
is  as  follows : — Let  dlhe  the  length  of  afi.  indefinitely  short  portion 
of  a  pipe  measured  in  the  direction  of  flow,  a  its  intdmal  drcomftr* 
ence,  A  its  area  of  section,  z  its  elevation  above  a  given  level,  |J  the 
pressure  within  it,  h  the  dynamic  head.     Then  the  loss  of  h^  ii 

,,  ,       dp      vdv       -  sdl     ^  /,  V 

-fl?A=  -dz-^--^^  -^f'-ir  'ir v) 

e  g       *^     A     2g  ^  ' 

dfh  ,  .  •  1 

The  ratio  -=-j  is  called  the  virttial  or  hydra/tUic  decUvUf/,  bemg  the 

rate  of  declivity  of  an  open  channel  of  the  same  flow,  area,  and 

hydraulic  mean  deptL     This  may  difier  to  any  extent  fin)m  thft 

dz 
actual  declivity  of  the  pipe,  -jj, 

Ob  V 

When  the  pipe  is  of  uniform  section,  c?  v  =  0,  and  the  first  tena 
of  the  right-hand  side  of  equation  1  vanishes. 

When  the  section  of  the  pipe  varies,  a  and  A  are  given  functioDS 
of  L  If  Q  is  given,  v  =  Q  -f-  A  is  also  a  given  Amotion  of  I;  and 
to  solve  the  equation  completely,  there  is  only  required  in  additkn 
the  value  of  h  for  one  particular  value  of  L     If  Q  is  unknown,  the 

dh 

values  of  h  for  two  particular  values  of  L  or  of  h  and  -r.  for  oiiB 

dl 
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nrticolar  value  of  I,  are  required  for  the  solution^  wliich  compre- 
hends the  determination  of  Q. 

643.  Mwiifcc  of  iiiMrthpieces. — ^A  mouthpiece  is  the  part  of  a 
^oiinftl  or  pipe  immediately  adjoining  a  reservoir.  The  internal 
ftiotion  of  the  flidd  on  entering  a  mouthpiece  causes  a  loss  of  head 
equal  to  the  height  due  to  the  velocity  multiplied  by  a  constant 
depending  on  the  figure  of  the  mouthpiece,  whose  values  for  certain 
figures  have  been  found  empirically ;  that  is  to  say,  let  —  ^  A  be  the 
Imi  of  head;  then 

-^*-4^ 0-) 

f  being  a  constant 

For  the  mouthpiece  of  a  .cylindrical  pipe,  issuing  firom  the  flat 
■de  of  a  reservoir,  and  making  the  angle  i  with  a  normal  to  the 
ride  of  the  reservoir,  according  to  Weisbach, 

/  =  0-505  +  0-303  sint  +  0-226  sin'i (2.) 

644.  The  BeslfltaBce  ^f  Cwurem  and  Knees  in  pipes  causes  a  loss 

of  head  equal  to  the  height  due  to  the  velocity  multiplied  by  a  co- 
efficient, whose  values,  according  to  Weisbach,  are  given  by  the 
following  formulsB : — For  curves,  let  i  be  the  arc  to  radius  unity,  r 
Uie  radius  of  curvature  of  the  centre  line  of  the  pipe,  and  d  its 
diameter. 

Then  for  a  circular  pipe, 


/•  =  i  {0-131  + 1-847  (^J}; 

and  for  a  rectangular  pipe, 

/-  =  i  {0124.  3-104  (^)'}, 


(1-) 


For  knees,  or  sudden  bends,  let  i  be  the  angle  made  by  the  two  por- 
tions of  the  pipe  at  either  side  of  the  knee  with  each  other;  then 

f  =  0-9457  sin'^  +  2-047  sin*  i (2.) 

645.  A  SnMea  Enlargement  of  the  channel  in  which  a  stream 
of  liquid  flows,  causes  a  sudden  diminution  of  the  mean  velocity  iu 
the  same  proportion  as  that  in  which  the  area  of  section  is  in- 
creased. Thus,  let  Vi  be  the  velocity  in  the  narrower  portion  of 
the  channel,  and  let  m  be  the  number  expressing  the  ratio  in  which 
the  channel  is  suddenly  enlarged:  the  velocity  in  the  enlarged  part 
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is  - .     "Now  it  appears  from  experiment^  that  the  actual  6D 

due  to  the  velocity  of  the  narrow  stream  rdaUody  to  the ' 

stream^  that  ib,  to  the  difference  t^i  ( 1 h  is  expended  in  < 

coming  the  internal  fluid  friction  of  eddies,  and  so  prodadog  1 
so  that  there  is  a  loss  of  total  heady  represented  by 

a(;-^- > 

646.  The  Oenerai  Problem  of  the  flow  of  a  stream  with  fia 

is  thus  expressed  : — Let  hi  +'  -^  and  As  +  ^  be  the  total  1 

at  the  beginning  and  end  of  the  stream  respectively ;  then  th' 
of  total  head  is  represented  by 

As- Aa  +  -V-  =  2*Fs- 

where  the  right-hand  side  of  the  equation  represents  the  ai 
all  the  losses  of  head  due  to  the  friction  in  various  pasta  o 
channel 

Section  4. — Flow  o/ Gases  with  Friction. 

647.  The  Oenerai  liaw  of  the  friction  of  gases  is  the  aame 
that  of  the  friction  of  liquids  as  expressed  by  equation  1,  Ai 
638,  the  value  of  the  co-efficient/ being 

0*006,  nearly, 

for  friction  against  the  sides  of  the  pipe  or  channel     For  a  e 
drical  mouthpiece,  the  co-efficient  of  resistance  is  0*83;  i 
conical  mouthpiece  diminishing  from  the  reservoir,  0*38. 
When  the  pressures  at  the  beginning  and  end  of  a  stream  d 

do  not  differ  by  more  than  j^  of  their  mean  amount,  pcbU 

respecting  its  flow  may  be  solved  approximately  by  means  of 
above  data,  treating  it  as  if  it  were  a  liquid  of  the  density  di 
the  lesser  pressure,  as  in  .the  approximate  equation  of  Article  6 
In  seekmg  the  exact  solution  of  the  flow  of  a  gas  with  fM 
it  is  necessary  to  take  into  accoimt  the  effect  of  the  frictioii  in ; 
ducing  heat,  and  so  raising  the  temperature  of  the  gas  above  i 
it  would  be  if  there  were  no  friction,  as  supposed  in  Section  i 
the  flow  of  a  perfect  gas  with  friction,  if  the,  heat  produced  bf 
friction  is  not  lost  by  conduction^  the  friction  causes  no  loaa  di 
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head ;  so  that  if  at  the  begiimiiig  and  end  of  a  stream  the  velocities 
of-  a  perfect  gas  are  the  same^  its  temperatures  must  also  be  the 
sama  In  an  imperfect  gas,  there  is  a  small  depression  of  tempera- 
ture, which  has  been  employed  hj  Dr.  Joule  and  Dr.  Thomson  as 
a  means  of  determining  or  verifying  the  laws  of  the  deviation  of 
different  gases  from  the  condition  of  perfect  gas. 

Section  5, — MtUrud  Im^mlse  of  Fluids  <md  Solids, 

648.   Prewnre  •f  a  Jet  agoiiin  a  Fixed  Surface. — A  jet  of  fluid 

Ay  flg.  254,  striking  a  smooth  surface,  is  deflected  so  as  to  glide 


Fig.  256. 


Fig.  254. 


along  the  surface  in  that  path  B  E  which  makes 
the  smallest  angle  with  its  original  direction 
of  motion  A  B,  and  at  length  glances  ofl*  at  the 
edge  E  in  a  direction  tangent  to  the  surface. 
To  simplify  the  question,  the  surface  is  sup- 
posed to  be  curved  in  such  a  manner  as  to 
guide  the  jet  to  glance  off  it  in  one  definite  direction.  The  fric- 
tion between  the  jet  and  the  surface  is  supposed  insensible.  This 
being  the  case,  as  the  particles  of  fluid  in  contact  with  the  sur- 
fiu»  move  along  it,  and  the  only  sensible  force  exerted  between 
them  and  the  surface  is  perpendicular  to  their  direction  of  motion, 
that  force  cannot  accel^yato  or  retard  the  motion  of  the  particles, 
but  can  only  deviate  iv  Let  v,  then,  be  the  velocity  of  the  par- 
ticles of  fluid,  Q  the  volume  discharged  per  second,  p  the  density, 
and  fi  the  angle  by  which  the  direction  of  motion  is  deflected;  then 

pQv 


IS  the  momentum  of  the  quantity  of  fluid  whose  motion  is  deflected 
per  second.    Abo  conceive  an  isosceles  triangle  whose  legs  are  each 
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equal  to  the  velocity  v,  and  make  with  each  other  the  as|^  f  | 
then  the  base  of  that  triangle^  whose  value  is 

3  v  sin  5, 

represents  the  change  of  velocity  undergone  by  each  particle 
fluid ;  so  that  the  change  of  momentum  per  second  is 

F.-i—.sm-; (1.) 

and  this  also  is  the  amoimt  of  the  total  pressure  acting  betweenl 
fluid  and  the  surface,  in  the  direction  of  a  line  which  is  paialUi 
the  base  of  the  isosceles  triangle  before  mentioned ;  that  is^ 
makes  equal  angles  in  opposite  directions  with  the  original  uid : 
directions  of  motion  of  the  jet. 

The  force  represented  by  F  may  be  resolved  into  two 
nents,  F«  and  F^  respectively  parallel  and  perpendicalar  to 
original  direction  of  the  jet.     The  values  of  the  resultant  and! 
two  components  evidently  bear  to  each  other  the  proportioiu^ 

F  :F,  :F,  ::  2sin|  :  1 -cos/3  :sin/8 (1) 

whence  the  components  have  the  values, 

F,  =  ^^(1-cos^);  F,  =  ^^sin^ (3.) 

if  9 

If  the  surface  struck  by  the  jet  is  of  a  symmetrical  figure  al 
the  original  direction  of  the  jet  as  an  axis,  the  quantity  of  fluid 
which  strikes  the  surface  in  each  second  spreads  and  glides  off 
various  directions  distributed  symmetrically  round  the  axifl^  1 
making  equal  angles  /3  with  it ;  so  that  the  forces  exerted  peipci^ 
dicular  to  the  axis  by  the  diflerent  parts  of  the  spread  and  diyertal 
jet  balance  each  other,  and  nothing  remains  but  the  sum  of  tti 
components  parallel  to  the  axis,  whose  value  is  F^  as  given  in  tti 
first  of  the  equations  3.  ! 

By  substituting  A  v  for  Q,  the  forces  may  be  expressed  in  teoBlj 
of  the  sectional  area  of  the  jet. 

As  a  pai'ticular  case,  let  the  surface  be  a  plane,  as  in  fig.  SHL 
The  jet,  on  striking  the  surface,  spreads  and  glances  off  in  all  diiM* 
tions  at  right  angles  to  its  original  direction,  so  that  /3  »  Vff 
cos  /3  =  0,  and 


F.  =  eOi!  =  «A£'. (4) 
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beoBg  equal  to  the  weight  of  a  column  of  fluid  whose  base  is  the 
■ectional  area  of  the  jet,  and  its  height  double  of  the  height  due  to 
tibe  velocity.     This  result  is  confirmed  by  experiment. 

As  another  case,  let  the  surface  be  a  hollow  hemisphere  (flg.  25Q), 
80  that  the  jet  iu  spreading  is  turned  directly  backward^  Then 
fi  »  180O,  -cos/3  =   +1,  and 

2^0.  ^  2j^^  

9  9 

beiiig  equal  to  the  weight  of  a  column  of  fluid  whose  base  is  the 
sectioiial  area  of  the  jet,  and  its  height  fowr  times  the  height  due 
to  the  velocity. 

649.  The  Presnure  of  a  Jet  against  a  Moring  Snrlace  is  found  by 

substituting  in  the  equations  of  the  preceding  Article,  the  motion 
of  the  jet  relcUwely  to  the  8Vfrface  for  its  motion  relatiyely  to  the 
earth.  In  this  case  there  is  energy  transmitted  from  the  jet  to  the 
aolid  surface  or  from  the  solid  surface  to  the  jet;  and  the  deter- 
uination  of  the  amount  of  energy  so  transmitted  per  second  forms 
an  important  part  of  the  problem. 

Case  1.  When  the  sv/rfoLce  has  a  motion  of  translation  pa/rallel  to 
the  original  direction  of  the  jet,  let  u  be  the  velocity  of  that  motion, 
positive  if  it  is  along  with  the  motion  of  the  jet,  and  negative  if 
against  it ;  let  Vi  be  l^e  original  velocity  of  the  jet ;  then  Vi—uia 
the  velocity  of  the  jet  relatively  to  the  surfaca  Consequently,  the 
component  force  acting  between  the  fluid  and  the  solid  surface,  in 
the  direction  of  motion  of  the  latter,  is 

F,  =  ^Q<^--^>(l-co8/9); (1.) 

if 

representing  also  the  equal  and  opposite  force  which  must  be  ap- 
plied to  the  solid  to  make  its  motion  uniform;  and  the  energy 
tnmsmitted  per  second  ia 

F,w  =  y -'(1 -cos/3); (2.) 

if 

which,  if  t£  is  positive,  is  transmitted  frt>m  the  fluid  to  the  solid, 
and  if  t«  is  negative,  from  the  solid  to  the  fluid. 

The  energy  thus  transmitted  per  second  is  equal  to  the  diflerenco 
of  the  actual  energies  of  the  volume  Q  of  fluid  before  and  after 
acting  on  the  solid.  Let  v^  be  the  velocity  of  the  fluid  after  the 
collision ;  this  being  the  resultant  of  u,  and  of  Vi  —  u  in  the  devi- 
ated dire^ion,  its  square  is  given  by  the  equation 

v  J  =  w'  +  (^Vi  —  w)'  +  2  w  (vi  —  u)  •  cos  fi 

=  i-;-2w(vi-w)(l-cos/3); (3.) 

2q 
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by  oomparing  which  with  equation  2  it  is  evident  that 

F.«='-^^, (t) 

as  has  been  stated. 

The  maximum  transmission  of  energy  £rom  the  fluid  to  the  i 
for  a  given  velocity  of  jet,  is  obviously  given  by  the  velocity, 


which  gives 


r,  =  l|^(l-.C0S/3);  P,t,  =  tQ^(l«008/3> 


...(fi.) 


If  /8  =  90°,  as  in  fig.  255,  the  Tnayimnm  eneigy  transmitted 

<  Q  ^  -T-  4  gr,  or  half  of  the  original  actual  energy  of  the  fluii 
is  =  180°,  as  in  ■^,  256,  the  maTcimuin  energy  transmitted  kj 

<  Q  ^  -7-  2  ^,  or  ^A6  1(7^^  of  the  original  actual  energy  of  the  iiH] 
which,  after  the  collision,  is  lefb  at  rest 

Case  2.  When  the  surface  lias  a  Tnotion  of  translation  m  mffl 
direction,  with  the  velocity  u,  let  B  D,  fig.  254,  represent  1M 
direction  and  velocity,  and  B  0  the  direction  and  original  vdoci^i 
Vi  of  the  jet.  Then  D  C  represents  the  direction  andTelociija] 
the  original  motion  of  the  jet  relatively  to  the  surface.  DttV 
E  F  =  D  C  tangent  to  the  surface  at  E,  where  the  jet  glances  ttl\ 
this  represents  the  relative  velocity  and  direction  with  wiaik\ 
the  jet  leaves  the  surface.  Draw  E  G  ||  and  =  B  D,  and  join  EO;! 
this  last  line  represents  the  direction  and  velocity  relatively  to  tha- 
earth,  with  which  the  jet  leaves  the  surface,  being  the  resiiltBiiftflf| 
E  F  and  E  G. 

The  total  force  exerted  between  the  fluid  and  the  sor&oe  imgtt^ 
be  determined  by  finding  the  change  of  the  momentum  of  ^ 
volume  of  fluid  Q,  due  either  to  the  change  of  direction  and  vdo- 
city  relatively  to  the  earth,  viz.,  from  BC  to  EG;  or  to  tiMfe 
relatively  to  the  surface,  viz.,  from  DC  to  E  F.  But  the  ftM> 
which  it  is  most  importaiit  to  determine  is  that  to  which  the  ton* 
mission  of  energy  is  due,  viz.,  the  force  parallel  to  B  D,  whidh  iril 
be  denoted  by  F^.  This  force  is  equal  to  the  change  in  one  aeoorf 
of  the  component  momentum  of  the  fluid  in  the  diiectioii  BIX 
Let  ct  =  ^^  D  B  C,  denote  the  angle  between  the  direction  of  1fc*'| 
jet  and  that  of  the  body's  translation;  then  the  component^  intfc* 
direction  B  D,  of  the  original  velocity  of  the  jet  is 


V,  cos  •  ec 
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Iirt  «  =  D  0  be  the  velocity  of  tiie  jet  lelatiyely  to  the  sar&oe ; 
Aen 

«^  =  tt*  +  vf— 2ttf?i  •  cos  » (6.) 

IiBt  y  =  sapplement  of  «^  E  F  G,  denote  the  angle  which  a  tan- 
gent to  the  surface  at  the  edge  where  the  fluid  leaves  it  makes  with 
1^  direction  of  translation.  Then  the  component,  in  the  direction 
B  D^  of  the  new  velocity  of  the  jet  is 

tt  +  «;  cosy; 
and  the  change  of  momentum  in  that  direction  in  one  second  is 

F,  =  5 —  (ViC08«— 1i— IC^'COSy) (7.) 

if 

which  gives  for  the  energy  transferred  per  second, 

eQ 
'F^u  =  - —  u{vi  cos et—u—w  -cosy) (8.) 

if 

Let  17,  be  the  resultant  velocity  of  the  fluid  after  the  collision;  then 

t^  =  w*  +  M?'  +  2wti7  'cosy (9.) 

and  it  is  easily  verified  that 

P,«  =  '-Q(^ (10.) 

650.   giLwrc  •fa  Fmreed  T«rtez  Asalnat  a  l¥heeL — In  a  &ee 

Tortex  (Article  630,  631),  because  the  velocity  of  each  particle  is 
inversely  as  its  distance  from  the  axis,  the  cmgvlar  Tnomenttmi  of 
every  particle  of  equal  weight  is  the  same ;  and  a  particle  in  mov- 
ing nearer  to  or  fisixther  from  the  axis  of  the  vortex,  preserving  its 
angular  momentum,  requires  no  external  force  to  be  applied  to  it 
in  order  to  make  it  assume  the  motion  proper  to  each  part  of  the 
Torfcex  at  which  it  arrives. 

I^  in  a  forced  vortex,  there  is  at  the  same  time  a  radiating 
current  by  which  the  fluid  moves  towards  or  from  the  axis,  then  by 
means  of  solid  surfaces,  such  as  those  of  the  vanes  of  a  wheel,  there 
must  be  applied  to  the  fluid  in  the  vortex  a  couple  sufiicient  in  each 
second  to  produce  the  requisite  change  of  angular  momentum  in  the 
quantity  of  fluid  which  flows  radially  through  the  vortex  in  a 
second,  and  the  fluid  will  react  upon  tibie  wheel  with  an  equal  and 
opposite  couple. 

Symbolically,  let  r^,  ri,  be  the  radii  of  the  <ylindrical  smfiuseB  a^ 
which  a  forced  vortex  begins  and  ends;  f;^,  v^  the  velodtieB  & 
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revolving  motion  at  these  two  surfaces;  Q,  tHe  flow  of  iihe  radial 
current;  then  the  moment  of  the  couple  exerted  between  the  vortex 
and  the  wheel  is 

M  =  '-^{v,r,-v,r,) (1.) 

if 

A  vortex- wheel,  or  turbine,  when  working  in  the  most  &vourable 
manner,  receives  the  fluid  at  ends  of  its  vanes  which  have  a  velocity 
of  revolution  equal  to  that  of  the  particles  of  fluid  in  contact  widi 
them;  so  that  relatively  to  the  wheel,  the  motion  of  the  fluid  is  at 
flrst  radial.  The  fluid  glances  ofl*  from  the  vanes  at  their  other 
ends,  which  are  of  such  a  figure  and  position  that  they  leave  the 
fluid  behind  them  with  only  a  radial  motion  relatively  to  the  earth; 
so  that  the  whole  of  the  energy  due  to  the  revolution  of  the  fluid  is 
transmitted  to  the  wheeL  That  is  to  say,  let  a  be  the  angular 
velocity  of  the  wheel;  then  we  must  have 


.(2.) 


Vo  =  ar^;  Vi  =  0; 

9      '  9  9 

The  last  quantity,  M  a,  is  the  energy  transmitted  in  each  second 
from  the  fluid  to  the  wheel,  which,  in  the  case  supposed,  is  the 
whole  energy  due  to  the  motion  of  revolution  and  centrifogal 
pressure  of  the  weight  e  Q  of  fluid  in  a  rotating  forced  vortex,  as 
already  shown  in  Article  632. 

The  ends  of  the  vanes  which  receive  the  fluid  should  be  radial, 
because  the  motion  of  the  fluid  relatively  to  them  is  radial  The 
ends  of  the  vanes  where  the  fluid  glances  off  should  be  inclined 
backwards  so  as  to  make  with  the  radii  intersecting  them,  an  aD|^ 

^  given  by  the  following  equation  : — Let  u  =  be  the  velocity 

J  V rib 

of  the  radial  current  at  the  ends  of  the  vanes  now  in  question;  then 

.      a  7*1      2  w  a  r?  6  .„ . 

**'^'=ir=-^— ^ W 

h  being  the  depth  of  the  wheel  in  a  direction  parallel  to  the  axis. 

Fig.  257  represents  part  of  Thomson's  vortex  water -whed, 
designed  on  these  principles.  The  water  is  supplied  to  the  wheel 
from  a  large  external  casing,  in  which  it  forms  a  free  spiral  vortex; 
it  is  directed  by  guide  blades,  C,  against  the  outer  circumference  of 
the  wheel,  where  the  vanes  are  radial,  and  is  discharged  at  the 
central  onfice  of  the  wheel,  the  inner  ends  of  the  vanes  being 
directed  backwards  at  the  angle  B  above  described.     The  guide 
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blades  are  moveable  about  pivots  at  A,  in  order  to  adjust  the  angle 
of  obliquity  of  the  external  free  spiral  vortex  at  pleasure,  and  so  to 
adapt  the  flow  Q  of  the  radial  current  to  the  work  to  be  peiformed. 


Fig.  267. 


Fig.  268. 


A  vortex-wheel  has  been  applied  to  steam  by  Mr.  William 
€k>rman  of  Gkisgow. 

651,  A  Ceatrifagai  Pninp  consists  mainly  of  a  vortex-wheel 
which  communicates  motion  to  the  water,  so  as  to  make  it  form  a 

forced  vortex  of  the  radius  C  R  =  r©,  fig.  258.  The  water  is  supplied 
by  a  radiating  current  proceeding  (yaivxvrda  from  the  central  orifice 
towards  the  circumference.  The  inner  ends  of  the  vanes  should 
make  with  the  radii  traversing  them  the  angle  already  denoted  by 
ly  Article  650,  equation  3,  that  they  may  clea/oe  the  fluid  as  it  moves 
radially  outwards,  without  striking  it,  which  would  cause  agitation, 
and  waste  of  energy  in  friction.  The  outer  ends  of  the  vanes  should 
be  radial  Beyond  the  wheel,  the  water  forms  a  free  spii-al  vortex 
in  a  casing,  from  which  it  is  discharged  at  A  through  a  pipe.  The 
surfiu^  velocity  a  r©  =  v©  of  the  wheel  is  regulated  by  the  total  head 
required,  consisting  of  the  elevation  at  which  the  water  is  to  be 
delivered,  the  height  due  to  its  velocity  of  delivery,  and  the  head 
lost  in  overcoming  friction ;  that  is  to  say,  according  to  the  prin- 
ciples of  Article  G30  to  Gd3, 


f==A.  =  c+.JJ(i  +  .-y). 


(1.) 


where  z  is  the  elevation  of  the  point  of  delivery,  V  the  velocity  in 
the  discharge  pipe,  and  2  '/the  sum  of  the  various  quantities  by 
which  the  height  due  to  that  velocity  is  to  be  multiplied  to  And  the 
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loss  of  head  from  yarious  causes  of  frictioiL  The  ratio  ofC  AtoOB 
=  To  is  regulated  by  the  law  that  in  a  free  vortex  the  velodlyis 
inversely  as  the  radius;  that  is  to  say, 

cX  =  ^» (a) 

Guide  blades  in  the  free  vortex  are  here  unnecessary. 
A  blowing  fan  is  a  centrifugal  pump  applied  to  air. 

652.  The  PreMore  of  a  Canent  upon  a  solid  body  floating  or 
immersed  in  it  would  be  equal  in  opposite  directions,  and  hava 
nothing  for  its  resultant,  if  fluids  moved  without  friction.  Baft 
because  of  the  energy  of  the  diverted  streams  which  glance  from  the  j 
body  being  to  a  greater  or  less  extent  expended  in  fluid  friction, 
the  pressure  on  the  back  of  the  solid  body  becomes  less  intense 
than  the  pressure  on  the  front;  and  to  the  resultant  pressure  in  the 
direction  of  the  current  thus  arising,  has  to  be  added  the  resultant 
of  the  direct  friction  of  the  fluid  against  the  surface  of  the  soUd  body. 

Our  knowledge  of  the  laws  of  the  force  exerted  by  a  current 
against  a  solid  body  is  almost  wholly  empiricaL 

It  is  known  that  that  force  can  be  approximately  represented  lij 
a  formula  of  this  kind : — 

P  =  *eA.|^; [ (L) 

being  the  product  of  the  height  due  to  the  velocity  of  the  cautt^ 
the  area  A  of  the  greatest  cross-section  of  the  solid  body;  tti 
weight  e  of  an  unit  of  volume  of  the  fluid,  and  a  co-efficie9ai  i 
depending  on  the  figure  of  the  body.  The  values  of  this  co-effiekot 
have  been  found  experimentally  for  a  few  figures.  The  followisft 
according  to  Duchemin,  are  some  of  its  values  for  rectangular  piifli 
and  cylinders,  placed  with  their  axes  along  the  current : — 
Let  L  be  the  length  of  the  prism  or  cylinder,  A  its  transverse  tfB% 
h  and  d  its  transverse  dimensions,  if  a  rectangular  prisnii  or  ii* 
axes,  if  a  cylinder.     Then  for 

L-i-JJd^     0,         1,         2,         3. 
A;=l-864,  1477,  1-347, 1-328. 

The  value  headed  0  is  applicable  to  very  thin  plates. 

653.  The  Resistance  of  Fluids  to  the  motion  of  bodies  floating  <V 
immersed  in  them  is  subject  to  the  same  remarks  which  have  beeft 
made  respecting  the  pressure  of  currents  against  solid  bodies^  It  ■ 
■^Iso  capable  in  many  cases  of  being  approximately  reprefientedlf 

ft  formula 


I*' 
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»  =  *«^^ (!•) 

The  co-efficient  k  is  less  for  a  solid  moYing  in  a  fluid,  than  for  m 
floid  moving  past  the  same  solid.  The  following  values  are  given 
ehieflj  on  the  authority  of  Duchemin.  For  prisms  and  cylinders, 
moving  in  the  direction  of  their  axes,  the  symbols  having  the  same 
meaning  as  in  ihe  last  Article : — 

L  -f-  jTlt=     0,         1,         2,        3;  average  above  3. 
A;  =  1  -254,  1  -282,  1  -306,  1  -330 ;         1  -4. 
These  results  are  also  given  by  llie  empirical  formula, 

k^l25i(l^-^m^\ (2.) 

k£oir  &  cylinder,  moving  sideways,  about  0*77 ; 

for  a  sphere,  „  „        „     0*51*, 

fiir  a  thin  hollow  hemisphere  moving  with 

the  hollow  foremost, about  2*0; 

for  a  prism  with  wedge-formed  ends  =  k  for 
same  priem  with  flat  ends,  x  (1  —  cos  ^), 

where  fi  =  i  angle  of  wedge  (doubtful). 

The  following  are  results  deduced  from  Mr.  Bashforth's  experi- 
ments on  elongated  projectiles  at  velocities  of  from  1,300  to  1,500 
feet  per  second  (see  Proceedings  of  the  Royal  Society,  Feb.,  1868): 

9 
where  A  is  in  square  feet,  and  v  in  feet  per  second;  and  c  has  the 
felloiring  values,  according  to  the  shape  of  the  head  of  the  projectile, 
—hemispherical,  00000245;  oval  and  pointed,  from  0-0000191  to 
O'O000204. 

From  the  results  of  observations  of  the  engine  power  required  to 
propel  various  steam  vessels  of  different  sizes  and  figures  at  different 
velocities,  there  is  reason  to  think  it  probable,  that  when  ships  are 
built  of  such  figures  that  the  water  glides  round  their  surfaces 
without  forming  surge  or  large  eddies,  the  principtd  part,  if  not  the 
only  appreciable  part,  of  the  resistance,  is  due  to  the  direct  friction 
between  the  water  and  the  bottom  of  the  ship.  The  opinion  that 
the  resistance  to  the  motion  of  ships  which  arc  not  voiy  bluflf 
ooDsists  almost  wholly  of  friction,  has  been  confirmed  by  subsequent 
experiments.  The  co-efficient  of  the  friction  between  water  and 
the  bottom  of  an  iron  ship  is  nearly  the  same  with  that  of  water  iu 
iron  pipes.     The  friction  varies  nearly  as  the  square  of  the  velocity 
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of  rubbing  between  the  water  and  the  ship's  bottom.     That  velodl^ 
is  different  at  different  points  of  the  ship's  bottom,  and  bean  to  the 
speed  of  the  ship  a  ratio  at  each  point  depending  on  the  ship's 
figure  and  on  the  {K)sition  of  the  point  in  question.     The  avengi 
velocity  of  rubbing  exceeds  the  speed  of  the  ship ;  and  the  exoesi 
is  the  greater  the  bluffer  her  shape.     Thus,  though  a  long  anl 
shaip  vessel  presents  a  greater  rubbing  surface  than  a  short  and 
bluff  vessel  of  the  same  size,  the  average  velocity  of  rubbing  is  lesi , 
in  the  longer  vessel  at  the  same  speed;  so  that  there  is  a  certain 
degree  of  sharpness  which  gives  the  least  resistance  for  a  giyen  sus 
and  speed.     What  that  degree  of  sharpness  is  cannot  yet  be  fixed 
with  any  great  precision;  but  in  general  it  does  not  greatly  dijfo 
from  that  which  is  given  by  making  the  sum  of  the  lengths  of  the 
bow  and  stem  equal  to  about  seven  times  the  greatest  breadth. 

The  following  formula  has  been  found  to  agree  well  with  expeii- 
ments  on  the  resistance  of  ships : — Let  G  be  the  mean  immened 
girth ;  L,  the  length  on  the  water  line ;  «^,  the  mean  of  the  squares 
of  the  sines  of  the  angles  of  obliquity  of  the  sireamh  lines,  or  lines 
which  the  particles  of  water  follow  in  gliding  over  the  ship's 
bottom ;  let  v  be  the  velocity  of  the  ship  in  feet  per  second,  ana/ 
a  co-efficient,  whose  value  for  a  clean  painted  iron  bottom  is  about 
0*004;  then  the  resistance  is  nearly 

R  =-^^^  L  G  (1  +  4  «2  +  ^) (3.) 

The  fector,  It  G  (I  +  i  8^  +  8^),  is  called  the  ^'augmented  surfiusa" 
See  Civil  Engineer  and  Architect's  Journal,  October,  1861;  PhiSL 
Trans,,  1862,  1863;  Trans,  of  the  InstitiUion  of  Naval  ArehUedt, 
1864;  also  Shipbuilding,  Theoretical  and  Practical,  by  Watti^ 
Eankine,  Napier,  and  Barnes. 

Mr.  Scott  Kussell  has  proved  that,  when  the  length  of  a  ship 
bears  less  than  a  certain  proportion  to  that  of  the  wave  which 
naturally  travels  with  the  same  speed,  there  is  a  rapidly  iucreaaiDg 
additional  resistance.  The  least  proper  length  in  feet  suitable  far 
a  given  speed  is  about  fifteen-sixteenths  of  the  square  of  the  speed 
in  knots.     (As  to  Waves,  see  page  xv.) 

654.  stabiiiiT  of  Floating  Bodieiu— -In  Article  120  it  has  been 
shown,  that  in  order  that  a  body  floating  in  a  liquid  may  be  in 
equilibrio,  the  weight  of  liquid  displaced  must  be  equal  to  the 
weight  of  the  floating  body,  and  the  centre  of  buoyancy  must  be 
in  the  same  vertical  line  with  the  centre  of  gravity  of  the  floatiiig 
body. 

In  order  that  the  equilibrium  of  a  floating  body  may  be  atatb, 

overy  angular  displacement  of  the  body  from  the  position  of  eqnill- 

^ium  must  cause  a  deviation  of  the  centre  of  buoyancy,  relatively  to  a 
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rtieal  line  traversing  the  centre  of  gravity ^  in  the  directum  tovxvrds 

\uh  the  floating  body  hede;  so  that  the  weight  of  the  body  acting 

rough  its  centre  of  gravity,  and  the  equal  and  opposite  pressure 

the  liquid  acting  through  the  centre  of  buoyancy,  may  constitute 

rtatoring  or  righMng  couple,  tending  to  bring  the  body  back  to  the 

isition  of  equilibrium.     Should  the  relative  deviation  of  the  centi'e 

'  buoyancy  take  place  in  the  opposite  direction,  a  couple  is  pro- 

leed  tending  to  upset  the  body,  which  is  accordingly  imstable; 

lould  the  centre  of  buoyancy  continue  to  be  in  the  same  vertical 

le  with  the  centre  of  gravity,  the  body  continues  to  be  in  equili- 

10  in  its  new  position,  and  its  equilibrium  is  indifferent. 

Let  fig.  259  represent  a  cross-section  of  a  ship,  G  her  centre  of 

n.vity,  A  B  the  water  line, 

id  0  tiie  centre  of  buoyancy 

L  the  position  of  equilibiium. 

et  the  ship  heel  through  an 

igle  I,  and  let  E  F  be  the 

Bw  water  line,  and  D  the 

Bw  centre  of  buoyancy ;  and 

it  the  ship  be  kept  in  this 

odtion  by  a  couple  whose 

loment  is  known.     Let  W 

e  the  weight  of  the  ship, 

nd  S  the  volume  of  water 

li^daced  by  her,  so  that  W  =  e  S  (e  being  the  weight  of  a  cubic 

bot  of  water).     Through  D  draw  a  vertical  line  D  M,  cutting  the 

ine  C  G,  which  was  originally  vertical,  in  M.     The  force  of  tho 

lifting  couple  is  W,  and  its  arm  is  the  horizontal  distance  from 

J^io  the  line  D  M;  that  is,  G  M  *  ^in  6;  consequently,  the  Tnoment 
fihe  righting  couple,  equal  and  oi)po8ite  to  the  moment  of  tho 
coding  couple,  is 


Fig.  259. 


W  •  G  ii  •  sin  6, 


(1.) 

^e  eompa/rative  stability  of  a  ship  is  proportional  to  the  arm  of  tho 
Shting  couple  for  the  same  angle  of  heel;  and  that  arm  is  propor- 

pnal  to  G  M,  which  length  thus  becomes  a  measure  of  the  stability 
the  ship.  The  point  M,  when  determined  fur  an  indefinitely 
Sail  angle  of  heel,  is  called  the  metacektre;  it  may  be  tho  same, 
it  may  be  different  for  finite  angles.  When  tho  position  of  M 
variable,  the  angle  of  heel  to  be  adopted  in  finding  it  should 
'  the  greatest  which  under  ordinary  circumstances  is  likely  to 
cur;  for  different  ships  this  varies  from  C**  to  20^ 
If  the  metacentre  is  above  the  centre  of  gravity^  the  eqnilibrinp^ 
stable;  if  it  coincides  with  tho  centre  of  gravity,  the  equilior 
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is  indifferent;  if  it  is  below  the  centre  of  gravity^  tlie  eqinlibriiai 
is  unstable. 

Let  H  be  the  line  of  intersection  of  the  planes  of  the  two  watK 
lines  A  B,  E  F.     The  deviation  C  D  of  the  centre  of  buoyancf  ii , 
the  same  with  the  deviation  of  the  centre  of  gravity  of  the  ma 
of  water  displaced,  which  would  arise  from  removing  the  wedgv^ 
A  H  E  into  the  position  F  H  B.     Let  8  be  the  volome  of  tluil| 
wedge,  e  i^  density,  and  let  I  denote  the  distance  between  tibj 
centres  of  gravity  of  its  two  positions,  A  H  E  and  F  H  R    Bnirf 
C  D  parallel  to  the  line  joining  those  two  centres  of  gravity;  anij 
according  to  Article  77,  make 


crr)  =  --^-*  =  -- 


(?■) 


then  is  D  the  new  centre  of  buoyancy. 

The  angle  which  C  D  makes  with  the  horizon  is  in  general 

e  —      B         ,, 

exactly  or  very  nearly  =  5 ;  so  that  C  D  =  M  C  •  2  sin  «,  appraaa-j 
mately.  Also,  the  volume  «  is  in  general  either  exactly  or 
proportional  to  2  sin  9 ;  so  that  if  c  be  a  constant  volume  depeoflp 
ing  on  the  figure  of  the  water  line,  «  =  c  *  2  sin  n,  approxiiiiatd|f* 

Consequently,  to  find  the  Jieight  M  C  of  ths  point  M  above  As 

of  buoyancy,  and  its  height  M  G  above  the  centre  o/ffr<wityf  m 
the  approximate  formulsB, — 


B      le    -, 


M  C  =  C  D  -  2  sin  2  =  g 


MG  =  ^g^ 


GC. 


.(I) 


The  sign  i^=  denotes  that  G  C  is  to  be  subtracted  or  added 
as  G  is  above  or  below  C.     The  product  ^  c  is  found  approxii 
in  the  following  manner,  for  those  cases  in  which  the  water! 
A  B  and  E  F  are  sensibly  equal  and  similar  figures,  so  th«t 
line  H,  where  their  planes  intersect,  traverses  the  centre  of 
of  each  of  those  figures,  and  the  wedges  A  H  E,  P  H 
similar  as  well  as  equal 

The  product  ^  «  =  ^  c  •  2  sin  ^  is  the  double  of  the 

moment  of  one  of  the  wedges  relatively  to  the  line  H, 
the  density  equal,  to  unity.     Let  distances  measured  leni 
'>n  the  line  H  be  denoted  by  x;  let  the  perpendicular  distaaBll 
■  any  point  in  a  water  line  plane  bisecting  the  angle  A  H  Bfioi 


I 
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.ine  H  be  denoted  hy  y,  and  let  the  thickness  of  the  wedge  at 

point  whose  co-ordinates  are  x  and  ^  be  2;  =  ^  •  2  sin  q.     Then 
lave 

8  =  2an2'jjy'dydx;c==ifji/'dydx; 

therefore 

I  cz=  2  I  I  y^'dy  d  x; 

g  the  moment  qftneriia  of  the  tocUer  line  plane  about  the  axis 
To  express  this  in  a  convenient  form,  let  b  be  the  breadth  of 
ship  at  the  water  line,  at  a  given  distance  o^  measured  length- 
3  from  an  assumed  origin.     Then 

r  IS  1      /• 

2  J  y^dy=:j^;  and  ^  c  =  jg  /  ^^  '  ^^' (^•) 

0  the  moments  of  inertia  of  different  plane  figures,  see  Article 
Thus,  equation  3  becomes 

/P  '  d  X        

^l2"S-=^^^ ^"-^ 

theory  of  the  stability  of  ships  was  first  investigated  by 
wit,  and  was  further  developed  by  Atwood.     The  most  impor- 

contributions  to  that  theory,  of  later  date,  have  been,  the 
loir  of  Dupin,  Sur  la  StahUiie  des  Corps  Flottaiis,  a  paper  by 
m  Moseley  in  the  Philosophical  Transactions  for  1850,  and 
)us  papers  by  Rawson,  Froude,  Merrifield,  Barnes,  and  others. 
)5.  OMiiiati^BB  of  Floating  Bodies. — ^The  theory  of  the  oscilla- 

1  of  ships  was  investigated  in  an  approximate  manner  by  Bossut 
other  mathematicians,  and  was  first  brought  into  a  complete 
I  by  Moseley,  in  the  paper  already  referred  to.  Its  details 
of  much  complexity;  and  an  outline  of  its  leading  principles, 
of  their  results  in  the  most  simple  cases,  is  all  that  needs  be 
1  in  this  treatise. 

le  oscillation  of  a  ship  may  be  resolved  into  rolling,  or  gyration 
t  a  longitudinal  axis,  pitching,  or  gyration  about  a  transverse 

and  vertical  oscillation,  consisting  in  an  alternate  rising  above 
sinking  below  the  position  of  equilibrium.  The  point  of  chief 
irtance  in  practice  is  the  tims  occupied  hy  a  rolling  osciUaHon. 
lat  time  is  too  long,  the  ship  is  deficient  in  stability;  if  too 
},  her  movements  are  abrupt,  and  tend  to  overstrain  her. 
a  ship  is  of  such  a  figure  that,  when  she  rolls  into  a  new 

of  equilibrium  under  the  action  of  a  couploi  her  cm 
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gravity  does  not  alter  its  level,  then  her  rolling  gyrations  are  paw 
formed  about  a  permanent  longitudinal  axis  traversing  her  oentn 
of  gravity,  and  are  not  accompanied  by  vertical  oscillations,  and  her 
moment  of  inertia  is  constant  while  she  rolls.  That  condition  ii 
fulfilled  if  all  the  water  line  planes,  such  as  AB  and  EF,  an 
tangents  to  one  sphere  described  about  G.  In  what  follows  it  will 
be  supposed  that  this  condition  is  fulfilled,  and  also  that  the  positioa 
in  the  ship  of  the  point  M  is  sensibly  constant 

According  to  Article  65i,  equation  1,  the  righting  couple  for  a 
given  angle  of  heel  B  is 

W  -G'M  -sin^; 

but  in  an  approximate  solution  we  may  substitute  ^  for  sin  ^.    Let 
I  be  the  moment  of  inertia  of  the  ship  about  her  axis  of  rolling; 
then  equations  2  and  3  of  Article  598  give  the  following  value  far] 
the  time  of  a  double  gyration : — 

2  '  =  3  X  W(—^=J)  =  -P^-; (1.) 

^  V   VW-GM/        ^^-GM'  ^  ' 

where  R  is  the  radius  of  gyration  of  the  ship.     This  is  the 
with  the  time  of  a  double  oscillation  of  a  simple  pendulum  whoiv 
length  is  R2  ^  q^ 

The  researches  of  Mr.  William  Froude,  first  described  to  fko 
British  Association  in  July,  1860,  and  afterwards  laid  more  ioBj 
before  the  Institute  of  Naval  Architects,  have  shown,  JirH,  thit 
the  same  forces  which  tend  to  keep  a  ship  upright  in  still  waiflr 
tend  to  place  her  perpendicular  to  the  surface  of  the  water  amoD(^ 
waves,  and  thus  to  increase  rolling;  secondly,  that  the  chief  caW 
of  excessive  rolling  is  too  near  a  coincidence  between  the  periodio 
time  of  the  vessel's  rolling  and  that  of  her  being  acted  upoD  hf 
successive  waves;  and  thirdly,  that  the  most  efficient  method  w 
preventing  excessive  rolling  is  to  adjust  the  moment  of  inertia 
and  the  stability  of  a  vessel,  so  that  her  periodic  time  of  rolling 
shall  be  longer  than  the  period  of  any  waves  she  is  likely  to  en- 
counter, taking  care  at  the  same  time  to  leave  sufficient  stability 
to  prevent  the  risk  of  upsetting,  or  of  heeling  too  far  over  with 
a  side  wind. 

See  Trans,  of  tite  Institution  of  Naval  Architects,  passim;  also 
Shipbuilding,  by  Watts,  Rankine,  Napier,  and  Barnes.  (As  to 
Waves,  see  page  xv.) 

(j6Q,   The  Action  between  n  Fluid  and  a  Piston,  consisting  intbfl 

transmission  of  energy  from  the  one  to  the  other,  has  already 
been  considered  in  a  general  way  in  Article  517.  In  the  prcient 
Article  it  will  be  treated  more  in  detail. 

In  figs.   260  and   261,   let  abscissae  measured  parallel  to  th0 
e  O  S  represent  the  spaces  successively  occupied  by  a  fluid  in  > 
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cylinder  provided  with  a  piston,  any  such  space  being  denoted  by 
• ;  and  let  ordinates  measured  parallel  to  die  line  O  P,  perpendi- 


Fig.  260. 


Fig.  2C1. 


eolar  to  O  S,  represent  the  intensities  of  the  pressure  exerted  by 
the  fluid  against  the  piston,  any  such  intensity  being  denoted  by  p. 

Jj&t  a  given  weight  of  a  gaseous  substance  go  through  a  succes- 
flion  of  arbitrary  changes  of  pressure  and  volume,  so  as  to  return 
in  the  end  to  the  condition  from  which  it  set  out.  Such  a  succes- 
sion of  changes  is  called  a  cycle  of  changes ;  it  is  represented  by  a 
elosed  curve,  such  as  D  C  E  B  in  fig.  260,  and  the  area  of  that 
curve  represents  the  CTiergy  transferred  during  the  cycle  of  changes. 
If  the  changes  take  place  in  the  order  D  C  E  B,  that  is,  if  greater 
pressures  are  exerted  during  the  expansion  of  the  substance  than 
during  its  compression,  energy  is  transferred  from  the  gas  to  the 
piston;  if  the  changes  take  place  in  the  order  D  B  E  C,  that  is,  if 
greater  pressures  are  exerted  by  the  substance  dming  its  compres- 
idon  than  during  its  expansion,  energy  is  transferred  from  the  pis- 
ton to  the  gas. 

The  amount  of  energy  transferred  may  be  expressed  in  two 

-ways.     First,  for  any  given  volume  O A  =  a,  let  AG  =p^  and 

AB  sszp^he  the  greater  and  the  less  intensities  of  the  pressure ; 
then 


energy  transferred  =   /  (pi — p^ds. 


,(1.) 


Secondly,  for  any  given  pressure  O  F  =  jt?,  let  F  E  =  «,  and  F  D 
s=  j^  be  tie  greater  and  the  less  of  the  spaces  occupied ;  then 

energy  transferred  =  /  (^j — 8j)dp (2.) 

which  is  another  expression  for  the  same  quantity. 

Tig.  261  represents  the  case  in  which  a  given  weight  of  an  elastic 

gubstance  occupying  the  space  O  E  =>  «i  at  the  pressure  O  B  =  j9], 
is  introduced  into  a  cylinder  and  made  to  drive  a  piston^ — is  then 


area 


606  PKENCIFLES  OF  DYNAMICS. 

allowed  to  expand,  its  voltime  increaHmg  to  OF  =  ^  and  its pn» 

sure  falling  to  FD  zz  p2y  according  to  a  law  represented  \ij  tbi 
curve  C  D, — and  is  lastly  expelled  from  the  cylinder  at  the  ^ 
pressure.     In  this  case  the  energy  transferred  from  the  elastic 
stance  to  the  piston  is  represented  by 

ABCD=  P  «(?/?  =  w  r^'y (a) 

being,  in  fact,  as  the  last  expression  shows,  equal  to  the  wei^i 
the  elastic  substance  employed,  W,  multiplied  by  its  loss  of 
mic  liead. 

The  same  equation  gives  the  energy  transferred  from  the  ^ 
to  the  elastic  substance,  when  the  latter  is  introduced  into 
cylinder  at  the  lower  pressure  and  expelled  at  the  higher. 

For  a  perfect  gas  (Article  635)  this  expression  becomes 

If  the  fluid  is  discharged  from  the  cylinder  under  a  pressure  ft 
less  than  that  at  which  the  expansion  terminates,  there  is  to  M 
added  to  the  preceding  formula  the  term 

Siipa—p^ (M 

If  the  fluid  which  acts  on  the  piston  is  introduced  in  the 
of  saturated  vapour,  it  is  discharged  as  a  mixture  of 
vapour  at  a  lower  pressure  with  more  or  less  of  liquid.  In 
case,  the  following  equations  belonging  to  the  science  of 
dynamics  are  to  be  used.  Let  p  be  the  pressure  of  saturation  cf  *: 
vapour,  and  t  the  correspondmg  boiling  point  of  its  liquid,  M 
degrees  reckoned  from  the  absolute  zero,  274°  Centigrade  or  493^t 
Fahrenheit  below  the  melting  point  of  ice.     Then 


T  A  ^         C 

^ogp  =  A  —  -^  —  .^-; 


1_        /(A-log^        Bl) 
t"~  V    I         C         ^4C«/ 


W 


(See  Edin.  FhUos,  Jour.,  July,  1849 ;  Edin,  Tremsac,  xx;  PM» 
Mag,,  Dec,  1854;  NichoVs  Cydopoidm,  art.  "Heat,  Mechuifll 
Action  of.")  The  following  are  the  values  of  some  of  the  constaid* 
in  the  above  formulae,  selected  from  a  table  in  the  PhUogOjpUBJ 
Magazine  for  Dec,  1854,  p  being  in  lbs.  ])er  square /oot,  widrii 
degrees  of  Fahrenheit : — 


HXAT  AHD  WOBK  OF  STEAM.  607 


LogB  LogC  ^  ,,,^ 


2C  4C' 

Water,...  8*2591     3'43642     5*59873     0*003441     O'ooooii84 
.mother,...  7*5732     3*31492     5*21706    0*006264    0*00003924 

Let  L  be  the  valne,  in  foot  pounds  of  energy,  of  the  latent  heat 
of  evaporation,  at  the  absolute  temperature  r,  of  so  much  fluid  as 
fills  a  cubic  foot  more  in  the  state  of  vapoiu:  than  it  does  in  the 
state  of  liquid ;  D  the  weight  of  that  fluid ;  H  the  value,  in  foot 
pounds  of  energy,  of  the  latent  heat  of  evaporation  of  one  pound 
cf  the  fluid  at  the  absolute  temperature  r ;  and  J  the  equivalent 
in  foot  pounds  of  a  British  thermal  unit,  or  772 ;  then 


(7.) 


(hyp.  log.  10  =  2-3026); 
H  =  Ho— J  (c-h)  (r— To) 

(for  water,  c — b  =  0*7) ; 
D  =  L^H. 

(for  water  at  the  temperature  of 

melting  ice,  Ho  =  842872.) 

3e  denotes  the  value  in  foot  pounds  of  the  specific  heat  of  the 
liquid,  which  for  water  is  772,  and  for  aether,  399. 

Let  the  suffixes  1,  2,  and  3,  denote  the  pressures  and  tempera- 
teeB  lespectively,  of  the  introduction  of  the  vapour,  the  end  of  its 
vqansion,  and  its  final  discharge,  and  quantities  corresponding  to 
ttem;  81  and  82  being,  as  before,  the  spaces  filled  by  it  at  the  begin- 
Bing  and  end  of  its  expansion.      Then 

artio  of  expansion,  -  =  -^  •{  --  +  J  c  Di  •  hyp  log  -  >  ; (8.) 

energy  transferred,  U  =  /  *  «c?jp  +  *'3(Pa-^j) 
**<y(p.-i>,)+».  {  ^^^^^+ JcD»  (r,-r,(l+hyplog  ^))  } 

feTouS}H-.{L.  +  JcD.(.-.)} (10.) 

These  formtdas  are  demonstrated  in  a  paper  on  Thermodynamics 
in  the  Philosophical  Transactions  for  1854. 

The  complexity  of  the  preceding  formtdas  renders  their  use  ino^ 
Yenieut,  except  with  the  aid  of  tables  of  the  quantities  p,  L,  sa}'" 
for  diflcrent  boiling  points.     In  the  absence  of  such  ti 
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following  formulsB  give  approximate  results  for  steam,  where  the 
pressure  of  its  admission  pi  is  from  one  to  twelve  atmospheres : — 


h®H-^' <"■> 

Pa 

=  ;>,*,•  10  ■[  1  — Qs  }  +  «,  0>.  —p»)   [  ...(12.) 

The  expenditure  of  heat  in  foot  pounds  may  be  computed  rooghlj 
to  about  YpjTT,  when  the  feed  water  is  supplied  to  the  boiler  at  about 
100*  Fahrenheit,  by  the  formula 

H  =  /     sdp  +  np^s^] (13.) 


where  n  is  a  co-efficient  whose  value  is,  for  condensing  engines^  16; 
for  non-condensing  engines,  15. 

Equations  11  and  12  are  applicable  to  non-conducting  eyliDcbn 
without  steam-jackets.  For  cylinders  with  steam-jackets,  u&A 
so  as  to  keep  the  steam  dry,  it  is  more  accurate'  to  substitute  16 
for  9,  17  for  10,  and  ir,  \i,  and  iV,  respectively,  for  iV,  V,  and  J, 
throughout  the  equations  11  and  12. 

For  the  exact  theory  of  this  case,  see  A  Manual  of  tike  Skm 
Engine  and  otiier  Prime  Movers;  also,  Philosophical  Tranaaeiiuit, 
1859,  Part  I. 

The  following  are  the  ordinary  formulae,  which  give  a  gooi 
approximation  when  the  steam  is  slightly  moist : — 


i2_;ii. 


(14) 


*2 


IT  =/?!«!  hyp.  log.-*  +  s^iPi-Ps) ^(15.) 

The  approximate  formula  (13)  is  applicable  in  all  cases. 


PART  VI. 

THEORY  OF  MACHINES. 


657.   Tfmtmre  aad  Dlrialoii  of  the  Sabjecf. — In  the  present  Fart 

«f  tiiis  work,  machines  are  to  be  considered  not  merely  as  modify- 
iDg  motion,  but  also  as  modifying  force,  and  transmitting  energy 
torn  one  body  to  another.  The  theory  of  machines  consists  chiefly 
m  the  application  of  the  principles  of  dynamics  to  trains  of  me- 
dumism ;  and  therefore  a  large  portion  of  the  present  part  of  this 
treatise  "will  consist  of  references  back  to  Part  IV.  and  Part  V. 

There  are  two  fundamentally  different  ways  of  considering  a 
machine,  each  of  which  must  be  employed  in  succession,  in  order 
to  obtain  a  complete  knowledge  of  its  working. 

L  In  the  first  place  is  considered  the  action  of  the  machine 
during  a  certain  period  of  time,  with  a  view  to  the  determination 
cf  its  EFFICIENCY ;  that  is,  the  ratio  which  the  uaefvl  part  of  its 
irork  bears  to  the  whole  expenditure  of  energy.  The  motion  of 
e?eiy  ordinary  machine  is  either  uniform  or  periodical.  Hence,  as 
ks  been  shown  in  Article  553,  the  principle  of  the  equality  of 
Qiergy  and  work,  as  expressed  in  Article  518,  is  fulfilled  either 
ttnstantly  or  periodically  at  the  end  of  each  period  or  cycle  of 
danges  in  the  motion  of  the  machine. 

IL  In  the  second  place  is  to  be  considered  the  action  of  the 
l&achine  during  intervals  of  time  less  than  its  period  or  cycle,  if 
its  motion  is  periodic,  in  order  to  determine  the  law  of  the  periodic 
changes  in  the  motions  of  the  pieces  of  which  the  machine  con- 
sists, and  of  the  periodic  or  reciprocating  forces  by  which  such 
f^hanges  are  produced  (Article  ^b^. 

The  first  chapter  of  the  present  Part  relates  to  the  work  of 
machines  moving  imiformly  or  periodically,  and  the  second  chapter 
to  variations  of  motion  and  force  in  machines.  In  a  third  chapter 
will  be  stated  briefly  the  general  principles  of  the  action  of  the 
more  important  prime  rruycers.  With  respect  to  those  machines,  it 
is  impossible  to  enter  fully  into  details  within  the  limits  of  saoh  a 
treatise  as  ^e  present,  especially  as  the  most  important  of  them  all 
the  steam  engine,  depends  on  ^e  laws  of  the  phenomena  of  I' 
which  could  not  be  completely  explained  except  in  a  speeial  ^ 
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CHAPTER  L 

WORE  OP  MACHINES  WITH  UNIPOBM  OR  PERIODIC  MOTIOH; 

Section  1. — General  Principles, 

658.  UmAiI  and  i<o8t  iVotk.^ — ^The  whole  work  peifbrmed  by  a 
xnachine  is  distinguislied  into  useful  work,  being  that  performed  in 
producing  the  effect  for  which  the  machine  is  designed,  and  M 
work^  being  that  performed  in  producing  other  effects. 

659.  UMitai  and  Pvcjadiciai  Rcaiaiaitce  are  overcome  in  peKfiam- 
ing  usefiil  work  and  lost  work  respectively. 

660.  The  Sfficiency  of  a  machine  is  a  fraction  expressing  tiie 
ratio  of  the  useful  work  to  the  whole  work  performed,  which  is 
equal  to  the  energy  expended.  The  limit  to  the  effidenqr  of  s 
machine  is  wnif/y,  denoting  the  efficiency  of  a  perfect  Tnachinfl  in 
which  no  work  is  lost.  The  object  of  improvements  in  machines 
is  to  bring  their  efficiency  as  near  to  unity  as  possible. 

661.  Power  and  KITecf ;  Mone  Power. — ^The  pOWeT  of  a  maduBS 

is  the  energy  exerted^  and  the  effect,  the  useful  work  performed,  in 
some  interval  of  time  of  definite  length. 

The  unit  of  power  called  conventionally  a  horse  powers  is  560 
foot  pounds  per  second,  or  33,000  foot  pounds  per  minute,  cr 
1,980,000  foot  pounds  per  hour.  The  effect  is  equal  to  the  power 
multiplied  by  the  efficiency. 

662.  IMlTing  Pointy  Trala;  V^Mrklag  Point* — ^The  driving  point 

is  that  through  which  the  resultant  effort  of  the  prime  movar 
acts.  The  train  is  the  series  of  pieces  which  transmit  motion  aod 
force  from  the  driving  point  to  the  working  point,  through  whidi 
acts  the  resultant  of  the  resistance  of  the  usdful  work. 

663.  Points  of  Besistaace  are  points  in  the  train  of  mechaniflt 
through  which  the  resultants  of  prejudicial  resistances  act. 

664.  SAcicneies  of  Pieces  of  a  Traia* — The  usefol  WOrk  of  tt 

intermediate  piece  in  a  train  of  mechanism  consists  in  driving  the 
piece  which  follows  it,  and  is  less  than  the  energy  exerted  upon  it 
by  the  amount  of  the  work  lost  in  overcoming  its  own  fiictioBf 
Hence  the  efficiency  of  such  an  intermediate  piece  is  the  laiao  of 
the  work  performed  by  it  in  driving  the  following  piece,  to  the 
energy  exerted  on  it  by  the  preceding  piece ;  and  it  is  evident  that 
tike  efficiency  of  a  machmeis  theprodmt  of  ike  efficiencies  ofihe  mriu 
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ofmcmng  pieces  which  trcmsmU  energy  from  the  drivim/g  pamt  to  the 
working  point.  The  same  principle  applies  to  a  train  of  sitccessive 
machines,  each  driving  that  which  follows  it. 

665.  Meait  Btftoci  aad  BeidataBees. — ^In  Article  515  is  given  the 
ecspression  JT  dsfor  the  energy  exerted  by  a  varying  effort  whose 
magnitude  at  any  instant  is  P;  and  a  corresponding  expression 
j'Rds  denotes  the  work  performed  in  overcoming  a  variable  re- 
sistance. In  a  machine  moving  uniformly,  let  these  expressions 
have  reference  to  any  interval  of  time,  and  in  a  machine  moving 
periodically,  to  one  or  any  whole  nimiber  of  periods ;  let  «  be  the 
space  described  by  the  point  of  application  of  the  effort  or  resist- 
ance in  the  interval  in  question ;  then  I  "P  ds  -r-  «or  j'Rds  -f-  a 

is  the  mecm  effort  or  mecm  resistcmce  as  l5ie  case  may  be.  The  fiuc- 
tuaiums  of  the  efforts  and  resistances  above  and  below  their  mean 
-values  concern  only  the  variations  of  velocity  in  a  machine  j  and 
therefore,  in  the  remainder  of  the  present  chapter,  P  and  it  will  be 
used  to  denote  such  mean  values  only;  so  that  energy  exerted  and 
work  performed,  whether  the  forces  are  constant  or  varying,  will 
be  respectively  denoted  by  P  s  and  R  s.  By  referring  to  Articles 
517  and  593,  it  appears,  that  besides  a  force  and  a  length,  as 
expressed  above,  the  two  factors  of  a  quantity  of  energy  may  be  a 
stress  and  a  cubic  space,  or  a  couple  and  an  angle,  as  shown  in 
the  following  table  : — 


Energy 

or 

work 

in 

foot  pounds 


Force  in  pounds  x  distance  in  feet ; 

Couple  in  foot  pounds  x  angular  motion  to 

radius  unity;  or 
Pressure  in  pounds  per  square  foot  x  space 

described  by  a  piston  in  cubic  feet. 


666.  The  cusneral  Kqoatiom  of  the  tmiform  or  periodical  working 
of  a  machine  are  obtained  by  introducing  the  distinction  between 
useful  and  lost  work  into  the  equations  of  the  conservation  of 
energy.  Thus,  let  P  denote  the  mean  effort  at  the  driving  point, 
s  the  space  described  by  it  in  a  given  interval  of  time,  being  a 
whole  number  of  periods  or  revolutions,  H^  the  mean  usdFul  resist- 
ance, Si  the  space  through  which  it  is  overcome  in  the  same  inter- 
val, B^  any  one  of  the  prejudicial  zesLatances,  Sa  the  space  through 
which  it  is  overcome ;  then 

Ts  =  "R^Si  +  S'Ro^a (1.) 

The  efficiency  of  the  machine  is  expressed  by 
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R,  «i  Ri  8i 


P«         Ri^i  +  S'Ra^j 

G67.  E^oatloBif  la  tcmui  of  ComparatiTe  IHotioBs. — ^Let  8i  18^^ 

SiissssTig,  &c.,  be  the  ratios  of  the  spaces  described  in  a  whole  num- 
ber of  periods  by  the  working  point  and  the  several  points  d 
resistance,  to  the  space  described,  in  the  same  interval  of  time,  \fj 
the  driving  point ;  then  equation  1  of  Article  666  takes  the  follow- 
ing form,  which  expresses  the  "  Principle  of  Virtual  VelodtiBB" 
(Article  519)  as  applied  to  machines  : — 

P  =  7liRi  +  S-TlgRj, (1.) 

Thus  the  mean  effort  at  the  driving  point  is  expressed  in  terms  of 
the  several  mean  resistances,  and  of  the  comparative  motions  aloDS^ 
which  last  set  of  quantities  are  deduced  from  the  construction  of 
the  machine  by  the  principles  of  the  theory  of  mechanism ;  so  tiiat 
every  proposition  in  Part  IV.,  respecting  the  comparative  motioos 
of  the  points  of  a  machine,  can  at  once  be  converted  into  a  proposi- 
tion respecting  the  relation  between  the  mean  effort  and  resistenoes; 
and  the  mean  effort  required  to  drive  the  machine  can  be  deter- 
mined if  the  resistances  are  known. 

668.  Redaction  of  Forces  and  Couples.  —  In    calculation  ik  Tt 

often  convenient  to  substitute  for  a  force  applied  to  a  given  point 
or  a  couple  applied  to  a  given  piece,  the  equvoaleni  force  or  ooqpk 
applied  to  some  other  point  or  piece;  that  is  to  say,  the foroaor 
couple,  which,  if  applied  to  the  other  point  or  piece,  would  exflHi 
equal  energy,  or  employ  equal  work.  The  principles  of  iHf 
reduction  are,  that  the  ratio  of  the  given  to  the  equivalent  force  ii 
the  reciprocal  of  the  ratio  of  the  velocities  of  their  points  of  appfr 
cation ;  and  the  ratio  of  the  given  to  the  equivalent  couple  is  ii« 
reciprocal  of  the  ratio  of  the  angular  velocities  of  the  pieces  to  whiA 
they  are  applied. 

Section  2. — On  tlie  Friction  ofMachvnes. 

669.  Co-efflcients  of  Friction. — ^The  nature  and  laws  of  the  frio- 
tion  of  solid  surfaces,  and  the  meanings  of  co-efficients  of  fiictiflt 
and  angles  of  repose,  have  been  explained  in  Articles  189,  W^ 
191,  and  192.  The  following  is  a  table  of  the  angle  of  reposa 
(p,  the  co-efficient  of  friction  /=  tan  ^,  and  its  reciprocal  1  :/i 
for  the  materials  of  mechanism,  condensed  from  the  tables  d 
General  Morin,  and  other  sources,  and  arranged  in  a  few  comr 
prehensive  classes.  The  values  of  those  constants  which  are 
given  in  the  table  have  reference  to  the  friction  of  motion,    Al 

to  the  difference  between  that  and  the  friction  of  rest,  see  Artiok 
^04. 
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Ko. 


1. 

8. 

8. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
18. 
14. 
15. 
16. 
17. 
18. 


Surfaces. 


Wood  on  wood,  diy, 

„  „    soapy, 

Hetalsonoak,  diy, 

f»  11    'wet, 

„  „    aoapy, 

Hetals  on  elm,  dry, 

Hemp  on  oak,    dry, 

»»  »»    wet, 

Leather  on  oak, 

Leather  on  metals,  dry, 

wet, 

greasy, 

11  »,         oUy, 

Hetals  on  metals,    dry, , 

n  »»         "W^tf ' 

Smooth  surfaces,  occasionally  greased, 
continually  greased, 
b^t  results. 


If 
If 


P 


n 


f> 
If 


»f 


14°  to  26  J° 

lli° 
261*»to31«* 
13  f'  to  14  J® 

lli° 
11  J°  to  W 
28° 

18J° 
16°  to  19J° 

29J° 

20° 

13° 
gio 

8A°  to  11A° 

16J° 
4°  to  4i° 

3° 
lj°  to  2° 


/ 


•26  to  -6 

•2 

•5  to -6 

•24  to  -26 

•2 
•2  to  '26 

•53 

•33 
•27  to  -38 

•66 

•36 

•23 

•16 
•16  to  '2 

•3 
•07  to  -08 

•05 
•03  to  -036 


1:/ 


4to2 

5 

2  to  1-67 

4-17  to  3  86 

5 

5to4 

r89 

3 

3^7  to  2^86 

r79 

2-78 

4-35 

6-67 

€•67  to  6 

3-33 
14-3  to  12  6 

20 
33 '3  to  27^6 


670.  Ungaenu. — The  last  three  results  in  the  preceding  table,  Kos. 
16,  17,  and  18,  have  reference  to  smooth  firm  sur&u;es  of  any  kind, 
greased  or  lubricated  to  such  an  extent  that  the  friction  depends 
chiefly  on  the  continual  supply  of  unguent,  and  not  sensibly  on  the 
nature  of  the  solid  surfaces ;  and  this  ought  almost  always  to  be 
the  case  in  machinery.  Unguents  should  be  thick  for  heavy  pres- 
sures, that  they  may  resist  being  forced  out,  and  thin  for  light  pres- 
Bores,  that  their  viscidity  may  not  add  to  the  resistance. 

671.  Ijimlt  of  Pressore  between  Rabbins  Snrfaces. — The   law   of 

the  simple  proportionality  of  friction  to  pressure  (Article  190)  is 
only  true  for  dry  surfaces,  when  the  pressure  is  not  sufficiently 
intense  to  indent  or  grind  the  surfaces ;  and  for  greased  surfaces, 
when  the  pressure  is  not  sufficiently  intense  to  force  out  the  unguent 
from  between  the  surfaces,  where  it  is  held  by  capillary  attraction. 
If  the  proper  limit  of  intensity  of  pressure  be  exceeded,  the  friction 
increases  more  rapidly  than  in  the  simple  ratio  of  the  pressure. 
That  limit  diminishes  as  the  velocity  of  rubbing  inci'eases,  according 
to  some  law  not  yet  exactly  determined.  The  following  are  some 
of  its  values  deduced  from  experience  : — 


Bailwny  Carriage  Axles. 


Yt?locity  of  rubbing  1  foot  per  second, 
Timber  ways  for  launchiug  ships,  about 


Limit  of  Pressure, 

lb.  per  square  iucli. 

.       392 

224 

l.|0 

50 
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The  inclination  given  to  these  ways  varies  from  abont  1  in  10 
for  the  smallest  vessels,  to  about  1  in  20  for  the  largest.  Tb» 
co-efficient  of  friction,  when  the  ways  are  weU  lubricated  wA. 
tallow  or  soft  soap,  is  probably  between  03  and  '04. 

672  Fricti«m  of  a  BUdinc  Piece. — ^In  fig.  262,  let  A  represents 

>  y^       sliding  piece,  which  moves  uniformly  along 

^^   /  the  straight  guide  B  B  in  the  direction  indi- 

^        *^^^\L  cated  by  the  arrow,  under  two  forces  whick 

''^ — p<C^A^--^B  iiiay  be  direct  or  oblique,  but  which  are  le- 

^\--;:^^i^^^^'^      presented  as  oblique,  to  make  the  solutiGa 

— "^^^^^^^"^  ^^•''^^      general.    The  force  F,  opposed  to  the  motum, 

is  the  resultant  of  the  useful  resiskmce  or 
Fig.  262 .  force  which  A  exerts  on  the  next  piece  in 

the  train,  and  of  the  weight  of  A  itself,  and  will  be  called  ihe  gkm 
force.  Let  the  angle  which  it  makes  with  the  guide  B  B  be  denoted 
by  ig.  The  force  Fj  is  that  which  drives  the  piece ;  the  angle  % 
which  its  direction  makes  with  the  guide  B  B  is  supposed  to  be 
known ;  but  its  magnitude  remains  to  be  determined,  as  well  as 
the  friction,  which  it  has  to  overcome  in  addition  to  the  usefbl 
resistance.  Let  Q  denote  the  normal  pressure  of  A  against  BS^ 
80  thaty*Q  is  the  friction.  Then  we  have  the  two  equations  cf 
equiHbrium : — 

Q  =  Fi  sin  ti  4-  F^.  sin  i^ ; 

Fi  cos  ii  =  Fj  cos  ia  +/Q  (1.) 

=  Fi^ sin  ii  +  Fa  (cos  i.2  +  fsin.  ig) ;    J 

from  which  are  easily  deduced  the  following  equations,  solving  Ita 
problem : — 

COS  ij  —/sin  *i  cos  ii  —/sin  ij     ^  ' 

673.  The  lll«iiient  of  Friction  of  a  rotating  piece  is  the  statical 
moment  of  the  friction  relatively  to  the  axis  of  rotation  of  the  pieoe^ 
and  is  the  moment  of  a  couple  consisting  of  the  friction,  and  of  an 
eqvial  and  opposite  component  of  the  pressure  exerted  by  th6 
bearings  of  the  piece  against  its  axle.  The  moment  of  fricti0ii» 
being  multiplied  by  the  angular  motion  in  a  given  time,  gives  the 
work  lost  in  fricion  in  that  time. 

674.  Friction  of  an  Axle. — ^After  a  cylindrical  axle  has  mn  for 
some  time  in  contact  with  its  bearing,  the  bearing  becomes  slightly 
larger  than  the  axle,  so  that  the  point  of  most  intense  pressnro, 
which  is  also  the  point  of  resistance,  traversed  by  the  resoltant 
of  the  friction,  adapts  its  position  to  the  direction  of  the  lateral 

essure. 
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In  fig.  263,  let  A  A  A  be  a  transverse  section  of  the  cylindrical 
axle  of  a  rotating  piece,  and  C  its  axis  of  rotation;  let  E.  represent 
tlie  direction  and  magnitude  of  what  will  be  . 

called  the  gwen  force,  being  the  resultant  ]p 

of  the  useful  resistance,  and  of  the  weight  /T\ 

of  the  piece  under  consideration.     Let  P  /    \   \^ 

represent  the  ejffort  required  to  drive  the  /      \     ^V 

piece,  whose  line  of  action  is  known,  but  its         ^         \         \^ 
magnitude  remains  to  be  determined.     Let     -a/     ^^^"t^  x\i 
D  be  the  point  where  the  directions  of  P     /^T^^^sSA  /\ 
and  R  intersect,  and  D  Q  the  line  of  action  (      (^^   ) 

of  their  resultant,  which  resultant  is  equal         -a.\      ^^   / 
and  opposite  to  Q,  the  pressure  exerted  by  \.__3r 

the  bearing  against  the  axle,  and  is  there-  '"^^wTx 

fore  inclined  to  the  radius  C  Q  by  an  angle  * 

0  QD  =  ^,  being  the  angle  of  repose,  in  such  ^^*  ^^^' 

a  manner  as  to  resist  the  rotation,  whose  direction  is  indicated  by 
the  arrow. 

Then  to  find  the  line  of  pressure  D  Q,  it  is  obviously  sufficient  to 
deflciibe  about  the  centre  C  a  circle  £  £  whose  radius  is 

CT  =  r-sm»=yj^ (^•> 

r  =  C  Q  being  the  radius  of  the  axle,  and  to  draw  from  the  known 
point  D  a  line  D  T  Q  touching  that  circle  in  T,  which  point  of 
contact  is  at  that  side  of  the  circle  which  makes  a  force  acting  from 
Q  towards  T  oppose  the  rotation. 

From  T  draw  TR  -L  R,  and  TP  J-P.  Then  the  magnitude  of 
the  ejffort  P  is  given  by  the  equation 

P  =  RTR  -  TP (2.) 

and  that  of  the  pressure  Q  by  the  equation 

Q'  =  F  +  R^+2PR-cos^PD  R (3.) 

(the  last  term  of  which  becomes  negative  when  .^  P  D  R  is 
obtuse);  while  the  friction  is 

Q8in^  =  _/J_; (4.) 

and  its  moment  _ 

Q  r  sin  <P  =  Q  •  C  T (5.) 

When  P  and  R  are  parallel  to  each  other,  Q  is  their  difference 
or  their  sum,  according  as  they  act  at  the  same  or  at  opposite  sides 
of  the  axle,  and  Q  T  is  to  be  drawn  parallel  to  them  both^  so  that 
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A  T,  T  P,  and  0  T^  lie  in  one  straight  line^  when  equations  2,  4, 
and  5  will  still  hold. 

In  order  to  diminish  the  lateral  pressure  Q,  and  the  Mctum 
arising  firom  it,  to  the  least  possible  amount,  the  mechanism  should 
be  so  arranged  as  to  make  P  and  It  act  parallel  to  each  other  at  the 
same  side  of  the  axle.  

In  most  actual  cases,  sin  0  =/ :  J  1  +/*  differs  from  tan  0  =/ 
in  a  proportion  too  small  to  be  of  any  practical  importance. 

The  bearings  of  axles  should  be  made  of  materials  which,  thou^ 
hard  enough  to  resist  the  rubbing  without  abrasion,  are  not  so  hard 
as  the  axle.  Hence  for  wrought  iron  axles,  bronze  bearings  are 
commonly  used.  Bearings  of  cast  iron,  millboard,  and  hardwood, 
such  as  elm,  with  the  grain  set  radially,  have  also  been  used  with 
advantage. 

675.  Fricu«n  of  a  Pivot. — ^A  pivot  is  the  termination  of  an  axle, 
which  presses  endways  against  a  bearing  called  a  step,  or  footste{k 
Pivots  require  great  hardness,  and  are  usually  made  of  steeL 

A  fla^  pivot  is  a  short  cylinder  of  steel,  having  a  plane  drcalar 
end  for  a  rubbing  surface.  If  the  pressure  Q  be  equally  distributed 
over  that  surface  whose  radius  is  r,  the  moment  of  friction  is  easily 
found  by  integration  to  be 

|aq (1.) 

In  flat  pivots,  the  intensity  of  the  pressure,  which  is  given  by  tliB 
equation 

^-h' (2.) 

is  usually  limited  to  2,240  lbs.  per  square  incL 

In  the  cwp  cmd  hall  pivot,  the  end  of  the  shaft,  and  the  sfcep^ 
present  two  recesses  facing  each  other,  into  which  are  fitted  two 
shallow  cups  of  steel  or  hard  bronze.  •  Between  the  concave  sphericil 
surfaces  of  those  cups  is  placed  a  steel  ball,  being  either  a  complete 
sphere,  or  a  lens  having  convex  surfaces  of  a  somewhat  less  radios 
than  the  concave  suri^ces  of  the  cups.  The  moment  of  friction  of 
this  pivot  is  at  first  almost  inappreciable,  from  the  extreme  small- 
ness  of  the  radius  of  the  circles  of  contact  of  the  ball  and  cups; 
but  as  they  wear,  that  radius  and  the  moment  of  friction  increase^ 

676.  Friction  of  a  Collar. — When  it  is  impracticable  or  incon- 
venient to  sustain  the  pressure  which  acts  along  a  shaft  by  means 
of  a  pivot  at  its  end,  that  pressure  is  borne  by  means  of  one  or  more 
collars, .  or  rings  projecting  from  the  shaft,  and  pressing  against 
corresponding  ring-shaped  bearings,  for  which,  in  die  case  of  shafts 
of  screw  propellers,  hardwood  set  with  the  grain  endways  has  been 
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fofond  a  good  material  amongst  others.  Let  r  be  the  external^  and 
f^ihe  intemal  radius  of  a  collar;  its  moment  of  friction  for  the 
presBore  Q  is  given  by  the  formula 

-3-^Q-fcS (1) 

677.  Frfctioii  of  Teeth. — ^When  a  pair  of  wheels  work  together, 
let  P  be  the  pressure  exerted  between  each  pair  of  their  teeth  which 
eomes  into  action,  s  the  distance  through  which  each  pair  of  teeth 
slide  over  each  other,  as  foimd  in  Articles  453,  45d,  458,  and 
462  A,  and  n  the  number  of  pairs  of  teeth  which  pass  the  line  of 
centres  in  a  given  interval  of  time.  Then  in  that  interval,  the  work 
lost  hj  the  Motion  of  the  teeth  is 

fnsF (1.) 

678.  Friction  of  a  Band. — A  flexible  band,  such  as  a  cord,  rope, 
belt,  or  strap,  may  be  used  either  to  exert  an  effort  or  a  resistance 
upon  a  drum  or  pulley  round  which  it  wraps.  In  either  case,  the 
tangential  force,  whether  effort  or  resistance,  exerted  between  the 
band  and  the  pulley,  is  their  mutual  friction,  caused  by  and  pro* 
poxtional  to  the  normal  pressure  between  them. 

In  fig.  264,  let  C  be  the  axis  of  a  pulley  A  B,  round  an  arc  of 
which  fiiere  is  wrapped  a  band,  Tj  A  B  T,;  let  the  outer  arrow 
represent  the  direction  in  which  the  band  slides,  or  tends  to  slide, 
relatively  to  the  pulley,  and  the  inner  arrow  the  direction  in  which 
the  pulley  slides,  or  tends  to  slide,  relatively  to  sJlH^^--^^ 

the  band. 

Let  Ti  be  the  tension  of  the  free  part  of  the 
band  at  that  side  towa/rds  which  it  tends  to  draw 
the  pulley,  or  from  which  the  pulley  tends  to 
draw  it;  Tj  the  tension  of  the  free  part  at  the 
other  side;  T  the  tension  of  the  band  at  any 
intermediate  point  of  its  arc  of  contact  with  the 
pulley;  $  the  ratio  of  the  length  of  that  arc  to 
the  radius  of  the  pulley;  d  ^  the  ratio  of  an 
indefinitely  small  element  of  that  arc  to  the 
radius;  It  =  Tj  —  T,,  the  total  friction  between 
the  baiid  and  the  pulley;  d  R  the  elementary 
portion  of  that  friction  due  to  the  elementary  *^-  ^^*- 

arc  d^',  /the  co-efficient  of  friction  between  the  materials  of  the 
band  and  pulley. 

Then  according  to  a  principle  proved  in  Articles  179  and  271,  it 
is  known  that  the  normal  pressure  at  the  elementary  arc  d  tf  is 

Td^\ 


.(1.) 
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T  being  the  mean  tension  of  the  band  at  that  elementary  sic;  oon- 
sequen^y,  the  Motion  on  that  arc  is 

dB,=fTde. 

Now  that  friction  is  also  the  difference  between  the  tensions  of  the 
band  at  the  two  ends  of  the  elementary  arc;  or 

dT  =  d'R  =  /Td$; 

which  equation  being  integrated  throughout  the  entire  arc  of 
contact^  gives  the  following  formulse : — 

R  =  Ti-T2=.Ti(l-e-/^  =  T2(6/»-l). 

When  a  belt  connecting  a  pair  of  pulleys  has  the  tensions  of  its 
two  sides  originally  equal,  the  pulleys  being  at  rest;  and  when  the 
pulleys  are  set  in  motion,  so  that  one  of  them  drives  the  other  hy 
means  of  the  belt;  it  is  found  that  the  advancing  side  of  the  belt 
is  exactly  as  much  tightened  as  the  returning  side  is  slackened,  00 
that  the  mean  tension  remains  unchanged.  Its  value  is  given  hj 
this  formula : — 

2R    ^2{efff^iy ^^' 

which  is  useful  in  determining  the  original  tension  required  to 
enable  a  belt  to  transmit  a  given  force  between  two  pulleys. 

If  the  arc  of  contact  between  the  band  and  pulley,  expressed  in 
turns  and  fractions  of  a  turn,  be  denoted  by  n, 

$  =  2^n;  e/»=102-7288/« (3.) 

When  the  band  is  used  to  resist  the  motion  of  the  pulley^  it 
constitutes  a  kind  of  brake  called  a,  friction  fi/rwp.  In  this  case  the 
rubbing  surfaces  of  the  band  and  pulley  may  either  be  both  of  iron, 
or  may  be  protected  by  a  covering  made  of  pieces  of  wood,  which  ii 
renewed  from  time  to  time  as  it  wears  out, 

679.  In  Frictfonai  Gearinff,  described  in  Article  445,  it  appein 
that  when  the  angle  of  the  grooves  is  40®,  and  when  their  su^GsMxe 
are  smooth,  clean,  and  dry,  the  tangential  force  transmitted  between 
the  wheels  is  once  and  a-half  the  force  with  which  their  axes  are 
pressed  together.  This  proportion  is  much  greater  than  that  due  to 
ordinary  friction,  and  must  arise  partly  from  adhesion. 

680.  Friction  ConpiiufEs  are  used  to  commimicate  rotation  be- 
tween pieces  having  the  same  axis,  where  sudden  changes  of  fime 
or  of  velocity  take  place;  being  so  adjusted  as  to  limit  the  force 
transmitted  within  the  bounds  of  safety.     Contrivances  of  this 
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ce  yeay  numeiroiisj  one  of  the  most  common  and  most  useful  is 
hat  called  a  pair  of  friction  cones.  The  angle  made  by  the  sides 
i  the  cones  with  the  axis  should  not  be  less  than  the  angle  of 
Expose. 

681.  fltUkcM  mi  B«pM. — Ropes  offer  a  resistance  to  being  bent, 
i&d  when  bent  to  being  straightened  again,  which  aiises  from  the 
imtiial  Motion  of  their  fibres.  It  increases  with  the  sectional  an^a 
of  the  rope,  and  is  inversely  proportional  to  the  radius  of  the  curve 
into  which  it  is  bent 

The  toorJs  lost  in  pulling  a  given  length  of  rope  over  a  pulley,  is 
bond  by  multiplying  the  length  of  the  rope  in  feet,  by  its  stiffness 
b  pounds  j  that  stO&iess  being  the  excess  of  the  tension  at  the 
Ittfing  side  of  the  rope  above  that  at  the  following  side,  which  is 
necessary  to  bend  it  into  a  curve  fitting  the  pulley,  and  tlien  to 
rtmighten  it  again. 

The  following  empirical  formulae  for  the  stiffness  of  hempen  ro])ea 
bave  been  deduced  by  General  Morin  fi-om  the  expeiiments  of 
Oonlomb : — 

Let  E.  be  the  stiffiiess  in  poimds  avoirdupois ; 

d,  the  diameter  of  the  rope,  in  inches ; 

n  =  48  c?*  for  white  ropes,  35  d^  for  tarred  ropes ; 

f,  the  ^ectwe  radius  of  the  pulley,  in  inches ; 

T,  the  tension,  in  pounds  j  then, 

fe  white  ropes,  R  =  -(0-0012  +  0-001026  w  +  0-0012  T);  . 


r 

n 

T 


^ortarred  ropes,  R  =  -  (0-006  +  0-001392  7i  +  0-00168 T). 


.(1.) 


682.  R«lllBg  Benialaiice  of  Smooth  Burlacc*. — By  the   rolling  of 

^0  surfaces  over  each  other  without  sliding,  a  resistance  is  caiiHcnl, 
iiich  is  called  rolling  friction.  It  is  of  the  nature  of  a  couqila 
isisting  rotation  j  its  moTnerU  is  found  by  multiplying  the  normal 
^essure  between  the  rolling  surfaces  by  an  arm  whoso  length 
Spends  on  the  nature  of  the  rolling  surfaces ;  and  the  work  lost 
.  an  unit  of  time  in  overcoming  it  is  the  product  of  its  moment 
r  the  cmgula/r  vdodty  of  the  rolling  surfaces  relatively  to  cjich 
her.  The  following  are  approximate  values  of  the  arm  in  decvrncUa 
*  a  foot : — 

Oak  upon  oak, o*oo6  (Coulomb). 

Lignum-vitsB  on  oak, 0-004  „ 

Cast  iron  on  cast  iron, 0*002  (Trodgold). 

683.    The  Seatalmice  of  Carriages  on  Boadu  consists  of  a  constant 

rt,  and  a  part  increasing  with  the  velocity.  According  to  Gone- 
l  Morin,  it  is  given  approximately  by  the  following  fonnula : — 
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R=^[a  +  5(v-.  3-28)}  j (1.) 

where  Q  is  the  gross  load,  r  the  radius  of  the  wheels  in  iw3iy»^ 
V  the  velocity  in  feet  per  second,  and  a  and  b  two  constants,  whose 
values  are  a  h 

For  good  broken  stone  roads, '4  to  -55      '024  to  '026 

For  paved  roads, '27  '0684 

For  the  pavement  of  Paris, '39  -03 

On  gravel  roads  the  resistance  is  about  double,  and  on  sandj  and 
gravelly  soft  ground,  five  times  the  resistance  on  good  broken  stono 
roads. 

684.   ResUtanco  of  Railirar  Trains. — In  the  following  fbimuk^ 

which  are  all  empirical — 

E  denotes  the  weight  of  the  engine; 

T  „  the  gross  load  drawn  by  it; 

V  „  the  velocity,  in  miles  an  hour; 

r  „  the  radius  of  curvature  of  the  line,  in  miles; 

R  „  the  resistance  in  pounds; 

y  „  a  co-efficient  of  friction ; 

c  „  a  co-efficient  for  resistance  due  to  curvature. 

Then  for  single  carriages  with  cylindrical  wheels,  at  velocities  up 
to  12  miles  an  hour,  according  to  the  experiments  of  lieutenant 
David  Bankine  and  the  Author, 


R 


=/0  +  ^)t; (1.) 


where/=  0-002;  and  c  =  0-3.     {See  ExperimerUal  Inquiry  an  A$ 
Use  of  Cylindrical  Wheels  on  RailvxiySy  1842.) 

For  an  engine  and  train,  the  following  is  an  empirical  formnk 
deduced  from  the  experiments  of  various  authors: — 

R=/(T  +  E)(l  +  j^)  (1  +  ?); (I) 

where/ranges  from  -0027  to  -004,  according  to  the  state  of  the 
line  and  carriages,  and  c  from  0*3  to  0*1.  (See  Bankine's  Mamtd 
of  Civil  Engineering,) 

68d.  Heat  of  Friciion. — The  work  lost  in  friction  produces  heit 
in  the  proportion  of  one  British  thermal  unit,  being  so  much  liert 
as  raises  the  temperature  of  a  pound  of  water  one  degree  rf 
Fahrenheit,  for  every  772  foot  pounds  of  lost  work. 

Excessive  heating  is  prevented  by  a  constant  and  copious  soj^ 
of  a  good  unguent. 
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CHAPTER  IL 

VABIED  MOTIONS  OF  MACHINES. 

686.  The  OcBiriAigai  Fmrces  and  Coapies  exerted  by  the  Yarious 
ntating  pieces  of  a  machine  against  the  bearings  of  their  axles  are 
to  be  determined  by  the  principles  of  Articles  540,  592,  and 
603,  and  taken  into  account  in  determining  the  lateral  pressures 
iFiiich  cause  friction,  and  the  strength  of  the  axles  and  framework. 
As  those  centrifugal  forces  and  couples  cause  increased  friction 
and  stress,  and  sometimes  also,  by  reason  of  their  continual  change 
of  direction,  produce  detrimental  or  dangerous  vibration,  it  is  de- 
simble  to  reduce  them  to  the  smallest  possible  amoimt ;  and  for 
tiiat  purpose,  unless  there  is  some  special  reason  to  the  contrary, 
the  axis  of  rotation  of  every  piece  which  rotates  rapidly  ought  to 
traverse  its  centre  of  gravity,  that  the  resultant  centrifugal  force 
inay  be  nothing,  and  ought  to  be  an  axis  of  inertia,  that  the  centri- 
bgel  couple  may  be  nothing.  As  to  axes  of  inertia,  see  Article  584. 

687.  Actual  £nerg7  of  a  iTiachine. — To  determine  the  entire 
actual  energy  of  a  machine  at  a  given  instant,  it  is  necessary  to 
know — 

(1.)  The  weight  of  each  of  its  sliding  pieces :  let  any  one  of  those 
Weights  be  denoted  by  W; 

(2.)  The  velocity  of  translation  of  each  of  those  pieces  at  the 
given  instant :  let  v  denote  any  one  of  these  velocities ; 

(3.)  The  moment  of  inertia  of  each  of  its  rotating  pieces  :  let  any 
One  of  these  moments  be  denoted  by  I ; 

(4.)  The  angular  velocity  of  each  of  those  pieces  at  the  given 
insikant;  let  a  be  any  one  of  these  angular  velocities. 

These  quantities  being  given,  the  actual  energy  of  the  machine  is 

E  =  2-(2-Wi;«  +  s-Ia*)j (1.) 

if 

ind  if  the  moment  of  inertia  of  each  rotating  piece  be  expressed  in 
ihe  form  I  =  W  f,  W  being  its  weight  and  e  its  radius  of  gyra- 
don^  the  above  expression  may  be  put  in  the  form, 

E  =  Y'i^'Wv'  +  2'We(^ (2.) 

if 

688.  B«««cedi  iMKCia. — The  figures,  sizes,  and  connection  of  ihe 
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pieces  of  a  macliine  being  known,  the  principles  of  the  Theoiy  of 
Mechanism  (Part  TV,),  enable  the  comparative  motions  of  all  its 
points  to  be  determined,  and  in  particular,  the  seyeral  ratios  of 
their  velocities  t6  that  of  the  driving  point  at  any  instant.  Let  V 
be  the  velocity  of  the  driving  point,  and  for  any  given  piece  of  the 
machine  whose  weight  is  W,  let  n  denote  the  ratio  v  :  V  if  it  is  ft 
sliding  piece,  and  the  ratio  e  a  :  V  if  it  is  a  turning  pieca  Then 
the  sum 

2  •  Ww« (1.) 

expresses  the  wdgkt  which,  ifcemcentrated  al  the  drivmg  pomtf  ioohU 
ha/ve  the  acmie  admd  energy  wUh  the  embi/re  TtiaeMne.  This  quaothy 
may  be  called  the  inertia  redticed  to  the  drimng  poirU,  By  "Ml 
Moseley,  who  first  introduced  its  consideration  into  mechaiucEi^  jH 
is  called  .the  "  co-eflGicient  of  steadiness." 

The  actual  energy  of  the  machine  at  any  instant  may  now  be 
expressed  by 

^  =  —2r~ ^  ^ 

Another  mode  of  expressing  the  reduced  inertia  is  with  referenoe 
to  the  driving  <zxis.  Let  A  represent  the  angular  velocity,  at  any 
instant,  of  the  axis  of  the  piece  which  fbrst  receives  the  motive 
power ;  for  any  shifting  piece  let  v  :  A  =  I;  and  for  any  rotating 
piece  let  a:A  =  n,     Then  the  rediuxd  Tnoment  of  inertia  is 

^'Wl^  +  2    In"; (3.) 

and  the  actual  energy  at  any  instant, 

A2 

E  =-— fs-W^"  +  2lw»] (^) 

2g  ^  •* 

689.  FiactnatioiM  of  Speed  in  a  machine  are  caused  by  the  alii0^ 
nate  excess  of  the  energy  received  above  the  work  performed,  and 
of  the  work  performed  above  the  energy  received,  which  prodno^ 
an  alternate  increase  and  diminution  of  actual  energy,  according  to 
the  law  of  the  conservation  of  energy  explained  in  Article  552. 
G^         J5-  To  determine  the  greatest  fluctuations  of 

^  speed  in  a  machine  moving  periodically,  take 
ABC,  in  fig.  2Q5,  to  represent  the  motion 
of  the  driving  point  duriug  one  period;  let 
the  effort  P  of  the  prime  mover  at  mA 
instant  be  represented  by  the  ordinate  of  the 
Fig.  265.  curve   D  a  E I F  j   and  let  the  sum  of  the 

resistances,  reduced  to  the  driving  point,  as  in  Article  668,  at  each 
"istant,  be  denoted  by  E>  and  represented  by  the  ordinate  of  the 
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earve  D  H  E  K  F,  which  cots  the  fonner  curve  at  the  oidinates 
A.D,  BE,CF.     Then  the  integrd 

m 

being  taken  for  any  part  of  the  motion-  gives,  as  in  Article  5i9,  the 
excess  or  deficiency  of  energy,  aeoordiiig  as  it  is  f -ztsitiTe  or  negative. 
For  the  entire  period  ABC  this  integral  is  nothing.  For  A  B, 
it  denotes  an  excess  of  eiv^rgy  received,  represented  by  the  area 
D  G-  E  H  ;  and  for  B  C,  an  eqnal  excess  of  vcyrh  performed,  repro- 
ratted  by  the  equal  area  £  K  F  L  Let  those  equal  quantities  be 
each  represented  by  A  £.  Then  the  actual  enex^  of  the  machino 
itbuns  a  •m^'riTniTm  value  at  B,  and  a  minimum  value  at  A  and  0, 
ad  A  E  is  the  difference  of  these  values. 

Now  let  Vq  be  the  mean  velocity,  Vj  the  greatest  velocity,  and 
Vi  the  least  velocity  of  the  driving  point ;  then 

V* V* 

'  ^      '*aW7t'  =  aE: (1.) 

^ch,  being  divided  by  twice  the  mean  actual  energy 

gtres 

V,— V3        aE  sfaE 


.(2.) 


Yq  2E^       V5  2-Ww^^ 

^  ratio  which  may  be  called  the  co-efficient  of  fluctuation  of  speed. 
The  ratio  of  the  periodical  excess  and  deficiency  of  energy  A  E 

to  the  whole  energy  exerted  in  one  period  or  revolution,   iV ds^ 
W  been  determined  by  General  Morin  for  steam  engines  under 

Yaiious  circumstances,  and  foimd  to  be  from  —  to  j,  for  siiiglo 

cylinder  engines.     For  a  pair  of  engines  driving  the  samo  sliaft, 

with  cranks  at  right  angles  to  each  other,  tho  vuluo  of  this  ratio 

is  about  one-fourth  of  its  value  for  single  cylinder  ongiuos. 

690.  A  Fir-ivheel  is  a  wheel  with  a  heavy  rim,  whoso  gn>at  moment 

of  inertia  reduces  the  co-efficient  of  fluctuation  of  speed  to  a  cor(4iiii 

1  .11 

fixed  amount,  being  about  —  in  ordinary  machinery,  and  ;:,;  or      ■ 

in  machinery  for  fine  purposes. 

Let—  be  the  intended  value  of  tho  co-efficient  of  fluotoation  of 
7n 

speed,  and  A  E,  as  before,  the  fluctuation  of  cnoi^;  then  if  this  li 
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to  be  provided  for  by  the  moment  of  inertia  I  of  the  fly-wheel  alone, 
let  a^  be  its  mean  angulai*  velocity;  then  equation  2  of  Article  689 
is  equivalent  to  the  following : — 


the  second  of  which  equations  gives  the  requisite  moment  of 
inertia  of  the  fly-wheeL 

691.  Starting  and  Btoppini;— Brakes. — ^The  sto/rting  of  a  machine 
consists  in  setting  it  in  motion  from  a  state  of  rest,  and  bringing  it 
up  to  its  proper  mean  velocity.  This  operation  requires  l£e  ex- 
penditure, besides  the  energy  required  to  overcome  the  resistance  of 
the  machine,  of  an  additional  quantity  of  energy  equal  to  the  actual 
energy  of  the  machine  when  moving  with  its  mean  velodly,  as 
found  according  to  the  principles  of  Article  687. 

If,  in  order  to  stop  a  machine,  the  effort  of  the  prime  mover  is 
simply  suspended,  the  machine  will  continue  to  go  until  work  has 
been  performed  in  overcoming  its  resistances  equal  to  the  actaal 
energy  due  to  its  speed  at  the  time  of  suspending  the  effort  of  the 
prime  mover. 

In  order  to  stop  the  machine  in  less  time  than  this  operation 
would  require,  the  resistance  may  be  artificially  increased  by  means 
of  a  brake,  which  may  be  a  friction-strap,  as  described  in  Artkie 
678,  or  a  block  pressed  against  the  rim  of  a  wheel,  or  a  grooved 
sector  pressed  against  a  wheel  grooved  as  for  frictional  geaiing 
^Articles  445,  679). 

Let  Ki  be  the  ordinary  resistance  of  the  machine,  reduced  to  tk 
rubbing  svr/ace  (Article  668),  Rg  the  friction  produced  by  the  brakes 
V  the  velocity  of  the  surfiwje  on  which  it  acts  at  the  time  when  it  is 
first  applied,  8  the  distance  through  which  rubbing  must  take  place 
in  order  to  stop  the  machine,  t  the  time  required  for  the  sane 
effect,  E  the  actual  energy  of  the  machine  when  the  brake  begins 
to  act.     Then 

«  =  E  -i-  (Ri  +  B,)  j (1.) 

and  because  the  mean  velocity  of  rubbing  during  the  operation  rf 
Btopping  is  i;  -i-  2, 

<  =  — =  2E-«?(R,  +  R,) (2.) 
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CHAPTER  IIL 

ON   PRIME   MOVERS. 


69S.  A  PHaM  H«v«r  is  an  engine,  or  combination  of  moving 
jieoes,  which,  serves  to  transfer  energy  £rom  those  bodies  wliich 
D^tanillj  develop  it,  to  those  by  means  of  which  it  is  to  be 
employed^  and  to  transform  energy  £rom  the  various  forms  in  which 
it  may  occur,  such  as  chemical  affinity,  heat,  or  electricity,  into  the 
Ann  of  mechanical  energy,  or  energy  of  force  and  motion.  The 
aechanism  of  a  prime  mover  comprehends  all  those  parts  by  means 
cf  which  it  regulates  its  own  operations. 

The  UBefuH  work  of  a  prime  mover  is  the  energy  which  it  trans- 
fldts  to  any  machine  driven  by  it;  and  its  efficiency  is  the  ratio  of 
ftat  useful  work  to  the  whole  energy  received  by  it  £rom  a  natural 
loorce  of  energy. 

The  effect  or  amailable  power  of  a  prime  mover  is  its  useful  work 
in  some  given  unit  of  time,  such  as  a  second,  a  minute,  an  hour,  a 
Say. 

693.  The  Bes«Uit«r  of  a  prime  mover  is  some  piece  of  apparatus 
\(j  which  the  rate  at  which  it  receives  energy  from  the  source  of 
energy  can  be  varied;  such  as  the  sluice  or  valve  which  adjusts  the 
Bze  of  the  orifice  for  supplying  water  to  a  water-wheel,  the  appara- 
tus for  varying  the  sui&e  exposed  to  the  wind  by  windmill-sails, 
the  throttle-valve  of  a  steam  engine.  In  prime  movers,  whose 
speed  and  power  have  to  be  vaided  at  will,  such  as  locomotive 
engines,  and  winding  engines  for  mines,  the  regulator  is  adjusted 
by  hand.  In  other  cases  it  is  adjusted  by  a  self-acting  apparatus 
called  a  GoTemor — usually  consisting  of  a  pair  of  rotating  pen- 
dulums, whose  angle  of  deviation  from  their  axis  depends  upon  the 
speed.    (Article  606). 

694.  Prime  moTcra  may  be  ciaMed  according  to  the  forms  in 
which  the  energy  is  first  obtained.     These  are — 

I.  Muscular  Strength. 
II.  The  Motion  of  Fluids. 
III.  Heat. 
rV.  Electricity  and  Magnetisnu 

695.  BTaacBiar  Strength. — The  daily  effect  exerted  by  the  muscu- 
lar strength  of  a  man  or  of  a  beast  is  the  product  of  three  quan* 
tities;  the  useful  resistance,  the  velocity  with  which  that  reedstaaoe 

2s 
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is  oyercome,  and  the  number  of  units  of  time  per  day  during  wUdL 
work  is  continued.  It  is  known  that  for  each  individual  man  or 
aniTTial  there  is  a  certain  set  of  values  of  those  three  quanti- 
ties which  makes  their  product  a  maximum,  and  is  therefore  the 
best  for  economy  of  power;  and  that  any  departure  from  that  set  of 
values  diminishes  the  daily  effect. 

The  following  table  of  the  effects  of  the  strength  of  men  and 
horses  employed  in  various  ways,  is  compiled  from  the  works  of 
Poncelet  and  General  Morin,  and  some  other  sources  : — 


1. 

2. 

8. 
4. 
5. 
6. 

7. 

8. 


9. 


10. 

11. 
12. 


18. 
14. 


Has. 


Baising  his  own  weight  np  stair 
or  ladder, 

Do.  do.  do., 

(Tread-wheel,  see  1.) 

Haulmg  up  weight  with  rope, 

Lifting  weights  by  hand, 

Carrying  weights  np  stairs, 

Shovelling  np  earth  to  a  height 
of  5  feet  3  inches, 

Wheeling  earth  in  barrow  up 
slope  (^  1  in  12,  ^  horiz.  veloc 
0  *9  ft.  per  sec  (return,  empty), 

Pushing  or  pulling  horizont^y 
(capstan  or  oar), 

Turning  a  crank  or  winch, 

Working  pump, 

Hammering, 

HOBSE. 

Cantering  and  trotting,  draw- 
ing  a  light  railway  carriage 
(thoroughbred), 

Horse  drawing  cart  or  boat, 
walking  (draught  horse), 


B 

lb. 


{ 


143 


40 

44 

143 

6 


182 

26*5 
12-5 
180 
20-0 
18-2 
15 


(min.  22| 
•<mean80j 
{max.  60 

120 


} 


V 
ft.  p.  sec. 


0*6 


0-75 
0-65 
0-18 

1-8 


0-076 

20 
6-0 
2-6 
14-4 
25 
? 


14* 
3-6 


8,600'« 
his.  p.  day. 


8 
10 

6 
6 
6 

10 


10 

8 

? 
8 
(2  mins.) 
10 
8? 


4 
8 


RV 
ft.  lb. 
P- 


72-6 


80 
24-2 
18-6 

7-8 


9-9 

63 
62*6 

46 

289 

38 

? 


447^ 
432 


BVT 
It  Ik  PL  dv: 


2,088^009 
2,616^000 

648,000 
522,7S0 
899,600 

280^ 


856,400 

1,626,400 

1,296,000 

1,188,000 
480,000 


6,444/nO 
12,441,600 


696.  A  iTater  PreMure  Kngine  consists  essentially  of  a  working 
cylinder,  in  whicli  water  moves  a  piston  in  the  manner  stated  in 
Article  499,  case  2.  Let  h  be  the  mrinwlfaU,^  that  is,  the  excess  of 
the  dynamic  head  of  the  water  entering  the  cylinder  above  that  of 
the  water  leaving  the  cylinder;  Q  the  volume  of  water  supplied  per 
second;  ^  its  weight  per  imit  of  volume;  1 — h  the  efficiency  of  tbo 
engine;  then 

(1—*)  e  Q  h. 
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■ig  its  edSbot  per  second.  In  well  consiaracted  water  preasure  en- 
gizieB^  1 — k  Yaiies  from  *66  to  *8. 

697.  iracflr-wiMeis  te  Gownd. — Water  may  act  on  a  wheel 
cither  hy  its  vsdghi  and  pressure,  or  by  its  vdoeUy;  that  is,  either 
by  i\»  potemtial,  or  by  its  oo^tMiZ  energy.     See  Article  622. 

Let  e  Q  denote  the  weight  of  water,  in  poy/nds,  supplied  to  the 
wheel  in  a  second;  h  the  difference  of  dynamic  head,  in  feet,  of  the 
water  before  and  after  its  action  on  the  wheel;  Vi  the  velocity  of 
•  the  water,  in  feet  per  second,  just  before  it  begins  to  press  on  the 
wheel,  or  stipply-velocity;  v,  the  velocity  of  the  water  just  after  it 
has  ceased  to  act  on  the  wheel,  or  discha/rge^docity.  Then  the  total 
energy  of  the  water,  as  in  Article  622,  is 


e  Q  (^  +  o^j  foot  pounds  per  second; 

the  energy  of  the  water  when  discharged, . 

t  Q  oTj  foot  pounds  per  second; 
^g 

the  total  power  of  the  wheels 

eQ  (^  +  "^-9 — ^)  foot  pounds  per  second^ (1.) 

the  maximum  theoretical  efficiency, 

('+^i7^-(*+r;)^ w 

the  quantity 

*'  =  *  +  ft (3) 

may  be  called  the  theoretical  fall  or  head.  The  available  efficiency 
of  a  water-wheel  faUs  short  of  the  Tna-Yiniuni  theoretical  efficiency 
principally  from  the  following  causes : — 1.  The  resistance  of  the 
channel  and  orifices  by  which  the  water  is  supplied,  which  causes 
the  actual  height  from  which  the  water  must  descend  in  order  to 
aoqnire  the  supply-velocity  i;  to  be  greater  than  f^i\2g.  The  effect 
of  each  resistemce  is  expressed  by  putting  for  the  a>ctualfall, 

H=A  +  (l  +  2./)il; (4.) 

3  *y  being  the  co-efficient  of  resistance  of  the  channel  and  orifices  of 
supply,  determined  according  to  the  principles  of  Articles  638  to 
646.  2.  The  escape  of  part  of  the  water  before  it  has  completed 
its  action  on  the  wheeL    3.  The  agitation  and  mutual  friction  of  the 


(5.) 
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particles  of  water  acting  on  the  wheel;  and,  4.  The  friction  of  the 
wheel  The  effects  of  the  last  three  causes  are  expressed  by  multi- 
plying the  total  power  and  the  theoretical  efficiency  of  the  wheel  by 
an  empirically  determined  fractional  co-efficient  k;  so  that  the  efi^ 
or  available  power  is  denoted  by 

(1— A)eQA.; 
and  tlie  avaUahle  efficiency  by 

(1  —  k)  h, 
H       • 

698.  Clames  of  \ratei>i¥heei0. — ^Water-wheels  may  be  classed  as 
follows: — Overshot-wheds  and  hreast-wlieels,  v/nderahot-wheela  and 
turhmes, 

699.  Orenhot  and   Breaat-Wheels.  —  The   water   is   supplied  tO 

this  class  of  wheels  at  or  below  the  summit,  and  acts  wholly,  of 
partly  by  its  weight,  as  it  descends  in  the  buckets.  (See  Article 
634).  Formerly  the  buckets  used  to  be  closed  at  their  inner 
sides,  but  now  they  are  made  with  openings  for  the  escape  and 
re-entrance  of  air :  an  invention  of  Mr.  Fairbaim.  A  breast- 
wheel  differs  from  an  overshot-wheel  chiefly  in  having  the  water 
poured  into  the  buckets  at  a  somewhat  lower  elevation  as  compared 
with  the  summit  of  the  wheel,  and  in  being  provided  with  a  casing 
or  trough,  called  a  breast y  of  the  form  of  an  arc  of  a  circle,  extend- 
ing from  the  regulating  sluice  to  the  commencement  of  the  tail- 
race,  and  nearly  fitting  the  periphery  of  the  wheel,  which  revolves 
within  it.  The  effect  of  the  breast  is  to  prevent  the  overflow  of 
water  from  the  lips  of  the  buckets  until  they  are  over  the  tail-iaoa 
The  usual  velocity  of  the  periphery  of  overshot  and  high  breast- 
wheels  is  from  three  to  six  feet  per  second;,  and  their  available 
efficiency,  when  well  designed  and  constructed,  is  from  0*7  to  0'8. 

700.  Undemhot-wiieeis  are  driven  by  the  impulse  of  water,  dis- 
charged from  an  opening  at  the  bottom  of  the  reservoir  with  the 
velocity  produced  by  the  fall,  against  floats  or  boards,  as  to  whidi 
see  Article  649.  Every  such  wheel  has  a  certain  velocity  (f 
Truiodmy/m,  efficiency ,  which  does  not  in  any  case  differ  much  from 
half  the  velocity  of  the  water  striking  it  In  undershot- wheels  of 
the  old  construction,  the  floats  are  flat  boards  in  the  directiim 
of  radii  of  the  wheel;  and  the  maximum  theoretical  efficiency  ii 
^.  The  available  efficiency  is  about  0*3.  This  class  of  wheels  'wai 
much  improved  by  Poncelet,  who  curved  the  floats  with  a  con- 
cavity backwards,  adjusting  their  position  and  figure  so  that  ths 
water  should  be  supplied  to  them  without  shock,  and  should  drop 
from  them  into  the  tail-race  without  any  horizontal  velocity,  U* 
available  efficiency  of  such  wheels  is  about  0"6. 
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701.  A  TnMn«  is  a  horizontal  water-wheel  with  a  vertical  axis, 
leoeiying  and  discharging  water  in  all  directions  round  that  axis : 
tint  is,  driven  by  a  vortex;  its  efEciency  ranges  from  *6  to  'S  (see 
Aitide  650). 

702.  iTtedaails  are  driven  by  the  impulse  of  the  air  against 
oblique  surfaces  called  sails,  rotating  in  a  plane  perpendicidar  to 
the  direction  of  the  wind. 

The  best  figure  and  proportions  for  windmill  sails,  as  determined 

experimentally  by  Smeaton,  are  given  by  the  following  formulae,  in 

wMch  the  whip  means,  the  length  of  an  arm,  or  the  distance  of  the 

5 
tip  of  a  sail  from  the  axis  : — ^length  of  sail,  -  whip  : — ^breadth  at  end 

nearest  axis,  •=  whip  : — at  tip,  ^  whip  : — angles  made  by  the  surface 

of  the  sail  with  the  plane  of  rotation — at  the  end  nearest  the  axis, 
18° : — at  the  tip,  7°.  The  efficiency  of  a  good  windmill  is  about  0'2d, 
(See  Smeaton  on  Windmills,  in  Tredgold's  Hydraulic  Tracts,) 

703.  The  Efldeacy  •f  Heat  Engines  is  the  subject  of  a  peculiar 
branch  of  science,  Thermodj/namics ;  and  an  outline  only  of  tho 
principles  on  which  it  depends  can  here  be  given. 

If  the  number  of  British  Fahrenheit  imits  of  heat  produced  by 
the  combustion  of  one  pound  of  a  given  kind  of  fuel,  be  mtQtipliod 
by  Joule's  equivalent,  772  foot  poimds,  the  result  is  the  total  heat 
<lf  cofnbustion  of  the  fdel  in  question,  expressed  in  foot  pounds.  For 
different  kinds  of  coal,  it  varies  from  0,000,000  to  12,000,000  foot 

Sounds.     This  total  heat  is  expended,  in  any  given  engine,  in  pro- 
udng  the  following  effects,  whose  sum  is  equal  to  the  heat  so 
expended : — 

1.  The  waste  heat  of  the  furnace,  being  from  0-15  to  0'6  of  the 
total  heat,  according  to  the  construction  of  the  furnace,  and  the 
skill  with  which  the  combustion  is  regulated. 

2.  The  necessarily  rejected  hea,t  of  the  engine,  being  =  -  x  the  heat 

received  by  the  elastic  fluid :  t^  being  the  upper,  and  tg  tho  lower 
limits  of  absolute  temperature,  which  is  measured  from  the  absolute 
zero,  493°'2  Fahrenheit  below  the  melting  point  of  ice. 

3.  The  heat  wasted  by  the  engine,  whether  by  conduction,  or  by 
non-fulfilment  of  the  conditions  of  mfl-Tn'Tmrnn  efficiency. 

4.  The  useless  work  of  the  engine,  employed  in  overcoming  friction 
and  other  prejudicial  resistances. 

5  The  useful  work.  The  efficiency  of  a  thermodynamic  engino 
Lb  improved  by  diminishing  as  far  as  possible  the  first  four  of  these 
effects,  so  as  to  inci-ease  the  fifth. 

The  efficiency  of  a  heat  engine  is  the  product  of  three  fMStor 
viz. : — ^the  efficiency  of  the  furnace,  being  the  zatio  of  f 
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transferred  to  the  elastic  fluid  to  the  total  heat  of  combustion; — the 
efficiency  of  the  flnid,  being  the  fraction  of  the  heat  received  by  it 
which  is  transformed  into  mechanical  energy; — and  the  effidency  of 
the  mechanism,  being  the  fraction  of  that  energy  which  is  available 
for  driving  machines.  The  maximum  efficiency  of  the  fluid  between 
given  limits  of  absolute  temperature  is  expressed  by 

^ (1.) 

As  to  the  mechanical  action  of  an  elastic  fluid  on  a  piston,  see 
Article  656, 

704.  Steam  En^iBes. — ^FormulsB  for  the  mechanical  action  of 
steam  on  a  piston,  both  exact  and  approximate,  have  been  given  in 
Article  656,  equations  6  to  13. 

The  efficiency  of  the  steam  lies  between  the  limits  *02  and  *2  in 
extreme  cases,  and  *04  and  *1  in  ordinary  cases. 

The  details  of  the  construction  and  working  of  steam  engines  can 
be  explained  in  a  special  treatise  only. 

The  dnity  of  an  engine  is  the  work  performed  by  a  given  quantify 
of  fuel,  such  as  one  pound.  The  duty  of  a  pound  of  coal  varies  in 
different  classes  of  engines  from  about  100,000  to  1,900,000  fixjt 
pounds.  These  are  extreme  results,  as  respects  wastefulness  on  the 
one  hand,  and  economy  on  the  other.  In  good  ordinary  engmeSy 
the  duty  varies  from  200,000  to  700,000. 

705.  JBiectrodywftmic  EuffiBem  though  capable  of  higher  efficiency 
than  heat  engines,  are  not  so  economical  commercially,  on  account 
of  the  greater  cost  of  the  materials  consumed  in  them.  Their  theo- 
retical efficiency,  according  to  a  law  demonstrated  by  !Mr.  Joule,  is 
given  by  the  fonnula 

^^^^; (1.) 

where  yi  is  the  strength  which  the  electric  current  would  have  if 
the  machine  performed  no  mechanical  work,  and  y^  is  the  actual 
strength  of  the  current. 

This  law,  and  the  law  of  the  ma.ximum  efficiency  of  heat  enginefl) 
are  particular  cases  of  a  general  law  which  regulates  all  transfonnsr 
tions  of  energy,  and  is  the  basis  of  the  Science  of  Energetics.* 

*  Edinburgh  PkUosqphical  Journal,  July,  1855;  Proceedings  ^ibe  PhUotopfded 

Society  of  Glasgow,  1853-5. 
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Tablk  of  the  Eesistance  of  Materials  to  STBETCHiNa  akd 
Tearing  bt  a  Disect  Pull,  in  pounds  a/voirdupoia  per  sqwvre 
tinc& 

TenadtT  Modnliis  of 

Materials.  or  BesistaiKle  to      or^KSSto 

Teanng.  Stwtdung. 

Btombs,  Katubal  and  Abtcficial: 

Knt, } ^^°  ^  300 

Glass, 9>400  8,000,000 

Slate, L     ^'0""°    X   '3,000,000 

*  I  to  12,800    to  10,000,000 

Mortar,  ordinaiy, 50 

Metals: 

Brass,  cast, ; 18,000  9,170,000 

„      wire, 49,000  14,230,000 

Bronze  or  Gun  Metal  (Copper  8,  )  >. 

Tin  i), ............./  36,000  9,900,000 

Copper,  cast, 19,000 

„       sheet, 30,000 

9,       bolts, 36,000 

„       wire, 60,000         17,000,000 

Iron,  cast,  Tarious  qualities, {toJplooo    to  22',^;^ 

„        average, 16,500         17,000,000 

Iron,  wrought,  plates, 51,000 

„       joints,  double  rivetted,  35,7oo 

,,  „       single  rivetted,  28,600 

bars  and  bolts, {to  70^000  }      29,000,000 

hoop,  best-best, 64,000 

f         70,000 ) 

„        wire, <  .       '   '        >      25,300,000 

w  J  (to  100,000  j        ^'*'     ' 

„        wire-ropes, —  90,000         15,000,000 

Lead,  sheet, 3j3oo  720,000 

Steel  bars  I        100,000        29,000,000 

' \  to  130,000  to  42,000,000 

Steel  plates,  average, ••••  80,000 

Tin,  cast, •••••••  4,600 

Zinc, 7,000  to  8,000 
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Tenacityy 

MATEBIU&  or  Besistance  to 

Tearing. 

TnmEB  AND  OTHER  Obganio  Fibbe: 

Acacia,  faike.  See  '^  Locust." 

Ash  (Fraodnus  excelsior), 17,000 

"BajxihooCBcmUmaa  anmdinacea),  6,300 

Beech  (Fagvs  sylvaticd), 11,500 

Birch  USetvla  cUba), 15,000 

Box  (puocfua  sempervirena), 20,000 

CedarofLebanon((7ec?rzMZt6a7ii),  11,400 

Chestnut  (Cflweanea  Feffca), -[.    ^°'^°o  I 

I  vO  Ij^OOO  J 

"Eiiti  {TRmiLa  campesi/ris), < 

Fir :  Bed  Pine  {Firms  sylvestris),  <  .    12,000 

f,    Spruce  {Abies  eoccdsa), i 

„    Larch  (ZoTiuB^wropflBa),.....  j^o  lo^ooo 

Hoxen  Yam, about  25,000 

Hazel  {Gorylus  Avdland)^ 18,000 

Hempen  Bope^, from  12,000  to  16,000 

Hide,  Ox,  undressed, 6,300 

Hornbeam  {Carpinus  Betvlus), . . .  20,000 

Lancewood  {Gtiatteria  virgata)y,,  23,400 

Leather,  Ox, 4,200 

Lignum-VitsB  {Gvmacum  offid- )  q 

nale)y J  ' 

Locust  {Rohinia  Fseudo-Acada),  16,000 

Mshogsjij  {Stoietenia  Mah<ig(mi)y  <  x^  21  800  1 

Maple  {Acer  campesPris), 10,600 

Oak,  European  {Qv£rcu8  sessUir  (      10,000 

^oraand  Quercu^s  pedimculata),  ( to  1 9,800 
„     American    Bed     {Querelas) 

rubra), /  '^'^^o 

Silk  Fibre, 52,000 

Sycamore(it  cerFseudo-Flatcmus),  1 3,000 

Teak,  Indian  {Tectcma  grcmdis),  15,000 

„      Afiican,  (?) 21,000 

Whalebone, 7>7oo 

Yew  {Tttxas  baccata), 8,000 


Modnbiiof 

Blastacitj, 

or  Resistanoe  to 

Stzetdiing. 


1,600,000 

1,350,000 
1,645,000 

486,000 

1,140,000 

700,000 

to  f,34o,ooo 
1,460,000 

to  1,900,000 
1,400,000 

to  1,800,000 
900,000 

to  1,360,000 


24,300 


i>255,ooo 


1,200,000 
to  1,750,000 

2,150,000 

1,300,000 
1,040,000 
2,400,000 
2,300,000 
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IL 

Iabub  or  THE  TiBsiaTAscE  OF  Materials  to  Sheabikg  axd 
D1SIOBTIOK9  in  pomicb  a/voirdvpois  per  aqaofre  imh, 

^«*?*«°^  Elasticity, 

IlAT>BiAi4k  to  orResiBtanSto 

KnAia:  Shearmg.  Distortion. 

Brass,  vire-drawn, S933O9O00 

Coppery 6,200,000 

Iron,  cast, 27,700        2,850,000 

„     wrought, 50,000!     8,500,000 

**  6     >  •  iJ   9  (to  10,000,000 

Rr:  Red  Pine, 5ooto    800    V      ^?'°°^ 

'  ^  (to  116,000 

„     Spruce, 600  

„    litrch, 97otoi,7oo  

(^kk, 2,300  82,000 

Ash  and  Elm, 1,400  7^»oco 


III. 

IaBLB    of    THE    EeSISTAI^CE   OF    MATERIALS    TO    CRUSHING    BT    A 

Direct  Thrust,  in  pcywnds  a/ocArdvpina  per  aquo^ 

Resistance 
Matebialb.  to 

.  Crnshing. 

^BEs,  Natural  and  Artificial: 

Brick,  weak  red, S5o  to  800 

„      strong  red, 1,100 

„      fire, i;7oo 

Chalk, 330 

Oranite, 5,500  to  11,000 

Limestone,  marble, 5>5oo 

„          granular, 4,000  to  4,500 

Sandstone,  strong, 5^500 

„         ordinary, 3,300  to  4>40O 

„         weak, 2,200 

Bubble  masonry,  about  four-tenths  of  cut  stone. 

KEALS: 

Brass,  cast, 10,300 

Iron,  cast,  Yarious  qualities, 82,000  to  I45»ooo 

„      „     average, xiatooe* 

^    wrought, about  36,000  to    4^ 
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MiiTEBXALB.  to 


TiMBEE,*  Dry,  crashed  along  the  grain: 

Ash, 9,000 

Beech, 9,360 

Birch, 6^00 

Blue-Gum  {EucalyplAia  Globvlus), 8,800 

Box, 10,300 

Bullet-tree  {Ach/ras  SideroxyUyrC), 14,000 

OabacaJli, 99900 

Cedar  of  Lebanon, 5,8do 

Ebony,  West  Tndia.n  {Brya  Ehenua), 19,000 

Elm, 10,300 

Fir:  Bed  Pine, 5>37S  *o  6,200 

„     AmericanYellowPine(Pmi«i«j&rMii^w),  5)400 

„     Larch, 5,570 

Hornbeam, 7j300 

Lignum- VitsB, 9i900 

Mahogany, 8,200 

Mora  {Mora  excdsa), 9,900 

Oat,  British, 10,000 

„     Dantzic, 7,700 

„     American  Bed, 6,000 

Teak,  Lidian, 12,000 

Water-Gum  {Tristcmia  nefnfolid),  * 1 1,000 


IV. 

Table  of  the  Besistakoe  of  Materials  to  BBEAEiHa  kxsas^ 

m  poimds  a/voirdfupois  per  aqyua/re  mch. 

Besistance  to  Bretkii^ 
Materials.  or 

Modohts  of  Biiptiin.t 

Stones: 

Sandstone, 1,100  to  2,360 

Slate,  5,000 

*  The  resistances  stated  are  for  dry  timber.  Green  timber  is  mnoh  weakeic^  hivisf 
sometimes  only  half  the  strei^gth  of  d^  timber  against  cmshing. 

t  The  modiuas  of  mptnre  is  eighteen  times  the  load  which  is  reonired  to  brsik-a  htt 
of  one  inch  square,  supported  at  two  points  one  foot  apart,  and  loaded  in  the  ndddh 
between  the  pomts  of  support. 


Anp|an>nL  C35 

Bedstanoe  to  breakinft 
-MAXBBIAI&  or 

Modolos  of  Bapture. 

Uecals: 

Iron,  casi^  open-work  beams,  average, 17,000 

„       ,,     solid  rectangular  bars,  Tar.  qualitiefif,  33,000  to  43,500 

99       99  w  „  average, 40,000 

„     wrought,  plate  beams, 42,000 

Tdibeb: 

Ash, 12,000  to  14,000 

Beech, 9,000  to  12,000 

Birdi, 11,700 

Blue-Gum, 16,000  to  20,000 

Bullet-tree, 15^900  to  22,000 

Oabacalli, 15,000  to  16,000 

Cedar  of  Lebanon, .' 7>4oo 

Chestnut, 10,660 

Cowrie  (JDamma/ra  a/ast/ralis), 11,000 

Ebony,  West  Indian, 27,000 

Elm, 6,000  to    9,700 

Fir:  Bed  Pine, 7,100  to    9,540 

„     Spruce, 9,900  to  12,300 

„     Larch, 5,000  to  10,000 

Oreenheart  {N'ectomdo'a  Eodim), 16,500  to  27,500 

Lancewood, i7>35o 

Lignum- Yitse, 12,000 

Locust, 11,200 

Mahogany,  Honduras^ ii>5oo 

f,         Spanish,  •••»« »«. 7,600 

Mora, • 22,000 

Oak,  British  and  Bussian,...«« 10,000  to  13,600 

„     Dantzic, ^ 8,700 

„     American  Ked,. »«•«••«••■ jo,6oo 

Poon, ^ i3>3oo 

Saul, ^ 16,300  to  20,700 

Sycamore, « 9,600 

Teak,  Indian, 12,000  to  19,000 

„      African, 14,980 

Tonka  (Dipteryx'odorata), 22,000 

Watei>Uum, 179460 

Willow  (SaUx,  various  species), ••  6,600 
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MEASUKES. 
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Table  of  Sfbgxtic  Geayities  of  Matjcbials. 


Weight  of  a  caiuo 

Oases^  at  32^  Fahr.,  and  xinder  the  pressure  of  one  foot  in 

atmosphere^  of  21 16-4  lb.  on  the  square  foot:         1^-  avoirdupoiiL 

Air, 0-080728 

Carbonic  Acid,  0*12344 

Hydrogen, 0-005592 

Oxygen, 0-089256 

Nitrogen, 0-078596 

Steam  (ideal), 0-05022 

whither  vapour  (ideal), 0-2093 

Bisulphuret-of-carbon  vapour  (ideal), 0*2 1 37 

Olefiantgas, 0*0795 

Weight  of  a  cabio  Specific 

foot  in  gravity, 
lb.  avoirdupois.         pare  water  ss  1« 

Liquids  at  32^  Fahr.  (except  Water, 
which  is  taken  at  39^*4  Fahr.): 

Water,  pure,  at  39**-4, 62  -425  i  -000 

„       sea,  ordinary, 64-05  1-026 

Alcohol,  pure, 49*38  0-791 

„        proof  spirit, 57'i8  0-916 

jEther, 44*70  0*716 

Mercury, 848-75  t^3'59^ 

Naphtha, 52*94  0-848 

Oil,  linseed, 58-68  0-946 

„    olive, 57-12  0-915 

„    whale, 57*62  0-923 

„    of  turpentine, S4*3^  0-870 

Petroleum, c               54*8i  0-878 

Solid  Mineral  Substai^ces,  non-metallic: 

Basalt, 187-3  3'^° 

Brick, 125  to  135  2  to  2-167 

Brickwork, 112  i'8 

Chalk, 117  to  174         1-87  to  2-78 

Clay, 120  1-92 

Cold,  anthracite, 100  1-602 

„     bituminous, 77-4  to  89*9         1*24  to  1*44 

Coke, 62*43  ^  103*6        1*00  to  1*66 

FelsjMur, 162*3  2*6 

Flinty 164*2  2*63 
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Wdgbt  of  a  cable  SpedBe 

foot  in  gravity, 
lb.  avoirdupois.          pure  water  al. 

Solid  Mineral  Subotanoes — contmTied, 

Glass,  crown,  average, 156  2*5 

»     flint,         „         187  3-0 

„      green,       „         169  2-7 

„      plate,       „         169  27 

Granite, 16410172  2-63102*76 

Gypsum, i43'6  2*3 

limestone  (including  marble),..  169  to  175  27  to  2*8 

ff          magnesian, 178  2*86 

Marl, IOC  to  119  i*6toi'9 

Masonry, 11610144  1*85102*3 

Mortar, 109  175 

Mud, 102  1*63 

Quartz, 165  2*65 

Sand  (damp), , 118  1*9 

„     (dry), 88-6  1*42 

Sandstone,  average, 144  2*3 

„         various  kinds, 130  to  157  2*08  lo  2*52 

Shale, 162  2*6 

Slate, 175  lo  181  2*8  lo  2*9 

Trap, 170  272 

Metals,  solid:  « 

Brass,  cast, 48710524*4  7*8108*4 

yy      ^«^ire, 533  8*54 

Bronze, 524  8*4 

Copper,  cast, i  537  8'6 

„       sheet, 549  '8*8 

„       hammered, 556  8*9 

Crold, 1186101224  191019*6 

Iron,  cast,  various, ,.  434  lo  456  6*95  lo  7*3 

„         average, 444  7-11 

Iron,  wrought,  various, 474  lo  487  7-6  lo  7*8 

„                average, 480  7'69 

licad, 712  114 

Platinum, 1311  to  1373  ^i  to  22 

Silver, 655  10*5 

Steel, 487  to  493  7-8  lo  7*9 

Tin, 456  to  468  7*3  to  7*5 

^nc, 42410449  6*8  to  7*2 


Cikbgb:* 
Ash,. 
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Wu^cfacobia  BptdSs 

fljotin    _  F*^> 


Beech, 43  0-69 

ffiicb, 44 '4  0-71 1 

Blae-Chmi, 52-5  0*43 

Box, 60  0-96 

SoUetrtree, 65-3  1-046 

Oa'bacaUi, 56-2  0-9 

Oe<3ar  of  Lebason, 30*4  0*486 

CheBtnut, 33-4  o*535 

Cowrie, 36-3  0-579 

EboBy,  West  Indian, 74-5  1-193 

Mm, 34  0-S44 

Kr:  E«d  Pine, 30  to  44  0*48  to  07 

„      Sprnce, 30  to  44  0-48  to  07 

„      Americaa  Yellow  I^ue,...  29  0-46 

„     Larcb, 31  to  35  0-5  to  056 

Greenheart, 625  i-ooi 

Haw&orn, 57  0-91 

Bead, 54  o-36 

Holly, 47  076 

'B.amibeami, 47  076 

Labnmam, 57  0-92 

lancewood, 43  to  63  0-675  to  i-oi 

LatcL     See  "Er." 

Lignnm-YitK, 41  to  83  0-65  to  1*33 

Locnst, 44  071 

Ifcliogany,  Honduras, 35  o-gfi 

„           Bpaniflh, 53  085 

Maple, 49  079 

Mora, 57  0-92 

Oat,  Eoiopean, 43  to  63  0-69  to  0-99 

„     American  Bed, 54  0-87 

Poon, 36  0-58 

Saul, 60  0-96 


Teak,  Indian, 41  to  55  o-66too-88 

„     African,                     ....  61  0-98 

Tonka,                         63  to  66  0-99(101-06 

Water-Qnm, 63-5  i"ooi 

Willow, 35  o*+ 

Tew, 50  0-5 

*  Th«  Timber  in  eiei7  cue  h  snppowd  to  be  drj. 


mm 
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VIL 


DncDreiONS  and  Stability  of  the  Outer  Shell  of  noB 
Great  Chimney  of  St.  Bollox. 


Dhriiloiis  of       Hdghts  above 
Chimiiejr. 


V. 

rv. 
ni. 

IL 
L 

Foundation. 

L 
II. 

m. 


{ 


Groniid. 
Feet 

435i 
35oi 

210^ 

"4i 

54i 


Depth  below 
Ground. 

Feet 
O 

8 

14 
20 


External 
Diameten. 

Feet  Inchea 

13      6 

16      9 

24      o 
30      6 

35      o 
40      o 

External 
Diameter. 

Feet 
50 
50 

50 
50 


} 


Thiokneases. 


Feet  Inehea 


/      _ 


6 
ioj 

3 

7i 


KM- 

sureofWiBd 

T  I      i     til 

COlMHWmWM 

Secmflj* 
n>.per8qaneft0i 


77 

SST 

57 
71 


Thicknesses. 


Concrete. 
Feet  Inches. 


5 
4 

25 


o 
8 


Brick. 

Feet 

3 
3 

13 
O 


Total  height  from  base  of  foimdation  to  top  of  chimnej^  455^  feet 

*  Joint  of  least  stability. 
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308  ▲.*  €)mmUnumtm  Oirden. — The  fundamental  principle  of  the 
[flieaiy  of  continuous  girders,  with  the  load  distributed  in  any 
[Hanner,  is  the  '' Theorem  of  Three  Moments/'  due  originally  to 
iQapeyTon  and  Bresse  and  improved  by  Heppel  {See  Bresse, 
fMSeamqu$  Appliqu^,  Part  IIL,  and  the  ProceediTiga  of  the  Royal 
Sooiafy  for  1869). 

The  sulnect  is  treated  of  in  Art.  178  of  the  tenth  edition  of 
iXM  .Engineering.  The  following  demonstration,  with  deduced 
fbfrmnlxe,  is  abstracted  from  a  paper  communicated  by  Mr.  Mans- 
field Merriman,  C.E.,  to  the  Philosophical  Magazine,  September, 
1875. 

The  elastic  curve  (Art.  319)  has  the  following  equation : — 

d^y      M 
d  aj2  -  E'r 

The  equation  for  any  particular  case  is  obtained  by  sub- 
stitntizig  the  values  of  M  and  I  (constant)  in  terms  of  x,  and 
int^prating  twice. 

Iiet  I  be  length  of  first  span,  V  of  second.  Let  M^,  M^,  Mg,  be 
the  moments  at  three  points  of  support.  Let  W  be  a  single  con- 
centrated load  at  a  distance  a  from  support  0,  and  W'  at  a 
diBtanoe  a*  from  1. 

Since  equilibrium  prevails,  we  have  for  a  section  between  W 
and  ly  the  equation 

Mo-ra:  +  W(a;-a)-M  =  0, (L) 

making  a;  =  Z,  M  becomes  M^,  and 

F=M^M,^w(^^)^M^,^^^^_^J^ (r.) 

h  being  any  fraction.  Insert  now  the  value  of  M  in  the  differ- 
ential equation  of  the  curve,  and  integrate  it  twice :  t^  the  tangent 
of  the  angle  which  the  curve  at  the  origin  makes  with  the  axis 
of  abBcissa  is  the  constant  in  the  first  integration,  and  zero  in 
the  second. 
The  required  equation  is — 


y  =ztfiX  + 


6EI  I 


3M.a2-Far'  +  W 


{x-afX 


(II.) 


Substituting  the  value  of  F  in  terms  of  Mq,  Mj,  and  W,  making 
e=^,  and  a  =  kl;  y  =  0,  and  we  obtain 

6  EI  «=  -2  M.  ^-Mi  l+W  P  (2  A;-  3  ^«  +  F) («.) 

*'  See  Article  308,  p.  338. 
2t 
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at  1,  and  we  olytain 

6  BI  «i=Mo  Z+2  Ml  Z- W  J^\k--1^). (Ett) 

If  the  origiiL  be  taken;  at  !•,  we  obtain  an  equation,  analagons 
to(.). 

/ 

where  k  denotes  y,  and  is  not  necessarily  the  same  in.  the  two 

expressions. 

We  thus  obtain  the  Theorem  of  Three  Momenta  for  concentrated 
loads 

For  many  loads  2  has  to  be  prefixed  to  the  terms  involTing;  W 
and  W.     For  uniformly  distributed  loads  w  and  w'  per  uniti  of 

length,weplace2 W  =  jwd Qcl) and 2 W  =  jwd{k ?), integnting   ' 

between  the  required  limits.  If  the  loads  extend  over  the  whole 
span,  the  first  integral  is  taken  between  kl=:0  and  kl=l^  the 
second  between  kl'  =  0,  and  kV  =  V,     Then 

MoZ+2Mi(Z  +  0  +  ^2  2'  =  i«'^'  +  i«^'^'^ (V.) 

which  is  the  theorem  as  first  deduced  by  Clapeyron. 

The  following  are  the  formulae  deduced-  by  Mr.  Merriman — 

Case  1. — Ends  resting  freely  upon  abutments. 

Let  the  girder  consist  of  any  number  of  unequal  spans,  the   . 
rth  only  being  loaded.     Let  s  =  the  number  of  spans,  and  ^  l^ 
&XLy  their  lengths;  1  being  the  first  and  «+ 1  the  last  aappcort^ 
the  index  n  will  refer  to  any  support.     A  single  load  in  the  rOi 
span  is  called  "W,  and  its  distance  fix)m  the  rth  support  kl^ottt. 

Referring  to  (IV.)  it  is  seen  there  are  two  functions  of  W  tad 
k  l^  of  frequent  occurrence.  Denoting  these  by  A  and  B  for  the 
supports  r  and  r  +  1. 

;r _  w  72  /L _  M\  >  for  a  single  load  in  the  rth  span. 

X=  j^^wll{2k-^Jc^  +  1^)dk^ioT2Ji  uniform  load  whose  ends 
/•^  |-     are  distant  k^  l^  and  A*,  /,  from 

^  =  j^wlKk-I^dk^  I      *^®  support  r. 
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Froia  the  equations  of  moments,  and  tlie  solution  of  these 
equations  by  the  method  of  indeterminate  co-efficients,  the  two 
fodlowing  equations  are  derived.     When n  <r  +  1 : — 


also 


M.-c„M,-c„^^_^^^^2rf.(4  +  ^,y (1.) 


When  n>r 


M,_i  =  </sM^    M^_^  =  d^M, 


'^n-d.^n,  2  M.  -J,,,  ^^.--^^..^-r^.—^r^^^^^  (2.) 


The  values  of  the  quantities  c,  d  are 


Ci  =  0 


^  +  ?a 


-'''1 


4 


B 


^«  -  1 
4  =  "  ^  »3 7 »2  -7- 


"«  _  2 


Ci=  -2c4 


^3  +  ^4 


-c. 


^. 


^«  -  8 


^«  -  2 


3    J 


(3.) 


Let  the  sheaiing  stress  in  the  span  l^,  at  a  point  infinitely  near 
tb  the  rth  support,  be  denoted  by  F„  and  to  the  r  +  1th  support 
by  Fv;  then 


(4.) 


_      My-M,^i        ("for  the  right  hand  shear  at  the  rth 
••"^        tl         "^^t      support, 

,^      My  ^  1  —  My     ,  J  for  the  left  hand  shear  at  the  r  +  1th 
'  '^"         ^^^         "^     I      support, 

_      M„  —  M„^i  ( for  the  right  hand  shear  at  all  supports 
*«~  I  (      except  r, 

M„  —  M„  _  1  r  for  the  left  hand  shear  at  all  supports 
^n~i=       i~\       \      except  r+1,  .... 

then  the  reaction  at  any  support  is 

Rn=F,_i  +  F„;R,..F,_,  +  F„&c., (5.) 

Let  M  and  F  denote  the  moment  and  shearing  force  at  any 
section;  then 
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M  "  My  -  F,  OP  +  W  (a:  -  a)  for  a  section  between  W  and  ] 

the  following  support : —  >  (6.) 

M  =  M,  —  P^  05  for  any  other  section,  j 

F  =  W  —  F,  for  a  section  between  W  and  the  r  +  1th   "j 

support,         ^  1(7.) 

F  =  —  F^  for  any  other  section,  j 

Equations  (6) and  (7) refer  to  a  concentrated  load ;  for  an  unifoim 
load  for W  substitute  /  w  da. 

Case  2. — One  end  free  and  the  other  faced  horizontally. 

In  the  application  of  the  above  formulae  (1)  to  (7)  to  this  case, 
make  /« =  0,  and  let  «  —  1  be  the  number  of  spans. 

Case  3. — Both  ends  faced  horizontally. 

In  the  above  formulae  make  ^i  =  0  and  l^  =  0,  and  let «  ~  2  be  the 
number  of  spans. 
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I   AiUTKBHTB,  stability  oi^  226. 

\      of  arches,  261. 

r      open  and  hollow,  268  (see  also  82). 

strength  of,  268. 
Aeeelenting  effect  of  gravity,  485. 

impulse,  483. 

foroe^  490. 
Aooderatton,  886. 
Air,  apparent  weight  of  bodies  in,  123. 

expansion  of,  123. 

velocity  of  sound  in,  568. 

weight  o^  123. 

(see  Gas). 
Angle  of  repose,  210. 

of  rotation,  391. 

of  mptnre,  204,  269. 

of  torsion,  856. 
Angnlar  impulse,  506. 

momentnm,  505,  529. 

velocity,  891. 
Arch,  abutments  of^  261. 

angle,  joint,  and  point  of  rupture  of,259. 

drcular  linear,  183,  201. 

dnstered,  263. 

distorted,  202. 

distorted  elliptic  linear,  136. 

elliptic  linear,  184. 

geostatic  approximate,  209. 

geostatic  (to  sustain  earth),  196. 

groined  (see  Vaults). 

hydrostatic  approximate,  207. 

hydrostatic  (to  sustain  fluid  pressure), 
190,  358. 

iron-ribbed,  376. 

line  of  pressures  in,  257. 

linear,  for  normal  pressure,  189. 

linear,  or  equilibrated  rib,  162, 175, 182. 

of  masonry  or  brick- work,  stability  of, 
226,  257. 

piers  of^  263. 

pointed,  203. 

skew,  261. 

steroostatio  (with  rigid  load),  198. 

strength  of,  268. 

total  thmst  of,  208,  260. 


Areas,  measurement  of,  58. 

conservation  of  (see  Conservation). 
Atmospheric  pressure,  69. 
Axes  of  inertia,  524. 

of  elasticity,  278. 

of  stress,  93,  98. 
Axis  of  rotation,  390. 

fixed,  545. 

instantaneous,  397. 

of  angular  momentum,  505,  529. 
Axle,  strength  of,  353. 

friction  o^  614. 

resilience  of,  357. 

torsion' of,  356. 

with  cranli:,  strength  of,  358. 

Balance,  15. 

of  any  system  of  forces,  41. 

of  couples,  21. 

of  floating  bodies,  120. 

of  fluids,  116. 

of  forces  in  one  line,  19. 

of  inclined  forces,  35. 

of  parallel  forces,  21,  25. 

of  stress  and  weight,  112. 

of  structures,  129. 
Balanced  forces,  motion  under,  476. 
Ballistic  pendulum,  548. 
Bands  in  mechanism,  454. 

friction  of,  617. 
Bars,  strength  of  iron  and  steel,  377 
Beam,  133. 

allowance  for  weight  of,  346. 

cast  iron,  318. 

deflection  under  any  load,  328. 

direct  vertical  stress  in,  342. 

expansion  and  contraction  of,  348. 

fixed  at  both  ends,  832. 

limiting  length  ol^  347. 

lines  of  principal  stress  in,  341. 

of  uniform  strength,  320. 

originally  curved,  348. 

partially  loaded,  344. 

proof  deflection  of,  322. 

proportion  of  depth  to  span  of,  827. 
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Beam,  resilience  of,  330. 

shearing  stress  in,  388,  842. 

sloping,  348. 

strength  of,  307,  315,  634. 

(see  also  Girder). 
Belts,  strength  of^  288  (see  also  Bands). 
Bending,  resistance  to,  307. 

moment  of,  307. 

(see  also  Beam). 
Bevel-wheels,  428,  448. 
Blocks,  stability  of  a  series  of^  230. 

and  tackle,  462. 
Bodies,  13. 
Boilers,    strength    o^    289,    296,  299, 

306. 
Boiling  point,  606. 
Bracing  of  frames,  142. 
Brake,  624. 
Breaking  across,  resistance  to,  307  (see 

also  Beam). 
Brickwork  (see  Masonry). 
Bridge  (see  Arch,  Beam,  Girder). 

suspension  (see  Suspension  Bridge). 
Baoyancy,  121. 
Battresses,  228,  235. 

Cables,  strength  of,  288. 

Cam,  449. 

Catenary,  177. 

Cells,  strength  of,  364. 

Centre  of  baoyancy,  121. 

of  gravity,  49,  i80. 

of  mass,  482. 

of  oscillation  or  percussion,  520,  544. 

of  parallel  forces,  31. 

of  pressure,  71,  76,  125. 

of  resistance,  131. 
Centrifugal  force,  491,  546  (see  also  De- 
viating Force). 

couple,  537. 

pump,  597. 
Chains,  equilibrium  of,  162  (see  also  Sus- 
pension Bridge). 
Channel,  f  ow  in,  411. 
Chimneys,  stability  of,  228,  240,' 640. 
Cinematics,  15. 

principles  of,  879. 
Click,  462. 

Collapsing,  resistance  to,  306. 
Collar,  friction  o^  616. 
Collision,  508. 

Columns,  strength  of  (see  Pillars). 
Comparative  motion,  384,  389. 
Components,  19,  381. 


Composition  of  couples,  fotoes,  motioiiit&tti 

(see  Resultant). 
Compressibility  of  Uquids,  27L 
Compression,  resistance  to,  802. 
Cones,  speed,  457. 

Connected  bodies,  motions  o^  420,  421. 
Connecting  rods,  strength  o^  363. 
Conservation  of  eneigy,  478,  501. 

of  angular  momentum,  or  of  areas,  50€« 

of  momentum,  505. 
Continuity,  equations  o^  in  llqnidB,  AU, 
413. 

equations  of,  in  gaseai,  417. 
Contracted  y^,  572. 
Contraction,  co-efficient  of^  672. 
Cord,  equilibrium  o^  162. 

motion  o^  408. 
Counterforts,  255. 
Couples,  deviating,  535. 

centrifugal,  537. 

energy  and  work  of,  537. 

polygon  of,  25. 

statical,  theory  o^  21. 

with  inclined  axes,  24. 

with  parallel  axes,  21. 
Coupling,  Oldham's,  453. 

friction,  618. 

Hooke's,  461. 

of  parallel  axles,  459. 
Crank  and  axle,  strength  oi^  858. 

motion  o^  458. 
Cross-breaking,  lesistanoe  to  (see  "Bmm^ 
Crushing,  direct  resistance  to,  802,  tibki 
633. 

by  bending,  resistance  to,  860. 
Current,  412. 

pressure  of,  on  a  solid  body,  598. 

radiating,  412,  574. 
Cycloid,  898. 
Cylinders,  strength  o^  289,  294. 

Dams,  stability  of,  243. 
Day,  sidereal,  380,  881. 

mean  sOlar,  362. 
Deflection  (see  Beam). 
Deviatmg  force,  491, 492,  545. 

couple,  535. 
Deviation  (of  motion),  uniform,  887. 

moment  of,  528. 

varjdng,  888. 
Direction,  fixed  and  nearly  fixed,  91% 
Distributed  forces,  48. 
Dome,  stability  of,  265. 
Drums,  in  mechanism,  4fiS. 
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^jmamics,  15. 

general  equations  of,  484. 

principles  o^  475. 
I^ynamometer,  478. 

^Sabtb,  friction  of,  21L 

fbondations,  219. 

pressme  of;  216  (me  also  BctMning 
Walls). 

stability  of,  212. 

table  of  examples,  221. 
Socentric,  motion  of,  460. 
Eddy  (see  Vortex). 
Effect  of  a  machine,  610. 
Efibrt,  476. 
Efficiency,  609,  610. 
Elastic  carve,  849. 
Elasticity,  theory  of,  270,  275. 

co-efficients  of,  277. 

modulus  of,  279,  6S1. 

potential  energy  of,  277. 
Electro-dynamic  engine,  efficiency  of,  630. 
Energy,  477. 

actual,  499,  607. 

actual,  of  a  rotating  body,  532. 

components  of,  480,  499. 
.  conservation  of,  in  varied  motion,  501, 
508. 

conservation  o^  motion  being  nnifonn, 
478. 

initial,  508. 

of  couples,  537. 

potential,  477. 

total,  503. 

transformation  of,  499. 
Epicydoid,  401. 
Epicydoidal  teeth  (see  Teeth). 
Epitrochoid,  401. 
Equilibrated  Arch  (see  Arch). 
Equilibrium  (see  Balance). 

stable  and  unstable,  128. 
Expansion  of  air,  123,  606. 

of  metals,  stones,  brick,  glass,  timber, 
349. 

of  steam,  606. 

of  water,  125. 
Extrados,  173. 

Falling  body  (see  Gravity). 

Fan,  598. 

Fixed  direction,  379 

point,  14,  381. 
Flexure,  moment  o^  811. 

resistance  of,  312. 


Floating  bodies,  120,  COO. 
FlowofUquid,  410. 

of  gas,  417. 

(see  Liquid,  Gas). 
Flues,  strength  o^  306. 
Fluid,  100. 

elasticity  of,  285. 

equilibrium  o^  116. 

impulse  of,  on  a  solid  surface,  591. 

motion  of,  410. 

pressure  o^  99. 

(see  Liquid,  Gas). 
Fly-wheel,  623.- 
Foot-pound,  477. 
Force,  15,  17. 

absolute  unit  of,  486. 

centrifugal  (see  Deviating  Force). 

deviating  (see  Deviating  Foxce)i 

distributed,  48. 

redprocating,  503. 

representation  of,  19. 

unbalanced,  measures  o^  501. 
Forces,  action  of,  on  a  system  of  l>odie8, 
510. 

parallelogram  of,  3*5. 

parallelopiped  of,  37. 

polygon  of,  36. 

residual,  498,  511. 

resolution  of,  37. 
Foundations,  earth,  219,  255. 
Fracture,  272. 
Frames,  bracing  of,  142. 

equilibrium  and  stability  o^  132. 

of  two  bars,  136. 

polygonal,  139. 

resistance  of,  at  a  section,  150 

triangular,  137. 
Friction,  209. 

coupling,  618. 

heat  of,  620. 

internal,  377. 

moment  o^  614. 

of  gas,  590. 

of  liquid,  584. 

of  machines,  612. 

of  solid  bodies,  law  of,  209. 

strap,  G18. 

tables  of,  211,  613. 
Frictional  stability,  209. 

gearing,  618. 

Gas,  13. 

action  of^  on  a  piston,  604* 
dynamic  head  in,  579. 
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0«i|  eqaatkn  of  eontimiitf  in,  681. 

flow  ci,  from  an  orifioe,  681. 

flow  oi;  with  friction,  590. 

mocioo  of,  417. 

motion  of;  witbont  friction,  679. 
Girder,  bowttring,  869. 

oeDolar,  867. 

componnd,  866. 

half-Uttioe,  158,  869. 

lattice,  160,  869. 

plate,  866. 

itiffeniog,  for  raspension  bridges,  870. 

tnboUr,  366,  367. 

Warren's,  158,  869. 
Governor  (see  Pendulam,  revolving). 

alio  625. 
Gravity,  accelerating  effect  o^  485. 

centre  of,  49,  180. 

motion  under,  485,  48C. 

specific,  49,  124. 

specific,  table  of;  687. 
Grease,  618. 
Groined  vaults,  262. 
Gyration,  542. 

radius  o^  515. 

toble  of  radii  0^518. 

Head,  dynamic,  of  liquid,  5G8. 

dynamic,  of  gas,  579. 

equal,  surfaces  of,  578. 
Heat  of  friction,  620. 

engine,  efficiency  of,  629. 

of  steam,  607. 

specific,  of  gases  at  constant  pressure, 
580. 
Height  due  to  Velocity,  487. 
Horse-power,  effective,  610. 
Horse,  work  of,  626. 
Hj'draulic  hoist,  465. 

mean  depth,  587. 

press,  464. 
Hydraulics  (see  Hydrodynamics). 
Hydrodynamics,  566. 
HydrosUtic  arch,  190,  358. 
Hydrostatics,  principles  o^  100, 112, 117. 

Immersed  body,  122. 

plane,  125. 
Impact  (see  Collision). 

and  pressure,  564. 
Impulse,  488. 

and  momentum,  law  of,  484. 

angular,  506. 

between  solids  and  fluids,  591. 


Indicator,  478. 
Inertia,  or  maat,  482. 

dUpeoid  oi;  526,  682. 

moment  of  (see  Moment). 

reduced,  621. 
Inside  gearing,  441. 
Integrals,  approximate  oomputatkn  e(  ^ 
Intensity  of  distrilmted  fiiroe^  48. 

of  pressure,  69. 

of  stress,  68. 
Internal  equilibriom  of  stress  and  weigl 

112. 
Internal  stress  (see  Stress). 
Intradoe,  178. 
Isochronous  vibration,  553. 

Jet,  impulse  o^  591. 
Joints  of  a  structure,  129,  18  !• 
of  masoniy,  211. 

Keys,  friction  of,  226. 

Lateral  force,  476. 

Leather,  strength  of,  288. 

Length,  measure  o^  18,  14. 

Lever,  26. 

Lioe,  18. 

Link  motion,  468 

Linkwork  in  mechanism,  458. 

Liquid,  13. 

dynamic  head  of,  568. 

equilibrium  o^  118. 

flow  of,  from  an  orifice,  570. 

flow  0^  in  a  pipe  (see  Pipe). 

flow  of,  in  a  stream  (see  Stream). 

free  surface  o^  570. 

motion  of,  410. 

motion  of,  in  plane  layers,  570. 

motion  of,  with  friction,  584. 

surface  of  equal  pressure  in,  570. 

without  friction,  motion  of;  567. 

Machines,  15. 

actual  energy  of,  621. 

pieces  of,  422. 

reduced  inertia  of,  621. 

theory  o^  609. 

varied  motion  of,  621. 

work  of,  with  uniform  or  periodic 
tion,  610. 
Man,  work  of;  625. 
Masonry  and  brickwork,  bond  of,  2 
friction  of,  211,  222. 

stability  of,  280. 
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^«n,  482,  484,  485. 
^    centre  of,  482. 
2*'ter,  13. 

^easares,  oompantive  table  of  Britbh 
and  French,  636. 
of  length,  13,  14. 
of  stress,  69. 
of  time,  881. 
of  velocity,  382. 
of  weight,  18. 
Veehanica,  13. 
applied,  13. 
liedianism,  theory  of^  421. 
aggregate  combinations  in,  425,  466. 
elementary  combinations  in,  423,  426. 
principle  of  connection  in,  424. 
Mereory,  weight  of,  69. 
Moddoa  of  elasticity,  279,  681. 

of  rupture,  316,  634. 
Moment,  bending,  807. 
of  a  couple,  22. 
of  deviation,  528. 
of  flexure,  311. 
of  fHction,  614. 
of  inertia,  514. 
of  inertia  of  a  surfkce,  77. 
of  inertia,  table  of,  518. 
of  stability,  233. 
of  stress,  73. 
of  torsion,  853. 

statical  (see  Moment  of  a  Couple),  also 
27,  29. 
Momentum,  482. 
and  impulse,  law  of,  484. 
angular  (see  Angular  Momentum), 
conservation  o^  505. 
of  a  rotating  body,  529. 
Motion,  14. 
comparative,  384,  389. 
component  and  resultant,  381,  383. 
deviated  (see  Deviation), 
first  law  of,  476. 
of  a  system  of  bodies,  505. 
of  fluids,  dynamics  of  (see  Hydrody- 
namics, 
of  gases  (see  Gas), 
of  liquids  (see  Hydrodynamics    and 

Liquid), 
of  points,  379.  > 

of  pobts,  varied,  885.       > 
of  pliable  bodies  and  fluidi,  408. 
of  pliable  bodies,  dvnamios  of,  552. 
ofrigid  bodies,  890.         f 
ceoond  law  d,  484. 


Motion,  uniform,  (dynamical  principles  of, 
47  C. 
varied,  dynamical  principles  of,  482. 
Muscular  strength,  work  o^  625. 

Notch,  flow  through,  573. 

Oil,  613. 

Orifice,  flow  through,  571. 

Oscillation,  416. 

angular  (see  Gyration). 

centre  of  (see  Centre). 

elliptical,  495. 

straight,  494. 

Parabola,  formulie  relating  to,  165. 
Parallel  Forces,  25. 

motion,  469. 

projection  (see  Projection,  Parallel). 
Pendulum,  ballistic,  548. 

compound  osciUating,  546. 

compound  revolving,  547. 

cycloidal,  497. 

rotating,  547. 

simple  oscillating,  496. 

simple  revolving,  492. 
Percussion,  centre  of  (see  Centre). 
Periodical  motion  of  machines,  611. 
Pieces  of  a  structure,  129. 
Piers,  sUbility  of,  228. 

of  arches,  263. 

open  and  hoUow,  263. 
Pile  driving,  564. 
Pillars,  strength  of  short,  802. 

strength  of  long,  360. 
Pinion  (see  Wheel). 
Pinnacle  on  a  buttress,  239. 
Pipes,  friction  in,  588. 

flow  in,  411,  588. 

resistance  caused  by  sudden  cn^    ^ 
ment  in,  589.  N 

resistance  of  curves  and  knees  in,  51: 

resistance  of  mouthpieces  of,  589.     ^^ 

strength  of,  289. 
Piston,  413,  419.  v 

action  of  a  fluid  upon,  604.  y^ 

Piston  rods,  strengtli  of,  363,  ^^ 

Pivot,  friction  of,  616. 
Plasticity,  272. 

Plate-iron  girders  (see  Beam,  Girder). 
Plates,  strength  of  iron  and  steel,  377. 
PliabiUty,  273. 

co-efficients  of,  277. 
Point,  13. 
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Foint,  fixed,  14,  881. 

motions  of^  879. 

physical,  13. 
Posts,  timber,  strength  of,  866. 
Pound,  standard,  18. 
Power,  610. 
Press,  Hydraulic,  464. 

strength  o^  290. 
Pressure,  20,  69. 

in  a  sloping  solid  mass,  126. 

internal  (see  Stress). 

of  earth  (see  Earth). 

of  fluids  (see  Fluid). 
Prime  movers,  626. 
Projection,  parallel,  45,  61,  127. 
Proof  strength,  273,  274. 
Pull  (see  Tension). 
Pulleys  and  belts,  454. 

and  cords,  462. 

speed,  457. 
Pump,  centrifugal,  697. 
Pump  rods,  strength  of,  297. 

Back,  motion  of^  427. 
Bailways,  resistance  on,  620. 
Reciprocating  force,  503. 
Reduced  inertia,  621. 
Reduction  of  forces  and  couples  in  ma- 
chines to  the  driving  point,  612. 
Regulator  of  a  prime  mover,  625. 
Repose,  angle  of  (see  Angle). 
Reservoir  walls,  stability  of,  243. 
Resilience,  273. 

of  axle,  357. 

of  beam,  330. 

of  tie-bar,  287. 
^"Hiistance,  476. 
S°'-itre  of,  131. 
Hydr*,  of,  13L 

™®*:arriages  on  roads,  619. 

Pr  fluids,  598. 
^^ 'f  machines,  610  (see  Friction). 
^hf  materials  (see  Strength). 
f^  of  railway  trains  and  engines,  620. 
*^ofrollmg,  619. 
Resolution  of  forces,  37. 

of  internal  stress,  82. 
Rest,  14. 
Resultant,  18. 

momentum,  482. 

of  any  system  of  forces,  41. 

of  couples,  23,  24. 

of  inclined  forces,  35. 

of  motions,  381. 


Resultant  of  parallel  finms,  26,  28, 30. 

of  stress,  70. 

of  weight,  49. 
Retaining  walls,  227. 
RevStements  (see  Retaining  WmBb). 
Rib  (see  Arch,  Linear). 
Rigid  body,  motion  o^  390,  894,  511 
(see  Rotation). 

action  of  a  single  force  on,  643. 
Rigidity  or  stiffness,  271. 

of  a  truss,  144. 

supposition  of  perfect,  18. 
Rivets,  strength  of,  299. 
Rivetted  joints,  strength  o^'  289,  299. 
Roads,  resistance  o^  619. 
Rolling  of  cylinder  on  plane,  398L 

cones,  405,  535. 

contact  in  mechanism,  426. 

of  cylinder  on  cylinder,  400. 

of  plane  on  cylinder,  398. 

resistance,  619. 
Roof  (see  Frame,  also  Tmss). 
Ropes,  strength  of,  288. 

stiffness  o|  619. 
Rotating  body,  comparatiTe  motioa  < 
points  in,  393. 

relative  motion  of  a.  pair  of  pilots  ii 
392. 
Rotation,  390. 

actual  energy  of,  532. 

alternate  (see  Gyration). 

and  force,  analogy  of,  405. 

angular  velocity  of,  391. 

axis  of^  390. 

combined  with  translation,  394. 

comparative  motions  in  compound,  40 

compound,  399. 

dynamical  principles  of,  513. 

free,  533. 

instantaneous  axis  of,  397,  643. 

uniform,  535. 

varied,  406,  538. 

varied,  combined  with  translaUon,  5^ 
Rupture,  modulus  of,  316,  G34. 

.  Safety,  fetors  of,  274. 
Screw-likt}  motion,  394. 
Screws,  friction  of,  226. 

compound,  467. 

in  mechanism,  440. 
Sections,  method  of,  applied  to  ftan 

work,  15j0. 
Set,  272. 
Shaft,  strength  of  (see  AxleX 
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Shear,  69,  87. 

SheariDg,  iwiatwnce  to,  299;  table,  633. 

fbroe  in  beams,  807. 

stress  in  beams,  338. 
Shifting  or  translation,  39(K 
Sliding  contact  in  mechanisn^  436. 
Solid,  13. 

Specific  gravity-  (see  Grayitj,  Specific). 
Speed-cones,  457. 
Speed,  finctaations  oi^  622. 
Spheres,  strength  o^  290. 
Spiral,  398. 
SUbOity,  128. 

firictional  (see  Frictional). 

of  structures,  130,  131. 
Standard  measure  of  length,  14. 

measure  of  weight,  18. 
Starting  machines,  624. 
Statics,  15. 

principles  of,  17. 
SUys,  133,  136. 
Steady  motion  of  a  liquid,  412,  414. 

of  a  gas,  419. 
Steam,  action  of,  606. 

engine,  efficiency  of,  629,  630. 
Stifihess,  130,  270,  273. 

of  beams  (see  Beam,  deflection  of). 
Stopping  machines,  624. 
Strain,  272. 

and  stress,  relations  between,  280. 

ellipse  of,  280. 

resolution  and  composition  of^  275. 
Stream  of  liquid,  411,  686. 

friction  of,  686. 

of  gas,  417. 

hydraulic  mean  depth  of,  687. 

var3rlng,  687. 
Strength,  130,  270. 

of  abutments  and  vaults,  268. 

of  axles,  363,  358. 

of  beams,  307,  315  (see  Beam). 

of  boilers,  pipes,  and  cylinders,  289, 
299,  306. 

of  bolts,  pins,  keys,  !md  rivets,  299. 

of  iron  and  steel,  3*^7. 

of  iron,  efiects  of  repeiated  melting  on, 
376. 

of  leathern  belts,  288. 

of  long  pillars  and  struts,  360. 

of  masonry  and  brickwo.rk,  268,  302. 

of  pump-rods,  297.  \ 

of  ropes  and  cables,  288. 

of  short  pillars,  304. 

of  spheres,  290,  295. 


Strength  of  teeth,  350; 

of  tie-bar,  286. 

of  tubes  and  fluesj  30G» 

proof,  273. 

tables  of,  377,  631. 

transverse,  315. 

ultimate,  273. 
Stress,  68. 

and  strain,  relations  between,  280; 

internal,  82. 
Stretching,  resbtance  to,  286. 
Stroke,  length  of,  in  mechanism,  46^ 
Structures,  15. 

theory  of,  129. 

transformation  of,  129. 
Struts,  133. 

strength  of  (see  Pillars). 

wrought-iron,  strength  of,  364. 
Superposition  of  small  motions,  365. 
Surface,  13. 
Suspension  bridge,  149,  165. 

stiffened,  370. 

strength  of,  286,  288,  301. 

with  sloping  rods,  171. 

with  vertical  rods,  168. 
System  of  bodies,  motion  of,  505. 

Tearing,  resistance  to,  286. 

tables  of  resbtance  to,  288,  289,  377, 
631. 
Teeth  of  wheels,  dimensions  of,  447. 

epicycloidal,  444. 

friction  of,  617. 

form  of,  438. 

involute,  441. 

of  bevel  wheels,  448. 

of  wheel  and  trundle,  447. 

pitch  and  number  of,  432. 

strength  of,  359. 
Tenacity,  286  (see  Tearing,  Resistance  to). 
Tension,  69  (see  Stretching). 
Testing  strength  (see  Proof). 
Theory  and  practice  in  mechanics,  har* 

mony  of,  1. 
Thrust,  69. 
Tie,  132. 

flexible,  169. 

strength  of,  286.     . 
Time,  measure  of,  381. 
Torsion  (see  Wrenching). 
Toughness,  273. 
Towers,  stability  of,  240. 
Trains  of  mechanism,  465. 

epicydic,  4 7 J. 
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Trains  of  Wheels,  484. 
Transformation  (see  Projection). 

of  cords  and  chains,  180. 

of  frames,  162. 

of  stress,  92. 

of  stmctores  in  masonry,  282,  268. 
Translation  or  shifting,  390. 

varied,  482. 
Transverse  strength,  815 ;  table,  634. 
Trochoid,  898. 
Trundle,  447. 
Truss,  144. 

compound,  148. 
Trussing,  secondary,  145. 
Turbine,  595,  629.     . 
Turning  (see  Rotation). 
Twisting  (see  Wrenching). 

Unbalanced  fobce,  measures  o^  501. 
Unguents,  618. 
Uniform  motion,  882. 

deviation,  887. 

effort  or  resistance,  effect  of,  490. 

motion  under  baUmced  forces,  476. 

velocity,  382. 
Universal  joint,  461. 

double,  462. 
Unsteady  motion  of  fluid,  418,  415. 

Vanes,  impulse  of  liquid  on,  593. 
Vaults,  stability  of,  226  (see  Arch). 

groined,  262. 
Velocities,  virtual,  479. 
Velocity,  882. 

angular,  391. 

of  sound,  568. 

uniform,  882. 

uniformly-vaiied,  886. 

varied,  885. 

varied  rate  of  variation  o^  387. 
Vibration,  558. 

isochronous,  558. 

not  isochronous,  557. 

of  elastic  body,  557. 
Virtual  velocities,  479. 
Vis-viva,  499. 
Volume,  18. 


Vortex,  412,  574. 
action  of^  on  wheel,  595,  629L 
combined,  576. 
forced,  576. 
free  drenlar,  574. 
free  spiral,  576. 

Walls,  stability  o^  226. 

retaining  (see  Retaining  Walls). 
Water,  apparent  weight  of  bodies  immersed 
in,  125. 

expansion  of,  125. 

pressure  engine,  626. 

velocity  of  sound  in,  563. 

weight  of,  125. 

(see  Liquid,  Stream). 
Water-wheel,  578,  627. 

action  of  vortex  on,  595,  629. 

efficiency  of,  627. 

impulse  of  water  on  floats  of,  593. 
Wave,  motion  in,  416. 

of  vibration,  562. 
Wedges,  friction  of,  226. 
Weight,  49. 

apparent,  of  body  immersed  in  fluid,128. 

measures  of,  18. 

table  of,  687. 
Wheels,  motion  of,  426. 

bevel,  428,  448. 

grooved,  481. 

non-circular,  428,  449. 

skew-bevel,  430,  449. 

teeth  of  (see  Teeth). 

train  o^  484. 
Wind,  action  o^  on  towers  and  chimoflys, 

240. 
Windlass,  differential,  466. 
WindmiU,  629. 
Wiper  or  cam,  449. 
Work,  477. 

of  machines,  610. 

useful  and  lost,  610. 
Working  stress,  working  load,  274k. 
Wrenching,  resistiM^ce  to,  853. 

Tasd,  standard,  14. 
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A  DICTIONARY   OF 

DOMESTIC    MEDICINE 

AND   HOUSEHOLD   SURGERY. 


SPENCER  THOMSON,  M.D.,  Edm.,  L.R.C.S 

Tharougkly  revised  and  brought  damn  to  the  present  Hate  of  Medical  Scimct. 

'  WitkAppindix  D»  the  MANAGEMENT  of  the  SICK-ROOM,  and      — 

Hints  for  the  DIET  and  COMPORT  of  INVALIDS. 


From  the  Author's  Prefatory  Address. 


Him^ 


"WiTHOVT  entering  upon  thai  difficult  ground  which  correct  profeswe 

knowledge,  and  educated  judgment,  can  alone  permit  to  be  safely  troddei), 
there  is  a  wide  and  extensive  lield  for  exertion,  and  for  usefulness,  open  to 
the  unprofessional,  in  the  kindly  ofBces  ol  ^  true  DOMESTIC  MEDICINE, 
the  timely  helpand  solace  of  a  simple  HOUSEHOLD  SURGERY,  or  better 
Btill,  in  the  watchful  care  more  generally  known  as  "  SANITARY  PRECAU- 
TION," which  tends  rather  to  preserve  health  than  to  cure  disease.  "  The 
touch  of  a  gentle  hand"  wilt  not  be  leas  gentle  because  guided  by  knoW' 
ledge,  nor  will  the  safe  domestic  remedies  be  less  anxiously  or  cireftilly  ad- 
miniBtered.  Life  may  be  saved,  suffering  may  always  be  alleviated.  Even 
to  the  resident  in  the  midst  of  civiliiation,  the  "KNOWLEDGE  IS 
POWER  "  to  do  good;  to  the  settler  and  the  emigrant  it  is  INVALUABLE. 
I  know  well  what  is  said  by  a  few,  about  injuring  the  medical  profeuioD, 
by  making  the  public  their  own  doctors.  Nothing  will  be  so  likely  to  male 
"long  caees"  as  for  the  public  to  attempt  any  such  folly;  but  people  i^ 
moderate  means — who,  so  far  ss  medical  attendance  is  concerned,  are  wone 
off  than  the  pauper — will  not  call  in  and  fee  their  medical  adviser  for  everf 
slight  matter,  and,  in  the  absence  of  a  little  knowledge,  tcilt  have  reconrte 
to  the  preeccibing  druggist,  or  to  the  patent  quackery  which  flourishes  opoa 
ignorance,  and  upon  the  myslety  with  which  some  would  invest  their  calbng. 
And  not  patent  quackety  ^one,  but  professional  quackery  also,  is  less  likcl; 
to  find  footing  under  the  roof  of  the  intelligent  man,  who,  to  common  senK 
SLtid  judgment,  adds  a  little  knowledge  of  the  whys  and  wherefores  of  the 
treatment  of  himself  and  family.  Against  that  knowledge  which  might  aid 
a  sufferer  from  accident,  or  in  the  emergency  of  sudden  illness,  no  bninaae 
man  could  offer  or  receive  an  objection." 

Notices  of  the  Press. 

"ThlBESTinil  SAFEST  book  on  DomeBlic  Medicine  and  HODBthold  SarESiT  wbich 
lui  lEt  ippcirEd."— £,OHi(oii  JoXTnal  ef  Medicine. 

"  Dr.  Thoniionhai  fully  luccedcd  in  conveyinKlolho  public  avulBmounlotiiBBfiil  n- 
laiioniil  tnowledgi!."— DuWinjDiinMJo/JtfrfieoIScinit*. 

"  The  belt  rroducHon  of  the  kind  He  poBBcBS."— CAriirian  WiMtsi. 

"Thcmmounlofmefiil  Jenowlodge  conveyed  in  Ibis  work  iiiiurpriiinB."—JfrfitaIrtW< 

"  WoamiTS  WEioar  u  oolb  to  PAurLiis  ksa  the  cLiitoY.--0*/'or<l  Hmli. 
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both  clergy  and  \&\ty. "*— English  Churchman, 


CHARLES  ORtFFlN  &  tOUPANY-S 


1 


Rev.  Prof.  Eadie's  VJoRKs—{coiiiiniud). 

\V.  EADIE   {Rev.  Prof.):   A  DICTIONARY  OF 

THE  HOLY  BIBLE;  designed  chiefly  forlhe  Use  of  Young  Persons. 
From  the  larger  work  by  Prof.  Eadie.  With  Map  and  nuaiErQus  Illus- 
trations.  Small  8vD.   Cloth,  2/6  ;  morocco,  gilt  edges,  7/6.   Sivt'itetnf^ 


I  VI.  EADIE  (Rev.  Prof.):  A  COMMENTARY  ON 

'  THE   GREEK  TEXT   OF   THE   EPISTLE   OK    ST.   PAUL   TO 

THE  EPHESIANS.     Revised  throughout  and  enlarged.     Deaiy  8vo. 
Cloth,  14/      Stcand  Edition. 


-.st^m 


t 


[  HENRY  (Matthew)  :     A  COMMENTARY  on  the 

HOLY  BIBLE.  With  Explanaloiy  Notes.  In  3  vols.,  super-rojal 
8vo.     Strongly  bound  in  cloth,  ^oj-    Nub  Edition. 

I  HERBERT     (George)  :       THE       POETICAL 

WORKS  OF.  With  Memoir  by  J.  NlCHOL,  E.A.,  Oxon,  ProfesEor  of 
English  Literature  in  the  University  of  Glasgow.  Edited  by  Chaeu.es 
CoWDEH  Clakke.  AitLlque  headings  io  each  page.  Small  Svo. 
Cloth  and  gold,  3/- ;  morocco  antique,  8/-  ;  malachite,  10/6. 

KEBLE  and  HERBERT:    THE  CHRISTIAN 

YEAR,  by  JoHM  Keble,  with  Memoir  of  the  Author  by  W.  Tempw  ; 
and  THE  TEMPLE,  by  George  Herbert,  with  Memoir  by  Prot 
NiCHOL,     In  one  vol.,  Svo,  illustrated,  cloth  and  gold,  7/6, 

[  KITTO(John,D.D.,F.S.A.,):  TheHOLYLAND: 

TheMountains.Valleysand  Rivers  of  the  Holy  Land;  being  the  Physical 
Geography  of  Palestine.  With  eight  full -page  Illustrations.  Fcap.  Svo. 
Cloth,  3/6.    Tenth  Thousand.    Ntin  Edition. 

"  CoitaiDB  niihiD  K  tmiai  compnu  ■  body  of  mcst  inierestiPE  Dnd  valuable  infor- 


KITTO    (John,  D.D.,    F.S.A.)  :       PICTORIAL 

SUNDAY  BOOK  (The).  Containing  nearly  two  thousand  Illustralionl 
on  Steel  and  Wood,  and  a  Series  of  Maps.  Folio.  Cloth  gill,  30/- 
Seventy -third  Thoiaatid. 


■PALEY  (Archdeacon):  NATURAL  THEOLOGY; 

Or.  the  EvidenceB  of  the  Eniatence  and  the  Attrihutes  of  the  Deity. 

With  lUustratiwe  Notes  and  Diaaertations,  by  Henry,  Lord  Bhough-vm, 

and  Sir  Charles  Bell.   Many  Engravings.    One  vol.,  lemo.   Cloth,  4/- 

"  When  Lord  BiDiieham's  Elnouence  in  the  Scnale  shall  Iieve  pnsscl  w 

■ecviccB  is  a  aLalEsmsn  iheJJ  eiist  only  in  the  (r»  Institultong  which  ths; 

to  .tcurc,  his  discoarsc  on  Nalurid  Theology  will  conlioue  10  inciik.le  impermnal.le 

Uulhi,  and  fil  the  mind  foe  Ibe  higher  [eveUlunt  which  th«e  ttBths  ue  dEstined  la 

foiMh.dow  and  confinn— fiidstui-g*  Rcticw. 

PALEY{Archdeacon):  NATURAL  THEOLOGY, 

with  Lord  Brougham's  Notes  and  DIALOGUES  ON  INSTINCT. 
Many  Illustrations.    Three  vols.,  i6mo.     Cloth,  7/S. 

•.-  This  Edition  contain!  Ihs  whole  of  Ibi  Original  Work,  publishtd    ' 
at  Tuia  Guineas,  tcilh  the  exceptimi  of  the  Mathematical  DissertalioKS, 

RAGG  (Rev.  Thomas)  :  CREATION'S  TESTI- 
MONY TO  ITS  GOD:  the  Accordance  of  Science,  Philosophy,  and 
Revelation.  A  Manual  of  the  Evidences  of  Natural  and  Revealed  Re- 
ligion ;  with  especial  reference  to  the  Progress  of  Science  and  Advance 
of  Knowledge.  Revised  and  enlarged,  with  new  Appendices  on  Evolu- 
lion  and  the  Conservalion  of  Energy.  Large  crown  Svo.  Handaome  : 
cloth,  bevelled  boards,  g/-     ThirUiiith  Edition. 

new  editicn  of  his  fac-lamsd  worf.    Mr.  Kagg  ii  one  al  the  lew  oiifiinsl  w°  11^^  o"  our 


ilete  UanuaraCReliEiauiKvidonccNa-    I 


RELIGIONS  OF  THE  WORLD  (The) :     Being  I 

Confessions  of  Faith  contributed  by  eminent  Members  of  eveir  Dcnom- 
inition  of  Christians,  also  of  Mahometanism,  the  Parsee  Refii:ii)n,  the 
Hindoo  Religion,  MorinoniEin,&c.,&c,,  with  a  Harmony  of  the  Christinn 
Confessions  of  Faith  by  a  Member  of  the  Evangelical  Alliance.  Crown 
8vo.  Clolt)  bevelled,  3/G.    New  Edition. 


tlen  by  o 


SCOTT  (Rev.  Thomas) :  A  COMMENTARY  ON 

THE  BIBLE ;  containing  the  Old  and  New  Testaments  according  to 
the  Aulhotised  Version,  with  Practical  Observations,  copious  Margins] 
References,  Indices,  &c.   In  3  vols.,  royal  4to.  Cloth,  63/-  New  Edition, 

TIMES    (John,   F.S.A.,  Author  of  "Things  not 

Generally  Known,"  &c.) : 

THOUGHTS  FOR  TIMES  &  SEASONS.    Selected  and  compiled 
by  John  Tmes.      Fcap.  Gvo.      Cloth  neat,  1/-    Stcond  Edition. 

wIiHIlllacluiowledeeiJibility!"— W-tnigftDoii/R/Diiii.         "'  " 
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WORKS  by  WILLIAM  AITKEN.M.D..Edin..F.R.a 

froteatot  of  Palholoey  in  the  Army  KeSiat  Schnsl,  Bumfnet  id  Uedicinii  br  K-M.^ 
Army,  Nivy.  and  E,I.  Medical  Scrvicea,  CorreapondinB  Member  ot  iht  Rajal  Impoiil 
Sdcicty  of  Phyaicinni  of  Vienn.,  of  Ihe  Sdcicly  of  Medicine  «nd   Nmloral  Hiilnsy  of 


The  SCIENCE  and  PRACTICE  of  MEDICIN, 

In    3   vols.,  demy  Svo,  clolh,   with    a    Steel    Plate,    Map,  and    ni 
30O  Woodcuts.      Price    38/-       Si^ttli    Edition,   thoroughly    rrvistd 

From  the  amount  of  additional  matter  introduced,  the  tteo  Volumes  of  the 
Sixth  Edition  are,  in  reality,  equivalent  to  tkrte ;  a  special  fount  of  type 
having  been  cast  to  enable  the  printer  Co  preserve  clearness  wiltioat 
adding  to  the  bulk  of  the  work. 

Tbe  Author  has  adopted  throughout  the  New  Nomenclatuhe  and  fol- 
lowed the  Order  of  Classification  of  Diseases  published  by  the 
RovAL  College  of  Physicians  in  i86g.  The  Diagrams,  illustralive 
of  the  typical  ranges  of  body  •temperature  in  Febrile  Disbasss  (which 
were  given  in  the  third  edition  of  this  work,  in  1863,  for  the  first  time 
in  a  Text-book),  have  been,  with  few  exceptions,  re-drawn  and  cul  upon 

Additional  WooocuTS  have  also  been  introduced,  wherever  it  was  thought 
that  they  would  render  the  descriptions  in  the  text  more  inlelligibJe. 

In  short,  no  labour  or  expense  baa  been  spared  to  sustain  the  well-known 
reputation  of  this  Work,  3,9  "  the  Kepresentative  Book  of  the  Medical 
Science  and  Practice  of  the  day." 

Opiaions  of  the  Press. 

"  The  wock  ii  an  admirable  one,  and  adapted  la  the  requirements  of  the  Sladtni, 

Professor,  and  Prictiiianer  of  Medicine Malignant  Cholera  ii  very  fully  dii- 

cuued.andlhereideimllGndaliirgeaDDDnlDfiiifiimiUinniTDtlDberaetwitliinoiIir' 
boolB, epilnmiud  far  him  in  this The  pari  on  Medical  Gengnidiy  fgnr-t  -. 

or  such  full  and  varied. infDnn>lioa(»i"all  lubjecli  cnanected Iiilh  the  Science'.:. 

"TheeitraordinaiymerltofDr.  Aitken'swori Theaol!ii.ihamn<ioeilio:<.v 

pnfoimed  B  leivlce  to  the  pralaaion  of  the  noit  viluble  land.    The  anicJ' 
Cfaolera  undoubtedly  offen  the  moat  dear  iiu)  satisfactory  iLinraaiy  of  oar  linooli':  ' 
respecling  ihal  disease  which  hai  yet  appealed."— JVnc(i(io«er. 

•■  Altogplhcr  this  voluminous  treatise  is  a  credit  to  iis  Author,  la  Pobtithet.  Hi 
EngUsh  T'hysic Affurds  an  adtniiahle  and  honest  iligeil  ol  Ihe  oDiaiom  : 

and'f.irness  o%°prMentation"— Mtdieo-CMrurpialS™^       '*'       "  """I- 

"The  Slu.dard  Tcit-Book  in  the  Enslish  laneaage Th«T,  is,  perbsi' 

work  nnre  iadispensabie  (ot  the  Prtclilioner  and  SinTent.--fir*«.  Uiiull  J„M" 

without  the  Sink  Edition  of  Dr.  Ailkeo".'  '  Science  aod  Piacliee  of  Medicine"^  '" 
MythB£ij«A£riiMDi.,becaijseitiBfullo(newiiialler.    ThearticIeonCboleraii  hs  ^ 
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AITKEN  (William,  M.D.,  F.R.S.) : 

OF  THE  SCIENCE  AND  PRACTICE  OP  N 


Prof.  Aitkem's  Works — {continued.) 

OUTLINES 

MEDICINE.    A  Text- 
Book  for  StnienU.    Crovm  8vo.    Cloth,  bevelled,  12/6. 

"  So  coxof^txtr  at  to  form  a  useful  work  ot  reference.  The  natural  history  of  the 
principal  dlaeaact,  the  diagnostic  signs  by  which  they  may  be  distin^ished,  together 
with  uie  therapeutic  indications,  are  concisely  and  systematically  |^iven.  The  book 
cannot  fail  to  become  a  popular  one,  and  we  cordially  recommend  it  to  the  notice  of 
teachers  and  students." — LoMoet. 

"  Well-diifested,  clear,  and  well-written  *  the  work  of  a  man  conversant  with  every 
detail  of  his  subject,  and  a  thorough  master  of  the  art  of  ttdxtuag.— British  Medical 
Journal. 

'  "  Students  prepiuing  for  examinations  will  hail  it  as  a  perfect  godsend  for  its  con- 

"  In  respect  of  both  the  matter  contained,  and  the  manner  in  which  it  is  conveyed^ 

onr  examination  bat  convinced  us  that  nothing  could  be  better We  know  of  no 

summary  of  the  use  of  Electrici^  as  a  means  of  diagnosis  equal  to  that  contained 
in  the  Section  on  Diseases  of  the  Nervous  System." — Medico-Chirurgical  Review. 

AITKEN  (William,M.D.,  F.R.S.) :  The  GROWTH 

OF  THE  RECRUIT,  and  the    Young  Soldier,  with  a  view  to  the 

Selection  of  **  Growing  Lads  "  and  their  Training.    Stcond  Edition  in 

preparation, 

"  This  little  worLrsbcmld  be  in  the  hands  of  all  instroctors  of  youth,  and  all  em- 
ployers of  youthful  laXtenx  "-^Lancet. 

AITKEN  (William,  .M.D,  F.R.S.):     OUTLINE 

FIGURES  OF  THE  TRUNK  OF  THE  HUMAN  BODY.  On 
which  to  indicate  the  areas  of  physical  signs  in  the  Clinical  Diagnosis 
of  Disease.    For  the  use  of  Students  and  Practitioners  of  Medicine.  1/6. 


ANSTED   (Prof.,.  M.A.,  F.R.S.)  :     GEOLOGY  : 

A  TREATISE  ON.     (Circle  of  the  Sciences).    Crown  8vo.    Cloth,  2/6. 

ANS-TED    (Prof.,    M.A.,  F.R.S.)  :     NATURAL 

1£IST0RY  OF  THE  INANIMATE  CREATION,  recorded  in  the 
tHmcture  of  the  Earth,  the  Plants  of  the  Field,  and  the  Atmospheric 
Phenomena.  With  numerous  Illustrations.    Large  post  8vo.    Cloth,  8/6. 

BAIRD   (W.,  M.D.,  F.L.S.,  late  of  the  British 

Museum) : 

THE  STUDENT'S  NATURAL  HISTORY;  a  Dictionary  of  the  Na- 
tural  Sciences :  Botany,  Conchology,  Entomology,  Geology,  Mfneral<>2y, 
Palaeontology,  and  Zoology.  With  a  Zoological  Chart,  showing 
the  Distribution  and  Range  of  Animal  Life,  and  over  two  hundred 
and  fifty  Illustrations.    Demy  8vo.    Cloth  gilt,  10/6. 

"  The  work  is  a  very  useful  one,  and  will  contribute,  by  its  cheapness  and  compre- 
hensiveness, to  foster  the  extending  taste  for  Natural  Science." — Westminster  Review, 


CHARLES  GRIFFIN  &  COMPANY'S 

NEW    AND     IMPORTANT     WORK. 

|A  DICTIONARY  OF    HYGIENE  AND  PUBI 

Lie  HEALTH.  By  Alexanobh  Wynter  Blvtk,  M.R.C.S.,  F.C.S 
etc.,  Analyst  Cor  the  County  of  Devon,  and  Medical  Officer  of  Heatf 
for  the  North  Devon  Combination  of  Sanitary  Authorities.  MedS 
8vo,  6j2  pp.,  cloth  bevelled,  with  Map,  Diagram,  and  140  lUustratita 
Price  28/-  ^ 

GENERAL    CONTENTS. 
The   Work   comprises  over  Seven  Hundred  Articles,   embracing  the 
following  subjects: — 
I.— Sanitary  Chemistry  :   the  Con 
of  Foods,  with  the  latest  Process 

terations.  ^m 

II, — Sanitary    Engineehihq  :     Sewage,    Drainage,    Storage  ^M 
Water,  Vcntilntion,  Warming,  etc.  ^M 

III.  —  Sanitary    Legislation  :    the    whole    a!    the    PUBIJH 
HEALTH  ACT,  1875,  together  with  aecdons  and  portionslP 
other   Sanitary  Staniies,  (without  alteration  or  abridgment, 
Eave  in  a  few  unimportant  instances)  in  a  form  admitting  of 
easy  and  rapid  reference. 
IV. — Epidemic  and  Epizootic  Diseases  :  their  History  and  Pro- 
pagation, with  the  Measures  for  Diainfection. 
V. — Hygiene — Military,  Naval,  Private,  Public,  School. 
"The  nork  now  offered  to  the  public  ainiB  si  filliDe  a  ncanl  place  in  Enrliib 
Binita^  litcralure,  namelr,  that  oF  a  book  of  rEfcrcQcs  which,  in  one  volume  of  con- 

ccrna  eveiy  living  unit  a!  Ihe  Si.Ie,  and  i>  nf  "equal  vaLge,  to   .1^  "Thmfort, 


sceasei  weir  described."— Loncrt. 
Mi."—Miilia>-Chmrgiciil  Rivitm. 


Will  be  fouDd  of 


u  Standard  Woa 


.    liidispensable  for'al'  who  i»^Ie'r^cd  is 


"  ConlaioB  a  etmI  mt 
ctrefuUy  mide  from  the 

"iV^wcofdiilly  re. 
in  Sanitatian."— /o,/ia;> 
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,  BLYTH  (A.  Wynter,  M.R.C.S.,  F.C.S.)  :  A  : 

'  NUAL  OF  PRACTICAL  CHEMISTRY,  applied  W  the  Analys. 

Foods  and  Detection  of  PoisonB.     Crown  Svo.     {In  PrepantlioH). 
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THE    CIRCLE    OF   THE  SCIENCES: 

A    SERIES     OF     POPULAR    TREATISES 

ON    THE    NATURAL    AND    PHYSICAL    SCIENCES, 

And  their  Applications. 

BY 

Professors  Owen,  Ansted,  Young  and  Tennant  ;  Drs.  Latham,  Edward 

Smith,  Scoffern,  Bushnan  and  Bronner;  Messrs.  Mitchell,  Twisden, 

Dallas,  Gore,  Imray,  Martin,  Sparling,  and  others. 

Complete  in  nine  volumes,  illustrated  with  many  thousand  Engravings  on 
Wood.    Crown  8vo.    Cloth  lettered.    5/-  each  volume. 


Vol.  I.— ORGANIC  NATURE.— Part  I.  Animal  and  Vegetable  Physi- 
ology ;  the  Skeleton  and  the  Teeth ;  Varieties  of  the  Human  Race, 
by  Professor  Owen,  Dr.  Latham,  and  Dr.  Bushnan. 

Vol.  2.— organic  NATURE.— Part  II.  Structural  and  Systematic 
Botany,  and  Natural  History  of  the  Animal  Kingdom,  Invertebrated 
Animals :  by  Dr.  Edward  Smith  and  William  S.  Dallas,  F.L.S. 

Vol.  3.— organic  NATURE.— Part  III.  Natural  History  of  the 
Animal  Kingdom,  Vertebrated  Animals :  by  William  S.  Dallas, 
F.L.S. 

Vol.  4.— INORGANIC  NATURE.— Geology  and  Physical    Geography 
Crystallography ;  Mineralogy ;  Meteorology,  and  Atmospheric  Pheno- 
mena, by  Professor   Ansted,   Rev.  W.  Mitchell,  M.A.,  Professor 
Tennant,  and  Dr.  Scoffern. 

Vol.  5.— practical  ASTRONOMY,  NAVIGATION,  AND  NAU- 
TICAL ASTRONOMY,  by  Hugh  Breem,  Greenwich  Observatory, 
Professor  Young,  and  E.  J.  Lowe,  F.R.A.S. 

Vol.  6.— elementary  CHEMISTRY.— The  Imponderable  Agents 
and  Inorganic  Bodies,  by  John  Scoffern,  M.D. 

Vol.  7.— practical  CHEMISTRY.— Monographs^  on  Electro- Metal- 
lurgy ;  the  Photographic  Art ;  Chemistry  of  Food  and  its  Adultera- 
tions; and  Artificial  Light;  by  George  Gore,  Birmingham,  John 
Scoffern,  M.D.,  Dr.  Edward  Bronner,  Bradford,  Marcus  Sparling, 
and  John  Martin. 

Vol.  8.— mathematical  SCIENCE.— Philosophy  of  Arithmetic; 
Algebra  and  its  Solutions ;  Plane  Geometry ;  Logarithms ;  Plane  and 
Spherical  Trigonometry;  Mensuration  and  Practical  Geometry,  with 
use  of  Instruments,  by  Prof.  Young,  Rev.  J.  F.  Twisden,  M.A.,  Sand- 
hurst College,  and  Alexander  Jardine,  C.E. 

Vol.  9.— mechanical  PHILOSOPHY.— The  Properties  of  Matter, 
Elementary  Statics ;  Dynamics ;  Hydrostatics ;  Hydrodynamics ;  Pneu- 
matics; Practical  Mechanics;  and  the  Steam  Engine,  by  the  Rev. 
Walter  Mitchell,  M.A.,  J.  R.  Young,  and  John  Imray. 
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In  Separate  Treatises.    Cloth. 
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z.  Ansted's  Geology  and  Physical  Geography 
a*  Breem's  Practical  Astronomy 

3.  BRONNBRand  Scofpbrn's  Chemistry  of  Food  aad  Diet 

4.  Bushnan's  Physiology  of  Animal  and  Vegetable  Life 

5.  Gore's  Theory  and  Practice  of  Electro-Deposition 

6.  Imray*s  Practical  Mechanics 

7.  Jardine's  Practical  Geometry         .        .        .        • 

8.  Latham's  Varieties  of  the  Human  Species     .        • 

9.  Mitchell  &  Tenn ant's  Crystallography  &  ^lineralogy 
10.  Mitchell's  Properties  of  Matter  aad'Eleaeaiaiy  Statics 
ill.  Owen's  Principal  Forms- of  the  SkeietoniitniditlBe  Teeth 
12.  Scoffern's  Chemistry  of  Light,  Heat  and  Blectricity 
43.  Scoffern's  Chemistry  of  the  Inorganic  Bodies 
J4.  Scoffern's  Chemistry  of  Artificial  Light 
•15.  Scofpern  and  Lowe's  Practical  Meteorology 
16.  Smith's  Introduction  to  Botany :  Structural&  Systematic 

iiy.  /Twisden's  Plane  and  Spherical  Trigonometiy 
18.  TwisDEN  on  Logarithms.        .        .        •       .« 
isg. '.Young's  Elements  of  Algebra. 

20.  Young's  Solutions  of  Questions  in  Algebra    . 

21.  Young's  Navigation  and  Nautical  Astroaomy 
^2.  Young's  Plane  Geometry 

23.  ^Young's  Simple  Arithmetic    . 

24.  Young's  Elementary  Dynamics      • 


«• 
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DALLAS  (W.  S.,  FX.S,): 

A  .POPULAR  HISTORY  OF  THE  ANIMAL  CREATION :  bcinf 
A  Systematic  and  Popular  Description  of  the  Habits,  Structure  and 
Classification  of  Animals.  With  coloured  Frontispiece  and  many 
hundred  Illustrations.    Crown  8vo.    Hoth,  8/6.    New  Edition. 
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DOUGLAS'S  TELEGRAPH  CONSTRUCTION. 

ublished  with  the  Approval  of  the  Director -General  of  Telegraphs  in  India, 

.  MANUAL  OF  TELEGRAPH  CONSTRUC- 

TION :  The  Mechanical  Elements  of  Electric  Telegraph  Engineering. 
For  the  use  of  Telegraph  Engineers  and  others.  By  John  Christie 
Douglas,  Society  of  Telegraphic  Engineers,  East  India  Government 
Telegraph  Department,  &c.  With  numerous  Diagrams.  Crown  8vo. 
Cloth,  bevelled,  15/-  Second  Edition^  with  Appendices  and  Copious 
Index f  now  ready. 

GENERAL    CONTENTS. 
Part  L — General    Principles    of    Strength    and 

Stability,  comprising  the  Strength  of  Materials;  the  Dis- 
tribution of  Load  and  Stress  in  Telegraph  Structures,  such  as 
Poles — simple,  strutted,  tied,  stayed,  coupled,  and  trussed; 
the  Catenary,  with  application  of  its  Formulae  to  the  cases 
of  Wires  and  Cables;  Theory  of  the  Submersion  of 
Cables,  &c. 

Part  II. — Properties  and  Applications  of  Mate- 
rials, Operations,  and  Manipulation,  including  the  Prin- 
ciples and  Practice  of,  and  Numerical  Data  for,  designing 
Simple  Structures,  such  as  Poles  of  Iron  and  Wood ;  Iron  and 
Wooden  Masts — simple  and  compound;  Specifications  for 
Wire,  &c. ;  Soldering;  Surveying;  the  Raising  of  Heavy 
Masts  ;  Insulating  Materials  and  their  Applications,  &c. 

Part  III. — Telegraph  Construction,  Maintenance 

AND  Organisation,  treating  of  the  Application  of  the  In- 
formation conveyed  in  Parts  I  and  II.  to  the  case  of  Combined 
Structures,  including  the  Construction  of  Overground,  Subter- 
ranean, and  Subaqueous  Lines  ;  Office  Fittings ;  Estimating ; 
Organisation,  &c. 

"  Mr.   Douglas  deserves  the  thanks  of  Telegraphic  Engineers  for  the  excellent 

'  Manual '  now  before  us    ....    he  has  ably  supplied  an  existing  want 

the  subject  is  treated  with  great  clearness  and  judgment  ....  good  practical 
information  given  in  a  clear,  terse  style." — Engineering. 

"Mr.  Douglas's  work  is,  we  believe,  the  nrst  of  its  kind.    .    .    .    The  author  is 

evidently  a  practical  Telegraphic  Engineer The  amount  of  information 

given  is  sucn  as  to  render  this  volume  a  most  useful  guide  to  any  one  who  may  be 
engaged  in  any  branch  of  Electric-Telegraph  Engineering." — Athenaum. 

"  The  book  is  calculated  to  be  of  great  service  to  Telegraphic  Engineers.    .    .    . 
the  arrangement  is  so  judicious  that  with  the  aid  of  the  full  table  of  contents,  reference 
to  any  special  point  should  be  easy." — Iron. 


JRIFFIN  Qohn  Joseph,  F.R.S.)  : 

CHEMICAL  RECREATIONS:  A  Popular  Manual  of  Experi- 
mental Chemistry.  With  540  Engravings  of  Apparatus.  Crown  4to. 
Cloth.     Tenth  Edition. 

Part  I.    Elementary  Chemistry,  price  2/- 

Part  II.  The  Chemistry  of  the  Non-Metallic  El6mentff,  including  a 
Comprehensive  Course  of  Class  Experiments,  price  10/6. 
Or,  complete  in  one'volume^  oloth^  gilt  top,  z2/6 
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LEAKED  (Arthur,  M.D.,  F.R.C.P.,  Senior  Phy- 

sician  to  the  Great  Northern  Hospital) : 

IMPERFECT  DIGESTION :  Its  Causes  and  Treatment.    Post  8vo. 
Cloth,  4/6.     Sixth  Edition, 

"  It  now  constitutes  about  the  best  work  on  the  subject." — Lancet. 

"  Dr.  Leared  has  treated  a  most  important  subject  in  a  practical  spirit  and  popular 
manner." — Medical  Times  and  Gazette, 

"  A  useful  manual  of  the  subject  upon  which  it  treats,  and  we  welcome  it  as  an 
addition  to  our  Medical  Literature." — Dublin  Quarterly  Journal  of  Medical  Science. 


MOFFITT   (Staff-Assistant-Surgeon    A.,    of  the 

Royal  Victoria  Hospital,  Netley) : 

A  MANUAL  OF  INSTRUCTION  FOR  ATTENDANTS  ON 
THE  SICK  AND  WOUNDED  IN  WAR.  Published  under  the 
sanction  of  the  National  Society  for  Aid  to  the  Sick  and  Wounded  in 
War.    With  numerous  Illustrations.     Post  8vo.    Cloth,  5/- 

"  A  work  by  a  practical  and  experienced  author.  After  an  explicit  chapter  on  the 
Anatomy  of  the  Human  Body,  directions  are  given  concerning  bandaging,  dressing  of 
sores,  wounds,  &c.,  assistance  to  wounded  on  field  of  action,  stretchers,  mule  litters, 
ambulance,  transport,  &c.  All  Dr.  Moffitt's  instructions  are  assisted  by  well  executed 
illustrations." — Public  Opinion. 

"  A  well  written  volume.  Technical  language  has  been  avoided  as  much  as  possible, 
and  ample  explanations  are  afforded  on  all  matters  on  the  uses  and  management  of 
the  Field  Hospital  Equipment  of  the  British  Army." — Standard. 


NAPIER  (James,  F.R.S.E.,  F.C.S.): 

A  MANUAL  OF  ELECTRO-METALLURGY.  With  numerous 
Illustrations.  Crown  8vo,  cloth,  7/6.  Fifth  Edition^  revised  and 
enlarged. 

GENERAL    CONTENTS. 


I.— History  of  the  Art. 
II. — Description    of   Galvanic    Bat- 
teries  and   their   Respective 
Peculiarities. 
III. — Electrotype  Processes. 
IV. — Bronzing. 

V. — Miscellaneous  Applications  of 
the  Process  of  Coating  with 
Copper. 


VI. — Deposition  of  Metals  upon  one 

another. 
VII. — Electro-Plating. 
VIII. — Electro-Gilding. 
IX. — Results  of  Experiments  on  the 
Deposition  of  other  Metals  as 
Coatings. 

X. — TtfEORETICAL  OBSERVATIONS. 


"  A  work  that  has  become  an  established  authority  on  Electro-Metallurgy,  an  art 
which  has  been  of  immense  use  to  the  Manufacturer  in  economising  the  quantity  oj 

the  precious  metals  absorbed,  and  in  extending  the  sale  of  Art  Manufactures 

We  can  heartily  commend  the  work  as  a  valuable  handbook  on  the  subject  on  which 
it  treats." — Journal  of  Applied  Science. 

"The  fact  of  Mr.  Napier's  Treatise  having  reached  a  fifth  edition  is  good 

evidence  of  an  appreciation  of  the  Author's  mode  of  treating  his  subject A 

very  useful  and  practical  little  Manual." — Iron. 

^  "  The  Fifth  Edition  has  all  the  advantages  of  a  new  work,  and  of  a  proved  and  tried 
friend.  Mr.  Napier  is  well-known  for  the  carefulness  and  accuracy  with  which  he  writes 
.  .  .  there  is  a  thorou^ness  in  the  handling  of  the  subject  which  is  far  from  general 
in  these  days  .  .  .  The  work  is  one  of  those  which,  besides  supplying  first-class 
information,  are  calculated  to  inspire  invention."— J^tf^/Z^r  and  Watchmaner, 
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NAPIER  Qames,  F.R.S.E.,  F.C.S.) : 

A  MANUAL  OF  THE  ART  OF  DYEING  AND  DYEING  RE- 
CEIPTS. Illustrated  by  Dkigrams  and  Numerous  Specimens  of  Dyed 
Cotton,  Silk,  and  Woollen  Fabrics.  Demy  8vo.,  cloth,  21/-.  Third 
Edition^  thoroughly  revised  and  greatly  enlarged, 

GENERAL    CONTENTS: 

Part  I.— HEAT  AND  LIGHT : 

Their  effects  upon  Colours,  and  the  changes  they  produce  in 
many  Dyeing  Operations. 

Part  II.— A  CONCISE  SYSTEM  OF  CHEMISTRY,  with  special 
reference  to  Dyeing : 

Elements  of  Matter,  their  physical  and  chemical  properties, 
producing  in  their  combination  the  different  Acids,  Salts,  &c., 
in  use  in  the  Dye-House. 

Part  III.— MORDANTS  AND  ALTERANTS  : 

Their  composition,  properties,  and  action  in  fixing  Colours 
within  the  Fibre. 

Part  IV.— VEGETABLE  MATTERS  in  use  in  the  Dye-House : 

ist,  those  containing  Tannin,  Indigo,  &c. ;  2ndly,  the  various 
Dyewoods  and  Roots,  as  Logwood,  Madder,  Bark,  &c. 

Part  V.— ANIMAL  DYES  : 

Cochineal,  Kerms,  Lac,  &c. 

Part  VI.— COAL-TAR  COLOURS : 

Their  Discovery,  Manufacture,  and  Introduction  to  the  Dyeing- 
Art,  from  the  discovery  of  MAUVE  to  ALIZARIN. 

APPENDIX.— RECEIPTS  FOR  MANIPULATION  : 

Bleaching;  Removing  Stains  and  Dyes;  Dyeing  of  different 
Colours  upon  Woollen,  Silk,  and  Cotton  Materials,  with 
Patterns. 

"  The  numerous  Dyeing  Receipts  and  the  Chemical  Information  furnished  will  be 

exceedingly  valuable  to  the  Practical  Dyer a  Manual  of  necessarj' 

reference  to  all  those  who  wish  to  master  their  trade,  and  keep  pace  with  the  scientific 
discoveries  of  the  time." — Journal  of  Applied  Science. 

"In  this  work  Mr.  Napier  has  done    good  service being  a  Practical  Dyer 

himself,  he  knows  the  wants  of  his  confrtres the  Article  on  Water  is  a  very 

valuable  one  to  the  Practical  Dyer,  enabling  him  readily  to  detect  impurities,  and 

correct  their  action The  Article  on  Indigo  is  very  exhaustive the  Dyeing 

Receipts  are  very  numerous,  and  well  illustrated." — Textile  Manufacturer. 


PHILLIPS  (John,  M.A.,  F.R.S.,  F.G.S.,  late  Pro- 

fessor  of  Geology  at  the  University  of  Oxford). 

A  MANUAL  OF  GEOLOGY :  Practical  and  Theoretical.  Revised 
and  Edited  by  Robert  Etheridge,  F.R.S.,  F.G.S.,  of  the  Museum  of 
Practical  Geology.     (In  Preparation), 
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PHILLIPS  (J.  Arthur,M.Inst.C.E.,F.C.S.,F.G.S., 

Ancien  Eleve  de  I'Ecole  des  Mines,  Paris) : 

ELEMENTS  OF  METALLURGY:  A  Practical  Treatise  on  the 
Art  of  Extracting  Metals  from  their  Ores.  With  over  two  hundred  Il- 
lustrations, many  of  which  have  been  reduced  from  Working  Drawings. 
Royal  8vo,  764  pages,  cloth,  34/- 

GENERAL  CONTENTS: 

L — A  Treatise  on  Fuels  and  Refractory  Materials. 

n. — A  Description  of  the  principal  Metalliferous  Minerals,  with 
their  Distribution. 

III. — Statistics  of  the  amount  of  each  Metal  annually  produced 
throughout  the  World,  obtained  from  official  sources,  or, 
where  this  has  not  been  practicable,  from  authentic  private 
information. 

.  IV. — The  Methods  of  Assaying  the  different  Ores,  together  with 
the  Processes  of  Metallurgical  Treatment,  comprising : 
Iron,  Cobalt,  Nickel,  Aluminium,  Copper,  Tin,  Antimony, 
Arsenic,  Zinc,  Mercury,  Bismuth,  Lead,  Silver,  Gold 
and  Platinum. 

"  In  this  most  useful  and  handsome  volume  Mr.  Phillips  has  condensed  a  lar^e 

amount  of  valuable  practical  knowledge We  have  not  only  the  results  of  scientific 

inquiry  most  cautiously  set  forth,  but  the  experiences  of  a  thoroughly  practical  man, 
very  clearly  given." — Atktnaum. 

"  For  twenty  years  the  learned  author,  who  might  well  have  retired  with  honour 
on  account  of  his  acknowledged  success  and  high  character  as  an  authori^  in  Metal- 
lurgy, has  been  making  notes,  both  as  a  Mining  Engineer  and  a  practical  Metallurgist, 
and  devoting  the  most  valuable  portion  of  his  time  to  the  accumulation  of  materials 
for  this,  his  Masterpiece.  There  can  be  no  possible  doubt  that  '  Elements  of  Metal- 
lur^'  will  be  eagerly  sought  for  by  Students  in  Science  and  Art,  as  well  as  by  Practi- 
cal Workers  in  Metals Two  hundred  and  fifty  pages  are  devoted  exclusively  to 

the  Metallurgy  of  Iron,  in  which  every  process  of  manufacture  is  treated,  and  the 
latest  improvements  accurately  detailed." — Colliery  Guardian. 

"  The  value  of  this  work  is  almost  inestimable.    Therecan  be  no  question  that  the 

amount  of  time  and  labour  bestowed  on  it  is  enormous There  is  certainly  no 

Metallurgical  Treatise  in  the  language  calculated  to  prove  of  such  general  utility  to 
the  Student  really  seeking  sound  practical  information  upon  the  subject,  and  none 
which  gives  greater  evidence  of  the  extensive  metallurgical  knowledge  of  its  author.** 
— Mining  Journal. 


PORTER  :     (Surgeon -Major   J.    H.,    Assistant- 

Professor  of  Military  Surgery  in  the  Army  Medical  School,  Hon.  Assoc, 
of  the  Order  of  St.  John  of  Jerusalem) : 

THE  SURGEON'S  POCKET-BOOK:  An  Essay  on  the  Best  Treat- 
ment  of  the  Wounded  in  War ;  for  which  a  Prize  was  awarded  by  Her 
Majesty  the  Empress  of  Germany.  Specially  adapted  to  the  Public 
Medical  Services.    With  numerous  Illustrations,  i6mo,  roan,  7/6. 

"j[ust  such  a  work  as  has  long  been  wanted,  in  which  men  placed  in  a  novel 
position,  can  find  out  quickly  what  is  best  tO  be  done.  Wc  strongly  recommend  it  to 
every  officer  in  the  Public  Medical  Servicts."— Practitioner. 

"A  complete  vade  mecum  to  guide  the  miliury  sui^on  in  the  field.**— Bnftsik 
Medical  Journal. 

"A  capital  little  book  .  .  .  of  the  greatest  practical  valne.  .  .  .  A  surgeoo 
with  this  Manual  in  his  pocket  becomes  a  man  of  reeonrce  at  onct,**-^Westmittster 
Review, 


SCIENTIFIC  PUBLICATIONS;  17 

SCIENTIFIC     MANUALS 

BY 

W.  J.  MAOQUOM  MNKINE,   0^.,  LL.D.,  F.E.S., 

Late  Regius  Professor  of  Civil  Engineering  in  the  University  of  Glasgow. 


I.— RANKINE  (Prof.):  APPLIED  MECHANICS 

(A  Manual  of) ;  comprising  the  Principles  of  Statics  and  Cinematics, 
and  Theory  of  Structures,  Mechanism  and  Machines.  With  numerous 
Diagrams.  Revised  by  E.  F.  Bamber,  C.E.  Crown  8vo.  Cloth,  12/6. 
Ninth  Edition, 

"  Cannot  fail  to  be  adopted  as  a  text-book The  whole  of  the  information 

so  admirably  arranged  that  there  is  every  fsu:ility  for  reference." — Mining  Journal. 

II.— RANKINE  (Prof.):  CIVIL  ENGINEERING 

(A  Manual  of) ;  comprising  Engineering  Surveys,  Earthwork,  Founda- 
tions, Masonry,  Carpentry,  Metal-work,  Roaids,  Railways,  Canals, 
Rivers,  Water-works,  Harbours,  &c.  With  numerous  Tables  and  Illus- 
trations. Revised  by  E.  F.  Bamber,  C.E.  Crown  8vo.  Cloth,  16/- 
Twelfth  Edition, 

"  Far  surpasses  in  merit  every  existing  work  of  the  kind.  As  a  Manual  for  the 
hands  of  the  professional  Civil  Engineer  it  is  sufficient  and  unrivalled,  and  even  when 
we  say  this  we  fall  short  of  that  high  appreciation  of  Dr.  Rankine's  labours  which  wc 
should  like  to  express." — The  Engineer. 

III.— RANKINE  (Prof.):     MACHINERY  AND 

MILL  WORK  (A  Manual  of) ;  comprising  the  Geometry,  Motions, 
Work,  Strength,  Construction,  and  Objects  of  Machines,  &c.  Illus- 
trated with  nearly  300  Woodcuts.  Revised  by  E.  F.  Bamber,  C.E. 
Crown  8vo.    Cloth,  12/6.     Third  Edition, 

"ProfdBsor  Rankine's  'Manual  of  Machinery  and  Millwork'  &lly  maintains  the 
high  reputation  which  he  enjoys  as  a  scientific  author ;  higher  praise  it  is  difficult  to 
award  to  any  book.  It  cannot  Mil  to  be  a  lantern  to  the  feet  of-.^very  engineer." — The 
Engineer. 

IV.— RANKINE  (Prof.):  The  STEAM  ENGINE 

and  OTHER  PRIME  MOVERS  (A  Manual  of).  With  Diagram 
of  the  Mechanical  Properties  of  Steam,  numerous  Tables  and 
Illustrations.  Revised  by  E.  F.  Bamber,  C^E.  Crown  8vo.  Cloth, 
12/6.    Eighth  Edition, 

v.— RANKINE  (Prof.):     USEFUL  RULES  and 

TABLES.  For  Architects,  Builders,  Carpenters,  Coachbuilders,  En- 
gravers, Engineers,  Founders,  Mechanics,  Shipbuilders,  Surveyors, 
Wheelwrights,  &c.    Crown  8vo.    Cloth,  9/-    Fifth  Edition, 

<v  Undoubtedly  the  most  useful  collection  6f  «iigmeeiiag  data  hitherto  produced.**— 
Mining  Journal. 

VI.-^RANKINE  .  (Prof.):      A    MECHANICAL 

TEXT^BOOK.    By  Professor  Macquobn  Rankine&  E^F.  Bamber,  C.E. 

With  numerous  Illustratioos.    Crown  8vo.    Cloth,  g/-    Second  Edition, 

*'  The  work,  as  a  whole,  is  very  cemi^te,  and  likely  to  prove  invaluable  for  furnish- 
ing a  naefial  and  reliaUe  outline  of  the  subjects  treated  ot^-^Miitmg  Journal. 
\*  The  MBCHAMXCAL  TBXT-BooK  forms  a  simple  Introduction  to  psop.  rankiiiji*s  sbribs 
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SHELTON  (W.  Vincent,  Foreman  to  the  Impend 

Ottoman  Gun-Factories,  Constantinople). 

THE  MECHANIC'S  GUIDE:  A  Hand-book  for  Engineers  and 
Artizans.  With  Copious  Tables  and  Valuable  Recipes  for  Practical 
Use.   Illustrated.    Crown  8vo,  cloth,  7/6. 


GENERAL  CONTENTS: 

Part      I. — Arithmetic. 

Part    II. — Geometry. 

Part  III. — Mensuration. 

Part  IV. — ^Velocities  in  Boring 
and  Wheel-Gearing. 


Part  V. — Wheel  and  Screw- 
Cutting. 

Part  VI. — Miscellaneous  Sub- 
jects. 

Part    VII.— The  Steim-Engine. 

Part  VIII. — The  Locomotive. 


'  The  Mechanic's  Guide  will  answer  its  purpose  as  completely  as  a  whole  series 

of  elaborate  text-books." — Mining  Journal. 

"  Ought  to  have  a  place  on  the  liookshelf  of  every  mechanic.** — Iron, 

"  Much  instruction  is  here  given  without  pedantry  or  pretension." — Builder, 

"  A  sine  gud  non  to  every  practical  Mechanic." — Railway  Service  Gazette. 

***  This  Work  is  specially  intended  for  Self-Teachers,  and  places  before  the  Reader 

a  concise  and  simple  explanation  of  General  Principles,  together  with  Illustrations  of 

their  adaptation  to  Practical  Purposes. 

THOMSON  (Spencer, M.D.,L.R.C.S., Edinburgh): 

A  DICTIONARY  of  DOMESTIC  MEDICINE  and  HOUSEHOLD 
SURGERY.  Thoroughly  revised  and  brought  down  to  the  present  state 
of  Medical  Science.  With  an  additional  chapter  on  the  Management 
of  the  Sick  Room ;  and  Hints  for  the  Diet  and  Comfort  of  Invalids. 
Many  Illustrations.  Demy  8vo,  750  pages.  Cloth,  8/6.  Thirteenth 
Edition, 

"The  best  and  safest  book  on  Domestic  Medicine  and  Household  Surgery  which 
has  yet  appeared." — London  Journal  of  Medicine, 

"  Dr.  Thomson  has  fullv  succeeded  in  conveving  to  the  public  a  vast  amount  of 
useful  professional  knowledge." — Dtiblin  Journal  of  Medical  Science. 

"  Worth  its  weight  in  gold  to  families  and  the  clergy.''— Oxford  Herald, 

WYLDE  (James,  formerly   Lecturer  on  Natural 

Philosophy  at  the  Polytechnic): 

THE  MAGIC  OF  SCIENCE:  A  Manual  of  Easy  and  Amusing 
Scientific  Experiments.  With  Steel  Portrait  of  Faraday  and  many 
hundred  Engravings.  Crown  Svo.  Cloth  gilt,  and  gilt  edges,  5/-  Third 
Edition. 

"  Of  priceless  value  to  furnish  work  for  idle  hands  during  the  holidays.  A 
thousand  mysteries  of  Modem  Science  are  here  unfolded.  We  Team  how  to  make 
Oxygen  Gas,  how  to  construct  a  Galvanic  Battery,  how  to  gild  a  Medal  by  Electro- 
plating, or  to  reproduce  one  by  Electrotypinp;,  how  to  make  a  Microscope  or  take  a 
Photograph,  while  the  elements  of  Mechanics  are  explained  so  simply  and  clearly 
that  the  most  unmechanical  of  minds  must  understand  them.  Such  a  work  it 
deserving  of  the  highest  praise."— r/t«  Graphic. 

"  To  those  who  need  to  be  allured  into  the  paths  of  natural  science,  by  witnessing 
the  wonderful  results  that  can  be  produced  by  well-contrived  experiments,  we  do  not 
know  that  we  could  recommend  a  more  useful  volume.**— ^/A^iMrtfin. 
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Educational  Works. 


BRYCE    (Archibald   Hamilton,   D.C.L.,    LL.D., 

Senior  Classical  Moderator  in  the  University  of  Dublin) : 

VIRGILII  OPERA.  Text  from  Heyne  and  Wagner.  English 
Notes,  original,  and  selected  from  the  leading  German,  American 
and  English  Commentators.  Illustrations  from  the  antique.  Com- 
plete in  One  Volume,  fcap.  8vo.,  cloth,  6/-     Twelfth  Edition, 

Or,  in  Three  Parts  : 

Part  I.      Bucolics  and  Georgics         . .         . .  2/6 

Part  II.    The  ^Eneid,  Books  I. — ^VI 2/6 

Part  III.  The  ^Eneid,  Books  VII.— XII.         . .  2/6 

"  Contains  the  pith  of  what  has  been  written  bv  the  best  scholars  on  the  subject* 

idei 


.The  notes  comprise  everything  that  the  student  can  want." — Athenctum, 


"  The  most  complete,  as  well  as  elegant  and  correct,  edition  of  Virgil  ever  published 
in  this  country." — Educational  Times. 

"  The  best  commentary  on  Virgil  which  a  student  can  obtain." — Scotsman, 

COBBETT  (William) :    ENGLISH  GRAMMAR 

in  a  Series  of  Letters,  intended  for  the  use  of  Schools  and  Young  Per- 
sons in  general.  With  an  additional  Chapter  on  Pronunciation,  by  the 
Author's  Son,  James  Paul  Cobbett.  Fcap.  8vo.  Cloth,  1/6.  {The 
only  correct  and  authorized  Edition), 

"  A  new  and  cheapened  edition  of  that  most  excellent  of  all  English  GrammarSt 
William  Cobbett's.  It  contains  new  copyright  matter,  as  well  as  includes  the  equally 
amusing  and  instructive  '  Six  Lessons  intended  to  prevent  statesmen  from  writing  in 
an  awkward  manner.'" — Atlas, 

COBBETT  (William) :  A  FRENCH  GRAMMAR. 

Fcap.  8vo.     Cloth,  3/6.    Fifteenth  Edition, 

" '  Cobbett's  French  Grammar '  comes  out  with  perennial  freshness.  There  are 
few  grammars  equal  to  it  for  those  who  are  learning,  or  desirous  of  learning,  French 
without  a  teacher.  The  work  is  excellently  arranged,  and  in  the  present  edition  we 
note  certain  careful  and  wise  revisions  of  the  text." — School  Board  Chronicle. 

"  Business  men  commencing  the  study  of  French  will  find  this  treatise  one  of  the 
best  aids It  is  largely  used  on  the  Continent." — Midland  Counties  Herald, 

COBBETT   (James   Paul):    A   LATIN   GRAM> 

MAR.    Fcap.  8vo.    Cloth,  2/- 

COLERIDGE  (Samuel  Taylor)  :  A  DISSERTA- 
TION ON  THE  SCIENCE  OF  METHOD.  (Encyclopedia  Mttro* 
politana,)    With  a  Synopsis.    Crown  8vo.    Cloth,  2/-    Ninth  Edition^. 


CHARLES  GRIFFIN  S-  COMPANY'S 
CKAIK'S  ENGLISH  LITERATURE. 

A  COMPENDIOUS  HISTORY  OF  ENGLISH  LITERATURE  AND 
OF  THE  ENGLISH  LANGUAGE  from  the  Norman  Conqueal, 
With  numerous  Bpecimena.  By  George  Lillie  Chmk,  LL.D.,  lale 
Piofessorof  History  and  English  Literature.  Queen's  College,  Belfast. 
In  two  vols.  Royal  8vo.  Handsomely  bound  in  doth,  25/-;  full  cutf, 
gilt  edges,  37/6.    New  Edition. 

GENERAL      CONTENTS. 


I— The  Noeman  Pesiod— The  Conquest. 
IL^SecoNO  English — commonly  called  Semi-Saxon, 
in. — Third  English — Mixed,  or  Compound  English. 
IV. — Middle  and  Latter  Part  of  the  Seventeenth  Cbntukv. 
v.— The  Century  between  the  Enolish  Revolution  a; 

French  Revolution. 
VT.^The  Latter  Part  of  the  F.iohteenth  Century. 
VIL — The  NiNETtiENTH  Century;  [a]    The   Last   Age   o 


(6)   The  Victorian  Aoe. 
Wiih  numerous  Excerfts  and  Spicimeni  of  Styli. 
"  kayont  who  will  like  tbe  trouble  to  uceitain  the  Uct,  will  find  how  cemi 
IhF  VIEW  of  the  prcBcnt  with  the  most  numcro^ii  clus  of  the  educated  ind  n 


1 


■Ifion  nituiKl  or  rul  diitinctioai,  pvcB  oi  tbe  ooly  view  of  tke  subject  that  cm  claim 
to  be  Kguiled  »  of  ■  icimtific  ch»r»ct=r."— Elfrad  AojH  Ihc  A  Kliar's  Pri/act, 

"  PrDfeuiir  Cnik'shcakgoinEiU  It  dcwi.Ihtaugb  the  whole  btitoiy  of  the  lipcrui  1 
pi-obably  UbeB  a  place  ^uile  l^ilself.    TfaE  g'™'  value  of  the  book  is  iu  Ibo 

but  in  facti." — Satttrdtiy  Etvi™~ 

CRAIK   (Prof.)  :    A   MANUAL   OF   ENGLISH 

LITERATURE,  for  the  Use  of  Colleges,  Schoole  and  Civil  Setvice 
Examinations.  Selected  from  the  larger  work,  by  Dr.  Craik.  Cru'^n 
Svo.     Cloth,  7/6.     Sii/enlh  Edition. 

"A  MhquiIM  English  Liicnture  EroEU  ko  experienced  and  well-read  m  schaiar  '' 

Spcaatar. 

■■  Thii  augmented  effcrt  will  be,  we  dnobl  not,  received  with  decided  »ppioh:i!.  - 

ilearo..f."lfour'y'ounEr^''ci!  will  give  healthy  perusifto  Dr.  Couk'i  work,  lI; 

A?he»Vum.       °"        yew.  "  "" 


CRUTTWELL     {Charles     Thomas,     M.A.)  :     ., 

HANDBOOK  OF  SPECIMENS  OF  LATIN  AUTHORS  |PtoK 
Writers  and  PoetB)  from  the  Earliest  Period  to  the  Latest,  chronolo-i 
cally  arranged.     Crown  Svo.     (Jh  Prtparation). 
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CRUTTWELL  (Charles  Thomas,  M.A.,  Fellow 

of  Merton  College,  Oxford ;  Head  Master  of  Bradfield  College) : 

A  HISTORY  OF  ROMAN  LITERATURE,  from  the  Earliest 
Period  to  the  Times  of  the  Antonines.  With  Chronoloqical  Tables 
and  TesT'Questions,  for  the  Use  of  Students  preparing  for  Examina- 
tions.    Crown  8vo.,  Cloth,  8/6.    Second  Edition. 

"  Mr.  Cruttwell  has  done  a  real  service  to  all  Students  of  the  Latin  Language 
and  Literature.    .    .    .     Full  of  ^ood  scholarship  and  good  criticism." — Athetueum. 

"  A  most  serviceable — indeed,  indispensable — guide  for  the  Student.  .  .  .  The 
'  general  reader'  will  be  both  charmed  and  instructed." — Saturday  Review. 

"  The  Author  undertakes  to  make  Latin  Literature  interesting,  and  he  has  suc- 
ceeded.   There  is  not  a  dull  page  in  the  volume." — A  cademy. 

"  The  great  merit  of  the  work  is  its  fulness  and  accuracy." — Guardian. 

'*  Tins  elaborate  and  very  careful  work  ...  in  every  respect  of  high  merit. 
Nothing  at  all  equal  to  it  has  hitherto  been  published  in  England. — British  Quarterly 
Review. 


CURRIE  Qoseph,  formerly  Head  Classical  Master 

of  Glasgow  Academy) : 

HORATII  OPERA.  Text  from  Orellius.  English  Notes,  original, 
and  selected  from  the  best  Commentators.  Illustrations  from  the  an- 
tique.   Complete  in  One  Volume,  fcap.  Svo.,  cloth,  5/- 

Or,  in  Two  Parts : 

Part  I.    Carmina  3/- 

Part  II.  Satires  and  Epistles  . .     3/- 

"  The  notes  are  excellent  and  exhaustive." — Quarterly  Journal  of  Education. 

CURRIE    (Joseph)  :      EXTRACTS     FROM 

CiESAR'S  COMMENTARIES;  containing  his  description  of  Gaul, 
Britain  and  Germany.  With  Notes,  Vocabulary,  &c.  Adapted  for 
Young  Scholars.     i8mo.     Cloth,  1/6.    Fourth  Edition. 

D'ORSEY  (Rev.  Alex.  J.  D.,  B.D.,  of  Corpus  Christi 

Coll.,  Cambridge,  Lecturer  at  King's  Coll.,  London) ; 

SPELLING  BY  DICTATION  :  Progressive  Exercises  in  English 
Orthography,  for  Schools  and  Civil  Service  Examinations.  i8mo. 
Cloth,  i/-    Fifteenth  Thousand, 

FLEMING    (William,    D.D.,   late    Professor    of 

Moral  Philosophy  in  the  University  of  Glasgow) : 

THE  VOCABULARY  OF  PHILOSOPHY:  Mental,  Moral, 
AND  Metaphysical.  With  Quotations  and  References  for*  the  Use  of 
Students.  Revised  and  Edited  by  Henry  Calderwood,  LL.D.,  Pro- 
fessor of  Moral  Philosophy  in  the  University  of  Edinburgh.  Crown 
Svo.     Cloth  bevelled,  10/6.     Third  Edition^  enlarged. 

'*  An  admirable  book.  ...  In  its  present  shape  will  be  welcome,  not  only  to 
Students,  but  to  many  who  have  long  since  passed  out  of  the  class  of  Students, 
popularly  so  callel." — Scotsman. 

"  The  additions  ^y  the  Editor  bear  in  their  clear,  concise,  vigorous  expression  the 
stamp  of  his  powernil  intellect,  and  thorough  command  of  our  language.  More  than 
ever,  the  work  is  now  likely  to  have  a  prolonged  and  useful  existence,  and  to  facili* 
tate  the  researches  of  those  entering  upon  philosophic  Studies." — Weekly  Review, 

"  A  valuable  addition  to  a  Student's  Lihnry."— Tablet, 
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McBURNEY  (Isaiah,  LL.D.) :    EXTRACTS 

FROM  OVID'S  METAMORPHOSES.  With  Notes,  Vocabulary,  &c. 
Adapted  for  Young  Scholars.     i8mo.    Cloth,  i/6.    Third  Edition, 

COBBIN'S    MANGNALL: 

MANGNALL'S  HISTORICAL  AND  MISCEL- 
LANEOUS QUESTIONS,  for  the  Use  of  Young  People.  By  Richmal 
Mangnall.  Greatly  enlarged  and  corrected,  and  continued  to  the  pre- 
sent time.  By  Ingram  Cobbin,  M.A.  i2mo.  Cloth  4/-  Forty-eighth 
Thousand,    New  Illustrated  Edition, 

MENTAL     SCIENCE:      SAMUEL    TAYLOR 

COLERIDGE'S  CELEBRATED  ESSAY  ON  METHOD;  Arch- 
bishop Whately's  Treatises  on  Log^c  and  Rhetoric.  Crown  8vo. 
Cloth,  5/.    Tenth  Edition, 


WORKS     BY    WILLIAM     RAMSAY,     M.A., 

Trinity  College,  Cambridge,  late  Professor  of  Humanity  in  the  University  of  Glasgow. 

A    MANUAL    OF     ROMAN    ANTIQUITIES. 

For  the  use  of  Advanced  Students.  With  Map,  130  Engravings, 
and  very  copious  Index.  Revised  and  enlarged,  with  an  additional 
Chapter  on  Roman  Agriculture.  Crown  8vo.  Cloth,  8/6.  Tenth  Edi' 
Hon, 

GENERAL    CONTENTS. 
I. — The  Typography  of  Rome. 

II. — The  Origin  of  the  Roman  People ;  their  Political  and  Social 
Organization ;  Religion ;  Kalendar ;  and  Private  Life. 

III. — General  Principles  of  the  Roman  Constitution ;  the  Rights  of 
Different  Classes;  the  Roman  Law  and  Administration  of  Justice. 

IV. — The  Comitia ;  Magistrates ;  the  Senate. 

V. — Military  and  Naval  Affairs;  Revenues ;  Weights  and  Measures; 
Coins,  &c. 

VI. — Public  Lands ;  Agrarian  Laws ;  Agriculture,  &c. 

"  Comprises  all  the  results  of  modem  improved  scholarship  within  a  moderate 
compass." — A  thenteum. 

RAMSAY     (Prof.)  :     AN     ELEMENTARY 

MANUAL  OF  ROMAN  ANTIQUITIES.  Adapted  for  Junior 
Classes.  With  numerous  Illustrations.  Crown  Svo.  Cloth,  4/-  Sixth 
Edition, 

RAMSAY    (Prof.):    A   MANUAL    OF    LATIN 

PROSODY.  Illustrated  by  Copious  Examples  and  Critical  Remarks. 
For  the  use  of  Advanced  Students.  Revised  and  greatly  enlarged. 
Crown  Svo.     Cloth,  5/-    Sixth  Edition, 

"  There  is  no  other  work  on  the  subject  worthy  to  compete  with  it." — Athetmum, 

RAMSAY     (Prof.)  :      AN     ELEMENTARY 

MANUAL  OF  LATIN  PROSODY.  Adapted  for  Junior  Classes. 
Crown  Svo.    Cloth,  2/- 
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THE    SCHOOL    BOARD    READERS: 

A  New  Series  of  Standard  Reading  Books. 
Edited  by  a  former  H.M.  INSPECTOR  of  SCHOOLS. 

Recommended  by  the  London  School  Board. 

And  adopted  by  many  School  Boards  throughout  the  Country, 

*^^*  aggregate    sale,    190,000   COPIES. 


Elementary  Reading  Book,  Part  I. — Containing  Lessons  s.  d, 
in  all  the  Short  Vowel  Sounds.    Demy  i8mo.,  i6  pages. 
In  stiif  wrapper ox 

Elementary  Reading  Book,  Part  II. — Containing:  the 
Long  Vowel  Sounds  and  other  Monosyllables.  Demy 
i8mo,  48  pages.    In  stiff  wrapper 02 

Standard  I. — Containing  Reading,  Dictation,  and  Arith- 
metic.   Demy  i8mo,  96  pages.    Neat  cloth  .        .        .04 

Standard  II. — Containing  Reading,  Dictation  and  Arith- 
metic.    Demy  i8mo,  128  pages.    Neat  cloth         .        .06 

Standard  III. — Containing  Reading,  Dictation  and  Arith- 
metic.   Fcap.  8vo,  160  pages.    Neat  cloth    .        .        .09 

Standard  IV. — Containing  Reading,  Dictation  and  Arith- 
metic.   Fcap.  8vo,  192  pages.     Neat  cloth    .        .        .     z    o 

Standard  V. — Containing  Reading,  Dictation  and  Arith- 
metic, with  an  Explanation  of  the  Metric  System  and 
numerous  Examples.  Crown  8vo,  256  pages.  Neat 
cloth 16 

Standard  VI. — Containing  Selections  from  the  best  English 
Authors,  chronologically  arranged  (Chaucer  to  Ten- 
nyson), Hints  on  Composition,  and  Lessons  on  Scien- 
tific  Subjects.     Crown  8vo,  320  pages.     Neat  cloth       .    2    o 

Key  to  the  Questions  in  Arithmetic,  in  two  parts,  each    o    6 

"  The  general  conception  is  sound,  and  the  execution  praiseworthy.    The  selections 

seem,  on  the  whole,  happily  and  judiciously  made In  the  sixth  and  last  volume 

we  have  an  excellent  chronological  selection  from  our  English  classics By  the 

time  the  scholar  has  mastered  the  Series,  he  ought  to  have  a  fairly  suggestive  know- 
ledge of  English  literature.  Th^  treatise  on  composition  is  brief,  but  satisfactory; 
and  the  books  generally  are  very  much  what  we  should  desire." — Times. 

"  The  Series  is  decidedly  one  of  the  best  that  have  yet  appeared." — Athenceum. 

"  There  are  no  better  reading-books  published.     The  advanced  books  are  gems. 
The  Series  reflects  great  credit  on  both  editor  and  publisher." — Educational  Reporter, 

"  The  Series  has  been  very  carefully  and  judiciously  prepared."— £Ara»nt»^r. 
■^  "  The  choice  of  matter  is  excellent,  and  so  are  the  method  and  style.  We  begin 
with  wholesome  stories,  poems,  and  lessons  on  natural  history,  brightened  with  wood- 
cuts; and  we  go  on  to  matters  of  general  information  and  useful  knowledge  in  a  very 
attractive  shape,  till  we  arrive  at  a  point  which  ought  to  turn  the  pupil  out  into  the 
world  a  good  reader,  a  lover  of  good  reading,  and  an  intelligent  member  of  society." — 
School  Board  Chronicle. 

*»*  Each  hook  of  this  Series  contains  within  itself  all  that  is  necessary  to 

Hdfil  the  requirements  of  the  Revised  Code^  viz, :  Reading,  Spelling  and 

Dictation  Lessons,  together   with   Exercises  in  Arithmetic,  for  the  whole 

year.    The  paper,  type  and  binding  are  all  that  can  be  desired. 
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THE   SCHOOL   BOARD    MANUALS: 

(Ox  THE   SpBCIFIC   SUBJECTS  OF  THE   REVISED   CoDE). 

By  a  former  H.H.  INSPECTOR  OP  SCHOOLS. 

Editor  of  the  "  School  Board  Readers." 

Rkcomxexded  bt   the  London   Schooi*  Board,  and   used  in   many 

Schools  throughout  the  Country. 

Pru€  6d.  each  im  stiff  wwapprr  ;  cloth  neat.  jd. 

L  ALGEBRA.— In  this  book,  which  is  adapted  to  Standards  IV., 
V.  and  VI.,  everything  is  explained  (in  acccn-dance  with  the 
Pestalozzian  system)  upon  first  prinaples^  and  the  examples 
are,  as  fu-  as  possible,  taken  from  concrete  numbers.  Abun- 
dance of  examples  are  given,  graduated  by  easy  stages. 

n.  ENGLISH  HISTORY.— ThU  book  is  exactly  suited  to  the 
requirements  of  the  Code  for  Standards  IV.,  V.  and  VI.  the 
chief  events  of  importance  being  given  in  detail,  and  the  general 
landmarks  of  history  in  brieC    Copious  Tables  are  added. 


IIL  GEOGRAPHY.— Contains  all  that  is  necessary  for  passing  in 
Standards  IV.,  V.  and  VI. 

IV.  PHYSICAL  GEOGRAPHY.— Contento:  Figure  of  the  Earth 
— Mountain  Systems — Ocean  Currents — Atmospheric  Phe- 
nomena— Trade  Winds — Distribution  of  Plants,  Animals,  and 
Races  of  Men,  ftc 

V.  ANIMAL  PHYSIOLOGY.— Contents:  Classification  of  Ani- 
mals— the  Human  Skeleton — Bones,  Muscles,  Sldn,  Hair,  and 
Nails — Digestion,  Circulation,  Respiration,  Secretion,  and  Nu- 
trition—the Nervous  System— the  Senses.  Illustrated  by  good 
EugravtMgSm 

VI.  BIBLE  HISTORY.— Contents:  Names,  Divisions,  and  His- 
tory of  the  Bible — ^Analysis  of  the  Old  and  New  Testaments — 
Geography  of  Palestine — Tables  of  Measures  &c 

%*  It  is  hoped  that  this  booh  will  (fovs^  seroiceabU  in  the 
study  of  the  Scriptures.  All  contmewssalfaimU  hone  been  care- 
fuUy  avoided*. 


"These  simple  and  wcn-gndnstsd  MsnnslSf  sis  [ill  i  t*  Ihfi  iiqaiiinnnn  of  the 

New  Code,  are  the  most  efameatarj  of  elesMatarjr  irorlri.  Mid  eJUiciaie^  cheap 

They  are  more  nscM,  as  {wactical  gnde-biKriBK,  than  laostof  the  msre  cxpeasive 


"  The  Series  wm  more  a  very  reliaUe  aW  SKhstaMial  aid  t#tket«aciMK  .  .  . 
The  whole  of  the  lianoals  bear  plara  evidence  of  having,  bean  preaarad  by  those 
thoroughly  conversant  practkally  whb  the  work  of  tcacfaiag,  and  of  having  bocn  re- 
vised by  one  able  to  jad^  of  the  effect  of  bbok-tensfaiag^  t^T  the  ccacial  test  ot  its 
resnlts.  In  the  Bible  History  Manaal  all  controvarsaal  points  have  been  avoided, 
and,  as  a  gronnd-wor^  and  help  to  the  stady  of  the  Scriptures,  it  is  to  be  wannly 
commended." — Wtittm  Daily  Merntry. 

%•  Specimen  copies  suppiud  to  Teachers  at  Half  the  Published  Price  and 
Postage,  A  Complete  Set  of  Readers  and  Manuals  on  receipt  of  P.0.0*  • 
for  6s,  id. 
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SENIOR    (Nassau  William,  M.A.,  late  Professor 

of  Political  Economy  in  the  University  of  Oxford) : 

A  TREATISE  ON  POLITICAL  ECONOMY;  the  Science  which 
treats  of  the  Nature,  the  Production,  and  the  Distribution  of  Wealth. 
Crown  8vo.    Cloth,  4/-    Sixth  Edition,    {Encyclopadia  Metropolitana) 

TeOMSON   (James)  :    THE  SEASONS.    With 

^ui  Ixitrodaction  and  Notes  by  Robert  Bell,  Editor  of  the  **  Annotated 
Scries  of  British  Poets."    Foolscap  8vo.    Cloth,  1/6.    Third  Edition, 
'An  admirable  introduction  to  the  study  of  our  English  classics.*' 


« 


-WHATELY  (Archbishop)  :   A   TREATISE   ON 

LOGIC.  With  Synopsis  and  Index.  Crown  8vo.  Cloth,  3/-  The 
Original  Edition.     {Encyclopedia  Metropolitana), 

WHATELY  (Archbishop):   A  TREATISE   ON 

RHETORIC.  With  Synopsis  and  Index.  Crown  Svo.  Cloth,  3/6. 
The  Original  Edition,     {Encyclopedia  Metropolitana), 

WYLim  (James) :  A  MANUAL  OF  MATHE- 

MATICS,  Pure  and  Applied.  Including  Arithmetic,  Algebra,  Geo- 
metry,  Trigonometry  (Plane  and  Spherical),  Logarithms,  Mensuration, 
&c.    Super-royal  Svo.    Cloth,  zo/6. 


'^^'^  Specimen  Copies  of  all  the  Educational  Woi^ks  fubliihed  by  Messrs, 
Charles  Griffin  and  Company  may  be  seen  at  the  Libraries  of  the 
''College  of  Preceptors^  South  Kensington  Museum^  and  Crystal  Palace  ; 
also  at  the  depots  of  the  chief  Educational  Societies, 
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Works  in  General  Literature. 


BELL  (Robert,  Editor  of  the  ^'Annotated  Series  of 

British  Poets.")  : 

GOLDEN  LEAVES  FROM  THE  WORKS  OF  THE  POETS 
AND  PAINTERS.  lUustrated  by  Sixty-foor  superb  Engravings  on 
Steel,  after  Paintings  by  David  Roberts,  Stanfield,  Leslie,  Stot- 
HAKD,  Haydon,  Cattermole,  Nasmyth,  Sir  Thomas  Lawrence,  and 
many  others,  and  engraved  in  the  first  style  of  Art  by  Finden,  Great- 
bach,  LiQHTFOOT,  &c.  4to.  Cloth  gilt,  2i/-  ;  unique  walnut  binding, 
30/- ;  morocco  antique,  35/-    Sscond  Edition, 


**  *  Golden  LeaTCS  *  is  bj  Car  the  most  important  book  of  the  season.  The  illastnii- 
tions  are  realljr  works  of  art,  and  the  volume  does  credit  to  the  arts  of  England.**— 
Saturday  Revtrm. 

**  The  Poems  are  sdected  withltaste  and  jndgment.** — Times, 

"The  engravings  are  from  drawings  hj  Stothard,  Newton,  Danbv,  Leslie,  and 
Tomer,  and  it  is  needless  to  say  bow  charming  are  many  of  the  above  here  given.**— 
Atiuiurum, 

CHRISTISON  (John):  A  COMPLETE  SYS- 
TEM OF  INTEREST  TABLES  at  3,  4,  4  J  and  5  per  Cent. ;  Tables 
of  Exchange  or  Commission,  Profit  and  Loss,  Discount,  Clothiers', 
Malt,  Spirit  and  various  other  usefiil  Tables.  To  which  is  prefixed  the 
Mercantile  Ready  Reckoner,  containing  Reckoning  Tables  firom  one 
thirty-second  part  of  a  penny  to  one  pound.  Greatly  enlarged.  Z2mo« 
Bound  in  leather,  4/6.    New  Edition, 


THE    WORKS    OF    WILLIAM     COBBETT. 

THE  ONLY  AUTHORIZED  EDITIONS. 

COBBETT   (William):    ADVICE  TO   YOUNG 

MEN  and  (incidentally)  to  Young  Women,  in  the  Middle  and  Higher 
Ranks  of  Life.  In  a  series  of  Letters  addressed  to  a  Youth,  a  Bachelor, 
a  Lover,  a  Husband,  a  Father,  a  Citizen,  and  a  Subject.  Fcap.  8vo» 
Cloth,  2/6.    New  Edition,     With  admirable  Portrait  on  Steel, 

"  Cobbett's  great  qualities  were  immense  vigour,  resource,  energy,  and  coniage. 
joined  to  a  force  of  understanding,  a  degree  of  logical  power,  and  above  all  a  force  of 

expression,  whicb  have   rarely   beoi  equalled He  was  the  most  English  of 

Englishmen.**— Soinn^jr  Review. 

'*  With  all  its  faults,  Cobbett*s  style  is  a  continual  refreshment  to  the  lover  of 
•  English  undcfiled.***— Po/i  MaU  Gazette. 

COBBETT  (William):  COTTAGE  ECONOMY. 

Containing  information  relative  to  the  Brewing  of  Beer,  Making  of 
Bread,  Keeping  of  Cows,  Pigs,  Bees,  Poultry,  &c. ;  and  relative  to  other 
matters  deemed  useful  in  conducting  the  affairs  of  a  Poor  Man's  Family. 
New  Edition,  Revised  by  the  Author's  Son.  Fcap,  8vo.  Cloth,  2/6. 
Eighteenth  Edition, 


GENERAL  PUBLICATIONS.  27 


William  Cobbett's  Works — {contintud). 

COBBETT  (Wm.) :   EDUCATIONAL  WORKS. 

(Seepage  19). 

COBBETT  (Wm):  A  LEGACY  to  LABOURERS; 

Ah  Argument  showing  the  Right  of  the  Poor  to  Relief  from  the  Land. 
With  a  Preface  by  the  Author's  Son,  John  M.  Cobbett,  late  M.P 
for  Oldham.    Fcap.  8vo.    Cloth,  1/6.    New  Edition. 

"  The  book  cannot  be  too  much  studied  just  novf.^^—Nonconformist. 

*'  Cobbett  was,  perhaps,  the  ablest  Political  writer  England  ever  produced,  and  his 

influence  as  a  Liberal  thinker  is  felt  to  this  day It  is  a  real  treat  to  read  his 

■trong,  racy  language."— Ptf^/tc  Opinion. 

COBBETT  (Wm.)  :  A  LEGACY  to  PARSONS  ; 

Or,  Have  the  Clergy  of  the  Established  Church  an  Equitable  Right  to 
Tithes  and  Church  Property  ?    Fcap.  8vo.    Cloth,  z/6.    New  Edition, 

*'  The  most  powerful  work  of  the  greatest  master  of  political  controversy  this 
Gonntiy  has  ever  produced.**-'Pa//  MallGaxette. 


COBBETT  (Miss  Anne):    THE   ENGLISH 

HOUSEKEEPER ;  Or,  Manual  of  Domestic  Management.  Containing 
Advice  on  the  Conduct  of  Household  Affairs,  and  Practical  Instructions, 
intended  for  the  Use  of  Young  Ladies  who  undertake  the  superin- 
tendence of  their  own  Housekeeping.    Fcap.  8vo.    Cloth,  3/6. 


COOK'S    VOYAGES.        VOYAGES    ROUND 

THE  WORLD,  by  Captain  Cook.    Illustrated  with  Maps  and  numer- 
ous Engravings.    Two  vols.    Super-royal  8vo.    Cloth,  30/- 


DALGAIRNS   (Mrs.):    THE    PRACTICE    OF 

COOKERY,  adapted  to  the  business  of  Evenr-day  Life.  By  Mrs. 
Dalgairns.  The  best  hook  for  Scotch  dishes.  About  Fifty  new  Recipes 
have  been  added  to  the  present  Edition,  but  only  such  as  the  Author 
has  had  adequate  means  of  ascertaining  to  be  valuable.  Fcap.  8vo. 
Cloth,  3/6.    Sixteenth  Edition. 

*'  This  is  by  far  the  most  complete  and  truly  practical  work  which  has  yet  appeared 
on  the  subject.  It  will  be  found  an  infallible  *  Cook's  Companion,'  and  a  treasure  of 
great  price  to  the  mistress  of  a  itsa\\y:*— Edinburgh  Literary  Journal, 

**  We  consider  we  have  reason  strongly  to  recommend  Mrs.  Dalgairns*  as  an 
economical,  useful,  and  practical  system  of  cookery,  adapted  to  the  wants  of  all 
ikmilies,  &oia  tb«  tradesman  to  the  country  gentleman."— S^rc^ator. 
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D'AUBIGNE  (Dr.  Merle) :  HISTORY  OF  THE 

REFORMATION.  With  the  Author's  latest  additions  and  a  new 
Preface.  Many  Woodcuts,  and  Twelve  Engravings  on  Steel,  illnttrative 
of  the  Life  of  Martim  Luther,  after  Labouch^re.  In  one  large 
volume,  demy  4to.    Elegantly  bound  in  cloth,  21/- 

**  In  this  editioQ  the  prindpaJ  actors  and  scenes  in  the  great  druna  of  the  Sixteenth 
Centnry  are  broocht  vividly  before  the  eye  of  the  reader,  by  the  skill  of  the  artist  and 


DONALDSON  Qoseph,  Sergeant  in  the  94th  Scots 

Regiment): 

RECOLLECTIONS  OF  THE  EVENTFUL  LIFE  OP  A 
SOLDIER  IN  THE  PENINSULA.  Fcap.  8vo.  Clodi^  3/6 ;  gUt 
tides  and  edgea»  ^-    N£w  Bditiam* 

EARTH    DELINEATED    WITH    PEN  AWD 

PENCIL  (The) :  an  Illustrated  Record  of  Voyages,  Travels,  and  Ad- 
ventures  all  rcMuid  the  WorkL  Iflnstrated  with  more  than  Two  Hbn*- 
died  Engravings  in  the  first  style  of  Art,  by  the  most  eminent  Artists, 
including  several  ftom  the  master  pencil  of  Gustavs  Dor6.  Demy 
4to,  750  pages.    Very  handsomely  boond,  21/* 


MRS.    ELLIS'S    CELEBRATED    WORKS 

On  the  Infuusncb  and  Chmiagtbr  of  Women. 

THE  ENGLISHWOMAN'S  LIBRARY: 

A  Series  of  Moral  and  Descriptive  Works.    By  Mrs.  Ellis..  Shnall 
8vo.,  cloth,  each  volume,  2/6 ;  with  gilt  backs  and  edges,  3/- 

I.— THE  WOMEN  OF  ENGLAND :  Tlieir  Sodal  Dntte  and 
Domestic  Habits.    Thirty-tdnth  Thousand, 

2.— THE  DAUGHTERS  OF  ENGLAND:  Their  Position  in 
Society,  Character,  and  Responsibilities.   Twentieth  Thousand. 

3.— THE  WIVES  OF  ENGLAND:  Their  ReUUve  Dbties, 
Domestic  Influence,  and  Social  Obligations.  EighUimtk^  Thtm- 
sand, 

4.— THE  MOTHERS  OF  ENGLAND :  Their  Influence  and  Re- 
sponsibilities.    Twentieth  Thousand. 

5.— FAMILY  SECRETS ;  Or,  Hints  to  make  Home.Happy..  Ti«ee 
vols.     Twenty-third  Thomamd. 

6.— SUMMER  AND  WINTER  IN  THE  PYRENEES.  Tenth 
Thousand. 

7.— TEMPER  AND  TEMPERAMENT;  Or,  Varieties  of 
Character.     Two  vols.     Tenth  Thousand. 

8.— PREVENTION  BETTER  THAN  CURE ;  Or,  The  Moral 
Wants  of  the  World  we  live  in.    Twelfth  Thoumnd. 

9.— HEARTS  AND  HOMES;  Or,  Social  Distinctions.  Three 
vols.    Tenth  Thousand. 
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THE     EMERALD    SERIES    OF 
STANDARD    AUTHORS. 

Illustrated  by  Engravings  on  Steel,  after  Stothard,  Leslie,  David  Ro- 
berts, Stanfield,  Sir  Thomas  Lawrence,  Cattermole,  &c.  Fcap. 
8vo.    Cloth  gilt. 

%*  Particular  attention  is  requested  to  this  very  beautiful  series.  The  delicacy  of 
the  engravings,  the  excellence  of  the  typography,  and  the  quaint  antique  head  and  tail- 
pieces, render  tJiem  the  most  beautiful  volumes  ever  issued  from  the  press  of  this  country 
and  now,  unquestionably,  the  cheapest  of  their  class. 

BURNS'    (Robert)    SONGS   AND    BALLADS. 

With  an  Introduction  on  the   Character  and  Genius  of  Burns.     By 
Thomas  Carlyle.     Carefully  printed  in  antique  type,  and  illustrated 
with  Portrait  and  beautiful  Engravings  on  Steel.     Cloth,  gilt  edges,  3/- 
malachite,  10/6.     Second  Thousand. 

BYRON    (Lord)  :    CHILDE    HAROLD'S   PIL- 

GRIMAGE.  With  Memoir  by  Professor  Spalding.  Illustrated  with 
Portrait  and  Engravings  on  Steel  by  Greatbach,  Miller,  Lightfoot, 
&c.,  from  Paintings  by  Cattermole,  Sir  T.  Lawrence,  H.  Howard, 
and  Stothard.  Beautifully  printed  on  toned  paper.  Cloth,  gilt  edges, 
3/- ;  malachite,  10/6.     Third  Thousand. 

CAMPBELL    (Thomas)  :    THE    PLEASURES 

OF  HOPE.  With  Introductory  Memoir  by  the  Rev.  Charles  Rogers, 
LL.D.,  and  several  Poemc  never  before  published.  Illustrated  with 
Portrait  and  Steel  Engravings.  Cloth,  gilt  edges,  3/- ;  malachite,  10/6. 
Second  Thousand. 

CHATTERTON'S  (Thos.)  POETICAL  WORKS. 

With  an  Original  Memoir  by  Frederick  Martin,  and  Portrait.  Beau- 
tifully illustrated  on  Steel,  and  elegantly  printed.  Cloth,  gilt  edges, 
3/- ;  malachite,  10/6.    Fourth  Thousand. 

GOLDSMITH'S  (Oliver;  POETICAL  WORKS. 

With  Memoir  by  Professor  Spalding.  Exquisitely  illustrated  with 
Steel  Engravings.  Printed  on  superior  toned  paper.  Cloth,  gilt  edges, 
3/- ;  malachite,  10/6.    New  Edition.    Seventh  Thousand, 

GRAY'S  (Thomas)  POETICAL  WORKS.    With 

Life  by  the  Rev.  John  Mitford,  and  Essay  by  the  Earl  of  Carlisle. 
With  Portrait  and  numerous  Engravings  on  Steel  and  Wood.  Ele- 
gantly printed  on  toned  paper.  Cloth,  gilt  edges,  5/- ;  malachite,  12/6. 
Eton  Edition,  with  the  Latin  Poems.    Fifth  Thousand. 

HERBERT'S    (George)    POETICAL   WORKS. 

With  Memoir  by  J.  Nichol,  B.A.,  Oxon.,  Prof,  of  English  Literature  in 
the  University  of  Glasgow.  Edited  by  Charles  Cowden  Clarke. 
Antique  headings  to  each  page.  Cloth,  gilt  edges,  3/-  malachite,  zo/6. 
Second  Thousand. 
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The  Emerald  Series — {continued), 

KEBLE  (Rev.  John) :  THE  CHRISTIAN  YEAR. 

With  Memoir  by  W.  Temple,  Portrait,  and  Eight  beautiful  Engravings 
on  Steel.  Cloth,  gilt  edges,  5/-;  morocco  elegant,  10/6;  malachite,  12/6. 

POE'S  (Edgar  Allan)  COMPLETE  POETICAL 

WORKS.  Edited,  with  Memoir,  by  James  Hannay.  Full-page  Illus- 
Uations  after  Wehnert,  Weir,  &c.  Toned  paper.  Cloth,  gilt  edges, 
3/' ;  malachite,  10/6.    Thirteenth  Thousand, 

Other  Volumes  in  preparation. 


FINDEN'S    FINE    ART  WORKS. 

BEAUTIES    OF   MOORE;    being  a   Series  oi 

Portraits  of  his  principal  Female  Characters,  from  Paintings  by  eminent 
Artists,  engraved  in  the  highest  style  of  Art  by  Edward  Findbn, 
with  a  Memoir  of  the  Poet,  and  descriptive  letter-press.  Folio.  Cloth 
gilt,  and  gilt  edges,  42/- 

DRAWING-ROOM   TABLE   BOOK    (The);    a 

Series  of  31  highly-finished  Steel  Engravings,  with  descriptive  Tales  by 
Mrs.  S.  C.  Hall,  Mary  Howitt,  and  others.  Folio.  Cloth  gilt,  and 
gat  edges,  21/- 

GALLERY  OF  MODERN  ART  (The)  ;  a  Series 

of  31  highly-finished  Steel  Engravings,  with  descriptive  Tales  by  Mrs. 
S.  C.  Hall,  Mary  Howitt,  and  others.  Folio.  Cloth  gilt,  and  gilt 
edges,  21/- 


FISHER'S  READY  RECKONER.    The  best  in 

the  world.    i8mo.    Bound,  z/6.    New  Edition.) 

GILMER'S   INTEREST  TABLES  :  Tables  for 

Calculation  of  Interest,  on  any  sum,  for  any  number  of  days,  at  |,  z,  z|^ 
2,  2i,  3,  3i,  4,  4I,  5  and  6  per  Cent.  By  Robert  Gilmer.  CorrectCKl 
and  enlarged.    i2mo.    Roan  lettered,  5/-    Sixth  Edition. 

GOLDSMITH'S  (Oliver)  COMPLETE  POET- 

ICAL  WORKS.  With  a  Memoir  by  William  Spalding,  A.M.,  Pro- 
fessor of  Logic  and  Rhetoric  in  the  University  of  St.  Andrew's.  Portrait 
and  numerous  Illustrations  on  Steel  and  Wood.  Fcap.  4to.  Most 
elaborately  gilt,  cloth,  5/- 


GENERAL  PUBLICATIONS. 
BRAEME  (Elliott)  :   BEETHOVEN  :   a  Memoir. 

With  Portrait,  Essay  (Quasi  Fantasia)  "  on  the  Hundredth  Anniversary 
of  his  Birth,"  and  Remarks  on  the  Fianoibrte  Sonatas,  with  hints  to 
Students.  By  Dr.  Ferdinand  Hiller,  of  Cologne.  Crown  Svo.  Cloth 
"'■;,  elegant,  5/-    Stcond Edition,  slightly  tnlarged. 

'ThiB  elegant  >nd  inlereslinE  Memoir The  neweil,  pretli«t,  and  1 

latals  ikclcB  of  the  immortal  Mu»r  of  iila!\e."—Mmical  Standard. 

'  Thii    delightful    little   book— coociii,    Bymjialhetic,    juditions."— WawJi 


■  We  can,  without  reservation,  recommeBd  it  ai  the  mint 
iMiiileal  Memoir  of  Beoihpven  puhliEhed  in  Englimd."— O61. 

dratl\ii.l\nit.t'^oat-¥xV—Ed^tutehDaayRevwv.' 


BRAEME    (Elliott)  :    A   NOVEL  WITH  TWO  { 

HEROES.    In  3  vols.,  post  8vo.     Clolh,  ai/-    Second  Edition. 


HOGARTH  :  The  Works  of  William  Hogarth,  in 

a  Series  of  One  Hundred  and  Fifly  Steel  Engravings  by  the  First 
Artists,  with  Descriptive  Letterpress  by  the  Rev.  John  TausLEs,  and 
Introductory  Essay  on  the  Genius  of  Hogarth,  by  James  Hannav. 

t  Folio.     Cloth,  gilt  edges,  51/6. 
"  ThePhll^osopher  who  ever  preached  the  Hurdy  Engliih  rittoei  which  have  mate 
Nl 
= 
n: 


:^IGHT   (Charles)  :    PICTORIAL  GALLERY 

(The)  OF  THE  USEFUL  AND   FINE  ARTS.    Illustrated  by  nu- 
us  beautiful  Sleel  Engravings,  and  nearly  Four  Thousand  Wood- 
Two  vols.,  folio.    Cloth  gilt,  and  gilt  edges,  42/- 

KNIGHT    (Charles)  :    PICTORIAL    MUSEUM 

|The)  OF  ANIMATED  NATURE.     Illustrated  with  Four  ThousaniJ 
Woodcuts.     Two  vols.,  (olio.     Cloth  gilt,  and  gilt  edges,  s^/- 

MACKEY'S  FREEMASONRY  : 

A  LEXICON  OF  FREEMASONRV.  Containing  a  Definition  of 
its  Communicable  TermB,  Notices  of  its  Hietoiy,  Tiadilions,  and  Anti- 
quities, and  an  Account  of  all  the  Rites  and  Mysteries  of  the  Ancient 
World.  By  AiBERT  G.  Mackev,  M.D.,  Secretary -General  of  the 
Supreme  Council  of  ihe  U.S,,  &c.  Handsomely  bound  in  cloth,  5/- 
Sixih  Edition. 

"Of  Macmt'i  LBttcoN  itwoold  beimpsulhietaipeakiD  too  high  tormf :  luffic* 
il  lo  lay,  thai  in  oui  Dpinion,  it  ought  to  be  in  Ihc  handi  of  eveiy  Utiaa  who  would 

tliBraiichlyuodiniand  mil  mailer  our  noble  Science No  Masonic  Ledge  or 

Libni>  ibDBld  be  wiUiout  a  copy  of  Ibtt  moil  uaeful  work."— ifdionic.Viu>i. 
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HENRY  MAYHEW'S  CELEBRATED  WQRK  ON 
THE  STREET-FOLrK  OF  LONDON. 

LONDON     LABOUR    AND    THE    LONDON 

POOR :  A  Cyclopaedia  of  the  Condition  and  Earnings  of  those  that 
will  work  and  those  that  cannot  work.  By  Henry  Mayhew.  With 
many  full-page  Illustrations  from  Photographs.  In  three  vols.  Demy  8vo. 
Cloth,  4/6  each. 

**  Every  p«^  of  the  work  is  full  of  valuable  information,  laid  down  in  so  interesting 
a  manner  that  the  reader  can  never  tire." — Illustrated  News. 

**  Mr.  Henry  Mayhew's  famous  record  of  the  habits,  earnings,  and  su£fering8  oi 
the  London  poor." — Lloyd's  Weekly  London  Newspaper. 

**  This  remarkable  book,  in  which  Mr.  Mayhew  save  the  better  classes  their  first 
real  insight  into  the  habits,  modes  oi  livelihood,  and  current  of  thought  of  the  London 
poor."—* Ae  Patriot. 

The  Extra  Volume. 

LONDON     LABOUR    AND    THE    LONDON 

POOR  :    Those  that  will  not  work.      Comprising  the   Non-workers, 

by     Henry    Mayhew  ;     Prostitutes,    by    Bracebridge     Hemyng; 

Thieves,   by  John   Binny  ;    Beggars,  by  Andrew  Halliday.     With 

an   Introductory   Essay  on   the    Agencies  at    Present    in    Operation 

in  the  Metropolis  for  the  Suppression  of  Crime  and  Vice,  by  the  Rev. 

William  Tuckniss,  B.A.,  Chaplain  to  the  Society  for  the  Rescue  of 

Young  Women  and  Children.    With  Illustrations  of  Scenes  and  Locali- 

ties.    In  one  large  vol.    Royal  8vo.    Cloth  10/6. 

**  The  work  is  fall  of  interesting  matter  for  the  casual  reader,  while  the  philan- 
thropist and  the  philosopher  will  find  details  of  the  greatest  import."— CiO'  Press. 

Companion  Volume  to  the  above. 

THE  CRIMINAL  PRISONS  OF  LONDON,  and 

Scenes  of  Prison  Life.  By  Henry  Mayhew  and  John  Binny.  Illus- 
trated by  nearly  two  hundred  Engravings  on  Wood,  principally  from 
Photographs.     In  one  large  vol.     Imperial  8vo.    Cloth,  10/6. 

Contents  : — General  View  of  London,  its  Population,  Size  and 
Contrasts— ^Professional  London — Criminal  London — Pentonville  Prison 
— The  Hulks  at  Woolwich — MiUbank  Prison — The  Middlesex  House  of 
Detention — Coldbath  Fields— The  Middlesex  House  of  Correction,  Tot- 
hill  Fields — The  Surrey  House  of  Correction,  Wandsworth — Newgate 
— Horsemong^r  Lane — Clerkenwell. 

**  This  volume  concludes  Mr.  Heni^  Mayhew's  account  of  his  researches  into  the 
crime  and  poverty  of  London.  The  amount  of  labour  of  one  kind  or  other, 
which  the  whole  series  of  his  publications  represents,  is  something  almost  in- 
calculable.**—jLi/«'arr  Budcet. 

*«*  This  celebrated  Record  of  Investigations  into  the  condition  of  the  Poor  of  the 
Metropolis,  undertaken  from  philanthropic  motives  by  Mr.  Hbnry  Mayhew,  first  gave 
the  wealthier  classes  of  England  some  idea  of  the  state  of  Heathenism,  Degradation,  and 
Misery,  in  which  multitudes  of  their  poorer  brethren  languished.  His  revelations  created, 
at  the  time  of  their  appearance,  universal  horror  and  excitement — that  a  nation,  profes- 
sedly CkristitM^  should  have  in  its  midst  a  vast  population,  so  sunk  in  i^orance.  vice,  and 
very  hatred  of  Religion,  was  deemed  incredible,  until  further  examination  established  the 
truth  of  the  statements  advanced.  The  result  is  well  known.  The  London  of  Mr.  Mayhew 
will,  happily,  soon  exist  only  in  his  pages.  To  those  who  would  appreciate  the  efforts 
already  made  among  the  ranks  which  recruit  our  "dangerous"  classes,  and  who  would 
learn  what  yet  remains  to  be  d<me,  the  work  will  a£ford  enlightenment,  not  tramingled  with 
surprise. 
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MILLER   (Thomas,  Author  of  **  Pleasures   of  a 

Country  Life,"  &c.) : 

THE  LANGUAGE  OF  FLOWERS.    With  Eight  beautifuUy-col- 

cured  Floral  Plates.   Fcap.  8vo.      Cloth,  gilt  edges,  3/6.    Fourteenth 

Thousand, 

"A  book 
In  which  thou  wilt  find  many  a  lovely  saying 
About  the  leaves  and  flowers." — Kbats. 

MILLER    (Thomas)  :    THE   LANGUAGE   OF 

FLOWERS.  Abridged  from  the  larger  work  by  Thomas  Miller. 
With  Coloured  Frontispiece.     Limp  cloth,  6d.    Cheap  Edition, 

POE'S  (Edgar  Allan)  COMPLETE  POETICAL 

WORKS.  Edited,  with  Memoir,  by  James  Hannay.  Full-page  Illus- 
trations after  Wehnert,  Weir,  and  others.  In  paper  wrapper. 
Illustrated,  1/6. 


SHAKSPEARE  :  THE  FAMILY.   The  Dramatic 

Works  of  WILLIAM  SHAKSPEARE,  edited  and  expressly  adapted 
for  Home  and  School  Use.  By  Thomas  Bowdler,  F.R.S.  With 
Twelve  beautiful  Illustrations  on  Steel.  Crown  8vo.  Cloth  gilt,  10/6  ; 
Morocco  antique,  17/6.    New  Edition. 

%♦  This  unique  Edition  of  the  great  dramatist  is  admirably  suited  for 
home  use ;  whtle  objectionable  phrases  have  been  expurgated^  no  rash 
liberties  have  been  taken  with  the  text, 

"It  is  quite  undeniable  that  there  are  many  passages  in  Shakspeare  which  a 
father  could  not  read  aloud  to  his  children — a  brother  to  his  sister — or  a  gentleman  to 
a  lady;  and  every  one  almost  must  have  felt  or  witnessed  the  extreme  awkwardness, 

and  even  distress,  that  arises  from  suddenly  stumbling  upon  such  expressions.' 

Those  who  recollect  such  scenes  must  all  rejoice  that  Mr.  Bowdlbr  has  provided  a 

security  against  their  recurrence This  purification  has  been  accomplished  with 

surprisingly  little  loss,  either  of  weight  or  value ;  the  base  alloy  in  the  pure  metal  of 

Shakspeare  has  been  found  to  amount  to  an  inconceivably  small  proportion 

It  has  in  general  been  found  easy  to  extirpate  the  offensive  expressions  of  our  great 
poet  without  any  injury  to  the  context,  or  any  visible  scar  or  blank  in  the  composition. 
They  turn  out  to  be  not  so  much  cankers  in  the  flowers,  as  weeds  that  have  sprung 
up  by  their  side — not  flaws  in  the  metal,  but  impurities  that  have  gathered  on  its 
surface — and,  so  far  from  being  missed  on  their  removal,  the  work  generally  appears 
more  natural  and  harmonious  without  them."— Lord  J^fffty  in  the  Edinburgh 
Review. 

SHAKSPEARE'S   dramatic  &   POETICAL 

WORKS.  Revised  from  the  Original  Editions,  with  a  Memoir  and 
Essay  on  his  Genius  by  Barry  Cornwall.  Also  Annotations  and 
Introductory  Remarks  on  his  Plays,  by  R.  H.  Horns  and  other  eminent 
writers.  With  numerous  Woodcut  Illustrations  and  Full-page  Steel 
Engravings,  by  Kenny  Meadows.  Three  vols.,  super-royal  8vo.  Cloth 
gilt,  42/-     Tenth  Edition, 

SHAKSPEARE'S  WORKS.     Edited  by  T.   0. 

Halliwell,  F.R.S.,  F.S.A.  With  Historical  Introductions,  Notes 
Explanatory  and  Critical,  and  a  series  of  Portraits  on  Steel.  Three 
vols.,  royal  8vo.    Cloth  gilt,  50/- 
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CHARLES  GRIFFTN  &  COMPANY'S 


THE    STANDARD    DICTIONARY    OF 

QUOTATIONS. 

SOUTHGATE   (Henry):    MANY  THOUGHTS 

OF  MANY  MINDS:  being  a  Treasury  of  Rererence,  consisting  of 
Selections  from  the  Writings  of  the  most  celebrated  Authors,  compiled 
and  analytically  arranged  by  Henhy  Southgate.  Taned  paper,  square 
8vo.  Cloth  gilt,  elegant,  ii/Q ;  Library  Edition,  half  Roxburgh, 
morocco  antique,  21/-    TwiHly-cighlh  BdiiioH. 
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SOUTHGATE  (Henry)  :    MANY  THOUGHT! 

OF  MANY  MINOS.  Second  Series.  Square  Svo,  toned  paper. 
Cloth  gilt,  elegant,  12/6;  Library  Edition,  half  Roxburgh,  14/.;  mo- 
rocco antique,  21/-    Fifth  Edition. 


THE     SHILLING     MANUALS. 

By  JOHN  TIMES,  F.S.A., 
Author  of  "  The  Curiosities  of  London,"  &c. 


Shij^ld  Tilieraph. 

HI ODDITIES    OF   HISTORY    AND   STRANGE    STORIES   FOR 

ALL    CLASSES.      Selected   and  compiled  by  John  Timbs.     Neat 
cloth,  price  i/- 
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SECO^D  SEHIES.—FIFTH  EDlti 


MANY  THOUGHTS  OF  MANY  MINDS 

A  Treoaury  of  Referecoe,  oonsiEting  of  Salectiona  from  tte  Writinga  of  tbe  moat 

Celekatad  Autkora.  FISST  &  SECOND  S£B1£S,  OompUed  &  Anat^ticaU;  Auu^se 

By    HENRT    SOUTHGATE. 


In  Bgnii're  9k<i.,  eJegairtlj/  printed  on  toned  paper. 
Presentation  Edition,  Cloth  and  Gold  ...        12b.  Gi  each  7o!t 

Library  Edition,  Half  Boond,  BozbucEbe        .»        14a. 
Do,,  Morocco  Autiqoe       ••■        ■>■        >.-        Sis. 

Haeh  BeriBM  it  complete  in  itielf,  and  aid  leparatelf. 
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"  The  aeleiiUan  ot  Uia  extnela  baa  beca  made  wtth 
tast^ JBdomail,  and  orldcal  nloety." — Jlorninff  Fott. 

"  IMi  b  a  wondroni  boo^  and  ocmlaiiiB  a  great 
DiBD}' gsBH  Dt  amieit,."—J)aai/  Vnu. 
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io  any  man's  library.'— /'hMuAt'i  C<rwlar. 
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Sned  senClnL^tB,  noble  axlom^^  and  extractable 
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"  Will  be  found  to  be  worth  Ita  velgbt  In  stdd 
by  literaiy  iDea."-~nii  OiOder. 

"All  that  the  poet  hat  dMdfilioa  of  tSe  bBuntiful  In 
DBtors  and  an ;  all  the  wit  that  baa  SBsh«l  bum 
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"Tba  mind  et  almoat  aH  nationa  and  affaa  of  0 
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"  This  1e  not  n  law-booh  i  bat,  departing  from  d 
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